= SetDirectory["~/Factorisation/"];
<< kappaLi b. m
<< hel per. m

KappaLib v1.1

Loadi ng hel per. m.

= Metaclass IV:

in4p= vars = {x0, x1, x2, x3};

al 0 0 -bl O 0
0 a2 0 0 -b2 O
0 0 a3 O 0 a4 |y,
bl 0 0 al 0 0 ]
0 b2 0 0 a2 o0
0O 0 a4 O 0 a3

5= kappa = emMatri xToKappa[

ne:= vars = {x0, x1, x2, x3};
fr = enKappaToFresnel [kappa, vars];
fr =Simplifyf[fri;

ing]= Ful | Si mpli fy[enDet [kappa]]

oug- (a3 -ad) (a3 +ad) (al®+b1?) (a2® +b2?)

m |f a4=0, then the Fresnel surface has 2-dim subspace, so a4 !'=0.

o= Simplify[fr /. {a4 -0, x0 >0, x3 - 0}]

outio}= 0

m Write Fresnel polynomial using DO, D1, D2, D3.

)= frSyms= x0% - x1% - x2% + x3% + DO x0 x1 x2 x3 +
D3 (-x1%x2% - x0%x3%) + D2 (x1% x3? - x0% x2%) + D1 (x2° x3% - x0? x1?);
In[12:= subSym= {
1
D0 -> ———2 ((-al+a2) ((al-a3) (-a2+a3) +a4’) - (-a2+a3) bl®- (al-a3) b2?),
a4 bl b2
(a2 - a3)? - a4? + b2?
Dl -> )
a4 b2
(al - a3)? - a4? + b1?
D2 -> ,
a4 bl
(al -a2)? +b1? + b2?
bl b2

3= Sinmplify[fr - (b1 b2ad) frSym/. subSym]

out13)= 0
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We assume that the Fresnel polynomial factorises

np4)= A= Tabl e[
ToExpression["A" <>ToString[Mn[{i, j}]1<>ToString[Max[{i, j}111, {i, O, 3}, {j, O, 3}1;
B = Tabl e[ToExpression["B" <>ToString[Mn[{i, j}]1]<>ToString[Max[{i, j}111],
{i, 0,3} {j, 0, 3,
A // MatrixForm
B // Matri xForm
factorised = (vars. A.vars) (vars. B.vars);
Out[16]//MatrixForm=
A00 AO01 A02 A03
A01 All A12 A13
A02 Al2 A22 A23
A03 Al3 A23 A33

Out[17]//MatrixForm=

BOO BO1 B02 BO3
BO1 Bl11l Bl12 B13
B02 Bl12 B22 B23
BO3 B13 B23 B33

inf19)= cons = Ful | Sinplify[Union[Fl atten[CoefficientlList[frSym-factorised, vars]]]];



In[20]:= €ONsS = sinp[cons];
show[cons] // Matri xForm

Out[21]//MatrixForm=
1 .

© 0O ~NO O~ WDN
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w
[«2)

= Equation (2): By renaming and scaling, we may assume that A0O = 1.

0
1 - A00 B0OO
1-A33B33
-1-Al1B11
-1-A22B22
AO01 BOO + AOO BO1
A02 BOO + AOO BO2
AO03 BOO + AOO BO3
-2 (A11 BO1 + AO1 B11
-2 (A12 B11 + A11 B12

-2 )
( )
( )
( )
( )
-2 (A13 Bl11 + A11 B13)
( )
( )
( )
( )
( )
( )

-2
-2

-2 (A22 B02 + AO2 B22
-2 (A22B12 + A12 B22
-2 (A23 B22 + A22 B23
-2 (A33 B03 + A0O3 B33
-2 (A33B13 + A13 B33
-2 (A33 B23 + A23 B33
-A11 B0O - 4 AO1 BO1 - A0OO B11 - D1
-A33 B22 - 4 A23 B23 - A22 B33 + D1
-A22 BOO - 4 A02 BO2 - AOO B22 - D2
-A33B11 -4 A13 B13 - A11 B33 + D2
-A22 B11 - 4 A12 B12 - A11 B22 - D3
-A33 BOO - 4 A0O3 BO3 - AO0 B33 - D3
(A12 BOO + 2 A02 BO1 + 2 A01 BO2 + AOO B12)
(2 A12 BO1 + A11 BO2 + AO2 B11 + 2 A01 B12)
(A13 BOO + 2 A0O3 BO1 + 2 A01 BO3 + AOO B13)
(2 A13 BO1 + A11 BO3 + A0O3 B11 + 2 A01 B13)
(A22 BO1 + 2 A12 BO2 + 2 A02 B12 + A01 B22)
(A23 BOO + 2 AO3 BO2 + 2 A02 BO3 + A0O B23)
(2 A23 B02 + A22 BO3 + A03 B22 + 2 A02 B23)
(A23 B11 + 2 A13 B12 + 2 A12 B13 + Al1 B23)
(2 A23 B12 + A22 B13 + A13 B22 + 2 Al12 B23)
(A33 BO1 + 2 A13 BO3 + 2 AO3 B13 + A01 B33)
(A33 B02 + 2 A23 BO3 + 2 A03 B23 + A02 B33)
(A33 B12 + 2 A23 B13 + 2 A13 B23 + A12 B33)

-4 (A23 BO1 + A13 BO2 + A12 BO3 + A03 B12 + A02 B13 + A0O1 B23) + DO

in22]:= sub = {A00 -> 1, B0O - 1};
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In[23]:= c€ons = sinp[cons //. subl;

show[cons]
Out[24]//MatrixForm=
1 0
2 1-A33B33
3 -1-A11B11
4 -1-A22B22
5 -2 (A01 + BO1)
6 -2 (A02 + B02)
7 -2 (A03 + B03)
8 -2 (A11 B01 + A0O1 B11)
9 -2 (A12 Bl11 + A11 B12)
10 -2 (A13B11 + A11 B13)
11 -2 (A22 B02 + A02 B22)
12 -2 (A22 B12 + A12 B22)
13 -2 (A23 B22 + A22 B23)
14 -2 (A33 B03 + A0O3 B33)
15 -2 (A33 B13 + A13 B33)
16 -2 (A33 B23 + A23 B33)
17 -All-4A01B01-B11-D1
18 -A22 - 4 A02 B0O2 - B22 - D2
19 -A33 -4 A03 B03 - B33 - D3
20 -A33 B22 - 4 A23 B23 - A22 B33 + D1
21 -A33B11 -4 A13B13 - A11 B33 + D2
22 -A22B11 -4 A12 B12 - A11 B22 - D3
23 -2 (Al2 + 2 A02 BO1 + 2 A01 B02 + B12)
24 -2 (A13 + 2 A03 B0O1 + 2 A01 BO3 + B13)
25 -2 (A23 + 2 A03 B02 + 2 A02 B03 + B23)
26 -2 (2 A12B01 + A11 B02 + A02 B11 + 2 A01 B12)
27 -2 (2 A13B01 + A11 BO3 + A0O3 B11 + 2 A01 B13)
28 -2 (A22B01 +2 A12 B02 + 2 A02 B12 + A01 B22)
29 -2 (2 A23 B02 + A22 BO3 + A03 B22 + 2 A02 B23)
30 -2 (A23B11 +2 A13B12 + 2 A12 B13 + A11 B23)
31 -2 (2 A23 B12 + A22 B13 + A13 B22 + 2 A12 B23)
32 -2 (A33B01 + 2 A13 B03 + 2 A03 B13 + A01 B33)
33 -2 (A33B02 + 2 A23 B03 + 2 A03 B23 + A02 B33)
34 -2 (A33B12 + 2 A23 B13 + 2 A13 B23 + A12 B33)
35 -4 (A23 B01 + A13 B02 + A12 BO3 + AO3 B12 + A02 B13 + A01 B23) + DO

nesi= tnp = Joi n[Take[cons, {5, 7}], Take[cons, {17, 19}], Take[cons, {23, 25}]];
tnp // MatrixForm
Out[26]//MatrixForm=
-2 (A01 + BO1)
-2 (A02 + B02)
-2 (A03 + B03)
-All-4A01B01-B11-D1
-A22 - 4 A02 BO2 - B22 - D2
-A33 - 4 AO3 B03 - B33 -D3
-2 (Al12 + 2 A02 BO1 + 2 A01 BO2 + B12)
-2 (A13 + 2 A03 B01 + 2 A01 BO3 + B13)
-2 (A23 + 2 A03 B02 + 2 A02 BO3 + B23)

27~ Sol ve[toEgs [tnp], {BO1, B02, BO3, Bll, B22, B33, Bl2, B13, B23}]

ou7= {{B12 » 4 A1 A02 - A12, B11 - 4 A01% - A1l - D1, B22 - 4 AD2? - A22 - D2, B33 - 4 A03? - A33 - D3,
B13 - 4 A01 A03 - A13, B23 - 4 A02 AD3 - A23, BO1 - -A01, B02 - -A02, BO3 - -A03}}
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inf28l:= sub = Joi n[sub, %[[1]]]

out[28]= {AOO -1, B0O - 1, B12 - 4 A01 A02 - A12, Bll - 4 A01% - A1l - D1,

B22 - 4 A02? - A22 - D2, B33 - 4 A032 - A33 - D3, B13 - 4 AO1 A03 - A13,
B23 » 4 A02 AO3 - A23, BOl1 - -AO01, BO2 -» -A02, BO3 - —AOS}

In[29]:= €ons = sinp[cons //. subl;
show[cons]

Out[30]//MatrixForm=

1 0

2 2 A01 (-4 AD1% +2 A1l +D1)

3 2 A02 (-4 A02% + 2 A22 + D2)

4 2 AO3 (-4 AD3% + 2 A33 + DB)

5 1+A33 (-4 A03% + A33 + D3)

6 -1+Al11 (-4 A01% + A1l + D1)

7 -1+ A22 (-4 A02% + A22 + D2)

8 8 A02 A12 + 2 AO1 (-12 A02? + 2 A22 + D2)

9 8 AO3 A13 + 2 AO1 (-12 A03? + 2 A33 + D3)

10 8 A03 A23 + 2 AD2 (-12 A03? + 2 A33 + D3)

11 ~24 A01? AD2 + 8 AO1 A12 + 2 AD2 (2 A1l + D1)

12 -24 A01% A3 + 8 AO1 A13 + 2 AD3 (2 A1l + D1)

13 -24 A02” AD3 + 8 AD2 A23 + 2 AD3 (2 A22 + D2)

14 -8 A01 A02 A11 - 8 AO1? A12 + 2 A12 (2 ALl + D)

15 -8 A01 AO3 Al1 - 8 AO1? A13 + 2 A13 (2 ALl + D)

16 -8 A02% A12 - 8 AO1 AD2 A22 + 2 A12 (2 A22 + D2)

17 -8 A02 AD3 A22 - 8 AD2” A23 + 2 A23 (2 A22 + D2)

18 -8 A03% A13 - 8 AD1 AD3 A33 + 2 A13 (2 A33 + D3)

19 -8 A03% A23 - 8 AD2 AD3 A33 + 2 A23 (2 A33 + D3)

20 8 AO3 A12 + 8 AD2 A13 + 8 AO1 (-6 AD2 AO3 + A23) + DO

21 -4 A02% A1l - 16 ADL AD2 A12 + 4 A12% - 4 AD1? A22 + 2 A11 A22 + A22 D1 + A11 D2 - D3

22 -4 A03% A11 - 16 AD1 AO3 A13 + 4 A13% - 4 A01? A33 + 2 A11 A33 + A33 D1 + D2 + A11 D3

23 -4 A03% A22 - 16 AD2 AD3 A23 + 4 A23% - 4 A02” A33 + 2 A22 A33 + D1 + A33 D2 + A22 D3

24 2 (-4 A02° A13 - 4 AD1 AO3 A22 + 2 A13 A22 + 4 A12 A23 - 8 AD2 (AO3 A12 + AD1 A23) + A13 D2)

25 2 (-4 A03% A12 + 4 A13 A23 - 8 AD3 (AD2 A13 + AD1 A23) - 4 AD1 A02 A33 + 2 A12 A33 + A12 D3)

26 : 2 (-8A01A03AL2+4A12A13 -4A02 (A03 ALl +2 A01 A13) - 4 A01% A23 + 2 A1l A23 + A23 D1 )
= Eliminate

in[31:= Vari abl es[cons]
elinVvars = Vari abl es[A]

ou3)= {A01, AO02, AO3, All, Al2, Al13, A22, A23, A33, DO, D1, D2, D3}
ourfszl= {A00, AO1, AO02, A03, All, Al2, Al13, A22, A23, A33}

n33i= el invars = Vari abl es [A]
condVars = {D0, D1, D2, D3}

our3zl= {A00, AO1, AO02, A03, All, Al2, Al13, A22, A23, A33}

outz4)= {DO, D1, D2, D3}
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n3si= gb = Ful | Si nplify[G oebnerBasi s[cons, condVars, elinVars]]; // Tining

outsl= {13.01, Nul |}

in36]:= show[si np[gb]]

Out[36)//MatrixForm=

1 DO (4 +D17) (4 +D2?)
2 DO (4 +D1?) (-4 + D3?)
3 DO (4 +D2?%) (-4 + D3?)
4 (4+D1%) (4 +D2%) (-4 +D3%)

5 (4 +D1%) (4 +D2%) (2DL - D2 D3)

6 (4 +D2%) (-4 +D3%) (D2° +D3?)

7 (4 +D2%) (D1D2 +2D3) (-4 +D3%)
8 (4+D1%) (2D1-D2D3) (-4 +D3%)
9 -(4+D2%) (2D2 - D1 D3) (-4 +D3?%)
10 : DO®+4 (4 +D1%+D2* - D1 D2 D3 - D3?)

In[37]:=

m The first equation implies that DO =0

in3s):= gb =sinmp[gb /. DO - 07;

in[39]:= show[gb]
Out[39]//MatrixForm=
1: 0
(4 +D1%) (4 +D2%) (-4 +D3?%)
(4+D1%) (4 +D2%) (2D1 - D2 D3)
(4+D2%) (-4+D3%) (D2°+D3%)
4 (4 +D1% + D2° - D1 D2 D3 - D3?)
(4+D2%) (DL D2 +2D3) (-4 +D3%)
(4+D1%) (2D1 - D2 D3) (-4 +D3?)
-(4+D2%) (2D2-D1D3) (-4 +D3?%)

o N o o A~ WN



m By equation (2) we have D3 = +2/-2, but since D3>=2, it follows that D3 = 2.

o= gb =sinp[gb /. D3 - 27;
show[gb]

Out[41]//MatrixForm=
1 : 0
2 4 (D1 -D2)2
3 : 2(4+D1%) (D1-D2) (4+D2°%)

m D3 =2 implies that
al=a2 && bl=b2.

= We have proven: If the Fresnel surface decomposes, then
D3 =2,
al = a2,
bl =Db2.

= |t follows that D1 = D2

in42)= D1 -D2 /. subSym/. al » a2 /. bl - b2

outf42)= 0

m Check that the given Lorentz metrics decompose the Fresnel surface

1 0 0 0

; (—Dl+'\/4+D12) 0 0

o
|

In[43]:= = )
0 0 %(—D1+'\/4+D12) 0
0 0 0 -1
1 0 0 0

o
N
1
g
1
N
+
9

N
N———
o
o

BB =
0 0

I~
1
9
1
~
+
Q
N
N—
o

0 0 0 -1

in4s):= verify = (vars. AA vars) (vars. BB.vars);
Simplify[verify-frSym/. {D0O -0, D3 » 2, D1 » D2}]

out[46)= 0

in[471:= pri nt Not ebook [" Met acl ass_I V. pdf " ]
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