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SetDirectory["~/KappaLib/"];
<< kappaLib-1.1.m
<< helper.m

Kappalib v1.1

Loading helper.m..

Metaclass VII:

vars = {x0, x1, x2, x3};

al 0 O a4 0 O

0 a2 0 0 a5 o
0O a3 0 O a6 ]

aéd 0 O al 0 O

0O a5 0 0 a2 O

0O O a6 0 O a3

kappa = emMatrixToKappa [

fr = emKappaToFresnel [kappa, vars];

We may assume that a4, a5, a6 !=0

FullSimplify[fr /. {a4 > 0, x2 > 0, x3 > 0}]
FullSimplify[fr /. {a5 >0, x1 > 0, x3 > 0}]
FullSimplify[fr /. {a6 - 0, x0 > 0, x3 > 0}]

0
0
0

Define Fresnel equation using constants D0, D1, D2, D3
frSym = x0% + x1* + x2* + x3* + DO x0 x1 x2 x3 -

D3 (x1? x2? + x0? x3%) - D2 (x1% x3% + x0% x2?) - D1 (x2% x3% + x0% x1%) ;
subSym = {

1
DO -> ——— 2 (al® (a2-a3) +a2*a3+
a4 a5 a6

a3 (a4 - a5) (a4 +a5) - a2 (a3? + a4’ - a6?) + al (-a2’ + a3? + a5?
(a2 - a3)2 - a52 - a6?

D1 -> ’
a5 a6
(al-a3)?-a4? - a6?
D2 -> ’
a4 a6

(al - a2)? - a4? - a5?
D3 ->

}i

Simplify[fr - (a4 a5 a6) frSym /. subSym]

a4 a5

0

Implicit expression for DO
DOsq = 4 (-4 +D1? +D22 + D32 + D1 D2 D3);
Simplify[DO"2 - DOsq /. subSym]

0

-a6%)),
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= We assume that the Fresnel polynomial factorises:

(5= A = Table [ToExpression["A" <> ToString[Min[{i, j}]] <> ToString[Max[{i, j}]11],
{i, o, 33}, {jr 0, 3}1;
B = Table[ToExpression["B" <> ToString[Min[{i, j}]] <> ToString[Max[{i, j}111,
{i, 0, 3}, {3, 0, 3}1;
A // MatrixForm
B // MatrixForm
factorised = (vars.A.vars) (vars.B.vars);
Out[17]//MatrixForm=
A0OO0 A01 A02 AO03
A0l All Al2 Al3
A02 Al2 A22 A23
A03 Al3 A23 A33
Out[18]//MatrixForm=
B0OO BO1l BO2 BO03
B0l B11l Bl12 B13
B02 Bl2 B22 B23
B03 B13 B23 B33

in20]= cons = Union[Flatten[CoefficientList[frSym - factorised, vars]]];

in21]= cons = simp[cons];
show[cons] // MatrixForm

Out[22]//MatrixForm=

: -2 (A33B12+2A23B13+2A13B23 +A12B33
: -4 (A23B01 +A13B02 +A12B03 +A03B12+A02B13 +A01B23) +DO

1 0

2 1-A00BO0O

3 1-Al1B11

4 1-A22B22

5 1-A33 B33

6 : ~2 (A01BOO + A0O BO1)

7 ~2 (A02 BOO + A0O B02)

8 : -2 (A03 B0O0O + A00 B0O3)

9 : -2 (A11B01 +AO01B11)

10 : -2 (A12B1l1 +Al11B12)

11 : -2 (A13B1l1 +Al1B13)

12 : -2 (A22B02 + A02 B22)

13 : -2 (A22B12 +A12 B22)

14 : -2 (A23 B22 + A22 B23)

15 : -2 (A33B03 +A03 B33)

16 : ~2 (A33B13 + A13 B33)

17 : -2 (A33B23 + A23 B33)

18 : -A11B00 -4 A01B01-A00B11-D1

19 : -A33B22 - 4 A23 B23 - A22 B33 -D1

20 : -A22 B00 - 4 A02B02 - A00B22 - D2

21 : -A33B11-4A13B13-A11B33-D2

22 : -A22B11-4A12B12 -A11B22 -D3

23 -A33B00 -4 A03B03-A00B33-D3

24 : -2 (A12B00+2A02B01+2A01B02 +A00B12)
25 : -2 (2A12B01 +A11B02 +A02B11 + 2A01B12)
26 : -2 (A13B00+2A03B01+2A01B03 +A00B13)
27 -2 (2A13B01 +A11B03 +A03B11+2A01B13)
28 : -2 (A22B01 +2A12B02 +2A02B12 +A01 B22)
29 : -2 (A23B00 +2A03B02+2A02B03 +A00B23)
30 : -2 (2A23B02 +A22B03 + A03 B22 + 2 A02 B23)
31 : -2 (A23B11 +2A13B12+2A12B13 +All B23)
32 -2 (2A23B12 +A22B13 +A13B22 + 2 A12 B23)
33 : -2 (A33B01 +2A13B03 +2A03B13 +A01B33)
34 : -2 (A33B02 +2A23B03+2A03B23 +A02B33)
35 )
36




= Equation (2): By renaming and scaling, we may assume that A00 = 1.

in23)= sub = {A00 -> 1, BOO -» 1};

cons

Out[25]//MatrixForm=

WWWWWNNNNNNNNNNRERRR BB R R B
B WNROW®OMCOOUBEWNEREOWOW®NOUDBWNROY®NO U & WNKF

35

-2

tmp // MatrixForm

Out[27]//MatrixForm=

ineg:= Solwve[toEqs[%], {BOl, BO2, BO3, B11l, B22, B33, B12, B13, B23}]

-2 (A0l +BO1)

-2 (A02 + B02)

-2 (A03 +B03)
-All-4A01B01-B11-D1
~A22 - 4A02 B02 - B22 - D2
-A33-4A03B03-B33-D3

-2 (A12 + 2 A02 BO1 + 2 A01 B02 + B12)
-2 (A13 +2A03 BO1 + 2 A01 BO3 + B13)
-2 (A23+2A03B02 + 2 A02 BO3 + B23)

simp[cons //. sub];
show[cons]

0
1-Aal1B11
1-A22B22
1-A33B33

-2 (A01 + BO1)

-2 (02 +B02)

-2 (A03 +B03)

A11BO1 +A01B11

Al12 B11 + A1l B12

A13B11 +AllB13

A22 BO2 + A02 B22

-2 )
)
)
)
A22 B12 + A12 B22)
)
)
)
)

-2
-2
-2
-2
-2 (A23 B22 + A22 B23
-2 (A33B03 +A03 B33
-2 (A33B13 +A13 B33
-2 (A33B23 + A23 B33
-All1-4A01B01-B11-D1
-A22 -4 A02B02 -B22 -D2
-A33-4A03B03-B33-D3
-A33B22 - 4A23B23 -A22B33-D1
-A33B11-4A13B13-A11B33-D2
-A22B11 -4A12B12-A11B22-D3
-2 (Al2 +2A02B01+2A01B02 +B12)
-2 (A13+2A03B01+2A01B03 +B13)
-2 (A23 +2A03B02 +2A02B03 +B23)
2A12B01 +A11B02 +A02B11 +2A01B12)
2A13B01+A11B03 +A03B11+2A01B13)
A22B01+2A12B02+2A02B12 +A01B22)
2A23B02 +A22B03 +A03 B22 + 2A02B23)
A23 Bl1+2A13B12+2A12B13 +All1 B23)
)
)
)
)

(
(
(
(
(
(
(
(

2A23B12 +A22B13 +A13B22 + 2Al12 B23
A33B01+2A13B03+2A03B13 +A01B33
A33B02 +2A23B03 +2A03B23 +A02B33
(A33B12 +2A23B13 +2A13B23 +A12B33

(
(
(
(
(
(
(
(

-4 (A23B01 +A13B02 +A12B03 +A03 B12 + A02 B13 + A01 B23) + DO
in26):= tmp = Join[Take[cons, {5, 7}], Take[cons, {17, 19}], Take[cons, {23, 25}]];

Metaclass_VII.nb

ouzsl= {{BO1 > -A01, BO2 > -A02, B03 > -A03, B11 - 4A01? - All - D1, B22 —» 4 A02° - A22 - D2,
B33 » 4 A03%2 - A33 -D3, B12 - 4 A01 A02 - Al2, B13 » 4 A01 A03 - Al3, B23 - 4 A02 A03 -Aza}}
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in29]= sub = Join[sub, %[[1]]]

ouize)- {A00 > 1, BOO - 1, BO1 > -A01, B02 - -A02, BO3 > -A03,

B11l » 4 A01%2 - A1l - D1, B22 - 4 A02%2 - A22 - D2, B33 - 4 A032 - A33 - D3,
B12 > 4 A01 A02 - Al2, B13 > 4 A01 A03 - A13, B23 > 4 A02 A03 - A23}

in30j= cons = simp[cons //. sub];
show[cons]

Out[31]//MatrixForm=

: 0
: 2201 (-4A012+2A11+D1
: 1+Al1 (—4A012+A11+Dl

)
)
: 202 (-4A02%+2A22+D2)
: 1+A22 (-4A022+A22+D2)

)

: 2A03 (-4R03°+2A33+D3

: 1+A33 (-4R03% +A33 + D3)

: 8 A02 A12 + 2 A01 (-12A02%+2A22 +D2)

: 8 A03A13 + 2 A01 (-12A03%+2A33 +D3)

: 8 A03 A23 + 2 A02 (-12A03%+ 2A33 + D3)

: -24 7012202 + 8A01A12+2A02 (2Al11+D1)
: -24 A012A03 + 8A01A13 + 2A03 (2All +D1)
: -24 A022 A03 + 8 A02 A23 + 2 A03 (2 A22 + D2)
: -8A01A02A11-8A012A12+2A12 (2A11+D1

( )
: -8A01A03Al1-8A012A13+2A13 (2Al11+D1)
: -8A022A12-8A01A02A22 +2Al12 (2A22+D2)
: -8 A02A03A22 - 8 A022 A23 + 2 A23 (2 A22 +D2)
: -8A032A13-8A01A03A33+2A13 (2A33+D3)
: -8A032A23-8A02A03A33 +2A23 (2A33 +D3)

: 8 A0O3 Al12 + 8 A02 A13 + 8 A01 (-6 A02 A03 + A23) + DO

: -4 2022711 -16A01A02A12 +4A12%2 - 4A012A22 + 2A11A22 +A22D1 +Al11D2-D3

: -4 A03%2A11-16A01A03A13+4A13%2-4A012A33 +2A11A33+A33D1-D2+Al11D3

: -4 17032722 -16A02A03A23 + 4 A23% - 4 A022 A33 + 2 A22 A33 - D1 + A33 D2 + A22 D3

: 2(-4R02°A13-4A01A03A22+2A13A22+4Al2A23-8A02 (A03Al2+A01A23) +Al3D2)
: 2 (-4A03°A12+4A13A23-8A03 (A02A13+A01A23) - 4A01A02A33 +2A12A33+A12D3)
26 : 2 (-8A01A03A12+4Al2A13-4A02 (A03ALl+2A01A13) - 4A01°A23 +2A11A23 +A23D1)

N NN DNNNR B B B R B B B B @B
O & W N FHOWO®SNO U & WN R o © © 3 o u & WwNeF
.

= Eliminate

in32= Variables[cons]

out32= {AO0O1, AO02, AO03, All, Al12, A13, A22, A23, A33, DO, D1, D2, D3}

n33:= elimVars = Variables[A]
condvVars = {DO, D1, D2, D3}

outss= {A00, AO1l, AO2, AO3, All, A12, A13, A22, A23, A33}
outjz4= {DO, D1, D2, D3}

In[35]:

gb = simp [GroebnerBasis [cons, condVars, elimVars]]; // Timing

outsl= {10.1926, Null}




in36):= show[gb]

Out[36]//MatrixForm=
1

O 00 N o U B W N

=
o

m Case1:D0=0
in37= show[simp[gb /. {DO -» 0}]]

Out[37]//MatrixForm=
1 : 0

)
4+D1%) (-
(
(

2
3
4
5
6
7
8

(-4 +D1%) (-4 +D2?)
0 (—4+D12) (—4+D32)
(-4 +D2%) (-4 +D3?%)
(-4+D1?) (-4 +D2?%) (-4 +D3?)
(-4 +D1%) (-4 +D2?) (2D1+D2D3)
(-4 +D2%) (D1D2+2D3) (-4 +D3?)
(-4 +D2%) (2D2+D1D3) (-4 +D3?%)
(-4+D1%) (2D1+D2D3) (-4 +D3?%)
(-4 +D2%) (D2-D3) (D2 +D3) (-4 +D3?)
D0? - 4 (-4 +D1%+D2%+ D1 D2 D3 + D3?)

(-4+D1?) (-4 +D2%) (-4 +D3%)

(- 4 +D2%) (2D1+D2D3)

(-4 +D2%) (D1D2+2D3) (-4 +D3?%)

(-4 +D2%) (2D2+D1D3) (-4 +D3?%)

(-4 +D1%?) (2D1+D2D3) (-4 +D3?)
-4 (-4 +D1% +D2% + D1 D2 D3 + D3?)

(-4 +D2%) (D2-D3) (D2 +D3) (-4 +D3?)

m [t follows: If D0=0 then there exists an i in {1,2,3} such that

DO0=0, D_i = -2 sigma,

= Case i=1:

D_i’ =sigma D_i”

ins)= dsub = {D1 » -sigma 2, D3 » sigma D2, DO -» 0};

1 0 0
0 sigma 0

0
0

in39)= LPlus = | O 0 —; (-DZ + ‘\/ -4 + D22 ) 0

0 0 0

1 0 0
0 sigma 0

—: (—D2+'\/ -4 +D22 ] sigma

0
0

LMinus = |0 O —;(-Dz-\/-4+nzz] 0

0 0 0

—; (—D2 —'\/ -4+ D22 ) sigma

in40:= dd = (vars.LPlus.vars) (vars.LMinus.vars);
simp[Flatten[CoefficientList[dd - frSym, vars] //. dsub]]

Outf41]= {0, -1+ sigma?, D2 - D2 sigmaz}

= Case: i=2

in42:= dsub = {D2 » -sigma 2, D3 » sigma D1, DO -» 0};

Metaclass_VII.nb
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1 0 0 ()
0 —;[—D1+’\/—4+D12] 0 0
- LP1 = .
In[43]: us o o sigma o ;
0 0 0 —: [—D1+’\/—4+D12]sigma
1 0 0 0
0 —;(—Dl—'\/-4+D12) 0 0
LMinus = . ;
0 V] sigma (V]

0 0 0 é (—Dl—‘\/—4+D12)sigma

in441= dd = (vars.LPlus.vars) (vars.LMinus.vars);
simp[Flatten[CoefficientList[dd - frSym, vars]] //. dsub]

Out[45]= {O, -1+sigma?, D1 -D1 sigmaz}
m Case: i=3
in46)= dsub = {D3 » -sigma 2, D2 » sigma D1, DO -» 0};

1 0 0 0

0 —:[-n1+\/-4+n12] 0 0

In47]= LPlus = ;
0 0 —: (—D1+‘\/—4+D12 ) sigma 0
0 0 0 sigma
1 (V] 0 (V]
[ —;(—Dl—'\/—4+D12) o 0
LMinus = 7

o
o
N =

(—Dl-'\/—4+D12] sigma O

0 0 0 sigma

in48]= dd = (vars.LPlus.vars) (vars.LMinus.vars);
simp[Flatten[CoefficientList[dd - frSym, vars] //. dsub]]

Out[49]= {O, -1+ sigmaz, D1 - D1 sigmaz}

m Case2:D0!=0
in50:= gb // show

Out[50]//MatrixForm=

1 DO (-4 +D1%) (-4 +D2%)

: DO (-4 +D1%) (-4 +D3?)

: DO (-4 +D2%) (-4 +D3?%)

: (—4+D12> (—4+D22> (—4+D32)

(-4+D1%) (-4 +D2%) (2D1+D2D3)
(-4 +D2%) (D1D2+2D3) (-4 +D3?)

: (-4+D2%) (2D2+D1D3) (-4 +D3?)
(-4+D1%) (2D1+D2D3) (-4 +D3?)

: (-4+D2%) (D2-D3) (D2+D3) (-4 +D3?)

O 0 N o U B W N
.

=
o
.

D0? - 4 (-4 +D1% + D2? + D1 D2 D3 + D3?)



In[51]:=

show[simp[gb /. D1 »s12 /. D2 » s22]]

Out[51]//MatrixForm=

In[52]:=

In[55]:=

1 4D0 (-4+D3%) (-1+s1?)

2 4D0 (-4+D3%) (-1+s2?)

3 16 DO (-1 +s1%) (-1+s2?%)

4 16 (-4 +D3%) (-1+s1?) (-1+s2?)

5 8 (-4+D3%) (-1+s1%) (2s1+D3s2)
6 8 (-4+D3%) (D3s1+2s2) (-1+s2°)
7 8 (-4+D3%) (D3 +2s1s2) (-1+s27)
8 32 (-1+s1?) (2s1+D3s2) (-1+s2?)
9 -4 (-4+D3%) (D3? - 4s2%) (-1+s2%)
10 :

D02-4(D32+4D35152+4(-1+s12+522))

1
DB12 = {Dl—) s12, D2 s22, D3 » — (-4sl sZ+s3D0)};
2

1
n323={n2-> s12, D3 » s22, D1 » — (-4s1s2+s3n0)};
2

1
DB13 = {91» s12,D3 > s22, D2 » — (-4sl sZ+s3D0)};
2

For[i=0,1i<1, i++,
For[j =0, 3 <1, j++,
For[k=0, k<1, k++,

loopSub = {s1l - (-1) i, s2 > (-1)"j, s3 > (-1) “k};
tl13 = Simplify[DOsq /. DB13 /. loopSub];

t23 = Simplify[DOsq /. DB23 /. loopSub];

t12 = Simplify[DOsq /. DB12 /. loopSub];
Print[{t13, t23, t12}]

Metaclass_VII.nb
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= Decomposition for (i,j)= (1,2)

1 0 0 V DO
2\/2_‘\/ s3
0 -sl1 _—“""«/_ Vs3 0
ins6):= LPlus = 2v2 ;
0 _ VDO Vs3 s2 0
2vV2
> Y 0 sls2
2\/2_\/53
1 0 0 _ V DO
2\/2_\/53
0 -sl —“30\/_ Vs3 0
LMinus = 22 ,
0 VDo Vs3 s2 0
2vV2
- > Y 0 sls2
2\/2_\/53

dd = (vars.LPlus.vars) (vars.LMinus.vars);
t = Union[Flatten[CoefficientList[Simplify[ (dd - frSym)], vars]]];
FullSimplify[t //. DB12]

DO (-1+s3?%)
out[60]= {o, 0, -1+s1?, 0, -2 (-1+s1?) 82, -1+s2?, -2s1 (-1+s2?), -1+s1?s2?, S 0}
S

in61]= gDet = FullSimplify[Det[LPlus]]

(-8s1s2+D0s3) (DO-8sls2s3)

out[61]= 6453
s

in62)= FullSimplify[Det[LMinus] - gDet]

oute2l= 0
= D13
1 0 VDO Vs3 0
2v2
0 -sl 0 _«/_— VDo
ine3:= LPlus = 2vV2 Vs3 ;
VDO Vs3 0 sls2 0
2vV2
(0] _;O 0 -s2
2v2 Vs3
1 0 _ VDO Vs3 0
2vV2
0 -sl 0 VDo
; 2V7 Va3
LMinus = ;
_ DO Vs3 0 s1s2 0
2vVz2
0 __yoo 0 _s2
2v2 Vs3

dd = (vars.LPlus.vars) (vars.LMinus.vars);
t = Union[Flatten[CoefficientList[Simplify[ (dd - frSym)], vars]]];
FullSimplify[t //. DB13]

DO (-1+s3?%)
outl67]= {o, 0, -1+s1?, 0, -2 (-1+s1?) 82, -1+s2?, -2s1 (-1+s2?), -1+s1?s2?, s 0}
S
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ines)= FullSimplify[gDet - Det [LPlus]]
FullSimplify[gDet - Det [LMinus]]

outesl= 0
outegl= 0
= D23
1 — 0 0
2\/2_\/53
\/_“ 2O sls2 0 0
In[70]= LPlus = V2 Vs3 ;
0 0 e
2vVz2
0 0 s s2
2vV2
1 2 0 0
2‘\/2_\/53
-—2 s1s2 0 0
. 2‘\/2_Vs3
LMinus = 7
0 0 -s1 VDO Vs3
2vVz2
0 0 Do Vs3 s2
2vVz2

dd = (vars.LPlus.vars) (vars.LMinus.vars);
t = Union[Flatten[CoefficientList [Simplify[ (dd - frSym)], vars]]];
FullSimplify[t //. DB23]

DO (-1+s3?%)
ou74l= {o, 0, -1+s1%, 0, -2 (-1+s1?) 82, -1+s2%, -25s1 (-1+s2%), -1+s1%822, — 0}
2s3

in75)= FullSimplify[gDet - Det [LMinus]]
FullSimplify[gDet - Det [LPlus]]

out75]= 0

out76]= 0



