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Suppose F is a diffeomorphism
F: TM\ {0} — TM\ {0}.
Characterize those F that can be written as
F = Dol {03

for a diffeomorphism ¢: M — M.

When ¢ exists, one say that F descends.
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Definition: Let M be a manifold. Then the canonical involution is the

diffeomorhism
k: TTM — TTM

that is locally given by

kX, Y, X, Y) = (X, X,y,Y).

Note:
o x2 = identity.
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First main theorem
Suppose F is a diffeomorphism

F: TM\ {0} — TM\ {0}

and suppose that M is connected, simply connected, compact,
dimM > 2.

Then the following are equivalent:
(i) There exists a diffeomorphism ¢: M — M such that

F = Dot o}

(i) DF = koDF ok
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~ Arelated result

Theorem [Robbin-Weinstein-Lie]:
Let F be a diffeomorphism

F: T"M — T*M.
Then the following are equivalent:

(i) F = ¢* for a diffeomorphism ¢: M — M.
(i) F*0 =0.

Here:
. 1
® ¢* = pullback of 6, 6(x, &) = ((¢~")(x), 2552 ¢;)
@ # = canonical 1-form 0 € Q' (T*M), 6 = &;dx’
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Suppose: DF = ko DF o k.
Claim: There exists a map ¢: M — M such that F = D¢|my (03-
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Suppose: DF = k o DF o k.

Claim: There exists a map ¢: M — M such that F = D¢|my (03-

Proof: Let locally F(x,y) = (Fi1(x,y), F2(x,y)). Then
DF(x,y,X,Y)

= (R Fabxon). Gtxenx + o ve

OF» . OF
P X+ SR Ye)
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Suppose: DF = k o DF o k.

Claim: There exists a map ¢: M — M such that F = D¢|my (03-

Proof: Let locally F(x,y) = (Fi1(x,y), F2(x,y)). Then
DF(x,y,X,Y)

= (R Fabxon). Gtxenx + o ve

OF» . OF
P X+ SR Ye)

ko DF ok(x,y,X,Y)

OF: OF:
= (Fxx). G Xy a+a—y;(x X)Y%, Fa(x,X),
aF2 | OF; .
8y S X)Y >
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Suppose: DF = k o DF o k.

Claim: There exists a map ¢: M — M such that F = D¢|my (03-

Proof: Let locally F(x,y) = (Fi1(x,y), F2(x,y)). Then
DF(x,y,X,Y)

= (R Fabxon). Gtxenx + o ve

oF; a2 OF2
P X+ SR Ye)

ko DF ok(x,y,X,Y)

OF- OF:
= (Fxx). G Xy a+*ay;(x X)Y2. Fa(x. X),
8F2 8F2 a
ay S X)Y >

@ First components: Fi(x,y) = Fi(x, X). Let ¢ be the unique map
¢: M — M determined by ¢ o m = wo F. Locally ¢(x) = Fi(x,y).
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Suppose: DF = k o DF o k.

Claim: There exists a map ¢: M — M such that F = D¢|my (03-

Proof: Let locally F(x,y) = (Fi1(x,y), F2(x,y)). Then
DF(x,y,X,Y)

= (R Fabxon). Gtxenx + o ve

oF; a2 OF2
P X+ SR Ye)

ko DF ok(x,y,X,Y)

OF- OF:
= (Fxx). G Xy a+*ay;(x X)Y2. Fa(x. X),
8F2 8F2 a
ay S X)Y >

@ First components: Fi(x,y) = Fi(x, X). Let ¢ be the unique map
¢: M — M determined by ¢ o m = wo F. Locally ¢(x) = Fi(x, y).
@ Second components: Fa(x,y) = axa(x) &. Thus F = Do|mm\ 0}
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Second main theorem: Suppose F is a diffeomorphism
F: TM\ {0} — TM\ {0},

and M is connected, simply connected, compact, and dmM > 2. If M
has two Riemann metrics g and g such that

(i) g has a trapping hypersurface ~ C M;
VoeM Vye T,M\{0} 3T eR st exp(Ty)ecX.

(i) forallp € L,
a.y) = av.y) y € ToM\ {0}
S(y) = SW) y € ToM\ {0}
DF(¢) = ¢, £ € T(TpM\ {0})

(i) If J: I — TM\ {0} is a Jacobi field for g then

Fod:Il— TM\ {0} is a Jacobi field for g.
Then F = D¢|mm (o} for a diffeomorphism ¢: M — M and ¢ is an
isometry.

v
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1. F preserves integral curves since:

» every integral curve is a Jacobi field
» F preserves Jacobi fields
» S=Sand DF =ldon ©
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1. F preserves integral curves since:
» every integral curve is a Jacobi field
» F preserves Jacobi fields
» S=Sand DF =ldon ¥

2. DF = k o DF o & since:

» F preserves Jacobi fields
» F preserves integral curves
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1. F preserves integral curves since:
» every integral curve is a Jacobi field
» F preserves Jacobi fields
» S=Sand DF =ldon ¥
2. DF = ko DF o k since:
» F preserves Jacobi fields
» F preserves integral curves
3. Thus there exists a diffeomorphism ¢: M — M such that
F = D¢|m\ {03-
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1. F preserves integral curves since:
» every integral curve is a Jacobi field
» F preserves Jacobi fields
» S=Sand DF =ldon ¥
2. DF = ko DF o k since:
» F preserves Jacobi fields
» F preserves integral curves
3. Thus there exists a diffeomorphism ¢: M — M such that
F = Dé|1m\ (03
4. ¢ is totally gedesic since:
» F = Do|mm 10y preserves integral curves
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_ Outline of proof:

1. F preserves integral curves since:
» every integral curve is a Jacobi field
» F preserves Jacobi fields
» S=Sand DF =ldon ¥
2. DF = ko DF o k since:
» F preserves Jacobi fields
» F preserves integral curves
3. Thus there exists a diffeomorphism ¢: M — M such that
F = Do|mamn (0}
4. ¢ is totally gedesic since:
» F = Do|mm 10y preserves integral curves
5. Proposition: Let M be a connected manifold with two Riemann
metrics. If : M — M is totally geodesic and ¢ is an isometry at
one point, then ¢ is an isometry.
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