Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 1998 A401

ON THE NUMERICAL SOLUTION OF INVOLUTIVE ORDINARY DIFFERENTIAL SYSTEMS: BOUNDARY VALUE PROBLEMS

Jukka Tuomela

Jukka Tuomela: On the numerical solution of involutive ordinary differential systems: Boundary value problems; Helsinki University of Technology Institute of Mathematics Research Reports A401 (1998).

Abstract: We analyse nonlinear two point boundary value problems using differential geometry, in particular jet spaces. This provides a complementary point of view to the more usual approach. We discuss generalized solutions that can arise in our framework, and note that in some situations these may be useful in numerical computations. Then we prove a general existence theorem for a certain class of problems using the concept of linking number.

AMS subject classifications: primary 34B15, 58F18, secondary 65L10, 58A20.

Keywords: nonlinear boundary value problems, nonlinear boundary conditions, jet spaces, linking number.

ISBN 951-22-4281-8 ISSN 0784-3143 Edita, Espoo, Dec 1998

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email: math@hut.fi downloadables: http://www.math.hut.fi/

Author: jukka.tuomela@hut.fi

1. Introduction

In recent years the boundary value problems which are nonlinear in highest derivatives and/or whose boundary conditions are nonlinear have received some attention, see [2], [3], [5], [7], [8], [9], [10], [11], [14], [15], [17], [18], [19], [20], [21], [22], [24], [27] and references therein. The older results are summarized in the well-known monograph [1] whose bibliography in turn contains numerous references to more classical material. We propose here a geometric approach to these kind of problems and examine certain consequences of this point of view. The tools used are very different from the ones used in the above mentioned references, hence we must spend quite a lot of space to introduce the appropriate framework. In spite of this the treatment cannot possibly be self contained as far as jet geometry is concerned and we refer the reader to [31] which contains an accessible introduction to these matters as well as an extensive list of relevant references. Of course we do not suggest that this geometric point of view replaces or should replace the older ones, rather we view it as an interesting complement to other approaches.

There are several consequences of our approach. First we can prove a general existence theorem for a certain class of boundary conditions. These boundary conditions look perhaps rather peculiar at first sight, but as our example shows such problems can arise in a natural way in variational problems. Another important point is that the generalized solutions obtained in this framework are really smooth curves in high dimensional space, and the singularities encountered in a classical setting are only seen when the curves are projected to appropriate subspaces. So whether these generalized solutions are ‘physically reasonable’ or not we shall indicate how they are sometimes quite useful in numerical computations. How to actually compute numerically in jet spaces is outside the scope of the present article and we refer to [31] and [30] for information on these matters.

The contents of the article is as follows. In section 2 we introduce the basic differential geometric tools that are needed in the analysis and explain in detail how standard problems are seen in this framework. We also make a few remarks on the use of transversality in the analysis boundary value problems. In section 3 we analyse two examples. In the first one we discuss the relevance of our generalized solutions and conclude with a modified problem where the solution is in fact classical, but using the shooting method to find it, one has generalized solutions in the intermediate stages. Since our generalized solutions are in fact smooth curves, the algorithm does not see the difference between generalized and classical solutions, and consequently the problems with (apparent) singularities are avoided. In the other example we present an elementary proof of an old existence result for a scalar equation, and in fact we can improve the statement by showing that there are at least two solutions. We note in particular that nonlinearity in boundary conditions for this type of problems does not make the problem more difficult than the linear one from the geometric point of view.

In section 4 we finally present the main result. Using the concept of a linking number we prove an existence result for a certain class of boundary conditions. The idea is that if the boundary conditions are linked, then moving the other with the flow one must sooner or later hit the other boundary condition. In particular no asymptotic properties or growth restrictions are required of the relevant vector field.

Acknowledgment All the figures were made with Mathematica [32].

2. Geometric formulation of the problem

2.1. Differential systems in jet spaces. Here we simply give the basic definitions and refer to [31] for a thorough discussion and motivation of these concepts as well as extensive further references. Basic material on standard differential geometry can be found in [26] and on jet geometry in [25]. All maps are assumed to be smooth, i.e. infinitely differentiable and all manifolds are smooth and without boundary. Let M be a manifold and p ∈ M; T M_p is the tangent space at p and T M is the tangent bundle. A distribution on M is a map which associates to each point p ∈ M a certain subspace of T M_p. An integral manifold of some distribution is a connected submanifold whose tangent space coincides with the distribution. Let π : E → B be a bundle and let J_q(E) be the bundle of q-jets of E.

Definition 2.1. A (partial) differential system (or equation) of order q on E is a submanifold R_q of J_q(E).

Let E = R × R^n and let us denote the coordinates of J_q(E) by (x, y^1, . . . , y^n, y^1, . . . , y^n_q ). Let us define the one forms α^i_j = dy^i_{j−1} − y^i_jdx i = 1, . . . , n j = 1, . . . , q (2.1)

Let p ∈ J_q(E) and v_p ∈ (T J_q(E))_p and let us further set

C_p = { v_p ∈ (T J_q(E))_p | | α^i_j(v_p) = 0}

D_p =(T R_q)_p ∩ C_p

(2.2)

C is called the Cartan distribution and dim(C_p) = n + 1. Suppose that we are given a system of k q’th order ordinary differential equations f(x, y, y_1, . . . , y_q) = 0 (2.3)

We interprete f as a morphism of bundles J_q(E) and R × R^k which in terms of coordinates can be taken to be a map R^{(n+1)q+1} → R^k . If k = n we have the ordinary situation of n equations and n unknowns, and if k > n we have an overdetermined system, or a DAE system. Recall that geometrically there is no difference between ODEs and DAEs, see [31] for more details.

The equation (2.3) defines a certain submanifold of J_q(E) which we denote by R_q and in terms of coordinates R_q is simply given by f^{−1}(0). Now we can define the solutions of our equations as follows.

Definition 2.2. Let R_q ⊂ J_q(E) be involutive and suppose that the distribution D defined in (2.2) is one-dimensional. A solution of R_q is an integral manifold of D.

Recall that one-dimensional distributions always have integral manifolds, so solutions always exist as far as initial value problems are concerned. We cannot discuss the important notion of involution here and refer to [31] for ample explanations. Intuitively one might say that the system is involutive if it contains all of its differential consequences up to order q. This concept is not really needed below, but for completeness we stated the definition in appropriate generality.

2.2. A class of boundary value problems. We have seen that the geometric framework outlined above leads us to consider manifolds, one-dimensional distributions on them and the corresponding integral manifolds. Hence it is rather natural to formulate the concept of boundary condition directly with these terms.

Definition 2.3. Let M be any smooth manifold and let D be a onedimensional distribution on M. A submanifold B of M is a boundary condition, if T B_p ∩ D_p = {0} for all p ∈ B.

The conditions on B could be relaxed somewhat, but this definition is convenient for the purposes of the present paper. Intuitively one may express the content of the definition by saying that boundary conditions are differential equations which have no solutions. Perhaps this sounds a bit strange, but there is an analoguous situation in hyperbolic PDEs: namely, the Cauchy data should be prescribed on a manifold which does not contain any characteristics. Compared to the more usual ways to express the boundary conditions, our definition does not cover the cases where initial and final states are related, but is more general than the usual ones in other cases; for example the boundary condition may involve also the highest order derivatives.

We are going to study the following type of boundary value problems.

Definition 2.4. A two point boundary value problem is the following collection of data:

• a manifold M of dimension m, • a one-dimensional distribution D on M and • two disjoint boundary conditions B_1 and B_2 such that dim(B_1) = k and dim(B_2) = m − k − 1.

A solution of the two point boundary value problem is an integral manifold I of D such that I ∩ B_1 ≠ ∅ and I ∩ B_2 ≠ ∅.

2.3. Transversality. We expect that in a ‘regular’ situation there are only a finite number of solutions to a given boundary value problem, or at least the solutions should be isolated. But is this nice situation typical among ‘all’ problems? The notion of transversality allows us to conclude that perturbing a little the given problem we can always recover the regular problem, with certain reservations to be discussed below.

Let us recall that if M and N are submanifolds of Q, then M and N intersect transversely, if for all p ∈ M ∩ N, T M_p + T N_p = T Q_p. Moreover if the intersection is transversal, then M ∩N is a submanifold of Q and dim(M ∩ N) = dim(M) + dim(N) − dim(Q). The following basic theorem says that in a ‘typical’ situation the intersection is transverse [13].

Theorem 2.1. Let M and N be submanifolds of Q. Every neighborhood of the inclusion i_N : N → Q contains an embedding which is transverse to M.

In a similar fashion it is seen that the condition T B_p ∩ D_p = {0} in Definition 2.3 can always by achieved (at least locally) by perturbing a little either the boundary condition B or the distribution D (or both).

In order to use transversality to study the behaviour of the solution set, it is convenient to introduce the following terms [4].

Definition 2.5. Let p, z ∈ M and let D be a distribution on M; p ∼ z if there is an integral manifold I of D such that p, z ∈ I. Let A ⊂ M; the saturation of A is the following set

sat(A) = { p ∈ M | ∃ z ∈ A such that p ∼ z } The existence of the solutions for the problem in Definition 2.4 can thus be expressed as follows:

The boundary value problem in Definition 2.4 has a solution if and only if

sat(B_1) ∩ B_2 ≠ ∅ ( equivalently sat(B_2) ∩ B_1 ≠ ∅ ).

Now the solution set in a nice situation behaves as follows.

Proposition 2.1. Suppose that sat(B_1) is a closed submanifold, B_2 is closed and that the intersection of sat(B_1) and B_2 is transverse. Then sat(B_1) ∩ B_2 does not have any accumulation points. If in addition B_2 is compact, then the intersection is a finite set.

In other words, when the intersection is transverse the solutions are isolated and if one of the boundary conditions is compact there is only a finite number of solutions.

Proof. By counting the dimensions it is seen that the intersection must be zero dimensional. Let p ∈ sat(B_1) ∩ B_2. Then there is a neighborhood of p ∈ U ⊂ M and the coordinate map such that sat(B_1) ∩ U is represented by the first coordinates and B_2 ∩ U by the last coordinates [16]. Hence there are no other points of intersection in U. The finiteness property follows because on a compact manifold there cannot be an infinite number of isolated points.

Note that the condition that B_2 be a closed submanifold is not restrictive at all in practice because usually boundary conditions are given as zero sets and thus by Sard’s theorem they usually satisfy the required condition. As an immediate corollary of the above proposition and Theorem 2.1 we get

Corollary 2.1. Consider the problem in Definition 2.4 and suppose that sat(B_1) is a closed submanifold. Then by perturbing B_2 arbitrarily little the intersection of sat(B_1) and B_2 becomes transverse.

Hence if the saturation is nice then any problem can be approximated by a nice problem. Of course in general the saturation can be a very complicated set, for instance if the system is chaotic. Another indication of complexities that may arise is given by the fact that the space M/∼ may be non-Hausdorff, see [4] for an example. However, if the saturation as a whole is not a closed submanifold we may still get a meaningful problem by restricting our attention to an appropriate subset.

2.4. Examples. Let us then see how the standard two point boundary value problem looks like in this framework. Consider the following scalar problem. y^{′′} − f(x, y, y^′) = 0 y(a) = c y(b) = d Hence R_2 ⊂ J_2(R × R) ≃ R^4 is defined by y_2 − f(x, y, y_1) = 0 and the boundary conditions by

B_1 :

y_2 − f(x, y, y_1) = 0 x − a = 0 y − c = 0 B_2 :

y_2 − f(x, y, y_1) = 0 x − b = 0 y − d = 0 Clearly dim(B_1) = dim(B_2) = 1 and dim(R_2) = 3, so the dimensions of the problem are ‘right’. Since y_2 is given explicitly R_2 and the corresponding dirstribution can be diffeomorphically projected to J_1(R ×R). Doing this we can directly see the problem in three dimensional space. The distribution is given by the nullspace of the following matrix. A = −y_1 1 0 0 −y_2 0 1 0 −∂f/∂x −∂f/∂y −∂f/∂y_1 1 So using the projection π^2_1 : (x, y, y_1, y_2) → (x, y, y_1) we get the following problem in J_1(R × R) ≃ R^3 .

D = span ( 1, y_1, f(x, y, y_1) )

B_1 : { x − a = 0 y − c = 0 B_2 : { x − b = 0 y − d = 0

Hence the boundary conditions are vertical lines and the distribution is defined and one-dimensional in all of R^3 . Similarly if we have the problem R_q : y_q − f(x, y, . . . , y_{q−1}) = 0 B_1 : { y_q − f(x, y, . . . , y_{q−1}) = 0 g_1(x, y, . . . , y_{q−1}) = 0 B_2 : { y_q − f(x, y, . . . , y_{q−1}) = 0 g_2(x, y, . . . , y_{q−1}) = 0 then this is equivalent to the problem

D = span ( 1, y_1, . . . , y_{q−1}, f(x, y, . . . , y_{q−1}) ) B_1 : g_1(x, y, . . . , y_{q−1}) = 0 B_2 : g_2(x, y, . . . , y_{q−1}) = 0

(2.4)

In standard problems of course one can get rid of the highest derivatives in the boundary conditions using the differential equation. In the general case, however, this is not possible, and thus we can write the general form of the problem as follows. R_q : f(x, y, . . . , y_q) = 0 B_1 : { f(x, y, . . . , y_q) = 0 g_1(x, y, . . . , y_q) = 0 B_2 : { f(x, y, . . . , y_q) = 0 g_2(x, y, . . . , y_q) = 0

(2.5)

Writing in this way the statement that boundary conditions are just certain kind of differential equations becomes quite natural. Let us stress that geometrically the presence (resp. absence) of y_q in g_i does not a priori make the problem more difficult (resp. easier).

3. New solutions and proofs

In this section we analyse two examples to show what kind of benefit our geometric formulation can have in the study of two point boundary value problems. In the first one the main point is that our new generalized solutions are in fact smooth curves in a higher dimensional space, so the singularities encountered in the classical setting are avoided. Whether these generalized solutions are in fact ‘physically reasonable’ depends of course on the particular application, but we show that in any case they are useful in numerical computations.

The other example is about a new and elementary proof of an old result about scalar equation. We show that in fact we can get a stronger result in a particular case and that the same type of reasoning extends in a straightforward way to the case where one of the boundary conditions is one dimensional.

3.1. Periodic solution. Let us consider an example taken from [10]

R_1 : f(x, y, y_1) = 2(y_1 − y)^3 − 9(y_1 − y)^2 + 12(y_1 − y) − x = 0

(3.1) with the boundary condition y(0) = y(9).^1 In fact this is not the type of a boundary condition which is covered by Definition 2.3. However, we take it up because this problem illustrates quite well how the solutions in our sense can be different from the classical solutions as well as various generalized solutions, and what are the consequences this approach from the point of view of applications.

Let R_1 = f^{−1}(0) ⊂ J_1(R × R) ≃ R^3 . Obviously R_1 is a smooth manifold and the distribution D is given by the nullspace of A = ( −y_1 1 0 −1 −b b ) where b = 6(y_1 − y)^2 − 18(y_1 − y) + 12

Evidently D is one-dimensional in the whole of R_1, and it is spanned by the vector field V = (b, by_1, 1 + by_1). Hence we can consider the following system of ODEs

x^′ = 6(y_1 − y)^2 − 18(y_1 − y) + 12 y^′ = ( 6(y_1 − y)^2 − 18(y_1 − y) + 12 ) y_1 y^′_1 = 1 + ( 6(y_1 − y)^2 − 18(y_1 − y) + 12 ) y_1

(3.2)

Denote the auxiliary independent variable by s, let z = (x, y, y_1) and let B_1 = { (x, y, y_1) ∈ R_1 | x = 0 } and B_2 = { (x, y, y_1) ∈ R_1 | x = 9 } Then the problem can be formulated as follows: find a solution z of (3.2) such that z(0) ∈ B_1, z(s^∗) ∈ B_2 and y(0) = y(s^∗). Using this formulation we shall prove

Proposition 3.1. The problem 3.1 with condition y(0) = y(9) has at least one solution.

Proof. We see immediately that y_1(s) − y(s) = s and thus x(s) = 2s^3 − 9s^2 + 12s which in turn implies that s^∗ = 3. This proves also that all solutions starting at B_1 eventually reach B_2 which is not a priori clear. Then one checks that if the initial point p = (0, y, y_1) ∈ B_1 is taken such that y is sufficiently big then the corresponding solution satisfies y(9) > y(0) and if y is sufficiently small the corresponding solution satisfies y(9) < y(0). Hence by continuity there is (at least) one p ∈ B_1 such that the corresponding solution satisfies y(0) = y(9).

Note that ‘time’ x flows backwards when 1 < s < 2 which explains the remark in [10] about the inexistence of the classical solution on a larger time interval than [0, 5] because x(1) = 5. In our framework we have smooth solutions on R_1 independent of the time interval. The singularities are only seen when the solution is projected to (x, y) – plane using the standard projection π : (x, y, y_1) → (x, y). In figure 3.1 on the left there is R_1 and in figure 3.2 there is a solution computed by the shooting method. In the present case the system is very stable backwards in s, hence the convergence is very fast.

1The interval in the original problem was [0, 6], but changing it to [0, 9] does not alter the nature of the problem.

Obviously the generalized solution obtained here is different from the one obtained in [10] and it depends on the application which one if any is the relevant one.^2 Of course it is also possible that at x = 5 the model simply ceases to be physically relevant and there is no point of trying to go beyond that point. However, from the numerical point of view our framework would still be useful. Namely, numerically one usually encounters difficulties when approaching a singularity and hence in a classical setting the solution near x = 5 would perhaps be inaccurate. In jet context the points at x = 5 are simply regular points, so the numerical solution should be as accurate as everywhere else. Similar situation arises when analysing impasse points, see [28] and references therein for more information on impasse points. Jets are also useful in the resolution of other types of singularities, see [29].

Let us give another example of the numerical usefulness of the jet point of view. Consider the following modified problem

f(x, y, y_1) = 2(y_1 − y)^3 − 9 ( 1 − φ(y + y_1) ) (y_1 − y)^2 + 12(y_1 − y) − x = 0

(3.3)

where φ(z) = exp ( −5z2 81 − 9z^2 ) , |z| < 3 0 , |z| ≥ 3 The manifold is shown in figure 3.1 on the right and one may expect that there is a classical solution. However, in the initial guess of the shooting method the solution does not stay in the corridor and hence the projection is singular. The next iteration, however, already gives a classical solution, see figure 3.2 on the right. So these generalized solutions might appear in the intermediate stages in the numerical solution even though the the actual solution is smooth in the classical sense. Because these generalized solutions are smooth in the relevant manifold, they are indistinguishable from the classical solutions for the algorithm and therefore the (apparent) singularities do not make the problem numerically harder.

Finally note that the numerical computations could be performed without explicit knowledge of the vector field in (3.2). This is explained in [31] to which we refer for further details.

3.2. Problems with fixed initial and final ‘time’. A lot of problems arising in practice are of the following type.

D = span ( 1, y_1, . . . , y_{q−1}, f(x, y, . . . , y_{q−1}) )

B_1 : { x − a = 0 g_1(y, . . . , y_{q−1}) = 0

B_2 : { x − b = 0 g_2(y, . . . , y_{q−1}) = 0

(3.4)

2In [10] the authors remark that equation (3.1) admits smooth solution curves implicitly given by an equation of the form F (x, y) = c. However, this seems to be incorrect, see figure 3.2.

Figure 3.1. Differential equations (3.1) (on the left) and (3.3) (on the right).

Figure 3.2. Solutions of the equations (3.1) (on the left) and (3.3) (on the right) by the shooting method. The solid lines are the first guesses and the dashed lines the second iterations whose accuracy is already quite satisfactory.

To analyse these problems in more detail let us first introduce some notations. The (vector field spanning the) distribution naturally defines a flow R × J_{q−1}(R × R^n ) → J_{q−1}(R × R^n ), but for the problems of this type another flow is more approriate. Recall that J_{q−1}(R × R^n ) ≃

R × R^{nq} and define ψ : R × R × R^{nq} → R^{nq} as follows. Let z_p be

a parametrization of an integral manifold of the distribution in (3.4) with parameter x which satisfies the initial condition z_p(s) = p. Then we define ψ(x, s, p) = z_p(x). Further if we fix the parameters we can define ψ^b_a(p) = ψ(b, a, p). Note that ψ and ψ^b_a may not be defined for all values of the arguments, but for simplicity of notation this is not indicated. Let us further set

T_a = {p ∈ J_{q−1}(R × R^n ) | x = a} ≃ R^{nq}

Hence ψ^b_a : T_a → T_b. Now B_1 ⊂ T_a and B_2 ⊂ T_b and they can be identified with submanifolds M_1 and M_2 defined as

M_i = {p ∈ R^{nq} | g_i(p) = 0}

Then we finally can formulate the existence of the solutions of problem (3.4) with these terms.

Problem (3.4) has a solution if and only if there is p ∈ M_1 such that ψ^b_a(p) ∈ M_2.

Let us consider the scalar second order case. D = span ( 1, y_1, f(x, y, y_1) )

B_1 : { x − a = 0 g_1(y, y_1) = 0

B_2 : { x − b = 0 g_2(y, y_1) = 0

(3.5)

Let us further define the following sets.

Ω_+ = { p ∈ R^2 | g_2(p) > 0^}

Ω_− = { p ∈ R^2 | g_2(p) < 0^}

Then we can formulate

Proposition 3.2. Suppose that M_i in the problem (3.5) are connected and ψ^b_a is defined for all p ∈ R^2 . If there is p_+ ∈ M_1 ∩ Ω_+ such that ψ^b_a(p_+) ∈ Ω_+ and p_− ∈ M_1 ∩ Ω_− such that ψ^b_a(p_−) ∈ Ω_−, then the problem (3.5) has at least one solution.

Proof. Since M_1 is connected, then by continuity there must be p ∈ M_1 such that ψ^b_a(p) ∈ M_2.

Of course this proposition admits an easy generalization to the general case if one of the boundary conditions is one-dimensional. Note also that the connectedness is no real restriction because we could examine each component seprately as in the example below. In spite of the elementary character of the above proposition we can in fact use it to improve a result from [11]. Consider the following problem.

D = span ( 1, y_1, f(x, y, y_1) )

B_1 : { x = 0 y^2_1 − y^2 + c = 0

B_2 : { x = 1 2y^2_1 − 2yy_1 + d = 0

(3.6)

Here c and d are arbitrary real parameters and the vector field V = ( 1, y_1, f(x, y, y_1) ) is supposed to satisfy the condition |f(x, y, y_1)| ≤ w for (x, y, y_1) ∈ [0, 1] × R^2 for some w > 0. In [11] it was proved using degree theory that the problem has at least one solution. We shall prove that

Proposition 3.3. If c > 0 and d < 0, then the problem (3.6) has at least two solutions.

Proof. First let us note that because f is bounded ψ^1_0 is defined for all

p ∈ R^2 . Let us further define the sets

M^c_1 ={(y, y_1) ∈ R^2 | y^2_1 − y^2 + c = 0}

M^d_2 ={(y, y_1) ∈ R^2 | 2y^2_1 − 2yy_1 + d = 0}

Suppose that c > 0 and d < 0, see figure 3.3. Let us denote the lower (resp. upper) half plane branch of M^d_2 by M^d_{2−} (resp. M^d_{2+}) and the left (resp. right) half plane branch of M^c_1 by M^c_{1−} (resp. M^c_{1+}). Let us define the sets

Ω_+ = { (y, y_1) ∈ R^2 | y_1 >^1_2 y +^1_2 √ y^2 − 2d } Ω_− = { (y, y_1) ∈ R^2 | y_1 <^1_2 y +^1_2 √ y^2 − 2d } Let a > 0 and put p̃ = (−a, √ a^2 − c) ∈ M^c_{1−}. Then using this initial point and taking a sufficiently big we have

y_1(x) ≥ y_1(0) − ∫_x 0 |f ( t, y(t), y_1(t) ) |dt ≥^1_2 a − wx Similarly we get y_1(x) ≤ a + wx. Hence y(x) = −a + ∫_x 0 y_1(t)dt ≤ −a + ax +^1_2 wx^2

Thus y(1) ≤^1_2 w and y_1(1) ≥^1_2 a − w which implies that ψ^1_0(p̃) ∈ Ω_+ for sufficiently big a.

Then taking still a > 0 and using p̂ = (− √ a^2 + c, −a) ∈ M^c_{1−} as an initial point we easily deduce that

y_1(x) = −a + ∫_x 0 f ( t, y(t), y_1(t) ) dt ≤ −a + wx Clearly y_1(1) < 0 for sufficiently big a and hence ψ^1_0 (p̂) ∈ Ω_−. By the previous proposition we conclude that there is a p ∈ M^c_{1−} such that ψ^1_0(p) ∈ M^d_{2+}. Reasoning similarly with sets M^d_{2−}, M^c_{1+} and

D_+ = { (y, y_1) ∈ R^2 | y_1 >^1_2 y −^1_2 √ y^2 − 2d } D_− = { (y, y_1) ∈ R^2 | y_1 <^1_2 y −^1_2 √ y^2 − 2d } produces another solution.

The same conclusion holds also in the limiting cases c = 0 or d = 0. For other values of the parameters the above simple argument does not work because of the way the asymptotes of the curves happen to coincide. This, however, is naturally not a generic situation, in other words perturbing the coefficients of the equations slightly makes the method of proof applicable. Recall that in [11] the degree of a map associated to this problem was two, hence in a sense it is ‘natural’ that there are (at least) two solutions.

Note that we needed only information about asymptotic properties of the curves and hence the fact that the boundary conditions were

Figure 3.3. The curves M^1_1 (solid line) and M^{−2}_2 (dashed).

nonlinear was rather irrelevant. Also nonlinearities need not be polynomial. For example consider the problem

D = span ( 1, y_1, f(x, y, y_1) )

B_1 : { x = 0 y^2 − e^{y1} = 0

B_2 : { x = 1 2y^2_1 + 2yy_1 − 1 = 0

(3.7)

Then the same argument as above easily yields that the problem (3.7) has at least three solutions.

The whole process can be interpreted as follows: in the beginning some manifolds M_1 = ψ^a (M_1) and M_2 intersect and we hope to find ‘natural’ conditions on the flow such that ψ^b_a(M_1) and M_2 also intersect for some values b ≠ a. Hence it is seen that with different boundary conditions we might require rather different conditions on the flow as far as the direction is concerned. The conditions on the size are more ‘uniform’ because they are required to guarantee that the flow is welldefined for the relevant values of the parameters.

As noted above the method of proof extends to the case when one of the boundary conditions is one dimensional, because then the other boundary condition separates the relevant space into different components. In general one needs tools from algebraic topology to study the intersections; this is beyond the scope of the present article.

Since the proof relies on asymptotic properties of the boundary conditions, we cannot get any upper bound on the number of solutions. Also the proof cannot be applied to the cases where at least one of the boundary conditions is compact. In the next section we study one type of problems where both boundary conditions are compact and hence asymptotic properties do not play any role.

4. Existence theorem for a certain class of problems

4.1. Linking number. We review briefly the basic definitions and refer to [26, vol. 1] and [6] for more details. All manifolds in this section are assumed to be connected, oriented and compact. Let M and N be two m–dimensional manifolds and let f : M → N. This induces a map between tangent spaces: df_p : T M_p → T N_{f(p)}.

Definition 4.1. Let z be a regular value of f. The degree of f is

deg(f) = ∑ pi∈f�1(z) sign ( det(df_{pi} ) )

Note that regular values exist, by Sard’s theorem, that the sum above is finite and that the result does not depend on the choice of the regular value. Recall also that points not in the image of f are also called regular values, and in that case deg(f) = 0.

Definition 4.2. Maps f, g : M → N are homotopic, if there is a map h : M × [0, 1] → N such that h(p, 0) = f(p) and h(p, 1) = g(p). Two submanifolds are said to be homotopic if their inclusion maps are homotopic.

We will need the following basic property.

Theorem 4.1. If f and g are homotopic, then deg(f) = deg(g).

Let M and N be manifolds of dimensions k and m − k − 1, let f : M → R^m , g : N → R^m and f(M) ∩ g(N) = ∅. Let us further define a map α : M × N → S^{m−1} , α(p, z) = g(z) − f(p) |g(z) − f(p)| where S^{m−1} is the unit sphere of dimension m − 1.

Definition 4.3. The linking number of f and g is link(f, g) = deg(α). If M and N are disjoint submanifolds of R^m we define link(M, N) = link(i_1(M), i_2(N)) where i_1 and i_2 are the inclusion maps.

Let h_1 (resp. h_2) define a homotopy between f and f̄ (resp. g and ḡ). Then from Theorem 4.1 we deduce

Theorem 4.2. If for all t ∈ [0, 1] {h_1(p, t) | p ∈ M} ∩ {h_2(z, t) | z ∈ N} = ∅ then link(f, g) = link(f̄, ḡ).

We shall need the following simple consequence of this Theorem.

Lemma 4.1. Let M and N be submanifolds of R^m and suppose that there exist r > 0 such that |p| < r for all p ∈ M and |z| > r for all z ∈ N. Then link(M, N) = 0.

Proof. We can shrink M to a point with a homotopy taking the inclusion to a constant map without violating the condition in Theorem 4.2. But if f or g is constant then α cannot be onto.

Evidently an analoguous statement is valid in the case M and N are separated by a hyperplane. Note finally that two manifolds can be nontrivially linked although their linking number is zero, see [6, p. 293] for an example.

4.2. Main theorem. Let us consider the problem (2.4) where the boundary conditions are compact, oriented and connected.

Theorem 4.3. If link(B_1, B_2) ≠ 0, then the problem (2.4) has at least two solutions.

Proof. Let V be the unit vector field such that

V_p ∈ D_p = span ( 1, y_1, . . . , y_{q−1}, f(x, y, . . . , y_{q−1}) ) Hence V is a vector field on J_{q−1}(R×R^n ) ≃ R^m where m = nq+1. Since V is globally Lipschitz we have the flow ψ : R × R^m → R^m and the corresponding one parameter family of diffeomorphisms ψ^t : R^m → R^m which are defined for all t ∈ R.

Take r > 0 such that |z| < r for all z ∈ B_1 ∪ B_2. Now choosing b = (1, 0, . . . , 0) or b = (−1, 0, . . . , 0) we have ⟨V_p, b⟩ > 0 for all p ∈ R^m and hence by Lemmas 4.2 and 4.3 below for any p ∈ B_1 there is t^∗_p and an open neighborhood U_p of p such that |ψ^t

�_p (z)| > r for all t ≥ t^∗_p and for all z ∈ U_p. By compactness there is a finite subcover

B_1 ⊂ j⋃ i=1 U_{pi} Defining t^∗ = max_i t^∗_{pi} we have |ψ^t � (p)| > r for all t ≥ t^∗ and for all p ∈ B_1. Now ψ : [0, t^∗] × R^m → R^m defines a homotopy between B_1 and ψ^t � (B_1). By Lemma 4.1 link(ψ^t � (B_1), B_2) = 0 which implies that the condition in Theorem 4.2 is violated. Thus there is p ∈ B_1 and t̃ ∈ [0, t^∗] such that ψ(t̃, p) ∈ B_2. Reasoning similarly with −V produces another solution.

Lemma 4.2. Let V be a unit vector field on R^m and suppose that there exist a unit vector b such that ⟨V, b⟩ > 0. Then for any r > 0 and

p ∈ R^m there exists t_p such that |ψ^{tp} (p)| > r for all t ≥ t_p.

Proof. Suppose on the contrary that there exist a sequence {t_n} with lim_{n→∞} t_n = ∞ such that |ψ^{tn} (p)| ≤ r. Passing to a subsequence if necessary there is thus z such that lim_{n→∞} ψ^{tn} (p) = z. Let us prove that in fact lim_{t→∞} ψ^t(p) = z. Let p_n = ψ^{tn} (p), consider the interval [t_n, t_{n+1}] and let 0 ≤ h ≤ t_{n+1} − t_n. Now |ψ^h(p_n) − p_n| ≤ |p_{n+1} − p_n| because |ψ^h(p_n) − p_n| ≥ |⟨ψ^h(p_n) − p_n, b⟩| = ∫_h 0 ⟨V ( ψ^s(p_n) ) , b⟩ds > 0 and hence |ψ^h(p_n) − p_n| is a monotonically increasing function of h. This implies that |ψ^h(p_n) − z| ≤ |p_{n+1} − p_n| + |p_n − z| Hence for any ε > 0 there is n such |ψ^t(p) − z| < ε for t ≥ t_n or in other words lim_{t→∞} ψ^t(p) = z. Now taking any fixed h > 0 we have

z = lim_{t→∞} ψ^{t+h}(p) = lim_{t→∞} ψ^h ∘ ψ^t(p) = ψ^h ( lim_{t→∞} ψ^t(p) ) = ψ^h(z)

But this is impossible because V (z) ≠ 0 and hence ψ^h(z) ≠ z.

Lemma 4.3. Let V satisfy the hypothesis of the previous lemma, let

p ∈ R^n and |p| ≤ r. Then there is an open neighborhood U_p of p and

t^∗_p such that |ψ^t(z)| > r for all z ∈ U_p and t ≥ t^∗_p.

Proof. By the previous lemma there is t^∗_p such that |ψ^t

�_p (p)| ≥ 6r. Then given ε and taking U_p sufficiently small we deduce by the continuity of ψ^t

�_p

that |ψ^t

�_p (z)| ≥ 6r − ε for all z ∈ U_p. Shrinking U_p further if necessary we also have |z − p| < ε. Recall that |ψ^t(z) − z| is a monotonically increasing function of t. Hence taking any c ∈ R^n with |c| ≤ r and t ≥ t^∗_p we get the following estimates |ψ^t(z) − c| ≥ |ψ^t(z) − z| − |z − c| ≥ |ψ^t �_p (z) − z| − |p − c| − ε ≥ |ψ^t �_p (z)| − |z| − |p − c| − ε ≥ 6r − |p| − |p − c| − 3ε ≥ 3r − 3ε Hence |ψ^t(z) − c| > 2r which implies that |ψ^t(z)| > r.

Note in particular that there are no growth restrictions on f. Intuitively the reason is that the solution is found before the integral manifolds can escape to infinity, hence the asymptotic properties of the integral manifolds or f do not play any role.

In the problems we have in mind the manifolds will be defined as zero sets of some maps. For these manifolds the orientability is no restriction because of the following result [6].

Theorem 4.4. Let k < n, let zero be a regular value of f : R^n → R^k and let M = f^{−1}(0) be nonempty. Then M is an orientable submanifold

of R^n .

Of course the connectedness is not really a restriction either because one could simply examine each component of the boundary conditions separately.

As an example of the application of the theorem consider the following problem.

D = span ( 1, y_1,^{39}_{100} y +^{31}_{50} x^2 −^{43}_{16} )

B_1 : { 2y + x^2 = 0 y^2_1 + 2xy_1 +^1_{16} x^4 + x^2 − 2 = 0

B_2 : { y − 2x^2 + 1 = 0 y^2_1 − 8xy_1 + 8x^4 + 16x^2 + 8x − 8 = 0

(4.1)

This problem is the Euler equation for the variational problem J(y) = ∫_b a L(x, y, y_1)dx where L is given by

L(x, y, y_1) =^1_2 y^2_1 −^1_5 ( x^3 + 2xy +^{127}_{80} x + 4 ) y_1 − 1 50 x^4 +^1_{50} x^2y −^{58}_{25} x^2 −^1_{200} y^2 −^4_5 x −^{601}_{200} y + 1 and (a, y(a)) (resp. (b, y(b))) is constrained to lie on the curve 2y+x^2 = 0 (resp. y − 2x^2 + 1 = 0). The other equations in the boundary conditions are the transversality conditions [12]. In this case the Euler equations turned out to be linear, but it would be easy to construct similar examples with nonlinear Euler equations.

Here boundary conditions are one-dimensional closed curves, see figure 4.1. In other words they are knots (or to be more precise they are unknots!) and the link is the simplest possible nontrivial link, called Hopf link. In this case there are various other ways to define the linking number than the one given above. In [23] there are 7 alternative definitions which are all equivalent to Definition 4.3 (at least up to sign), but of course in a specific situation some might be much more convenient than the others to work with. Anyway not all of these definitions extend to the many dimensional case which mainly intrests us here. The discussion of how to actually compute the linking number in various situations would lead us into the realm of algebraic topology, and is beyond the scope of the present article.

Theorem 4.3 admits the following straightforward generalization.

Corollary 4.1. Suppose that π^q_{−1} : R_q → J_{q−1}(E) is a diffeomorphism and let M_i = π^q_{−1} ( B_i ) . Suppose further that g_i in (2.5) do not depend on the highest derivatives. If link(M_1, M_2) ≠ 0, then the problem (2.5) has at least two solutions.

Proof. Now dπ^q_{−1} : (T R_q)_p → (T J_{q−1}(E))_π^q�_{1(p)} is an isomorphism, hence there is a bijective correspondence between the integral manifolds of D and dπ^q_{−1} ( D ) . Further from the hypothesis it follows that B_i (resp. M_i) satisfy the conditions of Definition 2.3 for the original (resp. projected) problem. Hence by previous Theorem the projected problem has at least two solutions. Lifting these integral manifolds to R_q by (π^q_{−1})^{−1} provides then (at least) two solutions to the original problem.

For example the following scalar equations verify the hypothesis on the projection.

y^3_q + y_q + f(x, y, . . . , y_{q−1}) = 0

exp(y_q) + f(x, y, . . . , y_{q−1}) = 0

Note that in the latter case the map π^q_{−1} : R_q → J_{q−1}(E) is not surjective.

References

[1] S. R. Bernfeld and V. Lakshmikantham, An introduction to nonlinear boundary value problems, Math. Sci. Eng., vol. 109, Academic Press, 1974.

[2] A. Cabada and R. L. Pouso, Existence result for the problem (ϕ(u^0 ))^0 = f (t, u, u^0) with periodic and Neumann boundary conditions, Nonlinear Anal.

30 (1997), 1733–1742.

[3] , Existence results for the problem (ϕ(u^0 ))^0 = f (t, u, u^0) with nonlinear boundary conditions, Nonlinear Anal. 35 (1999), 221–231.

Figure 4.1. Boundary conditions of the problem (4.1) and part of the surface y − 2x^2 + 1 = 0. On the left is a detail of the picture on the right.

[4] C. Camacho and A. Lins Neto, Geometric theory of foliations, Birkhäuser, 1985.

[5] S. Carl and S. Heikkilä, On discontinuous first order implicit boundary value problems, J. Diff. Eq. 148 (1998), 100–121.

[6] B. A. Dubrovin, A. T. Fomenko, and S. P. Novikov, Modern geometry II, Graduate texts in mathematics, vol. 104, Springer, 1985.

[7] L. Erbe, W. Krawcewicz, and T. Kaczynski, Solvability of two-point boundary value problems for systems of nonlinear differential equations of the form y^{00} = g(t, y, y^0, y^{00}), Rocky Mountain J. Math. 20 (1990), 899–907.

[8] C. Fabry and P. Habets, Upper and lower solutions for second order boundary value problems with nonlinear boundary conditions, Nonlinear Anal. 10 (1986), 985–1007.

[9] M. Feckan, Differential equations with nonlinear boundary conditions, Proc.

Am. Math. Soc. 121 (1994), 103–111.

[10] M. Frigon and T. Kaczynski, Boundary value problems for systems of implicit differential equations, J. Math. Anal. Appl. 179 (1993), 317–326.

[11] R. E. Gaines and J. Mawhin, Ordinary differential equations with nonlinear boundary conditions, J. Diff. Eq. 26 (1977), 200–222.

[12] M. Giaquinta and S. Hildebrandt, Calculus of variations I, Grundlehren, vol.

310, Springer, 1996.

[13] M. Hirsch, Differential topology, Graduate texts in mathematics, vol. 33, Springer, 1976.

[14] T. Kaczynski, Implicit differential equations which are not solvable for the highest derivative, Delay differential equations and dynamical systems (S. Busenberg and M. Martelli, eds.), Lecture notes in math., vol. 1475, Springer-Verlag, 1990, pp. 218–224.

[15] W. G. Kelley, Second order systems with nonlinear boundary conditions, Proc.

Am. Math. Soc. 62 (1977), 287–292.

[16] A. Kosinski, Differential manifolds, Pure and Applied Math., vol. 138, Academic press, 1993.

[17] Y. Mao and J. Lee, Two point boundary value problems for nonlinear differential equations, Rocky Mountain J. Math. 26 (1996), 1499–1515.

[18] S. Marano, On the boundary value problem for the differential equation f (t, x, x^0, x^{00}) = 0, J. Math. Anal. Appl. 182 (1994), 309–319.

[19] J. Mawhin, Stable homotopy and ordinary differential equations with nonlinear boundary conditions, Rocky Mountain J. Math. 7 (1977), 417–424.

[20] W. Petryshyn, Solvability of various boundary value problems for the equation x^{00} = f (t, x, x^0 , x^{00} ) � y, Pacific J. Math. 122 (1986), 169–195.

[21] D. O’ Regan, Some general principles and results for (ϕ(y^0 ))^0 = q f (t, y, y^0), 0 < t < 1, SIAM J. Math. Anal. 24 (1993), 648–668.

[22] , Existence theory for (ϕ(y^0 ))^0 = q f (t, y, y^0), 0 < t < 1, Commun. Appl.

Anal. 1 (1997), 33–52.

[23] D. Rolfsen, Knots and links, Math. Lecture series, vol. 7, Publish or perish, 1976.

[24] E. Rovderova, Third-order boundary-value problems with nonlinear boundary conditions, Nonlinear Anal. 25 (1995), 473–485.

[25] D. Saunders, The geometry of jet bundles, London Math. Soc. Lecture note series, vol. 142, Cambridge university press, 1989.

[26] M. Spivak, A comprehensive introduction to differential geometry, vol 1 - 5, 2nd ed., Publish or Perish, 1979.

[27] S. Stanek, On a class of functional boundary value problems for the equation x^{00} = f (t, x, x^0 , x^{00} , λ), Ann. Polonici Math. 59 (1994), 225–237.

[28] J. Tuomela, On singular points of quasilinear differential and differentialalgebraic equations, BIT 37 (1997), 966–975.

[29] , On the resolution of singularities of ordinary differential systems, Research Report A388, Helsinki University of Technology, 1997, to appear in Numer. Alg.

[30] , On the numerical solution of involutive ordinary differential systems:

Higher order methods, Research Report A397, Helsinki University of Technology, 1998.

[31] J. Tuomela and T. Arponen, On the numerical solution of involutive ordinary differential systems: Introduction and numerical results, Research Report A393, Helsinki University of Technology, 1998, submitted to IMA J. Numer. Anal.

[32] S. Wolfram, Mathematica: a system for doing mathematics by computer, 2nd ed., Addison-Wesley, 1991.

(continued from the back cover)

A396 Clement Ph., Gripenberg G. and Londen S-O Hölder Regularity for a Linear Fractional Evolution Equation, 1998

A395 Matti Lassas and Erkki Somersalo

Analysis of the PML Equations in General Convex Geometry, 1998

A393 Jukka Tuomela and Teijo Arponen

On the numerical solution of involutive ordinary differential equation systems, 1998

A392 Hermann Brunner, Arvet Pedas, Gennadi Vainikko The Piecewise Polynomial Collocation Method for Nonlinear Weakly Singular Volterra Equations, 1997 A391 Kari Eloranta

The bounded Eight-Vertex Model, 1997

A390 Kari Eloranta

Diamond Ice, 1997

A389 Olavi Nevanlinna

Growth of Operator Valued Meromorphic Functions, 1997

A388 Jukka Tuomela

On the Resolution of Singularities of Ordinary Differential Systems, 1997

A387 Gennadi Vainikko

Fast Solvers of the Lippman-Schwinger Equation, 1997

A386 Ville Turunen and Gennadi Vainikko;

On Symbol Analysis of Periodic Pseudodifferential Operators, 1997

A385 Jarmo Malinen

Minimax Control of Distributed Discrete Time Systems through Spectral Factorization; 1997

A384 Jarmo Malinen

Well-Posed Discrete Time Linear Systems and Their Feedbacks, 1997

A383 Kalle Mikkola

On the Stable H^2 and H1 Infinite-Dimensional Regular Problems and Their Algebraic Riccati Equations, 1997

A382 Nikolai Volkov

Algebraizations of the First Order Logic, 1997

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A403 Saara Hyvönen and Olavi Nevanlinna

Robust bounds for Krylov method, Nov 1998

A402 Saara Hyvönen

Growth of resolvents of certain infinite matrice, Nov 1998

A401 Jukka Tuomela

On the numerical solution of involutive ordinary differential systems: Boundary value problems, Dec 1998

A399 Otso Ovaskainen

Asymptotic and Adaptive Approaches to thin Body Problems in Elasticity

A398 Jukka Liukkonen

Uniqueness of Electromagnetic Inversion by Local Surface Measurements, Aug 1998

A397 Jukka Tuomela

On the Numerical Solution of Involutive Ordinary Differential Systems, 1998

ISBN 951-22-4281-8 ISSN 0784-3143 Edita, Espoo, Dec 1998