Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 1998 A402

GROWTH OF RESOLVENTS OF CERTAIN INFINITE MATRICES

Saara Hyvönen

Saara Hyvönen: Growth of resolvents of certain infinite matrices; Helsinki University of Technology Institute of Mathematics Research Reports A402 (1998).

Abstract: The convergence of iterative methods with meromorphic resolvents is related to the growth of the resolvent of the iteration operator. Here we analyze the growth of the resolvent for a set of nonnormal operators in a separable Hilbert space. These operators are written as infinite matrices. The aim is to gain insight on the behavior of iterative methods associated with these infinite matrices and their submatrices.

AMS subject classifications: 47A10, 65F10.

Keywords: meromorphic functions, resolvent operator.

ISBN 951-22-4318-0 ISSN 0784-3143 Edita, Espoo, 1998

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email: math@hut.fi downloadables: http://www.math.hut.fi/

1 Introduction

Consider the fixed point problem x = Ax + b, where A is a bounded linear operator in a separable complex Hilbert space H. This problem can be solved iteratively by applying some Krylov space method, e.g. GMRES. In [7] it is shown that for operators with meromorphic resolvents the convergence of GMRES is related to the growth of the resolvent of A. The growth of the resolvent (1 − zA)^{−1} is measured by a function T_∞(r, (1 − zA)^{−1}), which is the straight forward generalization [9] of the Nevanlinna characteristic function [13], [14], used to measure the growth of scalar valued meromorphic functions. The function T_∞(r, (1 − zA)^{−1}) consists of two parts:

T_∞(r, (1 − zA)^{−1}) = N_∞(r, (1 − zA)^{−1}) + m_∞(r, (1 − zA)^{−1}),

where N_∞(r, (1 − zA)^{−1}) is determined by the spectrum of A alone, while m_∞(r, (1 − zA)^{−1}) contains the nonspectral information. For bounded, selfadjoint A with a meromorphic resolvent it has been shown in [9] that

m_∞(r, (1 − zA)^{−1}) ≤ log 2,

in which case

T_∞(r, (1 − zA)^{−1}) = N_∞(r, (1 − zA)^{−1}) + O(1).

On the other hand, it is not difficult to give examples of operators such that

N_∞(r, (1 − zA)^{−1}) = 0 and T_∞(r, (1 − zA)^{−1}) = m_∞(r, (1 − zA)^{−1}),

see e.g. [4] and Section 6 in this paper. To gain further insight as to how T_∞(r, (1−zA)^{−1}) grows for different A and how this growth is divided between N_∞(r, (1 − zA)^{−1}) and m_∞(r, (1 − zA)^{−1}), we have studied here a number of examples and answered this question in these cases.

This work is motivated by the desire to understand the convergence behavior of iterative methods. In practice the problems that are solved are finite dimensional. However, the number of iteration steps we can afford to take is small compared to the size of the problem. So though the iteration always terminates in a number of steps less or equal to the dimension of the problem, this is something we do not expect to witness in practice. Therefore it is reasonable to discuss the more general case of infinite matrices. This way we get a better picture of the behavior of iterative methods. In particular we get a clear picture of the asymptotic behavior of the iteration error, as termination at the point where the iteration step equals the dimension of the problem does not occur.

In Section 2 we introduce the generalization T_∞(r, F ) of the Nevanlinna characteristic function and state some of its properties. In Section 3 we formulate a class of model problems, for which we estimate N_∞(r, (1−zA)^{−1}) in Section 4 and m_∞(r, (1 − zA)^{−1}) in Section 5. We discuss an example which does not fit our class of model problems in Section 6. Finally, in Section 7 we present some numerical experiments. The results of this work are summarized in Section 8.

2 The Nevanlinna characteristic function

Consider now the operator valued function F : z → F (z) in a separable Hilbert space H with the norm ‖ · ‖.

Definition 1 A function F (z) is called meromorphic for |z| < R ≤ ∞ if around each z_0 in |z_0| < R ≤ ∞ it has a representation of the form

F (z) = ∞∑ k=−h F_k(z − z_0)^k. (1)

Here F_k is a bounded linear operator in H and F_{−h} is nontrivial. If −h < 0, then F has a pole at z_0 of order h, otherwise F is analytic at z_0. If F is analytic in the whole complex plane, it is said to be entire.

Rolf Nevanlinna [13], [14], introduced in 1925 a characteristic function T (r, f) to measure the growth of meromorphic functions. This can be generalized to operator valued functions. The obvious way is to replace the absolute value by the norm of the operator valued function. This leads to a generalization denoted here by T_∞(r, F ) [11], [12], [9], [7], defined as follows:

Definition 2 Let F (z) be a meromorphic operator valued function as above. Denote h(z_0) := max{h, 0} and define

n_∞(r, F ) := ∑ |b|≤r h(b). Thus n_∞ counts the poles in {z | |z| < r} together with their orders. Furthermore define

N_∞(r, F ) := ∫_r 0 n_∞(t, F ) − n_∞(0, F ) t dt + n_∞(0, F ) log r and m_∞(r, F ) := 1 2π ∫_π −π log^+ ‖F (re^{iφ})‖dφ.

Finally define T_∞(r, F ) = m_∞(r, F ) + N_∞(r, F ).

If F is an entire function, then the growth of F can also be measured by looking at the maximum modulus M_∞(r, F ) := sup_{|z|=r} ‖F (z)‖. When no confusion arises, we write T_∞(r), m_∞(r), N_∞(r) and M_∞(r) for T_∞(r, F ), m_∞(r, F ), N_∞(r, F ) and M_∞(r, F ) respectively.

Definition 3 Let F (z) be a meromorphic operator valued function for |z| < ∞. The function F is of Nevanlinna order ω and (if 0 < ω < ∞) of Nevanlinna type τ where ω := lim sup_{r→∞} log T_∞(r, F ) log r τ := lim sup_{r→∞} r^{−ω}T_∞(r, F ).

Similarly, let F (z) be an operator valued entire function. Then F (z) is of order ω and (if the order is positive) type τ, where the order and type are defined as follows: ω := lim sup_{r→∞} log log M_∞(r, F ) log r τ := lim sup_{r→∞} r^{−ω} log M_∞(r, F ).

With a slight abuse of language we say that in the above case T_∞(r, F ) grows with order ω_{mer} and type τ_{mer}, and M_∞(r, F ) grows with order ω and type τ. Furthermore, we sometimes wish to distinguish between the growth of N_∞(r, F ) and m_∞(r, F ). Then we say that N_∞(r, F ) grows with order ω_N and type τ_N , where ω_N := lim sup_{r→∞} log N_∞(r, F ) log r τ_N := lim sup_{r→∞} r^{−ωN} N_∞(r, F ),

and m_∞(r, F ) grows with order ω_m and type τ_m, where ω_m and τ_m are obtained by replacing N by m in the expressions above.

For an entire function the growth of T_∞(r, F ) and M_∞(r, F ) are related in the following way [7], [15, pp. 181–182].

Theorem 1 If F (z) is an operator valued entire function, then its orders as an entire and a meromorphic function are equal: ω_{mer} = ω. Furthermore the types satisfy the following inequality: τ_{mer} ≤ τ ≤ (2ω + 1)eτ_{mer}. Moreover, the order and type of an entire function can be read from the decay of the coefficients of its power series representation:

Theorem 2 Assume F (z) = ∑_∞ k=0 F_kz^k is entire of order ω. Then

ω = lim_{k→∞} sup k log k log^1_{‖Fk‖} .

If F (z) is of finite positive order ω and of finite type τ, then τ = 1 eω lim_{k→∞} sup k‖F_k‖^{ω/k}. For a proof modify that of the scalar case in e.g. [1, pp.9–12]. Finally, it is easy to show that the following holds:

Lemma 1 Let F be an entire function such that F (z) = G(|z|) for some G. Then m_∞(r, F ) = log^+ M(r, F ).

3 Problem formulation

Let A be a bounded linear operator in a separable Hilbert space H. Then A admits a matrix representation. Assume there is a bounded S with a bounded inverse S^{−1} such that B = SAS^{−1}. Then

(1 − zA)^{−1} = S^{−1}(1 − zB)^{−1}S,

and it is easy to see that the growth of the resolvents of A and B are related in the following way:

Theorem 3 Assume there is a bounded S with a bounded inverse S^{−1} such that B = SAS^{−1}. Then 1 κ(S) ‖(1 − zB)^{−1}‖ ≤ ‖(1 − zA)^{−1}‖ ≤ κ(S)‖(1 − zB)^{−1}‖. (2) Furthermore, N_∞(r, (1 − zA)^{−1}) = N_∞(r, (1 − zB)^{−1}),

while

m_∞(r, (1−zB)^{−1})−log^+ κ(S) ≤ m_∞(r, (1−zA)^{−1}) ≤ m_∞(r, (1−zB)^{−1})+log^+ κ(S).

Let us introduce the following model classes, which are motivated by the Jordan canonical forms of matrices. Note, that for infinite matrices not all operators can be transformed into an operator belonging to one of the model classes, which, nevertheless, provide interesting examples to study.

Assume first that A is diagonalizable in the sense, that there is a bounded S with a bounded inverse S^{−1} such that SAS^{−1} = Λ, where Λ is a diagonal operator the diagonal elements of which are the eigenvalues λ_j of A. Then

‖(1 − zΛ)^{−1}‖ = 1 inf_j |1 − zλ_j| , so 1 κ(S) 1 inf_j |1 − zλ_j| ≤ ‖(1 − zA)^{−1}‖ ≤ κ(S) 1 inf_j |1 − zλ_j|

. (3)

Assume now that there is a bounded S with a bounded inverse S^{−1} such that SAS^{−1} = J, where J = diag(J_j) and J_j are Jordan blocks, each of dimension dim(J_j) = d_j. We have 1 κ(S) ‖(1 − zJ)^{−1}‖ ≤ ‖(1 − zA)^{−1}‖ ≤ κ(S)‖(1 − zJ)^{−1}‖, (4) where ‖(1 − zJ)^{−1}‖ = sup_j ‖(1 − zJ_j )^{−1}‖. (5)

For all j

(1 − zJ_j )^{−1} = 1 z −z 1−zλ_j . . . ( −z 1−zλ_j ) d_j ... . −z 1−zλ_j is a Toeplitz matrix so we know that 1 |z| d^j∑ k=1 | z 1 − zλ_j |^{2k} ≤ ‖(1 − zJ_j )^{−1}‖ ≤ 1 |z| d_j∑

k=1 | z 1 − zλ_j |^k. (6)

Now if the dimensions of the Jordan blocks are not bounded, i.e. there exists no d_{max} such that sup_j d_j ≤ d_{max}, then the resolvent of J is not meromorphic in the whole complex plane, see Section 5.2.1. It is natural to look at a slightly different model class. Namely, let J̃ = diag(J̃_j), where dim(J̃_j) = d_j and J̃_j is defined by

J̃_j = λ_j ε_j ... .. . ε_j λ_j = ε_j λ̂_j 1

... . .. 1 λ̂_j = ε_jĴ_j, (7)

where λ̂_j =^{λj}_{εj} . So

(1 − zJ̃_j)^{−1} = (1 − ε_jzĴ_j )^{−1} = (1 − ẑ_jĴ_j)^{−1}, where ẑ_j = ε_jz. Now 1 |ẑ_j| d^j∑ k=1 | ẑ_j 1 − ẑ_jλ̂_j |^{2k} ≤ ‖(1 − zJ̃_j)^{−1}‖ ≤ 1 |ẑ_j| d_j∑

k=1 | ẑ_j 1 − ẑ_jλ̂_j |^k. (8)

Furthermore note that d_j∑

k=1 | ẑ_j 1 − ẑ_jλ̂_j |^k = | ẑ_j 1 − ẑ_jλ̂_j | 1 − |^{ẑj}_{1−ẑjλ̂j} |^{dj} 1 − |^{ẑj}_{1−ẑjλ̂j} | . (9)

We assume in Sections 4 and 5 that there exists a bounded S with a bounded inverse S^{−1} such that A = S^{−1}J̃S, where J̃ is as above. In practice it is not realistic to assume this form to be known. For analytical purposes, however, this is a enlightening form to look at. The choice of the ε_j in J̃ depends on the choice of S, which of course should be made so that κ(S) is as small as possible. Consider the following example.

Example 1 Assume A = S^{−1}JS, J = diag(J_j) where J_j are the Jordan blocks, dimJ_j = d_j. Fix a sequence {ε_j}. Then

J_j = T^{−1}_j J̃_jT_j,

where J̃_j are as in (7), dimJ̃_j = d_j, and T_j = diag(ε^{dj−1}_j , ε^{dj −2}_j , . . . , 1). Now A = (T S)^{−1}J̃(T S), where J̃ = diag(J̃_j) and T = diag(T_j). In this case the sequence {ε_j} should be chosen so that κ(T S) is as small as possible.

4 Estimating N_∞(r, (1 � zA)^{−1})

Let A be an operator, for which there exists a bounded S with a bounded inverse S^{−1} such that A = S^{−1}J̃S, where J̃ = diag(J̃_j), dimJ̃_j = d_j and J̃_j is given by (7). Let the eigenvalues of A satisfy λ_n = ( τ̃ ω̃ n )^{1/ω̃}.

The pole z_n =^1_{λn} of the resolvent is inside the disk |z| < r when |z_n| = ( n τ̃ ω̃ )^{1/ω̃} < r, that is, n < τ̃ω̃r^{ω̃}. So the number of separate poles in the disk |z| < r is ⌊τ̃ ω̃r^{ω̃}⌋. Assume that the dimension of the j^{th} block J̃_j satisfies d_j = aj^b, a, b ≥ 0, then

n_∞(r, (1 − zA)^{−1}) = n∑ j=1 d_j ≈ ∫_{τ̃ω̃r}ω̃ 0 aj^bdj = a b + 1

(τ̃ω̃r^{ω̃})^{b+1} and N_∞(r, (1 − zA)^{−1}) ≈ a(τ̃ω̃)^{b+1} ω̃(b + 1)^2 r^{ω̃(b+1)}.

If T_∞(r, (1 − zA)^{−1}) is of finite order, then we must have ω̃ < ∞ and b < ∞, for the order of T_∞(r, (1 − zA)^{−1}) is greater or equal to that of N_∞(r, (1 − zA)^{−1}).

In fact we have the following.

Theorem 4 Let the eigenvalues of A satisfy α_1j^{−β1} ≤ λ_j ≤ α_2j^{−β2} for some α_1, α_2, β_1, β_2 ≥ 0 such that β_1 ≤ β_2 and if β_1 = β_2 then α_1 ≤ α_2. Furthermore, let the dimension d_j of each block J̃_j satisfy a_1j^{b1} ≤ d_j ≤ a_2j^{b2} for some a_1, a_2, b_1, b_2 ≥ 0 such that b_1 ≤ b_2 and if b_1 = b_2 then a_1 ≤ a_2. Then N_∞(r, (1 − zA)^{−1}) grows with order ω and type τ, where b_1 + 1

β_2 ≤ ω ≤ b_2 + 1

β_1 and a_1β_2 (b_1 + 1)^2 α b1+1 β2 2 ≤ τ ≤ a_2β_1 (b_2 + 1)^2 α b2+1 β1 1 . Remark 1 Note that λ_j = ( τ̃ω̃ j )^{1/ω̃} = αj^{−β} where α = (τ̃ ω̃)^1ω̃ and β = 1/ω̃. Throughout this text we use both representations.

The growth of N_∞(r, (1−zA)^{−1}) is easily determined in the above cases. But what can we say about that of m_∞(r, (1 − zA)^{−1})?

5 Estimating m_∞(r, (1 � zA)^{−1})

5.1 Dimensions of Jordan blocks are bounded

Assume that the dimensions of the Jordan blocks are bounded, so that d_{max} := sup_j d_j < ∞. Then by (6) max 1≤k≤d_j 1 |z| | z 1 − zλ_j |^k ≤ ‖(1 − zJ_j)^{−1}‖ ≤ max_{1≤k≤dj} d_j |z| | z 1 − zλ_j |^k so by (5)

sup_j | 1 1 − zλ_j | ≤ ‖(1 − zJ)^{−1}‖ ≤ sup_j d_{max} |z| max 1≤k≤d_j | z 1 − zλ_j |^k. Note that as long as |^z_{1−zλj} | > 1 it is true that max 1≤k≤d_j | z 1 − zλ_j |^k = | z 1 − zλ_j |^{dj} ≤ | z 1 − zλ_j |^{dmax} . On the other hand if |^z_{1−zλj} | ≤ 1 then

log^+ max_{1≤k≤dj} | z 1 − zλ_j |^k = log^+ | z 1 − zλ_j | = log^+ | z 1 − zλ_j |^{dmax} = 0. So for all z

log^+ max_{1≤k≤dj} | z 1 − zλ_j |^k = log^+ | z 1 − zλ_j |^{dj} ≤ log^+ | z 1 − zλ_j |^{dmax} . Thus, for |z| > d_{max} we have

sup_j log^+ | 1 1 − zλ_j | ≤ log^+ ‖(1 − zJ)^{−1}‖ ≤ sup_j log^+ | z 1 − zλ_j |^{dmax} and 1 2π ∫_π −π log^+ ‖(1 − re^{iφ}J)^{−1}‖dφ ≤ d_{max} 2π ∫_π −π log^+ r inf_j |1 − re^{iφ}λ_j| dφ ≤ d_{max} 2π ∫_π −π log^+ 1 inf_j |1 − re^{iφ}λ_j| dφ + d_{max} log r. So we have the following.

Theorem 5 Assume that A can be transformed into Jordan form J = diag(J_j), where J_j are the Jordan blocks, each of dimension dim(J_j) = d_j, and d_{max} := sup_j d_j < ∞. Then for |z| > d_{max} m_∞(r, (1−zA)^{−1}) ≤ d_{max} 2π ∫_π −π log^+ 1 inf_j |1 − re^{iφ}λ_j| dφ+d_{max} log r+log^+ κ(S) and m_∞(r, (1 − zA)^{−1}) ≥ 1 2π ∫_π −π log^+ 1 inf_j |1 − re^{iφ}λ_j| dφ − log^+ κ(S).

Our problem is reduced to finding estimates for 1 2π ∫_π −π log^+ 1 inf_j |1 − re^{iφ}λ_j| dφ. We do this for two special cases.

Case 5.1.1. If the spectrum lies on the real axis then

inf_j |1 − re^{iφ}λ_j| ≥ inf_{λ∈} R |1 − re^{iφ}λ| = | sin φ| so 1 2π ∫_π −π log^+ 1 inf_j |1 − re^{iφ}λ_j| dφ ≤ 1 2π ∫_π −π log 1 | sin φ| dφ = log 2 and m_∞(r, (1 − zA)^{−1}) ≤ d_{max}(log 2 + log r) + log^+ κ(S).

Case 5.1.2. If the spectrum lies on the lines l_k = {z | z = re^{iθk} , r ∈ R}, k = 1, . . . , K, then

sup_j 1 |1 − re^{iφ}λ_j| ≤ ∑ k sup_{λ∈lk} 1 |1 − re^{iφ}λ| = ∑ k 1 | sin(φ + θ_k)| so 1 2π ∫_π −π log^+ 1 inf_j |1 − re^{iφ}λ_j| dφ ≤ ∑ k 1 2π ∫_π −π log 1 | sin(φ + θ_k)| dφ = K log 2 and m_∞(r, (1 − zA)^{−1}) ≤ d_{max}(K log 2 + log r) + log^+ κ(S).

So we have the following.

Theorem 6 Assume that A can be transformed into Jordan form J = diag(J_j), where J_j are the Jordan blocks, each of dimension dim(J_j) = d_j. Assume furthermore that

1. d_{max} := sup_j d_j < ∞.

2. the spectrum of A lies on K lines l_k of the form l_k = {z | z = re^{iθk} , r ∈ R}, Then

m_∞(r, (1 − zA)^{−1}) ≤ d_{max}(K log 2 + log r) + log^+ κ(S). (10)

This means that the term m_∞(r, (1 − zA)^{−1}) does not affect the type nor the order of the function T_∞(r, (1 − zA)^{−1}).

As discussed in Section 5.2.1, the violation of the first requirement leads to operators the resolvents of which are not meromorphic outside the unit disc, in which case the function T_∞(r, (1 − zA)^{−1}) no longer is a useful tool. Numerical experiments presented in Section 7 show that the second requirement is not essential.

5.2 Dimensions of Jordan blocks are not bounded

5.2.1 The resolvent of J is not meromorphic outside the unit disc

From (6) we have | z 1 − zλ_j |^{dj} ≤ |z| ‖(1 − zJ_j)^{−1}‖ ≤ | | z 1 − zλ_j | | 1 − |^z1−zλj |^{dj} 1 − |^z_{1−zλj} | . To get a lower bound for the norm of the resolvent of J we need an estimate for inf_j | 1 r e^{−iφ} − λ_j|^{dj} . Assume that λ_j = ( τ̃ω̃ j )^{1/ω̃}

and that d_j = aj^b for some 0 < ω̃, τ̃ , a, b < ∞. Now | 1 r e^{−iφ} − ( τ̃ ω̃ j )^{1/ω̃}|^{ajb} = (1 r |1 − re^{iφ}( τ̃ ω̃ j )^{1/ω̃}| )_{aj}b

= ( 1 r^n |(1 − re^{iφ}(τ̃ω̃)^{1/ω̃} n )^n| )_{an}ω̃b�1

where n = j^{1/ω̃}, which tends to infinity as j → ∞. Now as n → ∞

(1 − re^{iφ}(τ̃ω̃)^{1/ω̃} n )^n → e^{−reiφ(τ̃ω̃)1/ω̃} and |(1 − re^{iφ}(τ̃ ω̃)^{1/ω̃} n )^n| → e^{−r cos φ(τ̃ω̃)1/ω̃} ,

which for any r > 0, φ ∈ [−π, π] is bounded from above and below by

e^{−r(τ̃ω̃)1/ω̃} ≤ e^{−r cos φ}(τ̃ ω̃)^{1/ω̃} ≤ e^{r(τ̃ω̃)1/ω̃} . So for large n and r > 1 ( 1 r^n |(1 − re^{iφ}(τ̃ ω̃)^{1/ω̃} n )^n| )_{an}ω̃b�1 ≈ (e−r cos φ(τ̃ ω̃)^{1/ω̃} r^n )_{an}ω̃b�1 . If b ≥^1_{ω̃} then clearly this tends to zero as n → ∞. On the other hand if 0 < ω̃b < 1, then this can be written as (e−r cos φ(τ̃ω̃)^{1/ω̃}an^{ω̃b}�^1 r^{anω̃b} ) . Here as n → ∞ the denominator tends to e^0 = 1 and the nominator tends to infinity, so again the above expression tends to zero. So we have the following.

Lemma 2 Assume that λ_j = ( τ̃ω̃ j )^{1/ω̃}

and that d_j = aj^b for some 0 ≤ ω̃, τ̃, a, b < ∞. Then for r > 1

inf_j | 1 r e^{−iφ} − λ_j|^{dj} = 0.

But this means that the norm of the resolvent of J is not bounded outside the unit disc, and indeed that the resolvent is not meromorphic outside the unit disc.

5.2.2 Estimating m_∞(r, (1 − zJ̃)^{−1})

Now let J̃ = diag(J̃_j), where J̃_j is given by (7). If λ_j = 0 for all j then (9) together with (8) yields

sup_j √ 1 − |ẑ_j|^{2dj} 1 − |ẑ_j|^2

≤ ‖(1 − zJ̃)^{−1}‖ ≤ sup_j 1 − |ẑ_j|^{dj} 1 − |ẑ_j| so sup_j √ 1 − (ε_jr)^{2dj} 1 − (ε_jr)^2

≤ ‖(1 − zJ̃)^{−1}‖ ≤ sup_j 1 − (ε_jr)^{dj} 1 − ε_jr . We have N_∞(r) = 0 and 1 2 log^+ sup_j 1 − (ε_jr)^{2dj} 1 − (ε_jr)^2

≤ m_∞(r, (1 − zJ̃)^{−1}) ≤ log^+ sup_j 1 − (ε_jr)^{dj} 1 − ε_jr .

So we need estimates for sup_j^{1−(εj r)dj}_{1−εj r} .

Let us first assume for simplicity that ε_j = 1/j and d_j = j. We need an estimate for sup_{j=1,2,...} f(j), where

f(j) = 1 − (^r_j )^j 1 −^r_j .

Proposition 1 Let f(j) =^{1−( rj )j}_{1−} r_j . Then for r > 2e

e^{r/e} − 1 e − 1

≤ sup_{j≥1} f(j) ≤ e^{r(1+1/e)} − 1 e − 1 .

Proof. First of all

f^′(j) =

(^r_j )^j(log^r_j − 1)(^r_j − 1) +^r_{j2} ((^r_j )^j − 1) (^r_j − 1)^2

so f^′(j) > 0 for j ≤^r_e . So the supremum is achieved with some j >^r_e , and

sup_j f(j) ≥ f( r e ) = e^{r/e} − 1 e − 1 , which gives the lower limit. Now for j = cr, c > 1 we have^r_j =^1_c < 1 and f(j) ≤ 1 1 −^r_j = c c − 1 . Now if r > Ce where C > 1, then c c − 1 < e^{r/e} − 1 e − 1

holds for c >^{er/e−1}_{er/e−e} , and therefore it holds for c >^{eC −1}_{eC −e} ≥^{er/e−1}_{er/e−e} . So for r > 2e we know that for c > e^2 − 1 e^2 − e

= 1 + 1 e it is true that c c − 1 < e^{r/e} − 1 e − 1 . Therefore we know that for r > 2e the supremum of f(j) is obtained on the interval j ∈ [^r_e , r(1 +^r_e )] =: I_r. So

sup_{j≥1} f(j) = sup_{j∈Ir} f(j) = sup_{j∈Ir} j−1∑ k=0 ( r j )^k ≤

r(1+^re )−1 ∑ k=0 e^k = e^{r(1+1/e)} − 1 e − 1 , which completes the proof. 2

Corollary 1 Let J̃ = diag(J̃_j), where J̃_j is given by (7). Assume λ_j = 0, ε_j = 1/j and d_j = j. Then m_∞(r, (1 − zJ̃)^{−1}) grows with order ω = 1 and type τ,^1_e ≤ τ ≤ 1 +^1_e .

Numerical estimation gives m_∞(r) ≈ cr where c ≈ 0.37 ≈ 1/e so the lower limit seems to give the correct behavior.

A similar argumentation is valid also if ε_j = γj^{−δ} and d_j = aj^b.

Proposition 2 Let λ_j = 0, ε_j = γj^{−δ} and d_j = aj^b. Then for sufficiently large r e^{C1rb/δ} − 1 e^{δ/b} − 1 ≤ sup_{j≥1} f(j) ≤ e^{C2rb/δ} − 1 e^{δ/b} − 1 where f(j) = 1 − (^{γr}_{jδ} )^{dj} 1 −^{γr}_{jδ} = d_j −1∑

k=0 ( γr j^δ )^k and C_i = δa b c^b_i , i = 1, 2, c_1 = γ^{1/δ} e^{1/b} , c_2 = ((1 + 1 e^{δ/b} ))^{1/δ}.

Proof. For j^δ = cr > γr we have f(j) ≤ ∞∑ k=0 ( γr j^δ )^k = 1 1 −^{γr}_{jδ} = c c − γ . We know that for r ≥^1_γ e^{δ/b}

sup_{j≥1} f(j) ≥ f( (γr)^{1/δ} e^{1/b} ) = e^{δaγb/δ}be^{rb/δ} − 1 e^{δ/b} − 1 . So for r ≥ (^{2e}_{aγb/δ} )^{δ/b} we have^{δaγb/δ}_{be} r^{b/δ} ≥ 2^δ_b and e^{δaγb/δ}be^{rb/δ} − 1 e^{δ/b} − 1 > c c − γ holds for c > e^{δaγb/δ}be^{rb/δ} − 1 e^{δaγb/δ}be^{rb/δ} − e^{δ/b} and therefore it holds for c > e^{2δ/b} − 1 e^{δ/b}(e^{δ/b} − 1)

= 1 + 1 e^{δ/b} ≥ e^{δaγb/δ}be^{rb/δ} − 1 e^{δaγb/δ}be^{rb/δ} − e^{δ/b} . So the supremum is obtained on the interval j ∈ [1, ((1+^1_{eδ/b} )r)^{1/δ}]. Moreover one can show that f^′(j) > 0 for j <^1_{e1/b} (γr)^{1/δ} so in fact the supremum is obtained on the interval

j ∈ [c_1r^{1/δ}, c_2r^{1/δ}] =: I_r, c_1 = γ^{1/δ} e^{1/b} , c_2 = ((1 + 1 e^{δ/b} ))^{1/δ}.

Therefore

sup_{j≥1} f(j) = sup_{j∈Ir} f(j) = sup_j aj^b−1∑

k=0 ( γr j^δ )^k ≤ ac^b2r^{b/δ}−1 ∑ k=0 ( γr c^δ_1r

)^k = e^δb^{acb2rb/δ} − 1 e^{δ/b} − 1 . 2 Corollary 2 Let J̃ = diag(J̃_j), where J̃_j is given by (7). Assume λ_j = 0, ε_j = γj^{−δ} and d_j = aj^b. Then m_∞(r, (1 − zJ̃)^{−1}) grows with order ω =^b_δ and type τ, C_1 ≤ τ ≤ C_2, where C_1 and C_2 are as in Proposition 2.

When λ_j ≠ 0, things get slightly more complicated. First of all, we need the following lemmas.

Lemma 3 Let λ_j ∈ R and z = re^{iφ}. Then

sup_j 1 |1 − λ_jz| ≤ 1 | sin φ| . Proof. |1 − λ_jz| = |1 − λ_jre^{iφ}| = |e^{−iφ} − λ_jr| = √ (cos φ − λ_jr)^2 + sin^2 φ ≥ | sin φ|. 2 Lemma 4 Let λ_j = αj^{−β}, ε_j = γj^{−δ} and d_j = aj^b. Assume furthermore that δ ≥ β. Fix M > 1 and let j > max{1, ((Mγ + α)r)^{1/β}.} Then 1 |1 − λ_jz| 1 − |^{εj z}_{1−zλj} |^{dj} 1 − |^{εj z}_{1−zλj} | < ( M M − 1 ) 1 | sin φ| .

Proof. That j > ((Mγ + α)r)^{1/β} implies^{Mγ}_α + 1 ≤^{jβ}_{αr} so Mγ α 1 j^{δ−β} < Mγ α < j^β αr − 1 ≤ j^β αr − cos φ = √ ( j^β αr − cos φ)^2 ≤ √ ( j^β αr − cos φ)^2 + sin^2 φ.

Therefore M|ε_jz| = Mγj^{−δ}r < αj^{−β}r √ ( j^β αr − cos φ)^2 + sin^2 φ = |1−αj^{−β}re^{iφ}| = |1−zλ_j|,

and furthermore |ε_jz| |1 − zλ_j | < 1 M < 1 so finally we have 1 |1 − λ_jz| 1 − |^{εj z}_{1−zλj} |^{dj} 1 − |^{εj z}_{1−zλj} | ≤ 1 |1 − λ_jz| 1 1 − |^{εj z}_{1−zλj} | ≤ 1 |1 − λ_jz| 1 1 −^1_M < ( M M − 1 ) 1 | sin φ| , where the last inequality follows from Lemma 3. 2

Lemma 5 Let λ_j = αj^{−β}, ε_j = γj^{−δ} and d_j = aj^b. Assume furthermore that δ < β. Fix M > 1 and let j > max{1, ((Mγ + α)r)^{1/δ}.} Then 1 |1 − λ_jz| 1 − |^{εj z}_{1−zλj} |^{dj} 1 − |^{εj z}_{1−zλj} | < ( M M − 1 ) 1 | sin φ| .

Proof. That j > ((Mγ + α)r)^{1/δ} implies j^δ > αr(^{γM}_α + 1) so (as j > 1) γM α + j^{−(β−δ)} < γM α + 1 < 1 αr j^δ and furthermore γM α j^{(β−δ)} < 1 αr j^β − 1 < 1 αr j^β − cos φ < √ ( 1 αr j^β − cos φ)^2 + sin^2 φ,

and the rest follows as in Lemma 4. 2 Proposition 3 Assume λ_j = αj^{−β}, ε_j = γj^{−δ} and d_j = aj^b. Fix M > 1. Then sup_{j≥1} f(j) ≤ a(cr)^{b/ρ} | sin φ| ( 1 + ( γr | sin φ| )^{a(cr)b/ρ−1} ) (11)

where ρ := min{β, δ} and c := Mγ + α.

Proof. Choose r such that a(cr)^{b/ρ} >^M_{M−1} and cr > 1. Then by Lemmas 4 and 5 we have f(j) < M M − 1 1 | sin φ| for j > (cr)^{1/ρ}. (12)

Consider now j ∈ I_r, where I_r := [1, (cr)^{1/ρ}]. We have |ε_jz| |1 − λ_jz| = γj^{−δ}r |1 − αj^{−β}re^{iφ}| = γj^{−δ}r |e^{−iφ} − αj^{−β}r| ≤ γr | sin φ| so f(j) = 1 |1 − λ_jz| d_j −1∑

k=0 | ε_jz 1 − λ_jz |^k ≤ 1 | sin φ| a(cr)^{b/ρ}−1 ∑ k=0 ( γr | sin φ| )^k ≤ a(cr)^{b/ρ} | sin φ| max{1, ( γr | sin φ| )^{a(cr)b/ρ−1}} ≤ a(cr)^{b/ρ} | sin φ| (1 + ( γr | sin φ| )^{a(cr)b/ρ−1}) As a(cr)^{b/ρ} >^M_{M−1} , (12) guarantees that sup_{j∈Ir} f(j) = sup_{j≥1} f(j), so the above yields (11). 2 Corollary 3 Let J̃ = diag(J̃_j), where J̃_j is given by (7). Assume λ_j = αj^{−β}, ε_j = γj^{−δ} and d_j = aj^b. Then the order ω_m of m_∞(r, (1 − zJ̃)^{−1}) satisfies ω_m ≤ b ρ , where ρ := min{β, δ}.

Corollary 4 Let J̃ = diag(J̃_j), where J̃_j is given by (7). Assume λ_j = αj^{−β}, ε_j = γj^{−δ} and d_j = aj^b. Then for β > δ m_∞(r, (1 − zJ̃)^{−1}) grows with order

ω_m = b δ . Proof. That ω_m ≤^b_δ follows from Corollary 3. Choose δ < μ < β and choose r such that (cr)^{1/μ} ≥ 1. Let J := (cr)^{1/μ}. Now sup_{j≥1} f(j) ≥ f(J) ≥ 1 γr J^δ| γJ^{−δ}r 1 − αJ^{−β}re^{iφ} |^{aJb} and | γJ^{−δ}r 1 − αJ^{−β}re^{iφ} | ≥ | γJ^{−δ}r 1 + αJ^{−β}r | = | γ̂r^μ �δ_μ 1 + α̂r^μ �β_μ | where γ̂ = γc^{−γ/μ} and α̂ = αc^{−β/μ}. So

sup_{j≥1} f(j) ≥ 1 γ̂ r^δ �μ_μ | γ̂r^μ �δ_μ 1 + α̂r^μ �β_μ |^{a(cr)b/μ} and a(cr)^{b/μ} log^+ | γ̂r^μ �δ_μ 1 + α̂r^μ

�β_μ | ≤ log^+ |γ̂r μ�δ_μ sup_{j≥1} f(j)|

Finally

m_∞(r) = 1 2π ∫_π −π log^+ | sup f(j)|dφ ≥ a(cr)^{b/μ} log^+ | γ̂r^μ �δ_μ 1 + α̂r^μ

�β_μ | − log^+ γ̂r μ�δ_μ

holds for all μ such that δ < μ < β, which shows that the order ω_m of m_∞(r) satisfies ω_m ≥^b_δ . 2

5.2.3 The main result

Let us summarize what we’ve learned in the following theorem.

Theorem 7 Let J̃ = diag(J̃_j), where J̃_j is given by (7). Let λ_j = αj^{−β}, ε_j = γj^{−δ} and d_j = aj^b. Then N_∞(r, (1 − zJ̃)^{−1}) grows with order ω_N and type τ_N , and m_∞(r, (1 − zJ̃)^{−1}) grows with order ω_m and type τ_m, where

ω_N = b + 1 β , { ω_m ≤^b_β for β ≤ δ, ω_m =^b_δ for β > δ.

So for δ ≥ β^b_{b+1} ω_m ≤ ω_N while for δ < β^b_{b+1} ω_m > ω_N .

6 A nonnormal example

Transforming A into Jordan form is not a good idea if the condition number κ(S) of the transformation matrix S is large, for in such a case (4) does not give any information. In such a case it is useful to look at the resolvent itself. Consider the following example.

Let D be the unit disk in the complex plane and let A(D ) denote the set of

analytic functions in D . Let H^2 be the Hilbert space

H^2 := {f ∈ A(D ) | ∞∑ k=0 a_kz^k = f(z), ∑ |a_k|^2 < ∞}, equipped with the inner product

(f, g) = ( ∞∑ k=0 a_kz^k, ∞∑ k=0 b_kz^k) = ∑ k a_kb_k = 1 2π ∫ ∂D f(w)g(w) dw and the norm induced by the inner product. Consider the integration operator V : f(z) → ∫_z 0 f(x)dx, that is V : ∞∑ k=0 a_kz^k → ∞∑ k=0 a_k k + 1 z^{k+1}. So integration in H^2 corresponds to operating with W in ℓ_2, where the operator W is defined by

W = 0 1 0_1 2 0 1 3 ... ... .

The resolvent of W is

(1 − zW )^{−1} =

1 z 1 z2 2! z 2 1 z3 3! z 3 1 . . .. . ... z^k k! . .

.

where the i^{th} subdiagonal contains the terms z^i(k − i)! k! , k = i, i + 1, . . .

It is entire in z. The resolvent has no poles, so N_∞(r) = 0 and T_∞(r) = m_∞(r).

Theorem 8 The resolvent of W is entire of order ω = 1 and of type τ = 1.

Proof. First take the absolute value of each term of the resolvent matrix; notice that the elements of the matrix thus obtained decrease along each subdiagonal: |z|^i (k − i)! k! = |z|^i 1 i! (k − i)!i! k! = |z|^i 1 i! 1 (_k i ) ≤ |z|^i 1 i! for k ≥ i. Denote by T the corresponding Toeplitz matrix

T =

1 |z| 1 |z|2 2 |z| 1 . . ... . .. ... |z|^k k! . . ...

.

Now it is known that the norm of a Toeplitz matrix is less than the sum of the absolute values of it’s first column. We are interested in the norm of the resolvent. But clearly

‖(1 − zW )^{−1}‖_2 ≤ ‖T ‖_2 ≤ ∑ k |z|^k k! = e^{|z|}. So the order and the type of the resolvent satisfy ω ≤ 1, τ ≤ 1. On the other hand, choose v = (1, 0, 0, 0, . . .)^T to get

‖(1 − zW )^{−1}‖^2 ≥ ‖(1 − zW )^{−1}v‖^2 = ∑ k |z|^{2k} (k!)^2 = ∑ k a_k|z|^k, where for even k (use Stirling)

a_k = 1 ((k/2)!)^2 ∼ 1 ((^{k/2}_e )^{k/2})^2 = ( 2e k )^k

and as by Theorem 2 the order and the type can be read from these coefficients: a_k ∼ ( τeω k )^{k/ω} we have for the type and the order of the resolvent squared ω^′ ≥ 1, τ^′ ≥ 2.

But f^2(r) ∼ e^τ

0_rω0 implies that f(r) ∼ e^τ

0_{2 rω}0 , so the order and the type of the resolvent satisfy ω ≥ 1, τ ≥ 1. 2 Theorem 9 T_∞(r, (1−zW )^{−1}) grows with the same order and the same type as M_∞(r, (1 − zW )^{−1}): ω_{mer} = ω, τ_{mer} = τ. This follows from Lemma 1 in Section 2.

7 Numerical experiments

In the following we shall present some numerical examples, which illustrate the behavior of T_∞(r, (1 − zA)^{−1}), N_∞(r, (1 − zA)^{−1}) and m_∞(r, (1 − zA)^{−1}) for different A. Here A belongs to one of the model classes discussed in Section 3, so it is block diagonal, where the blocks are of form Λ_j, J_j or J̃_j, where

Λ_j = λ_j .. . λ_j , J̃j = λ_j ε_j . .. ... ε_j λ_j , (13)

and J_j = J̃_j with ε_j = 1 for all j. The dimension of the blocks are d_j in each case. Note in particular that the condition number of the transformation matrix κ(S) does not appear in these examples. The numerical computations are actually done for submatrices of the infinite matrix A.

In the following we shall write T_∞(r), N_∞(r) and m_∞(r) for T_∞(r, (1−zA)^{−1}), N_∞(r, (1 − zA)^{−1}) and m_∞(r, (1 − zA)^{−1}) respectively. We always plot log T_∞(r), log m_∞(r) and log N_∞(r) as functions of log r. If T_∞(r) grows with order ω and type τ, then T_∞(r) ∼ τr^ω and log T_∞(r) ∼ log τ + ω log r, so the order ω equals the slope of log T_∞(r). We use solid, dashed and dashdotted lines for log T_∞(r), log m_∞(r) and log N_∞(r) respectively. Instead of plotting the eigenvalues λ_j of A in the complex plane we frequently plot the poles z_j = 1/λ_j of the resolvent (1 − zA)^{−1}.

Case 7.1 Figure 1 illustrates the effect of the length of the Jordan blocks. Here A = diag(J_j) and the eigenvalues of the matrix A are λ_j = (^{τ̃ω̃}_j )^{1/ω̃}, where τ̃ = 1, ω̃ =^1_2 . In each subfigure the dimension d_j of the Jordan blocks J_j is a different constant: d_j = d = 1, 2, 4, 5 in figures (a), (b), (c) and (d) respectively. The longer the Jordan block, the longer it takes for N_∞(r) to exceed m_∞(r), but eventually this will happen and for large enough r it is true that T_∞(r) ≈ N_∞(r).

Case 7.2 Figure 2 shows that it is not essential that the eigenvalues of A be on a finite number of lines for m_∞(r) to be bounded (see Theorem 6). Here A = diag(λ_j) and the eigenvalues of the matrix A satisfy

λ_{4j−k} = ( 1 2j )^2e^{iφk,j} , k = 0, . . . , 3, j = 1, 2, . . . In the first case φ_{k,j} = k^π_2 , so φ_{k,j} = φ_{k,n}. In the second case φ_{k,j} = k^π_2 + ε_j, where φ_{k,j} = φ_{m,n} only if k = m and j = n. On the left hand side you see the poles z_j = 1/λ_j of the resolvent (1 − zA)^{−1} of A and on the right hand side the growth of log T_∞(r), log m_∞(r) and log N_∞(r) as functions of log r. In the first case the eigenvalues are on the real and the imaginary axes. In the second case for each j the eigenvalues are rotated slightly, so that all eigenvalues have different phase angles. So in the first case the 2. requirement in Theorem 6 is satisfied, in the second case it is not. Yet there is no difference in the behaviors of T_∞(r), m_∞(r) and N_∞(r). So clearly the second requirement is not the ’right’ one, but only necessary for this particular proof.

Case 7.3 In Figure 3 we compare four cases, where in each the eigenvalues of the matrix A are λ_j = (^{τ̃ω̃}_j )^{1/ω̃}, where τ̃ = 1, ω̃ =^1_2 . Let Λ_j and J_j be as defined by (13). The figures (a)–(d) show the functions log T_∞(r), log m_∞(r) and log N_∞(r), where A in the different subfigures is

(a) A = diag(Λ_j), dimΛ_j = 2, (b) A = diag(J_j), dimJ_j = 2, (c) A = diag(Λ_j, J_j), dimΛ_j = dimJ_j = 2, (d) A = diag(J_j), dimJ_j = 4. In the first two cases all eigenvalues are of multiplicity 2, and in the latter two cases all eigenvalues are of multiplicity 4. The poles z_j = 1/λ_j of the resolvent of A are of order 1 in (a), 2 in (b) and (c) and 4 in (d). The higher the multiplicity of the pole, the longer it takes for N_∞(r) to exceed m_∞(r). The multiplicity of the eigenvalue is not decisive.

Case 7.4 Though in Case 7.2 it is true that there are a fixed number of eigenvalues with |λ| = (^{τ̃ω̃}_k )^{1/ω̃} this is not essential. In Figure 4 the number of eigenvalues (all simple) with |λ| = (^{τ̃ω̃}_k )^{1/ω̃} increases with k, and still T_∞(r) ∼ N_∞(r).

Case 7.5 It is essential that d_{max} < ∞. To see this consider Figure 5. Here the eigenvalues λ_k = (^1_{2k} )^2 are all of multiplicity k. In 5 (a) we have A = diag(J_j), where dimJ_j = j, which tends to infinity as j → ∞. Here indeed T_∞(r) ∼ m_∞(r). A word of caution: Figure 5(a) is not very reliable, as A is close to singular and for large |z| so is (1 − zA) which has to be inverted when calculating m_∞. In 5(b) we have A = diag(Λ_j), where again dimΛ_j = j, so though the eigenvalue λ_j is of multiplicity j, the pole z_j = 1/λ_j of the resolvent of A is simple. Again as it should T_∞(r) ∼ N_∞(r).

Case 7.6 Finally let A = diag(J̃_j), where λ_j = αj^{−β} and ε_j = γj^{−δ}. In Section 5.2 we concluded that when δ < β^b_{b+1} , then m_∞(r) grows faster than N_∞(r), whereas if δ > β^b_{b+1} , then N_∞(r) will grow faster. Figure 6 illustrates this phenomenon. Here λ_j = (^1_{2j} )^2 and d_j = j, which means that β = 2 and b = 1, so β^b_{b+1} = 1. Moreover ε_j = λ^k_j , so δ = kβ, where the values for k and δ can be found in the table below. subplot k δ a 2 4 b 1 2 c^3_4 1.5 d 0.6 1.2 e^1_2 1 f 0.4 0.8

In the subplots (a)–(d) we have δ > β^b_{b+1} , and N_∞(r) grows faster than m_∞(r), as it should. In subplot (e) we have δ = β^b_{b+1} . Here m_∞(r) and N_∞(r) grow with the same speed. Finally, in subplot (f) δ < β^b_{b+1} , and m_∞(r) grows faster than N_∞(r). The slowdown of the growth of m_∞(r) in subplot (e) is due to numerical errors which occur for large r in the case of resolvents of nearly singular matrices [3].

8 Summary

In this paper we have studied the growth of T_∞(r, (1 − zA)^{−1}) for various a bounded linear operators A in a separable Hilbert space H, in which case A admits a matrix representation. We have mainly considered operators A for which there exists a bounded S with a bounded inverse S^{−1} such that A = S^{−1}J̃S, where J̃ = diag(J̃_j), dimJ̃_j = d_j and

J̃_j = λ_j ε_j . .. ... ε_j λ_j .

Furthermore we have assumed that

λ_j = αj^{−β}, ε_j = γj^{−δ}, d_j = aj^b (14)

where α, β, γ, δ, a and b are nonnegative real numbers. In Section 4 we show what in this case N_∞(r, (1 − zA)^{−1}) grows with order ω_N and type τ_N , where

ω_N = b + 1 β , τ_N = aβ (b + 1)^2 α^{b+1β} . (15)

Figure 1: The eigenvalues of the matrix A are λ_j = (^1_{2j} )^2. The lengths of the Jordan blocks corresponding to each eigenvalue are 1 in (a), 2 in (b), 4 in (c) and 5 in (d). The longer the Jordan block, the longer it takes for N_∞(r) to exceed m_∞(r). log T_∞(r) (solid), log m_∞(r) (dashed) and log N_∞(r) (dashdotted) are plotted as functions of log r.

Figure 2: The eigenvalues of the matrix A satisfy |λ_{4j−k}| = (^1_{2j} )^2, k = 0, . . . , 3, and each eigenvalue is simple. On the left hand side are the poles of the resolvent of A and on the right hand side the growth of log T_∞(r) (solid), log m_∞(r) (dashed) and log N_∞(r) (dash-dotted) as functions of log r. In the first case the eigenvalues are on the real and the imaginary axes. In the second case for each j the eigenvalues are rotated slightly, so that all eigenvalues have different phase angles. This does not seem to affect the behaviors of T_∞(r), m_∞(r) and N_∞(r).

Figure 3: Here we compare four cases, where in each the eigenvalues of the matrix A are λ_j = (^1_{2j} )^2. In the first two cases all eigenvalues are of multiplicity 2, and the Jordan blocks associated with each eigenvalue are of length one in (a) and two in (b). In the other two cases all eigenvalues are of multiplicity 4. The Jordan blocks associated with each eigenvalue are of lengths 1,1 and 2 in (c) and 4 in (d). This means that the poles of the resolvent of A are of order 1 in (a), 2 in (b) and (c) and 4 in (d). log T_∞(r) (solid), log m_∞(r) (dashed) and log N_∞(r) (dash-dotted) are plotted as functions of log r.

Figure 4: The eigenvalues of A are all simple, and the number of eigenvalues with |λ| = (^1_{2k} )^2 increases with k. On the left the poles of the resolvent of A. On the right log T_∞(r) (solid), log m_∞(r) (dashed) and log N_∞(r) (dashdotted) as functions of log r.

Figure 5: Here the eigenvalues λ_k = (^1_{2k} )^2 are all of multiplicity k. In (a) the Jordan block corresponding to the eigenvalue λ_k is of length k, In 5 (b) the A is diagonal with multiple eigenvalues. log T_∞(r) (solid), log m_∞(r) (dashed) and log N_∞(r) (dash-dotted) are plotted as functions of log r.

Figure 6: Here the eigenvalues λ_j = (^1_{2j} )^2 and the Jordan block corresponding to the eigenvalue λ_j is of length j. The off-diagonal elements of each block are ε_j instead of 1, where ε_j = λ^k_j , and k = 2, 1, 0.75, 0.6, 0.5 and 0.4 in the different subplots. In the first four subplots N_∞(r) grows faster than m_∞(r), in the last subplot the situation is reversed. log T_∞(r) (solid), log m_∞(r) (dashed) and log N_∞(r) (dash-dotted) are plotted as functions of log r.

Note, that these are independent of ε_j. Furthermore, putting together Theorems 3 and 7 we know that m_∞(r, (1 − zA)^{−1}) grows with order ω_m and type τ_m, where where { ω_m ≤^b_β for β ≤ δ, ω_m =^b_δ for β > δ.

We mention two special cases. First of all, if the size of the blocks J̃_j is constant, then b = 0 and ω_N =^1_β , ω_m = 0. This follows also from Theorems 4 and 6, from which we see that it actually holds as well in the more general case when the size of the blocks is bounded by a constant. Secondly, if λ_j = 0 then ω_m =^b_δ , ω_N = 0, and furthermore τ_m is, by Corollary 2, bounded from above and below by constants, which depend on γ, δ, a and b. So for δ ≥ β^b_{b+1} we have ω_m ≤ ω_N , in which case the T_∞(r, (1 − zA)^{−1}) grows with ω = ω_N and type τ = τ_N , where ω_N and τ_N are as in (15). Moreover, for δ < β^b_{b+1} we have ω_m > ω_N , so T_∞(r, (1 − zA)^{−1}) grows with order ω = ω_m =^b_δ . In this case determining τ is difficult.

The results have been formulated for λ_j, ε_j and d_j satisfying (14). They can, of course, easily be adapted to give bounds for the growth of N_∞(r, (1−zA)^{−1}) and m_∞(r, (1 − zA)^{−1}) in cases such that λ_j, ε_j and d_j have bounds of the form (14).

We do not need to have the canonical form J̃ available in order to be able to determine the growth of T_∞(r, (1 − zA)^{−1}). In Section 6 we look at the weighted shift operator W , and show that the resolvent of W is entire, so

N_∞(r, (1 − zW )^{−1}) = 0, T_∞(r, (1 − zW )^{−1}) = m_∞(r, (1 − zW )^{−1}),

and that T_∞(r, (1 − zW )^{−1}) grows with order ω = 1 and type τ = 1. Numerical calculations presented in Section 7 show that the bounds obtained hold in practice quite well, also in cases when the spectrum is not on the real axis.

References

[1] R. P. Boas Jr., Entire functions, Academic Press, 1954.

[2] W.K. Hayman, Meromorphic functions, Oxford mathematical monographs, Oxford University Press, 1964.

[3] S. Hyvönen, Numerical computation of the Nevanlinna characteristic function, Institut Mittag-Leffler, Report 17, 1997/98.

[4] S. Hyvönen, Case studies on growth properties of meromorphic resolvents, Institut Mittag-Leffler, Report 18, 1997/98.

[5] S. Hyvönen, Case studies on the growth of meromorphic resolvents, Licentiate’s Thesis, Helsinki University of Technology, Department of Engineering Physics and Mathematics, 1998.

[6] S. Hyvönen, Polynomial acceleration of the Picard-Lindelöf iteration, IMA Journal of Numerical Analysis 18(4) (1998), pp. 519–543.

[7] S. Hyvönen and O. Nevanlinna, Robust bounds for Krylov methods, Helsinki University of Technology, Institute of Mathematics, Research Reports A403, 1998.

[8] O. Nevanlinna, Convergence of iterations for linear equations, Birkhäuser Verlag, Basel, 1993.

[9] O. Nevanlinna, Growth of operator valued meromorphic functions, Helsinki University of Technology, Institute of Mathematics, Research Reports A389, 1997.

[10] O. Nevanlinna, Convergence of Krylov methods for sums of two operators, BIT 36(4) (1996), pp. 775–785.

[11] O. Nevanlinna, A characteristic function for matrix valued meromorphic functions, XVIth Rolf Nevanlinna Colloquium, Eds.: Laine/Martio, Walter Gruyter and Co., Berlin (1996), pp. 171–179.

[12] O. Nevanlinna, On the growth of the resolvent operators for power bounded operators, Banach Center Publications, Vol. 38 (1997), pp. 247– 264.

[13] R. Nevanlinna, Zur Theorie der meromorphen Funktionen, Acta Math.

46 (1925), pp. 1–99.

[14] R. Nevanlinna, Analytic Functions, Springer-Verlag, 1970.

[15] S. Segal, Nine Introductions in Complex Analysis, North-Holland Publishing Company, 1981.

(continued from the back cover)

A395 Matti Lassas and Erkki Somersalo

Analysis of the PML Equations in General Convex Geometry, 1998

A393 Jukka Tuomela and Teijo Arponen

On the numerical solution of involutive ordinary differential equation systems, 1998

A392 Hermann Brunner, Arvet Pedas, Gennadi Vainikko The Piecewise Polynomial Collocation Method for Nonlinear Weakly Singular Volterra Equations, 1997 A391 Kari Eloranta

The bounded Eight-Vertex Model, 1997

A390 Kari Eloranta

Diamond Ice, 1997

A389 Olavi Nevanlinna

Growth of Operator Valued Meromorphic Functions, 1997

A388 Jukka Tuomela

On the Resolution of Singularities of Ordinary Differential Systems, 1997

A387 Gennadi Vainikko

Fast Solvers of the Lippman-Schwinger Equation, 1997

A386 Ville Turunen and Gennadi Vainikko;

On Symbol Analysis of Periodic Pseudodifferential Operators, 1997

A385 Jarmo Malinen

Minimax Control of Distributed Discrete Time Systems through Spectral Factorization; 1997

A384 Jarmo Malinen

Well-Posed Discrete Time Linear Systems and Their Feedbacks, 1997

A383 Kalle Mikkola

On the Stable H^2 and H1 Infinite-Dimensional Regular Problems and Their Algebraic Riccati Equations, 1997

A382 Nikolai Volkov

Algebraizations of the First Order Logic, 1997

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A403 Saara Hyvönen

Robust bounds for Krylov method, Nov 1998

A402 Saara Hyvönen

Growth of resolvents of certain infinite matrice, Nov 1998

A399 Otso Ovaskainen

Asymptotic and Adaptive Approaches to thin Body Problems in Elasticity

A398 Jukka Liukkonen

Uniqueness of Electromagnetic Inversion by Local Surface Measurements, Aug 1998

A397 Jukka Tuomela

On the Numerical Solution of Involutive Ordinary Differential Systems, 1998

A396 Clment Ph., Gripenberg G. and Londen S-O

Hölder Regularity for a Linear Fractional Evolution Equation, 1998

ISBN 951-22-4318-0 ISSN 0784-3143 Edita, Espoo, 1998