Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 1999 A407

DISCRETE TIME RICCATI EQUATIONS AND INVARIANT SUBSPACES OF LINEAR OPERATORS

Jarmo Malinen

Jarmo Malinen: Discrete time Riccati equations and invariant subspaces of linear operators; Helsinki University of Technology Institute of Mathematics Research Reports A407 (1999).

Abstract: Let U, H and Y be separable Hilbert spaces. Let A ∈ L(H), B ∈ L(U; H), C ∈ L(H; Y ), D ∈ L(U; Y ) be such that the open loop transfer function D(z) := D + zC(I − zA)^{−1}B ∈ H^∞(L(U; Y )). Let J ≥ 0 be a selfadjoint cost operator. We study a subset of self-adjoint solutions P of the discrete time algebraic Riccati equation (DARE)

A^∗P A − P + C^∗JC = K^∗_P Λ_P K_P , Λ_P = D^∗JD + B^∗P B, Λ_P K_P = −D^∗JC − B^∗P A, where Λ_P , Λ^{−1}_P ∈ L(U) and K_P ∈ L(H; U). We further assume that a critical solution P^{crit} of DARE exists, such that X (z) := I − zK_P crit (I − z(A + BK_P crit )^{−1}B ∈ H^∞(L(U; Y )) become an outer factor of D(z). Under technical assumptions, we study connections of the nonnegative solutions of DARE to the invariant subspace structure of (A^{crit})^∗.

AMS subject classifications: 47A15, 47A68, 47N70, 93B28.

Keywords: Discrete time, feedback control, infinite-dimensional, inputoutput stable, Riccati equation, operator model, invariant subspace.

ISBN 951-22-4357-1 ISSN 0784-3143 Edita, Espoo, 1999

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email: math@hut.fi downloadables: http://www.math.hut.fi/

author’s email: Jarmo.Malinen@hut.fi

1 Introduction

In this paper, we consider the connection of the solution set of a discrete time Riccati equation (DARE) to the invariant subspaces of a linear operator. Because this paper is not written to be self-contained, we assume that the reader has access (and some understanding) to the our previous works [12], [13], [14], [16], [17], and [18]. All these works are written in discrete time but the references they contain are mostly written in continuous time. A preliminary version of this paper have been presented in MMAR98 conference, Poland, see [15].

Let us first recall some basic notions. Let ϕ = (^{A B}_{C D} ) be an I/O stable and output stable discrete time linear system (DLS), and J ∈ L(Y ) a selfadjoint cost operator. The symbol Ric(ϕ, J) denotes the associated discrete time Riccati equation, given by A^∗P A − P + C^∗JC = K^∗_P Λ_P K_P Λ_P = D^∗JD + B^∗P B Λ_P K_P = −D^∗JC − B^∗P A. (1)

If P is a self-adjoint solution of Ric(ϕ, J), we write P ∈ Ric(ϕ, J). So, the same symbol is used for DARE and its solutions set. We believe this does not cause any confusion.

We make it a standing assumption that ϕ is both I/O stable and output stable. Then DARE (1) is called H^∞DARE, and write ric(ϕ, J) in place for Ric(ϕ, J). A reasonable theory for H^∞DARE is given in our previous works [16] and [17]. Several subsets of the solution set Ric(ϕ, J) are defined and studied in [16]. The most interesting (and smallest) of them, the set of regular H^∞ solutions ric_0(ϕ, J), contains those P ∈ Ric(ϕ, J) whose spectral DLS ϕ_P := (_{A B} −K_P I ) is both output stable and I/O stable, and, in addition, the residual cost operator L_{A,P} := s − lim_{j→∞} A^{∗j}P A^j exists and equals 0.

1.1 Partial ordering and Riccati equation

Our starting point is the following lemma, given in [17, Theorem 95]. It relates, under technical assumptions, the natural partial ordering of the nonnegative solutions P ∈ ric_0(ϕ, J) to the partial ordering of certain chains of (adjoined) partial inner factors of the I/O map D_ϕ.

Lemma 1. Let J ≥ 0 be a cost operator in L(Y ). Let ϕ := (^{A B}_{C D} ) be an I/O stable and output stable DLS, such that range (B_ϕ) = H. Assume that the input space U and the output space Y are separable, and the input operator B is Hilbert–Schmidt. Assume that the regular critical solution P^{crit}_0 ∈ ric_0(ϕ, J) exists.

For P_1, P_2 ∈ ric_0(ϕ, J), the following are equivalent

(i) P_1 ≤ P_2.

(ii) range ( ~N_{P1}π̄_+ ) ⊂ range ( ~N_{P2}π̄_+ ) , where N_P is the (Λ_P , Λ_P crit )-inner factor of D_{ϕP} .

We have to explain what the causal Toeplitz operator ~N_{P1}π̄_+, with an adjoint symbol, means in the previous lemma. The adjoint I/O map of N_P by ~N_P is easiest defined in terms of the transfer functions ~N_P (z) = N_P (z̄)^∗, for all z ∈ D. To see what N_P stands for, consider the following spectral DLS, centered at P ∈ ric_0(ϕ, J)

ϕ_P := ( A B −K_P I )

for arbitrary P ∈ ric_0(ϕ, J). Its I/O map D_{ϕP} is a stable spectral factor of the Popov operator D^∗_ϕJD_ϕ. Under the assumptions of Lemma 1, the I/O map D_{ϕP} has a (Λ_P , Λ_P crit_0 )-inner/outer factorization D_{ϕP} = N_P X , where the outer factor X has a bounded inverse. Furthermore, X is independent of the particular choice of solution P ∈ ric_0(ϕ, J), and it follows that the inner part N_P alone is responsible for parameterizing different stable spectral factors of the Popov operator. We conclude that the partial ordering of the nonnegative P ∈ ric_0(ϕ, J) becomes important because its connection to the spectral factorization structure of D^∗_ϕJD_ϕ, and if P ≥ 0, to the inner-outer factorization of D_ϕ in an order-preserving way, see [17, Lemma 79].

In operator theory, the notion of partial ordering emerges in connection with the lattice of invariant subspaces of a bounded linear operator. The question arises, whether the natural partial ordering of ric_0(ϕ, J), as discussed above, would describe the invariant structure of some linear operator in a fruitful way. We are led to seek answers to the following two main questions:

A. Is there a bounded linear operator T , a model operator, such that the natural partial ordering of the solution set ric_0(ϕ, J) (under some restrictive, but technical assumptions) gets encoded into the invariant (or co-invariant) subspace structure of T ?

B. If such T exists, can it be expressed in simple and practical terms of the given original data, namely the quadruple (^{A B}_{C D} ) together with the cost operator J? Furthermore, can we obtain system theoretic information about the DLS ϕ and the associated H^∞DARE (1), by looking at the structure of such an operator T ?

It is well know that several variants of both these question can be (and have been) given a positive answer, under some particular restrictive assumptions that vary from work to work. These lead to several approaches, leading to different descriptions of the partial ordering of the solutions set of DARE. We proceed to make a brief survey of this literature in Subsections 1.2 and 1.3. After that we return to interpret Lemma 1 in Subsection 1.4, and get another candidate for the model operator T .

1.2 Description in terms of invariant subspaces of a Hamiltonian operator

In the case of a matrix-valued DARE, the standard theory, as presented in great detail in the monograph [10], provides us answers to the main questions A. and B. of the previous Subsection. In this theory, the solutions of DARE are in one-to-one correspondence with the family of maximal, j-neutral invariant subspaces of a j-unitary Hamiltonian operator T . Here the Hermitian matrix j := (_{0 −iI} iI 0 ) induces an indefinite scalar product, and the requirement of j-neutrality is related to the requirement that the solution of DARE should be self-adjoint. For a particular construction of T from the data of DARE, see [10, Chapter 12]. See also [9] which contains good references and an account of history.

Analogous operator approaches have been developed for systems with an infinite-dimensional state space, see the continuous time example [2, Ex. 6.25] for Hamiltonians that are Riesz spectral operators, and its application [3, Lemma 3.0.4]. We remark that in the literature, the main emphasis lies on a a less general DARE (its continuous time analogue), arising from the Least Squares type of problems. This LQDARE is given by { A^∗P A − P + C^∗JC = A^∗P B · Λ^{−1}_P · B^∗P A Λ_P = D^∗JD + B^∗P B. (2)

Further comments and comparisons about the Riccati equations (1) and (2) can be found in the introductory section of [17].

1.3 Description in terms of unobservable, unstable subspaces

The unobservable and unstable subspaces of the semigroup generator A can be used to classify the nonnegative solutions P for LQDARE of type (2). These subspaces coincide with (the essential part of) the null spaces ker (P ). In this direction we refer to finite dimensional results [11], [23], [24], and [25]. A particularly interesting result on the factorization of rational discrete time inner function is [8, Theorem 4.1] and a continuous time result [7, Theorem 4.3]. The results in [1] and [3] are also in this directions but infinite dimensional.

We now consider the discrete time matrix work [25] (Wimmer) as a representative of this genre. The LQDARE considered is a special case of (2), written in our notations as A^∗P A − P + C^∗C = A^∗P B (I + B^∗P B)^{−1} B^∗P A. (3) The linear system associated to this LQDARE is assumed to output stabilizable, which is a sufficient and necessary condition for the LQDARE to have a nonnegative solution. The state space C^n is written as a direct sum of two subspaces C^n := U_0 ⊕ U_r, where U_0 is a subspace of V_=(A, C), and the latter is the subspace spanned by unobservable generalized eigenvectors associated to the unimodular eigenvalues of A. In [25, Theorem 1.1], it is shown that any nonnegative solution P can be decomposed according to this direct sum representation. The part corresponding to U_0, say P_0 ≥ 0, is a solution of a Liapunov equation. As a source of inconvenience, P_0 is essentially forgotten. The other part, say P_r ≥ 0, solves a reduced Riccati equation, and is interesting enough to be further studied. The nonnegative solutions P_r ∈ S of the reduced DARE can now be classified roughly as follows. To this end, we define the family N of subspaces of C^n

N := { N ⊂ C^n | AN ⊂ N, V_≤(A, C) ⊂ N ⊂ V (A, C), N + R(A, B) + E_<(A) = C^n } where V (A, C) is the unobservable subspace, V_≤(A, C) is the stable unobservable subspace, R(A, B) is the controllable subspace (range of the controllability map) and E_<(A) is the stable spectral subspace of the semigroup generator A. The set N is shown to be in one-to-one order-preserving correspondence with the solutions P_r ∈ S of the reduced LQDARE, see [25, Theorem 1.3]. The correspondence is given by the mapping γ : S → N is given by γ(P_r) = ker (P_r). We remark that for the class of LQDAREs (3), it is quite easy to show that the null spaces ker (P ) are A-invariant. In fact, this technique is used in the proof of Lemma 9.

1.4 Descriptions in terms of shift-invariant subspaces

There is a completely different candidate for a model operator T , discussed in Subsection 1.1. This approach is based on Lemma 1, and it consequently originates from our previous works [16] and [17]. To be more precise, we first have to interpret Lemma 1 in the sense of Beurling–Lax–Halmos Theorem on the shift-invariant subspaces.

In order to be able to speak about the usual inner transfer functions, we normalize and define the I/O map ~N^∘_P := Λ^{− 12}_{P crit0} ~N_P Λ^{12}_P . Now the transfer

function ~N^∘_P (z) is inner L(U)-valued analytic function in D, having unitary nontangential boundary limits ~N^∘_P (e^{iθ}) a.e. e^{iθ} ∈ T. Furthermore, ~N^∘_P π̄_+ is the Toeplitz operator with causal symbol, equivalent (via Fourier transform) to the multiplication operator by the (boundary trace of the) transfer function ~N^∘_P (e^{iθ}) on the Hardy space H^2(T; U) ⊂ L^2(T; U). So as the range spaces range ( ~N ∘_P π̄_+ ) , the reader will immediately notice that this situation is described by the Beurling–Lax–Halmos Theorem of forward shift-invariant subspaces.

Because the inclusion of the ranges range ( ~N ∘_P π̄_+ ) obey the partial ordering of P ∈ ric_0(ϕ, J) by Lemma 1, it follows that the orthogonal complement spaces, denoted by

Kϕ̂ffi(P ) := ℓ^2(Z+; U) ⊖ range^{( ~}N^∘P π̄+^) , (4) are partially ordered by inclusion, but in a reverse direction. Clearly K^_{ϕffi(P )} are (backward unilateral shift) S^∗-invariant. We conclude that the restrictions S^∗|K^_{ϕffi(P )} obey the partial ordering of the solution set ric_0(ϕ, J), and it is easy to imagine that each S^∗|K^_{ϕffi(P )}, P ∈ ric_0(ϕ, J), can be seen as part of an associated operator T in its invariant subspace. This T would be a restriction of the backward shift, too.

We have presented a rough outline of an answer to the first main question A. we asked in Subsection 1.1. We now proceed to show that alse the second main question B can answered in a satisfactory manner. In Subsection 1.5, we discuss why the present approach is interesting from operator and system theoretic point of view. In Subsection 1.6 we (quite superficially) compare our approach to the two approaches, reviewed in Subsections 1.2 and 1.3.

1.5 Why is the desription by the shift-invariant subspaces interesting?

From first sight it might seem that the choice of (a truncated version of the) the backward shift S^∗ on ℓ^2(Z_+; U) as the model operator T would be uninteresting. Such T could have very little to do with the original data, namely the I/O stable and output stable DLS ϕ = (^{A B}_{C D} ) and the cost operator J ≥ 0. Even if there were a connection, it might be techically complicated to describe. Such a connection could be quite intractable, so that actual numerical computations (needed in the applications of the Riccati equation theory) could be impossible. In this description, the model operator T operates generally in a infinite-dimensional sequence space ℓ^2(Z_+; U), even if all the spaces U, H and Y were finite dimensional. In Subsections 1.2 and 1.3, the solutions were parameterized by subspaces H × H and H, respectively, where H is the finite dimensional state space. At least in the first case, the solution of matrix DARE can be found (even numerically!) by solving a generalized Hamiltonian eigenvalue problem.

If all the bad things were true, the second main question B. might lack a reasonable answer, and the practical significance of our earlier works [16] and [17] would be diminished. The main goal of this paper is to establish a clear and simple connection of the compressed shifts S^∗|K^_{ϕffi(P )}, P ∈ ric_0(ϕ, J), to the original data (^{A B}_{C D} ) and J. We consider first certain closed loop semigroup (co-)invariant subspaces of the state space.

Let J ≥ 0 be a cost operator, and ϕ = (^{A B}_{C D} ) an output stable and I/O stable DLS, with range (B_ϕ) = H. Assume that a regular critical solution P^{crit}_0 := ( C^{crit}_ϕ )_∗ JC^{crit}_ϕ exists, and let P ∈ Ric(ϕ, J) be such that 0 ≤ P ≤ P^{crit}_0 . Define the subspaces H^P := ker ( P^{crit}_0 − P )_⊥ = range (P^{crit}_0 − P ) ⊂ H where H is the state space of ϕ. Clearly, the subspaces H^P are ordered (by inclusion) in the same way as are the solutions 0 ≤ P ≤ P^{crit}_0 (by nonnegativity). By a particular case of Corollary 8, each H^P is a co-invariant subspace for the closed loop semigroup generator A^{crit} := A_P crit_0 = A + BK_P crit_0 . We conclude that the (A^{crit})^∗-invariant subspaces H^P , together with the restrictions (A^{crit})^∗|H^P , obey the partial ordering of the set {P ∈ Ric(ϕ, J) | 0 ≤ P ≤ P^{crit}_0 } = {P ∈ ric_0(ϕ, J) | P ≥ 0}, where the equality is by [17, Theorem 96], under stronger assumptions.

It is the main result of this paper to show that the compressions of the shift S^∗|K^_{ϕffi(P )} can be connected to restrictions (A^{crit})^∗|H^P , for all P ∈ ric_0(ϕ, J), P ≥ 0. We now explain the outline how this is done. For technical simplicity, it is now assumed that D_ϕ is (J, Λ_P crit_0 )-inner, and the outer factor X of D_ϕ (and each D_{ϕP} ) equals the shift-invariant identity I. A realization ]ϕ(P ) is constructed for ~N_P , such that the semigroup generator ]ϕ(P ) is the restriction (A^{crit})^∗|H^P , see Lemma 14. Under stronger technical assumptions, ]ϕ(P ) becomes output stable (dom ( C]ϕ(P )^) = H^P ) and observable

(ker ( C]ϕ(P )^) = {0}), see claims (ii) and (iii) of Lemma 22. Now we have the

commutant equation

S^∗C^_{ϕffi(P )} = π̄_+τ^∗C^_{ϕffi(P )} = C^_{ϕffi(P )}(A^{crit∗}|H^P ), (5) which connects (A^{crit})^∗|H^P to a compression of the backward shift S^∗|range ( Cϕ̂ffi(P )^). Here ϕ̂^∘(P ) is a normalized version of ]ϕ(P ). Further-

more, it appears that range ( Cϕ̂ffi(P )^) is closed, and equals the co-invariant

subspace K^_{ϕffi(P )}, defined in equation (4).

This shows that the two descriptions of the set ric_0(ϕ, J), the former by restricted operators (A^{crit})^∗|H^P and the latter by restricted shifts S^∗|range ( Cϕ̂ffi(P )^), are connected by a similarity equivalence, induced

by a bounded linear bijection. This connection is analogous to the connection of the zeroes and poles of a rational inner function to the generalized eigenvectors and eigenvalues of the semigroup generator of its matrix-valued realization. However, we use neither the notion of zeroes, nor the generalized eigenspaces of the semigroups. In this sense, our results are “genuinely” infinite dimensional.

1.6 Comparison to similar existing theories

In Subsection 1.3, it was indicated how to parameterize the solution of LQ- DARE by A-invariant null spaces ker (P ). In our approach, we seem to have turned everything upside down; we parameterize the solutions of DARE by A^{crit} -co-invariant subspaces ker ( P^{crit}_0 − P ) . We now explain why this is done.

For all P ∈ ric_0(ϕ, J), P ≥ 0, we have the stable factorization

J^{12} D_ϕ = J^{12} D_ϕP · D_{ϕP} , (6) assuming that the technical assumptions of [17, Lemma 79] are satisfied. In principle, each of the factors J^12 D_ϕP and D_{ϕP} could be used to associate chains of inner factors and shift-invariant subspaces to chains in ric_0(ϕ, J). In [17], we have chosen to use spectral DLS ϕ_P because it is an easier object to handle than the I/O map of J^12 D_ϕP . The first reason for this is that the input space U and the output space Y of J^12 D_ϕ are generally different. We have the additional trouble that for noncoercive J ≥ 0, we can only conclude the output stability and I/O stability of J^12 D_ϕP in [17, Lemma 79], but not that of D_ϕP ; thus Ric(ϕ^P , J) is not generally a H^∞DARE. Finally, if we make the requirement (and we always do!) that a solution P ∈ Ric(ϕ, J) should have an invertible indicator Λ_P , it then follows that each of the spectral DLSs ϕ_P can be normalized to have a boundedly invertible feed-through operator; in our case it is the indentity. Thus the inconvenient nonsquareness and possible “zero” of the transfer function D_ϕ(z) at z = 0 will always be included in the left factors J^12 D_ϕP in the factorization (6).

We now explain why the choise of ϕ_P over ϕ^P “turns everything upside down”. By D_{ϕP} = N_P X denote the (Λ_P , Λ_P crit_0 )-inner-outer factorization. Because the inner factor in D_{ϕP} “decomposes” from the left in factorization (6), and it should “decompose” from the right in order to be in harmony with the Beurling–Lax–Halmos Theorem, we have to adjoin once and use ~N_P instead of N_P in Lemma 1. This is the reason why Acrit-co-invariant subspaces H^P must be used, instead of some A^{crit}-invariant subspaces. An analogous comment can be made why the spaces ker ( P^{crit}_0 − P ) rather than ker (P ) are used.

We also remark that, under technical assumptions, the approaches presented in Subsections 1.2 and 1.3 give a full classification of the solution sets of the DARE. Our corresponding results work only in one direction: to each reasonable solution of DARE, a restricted backward shift is associated, but not conversely. Much of this apparent weakness could be fixed if we a practical form of a state space isomorphism theorem were available. Unfortunately, this is not possible in the full generality that we are considering.

1.7 The technical outline of this work

In this subsection, we give an outline and a technical battle plan of this paper. The following standing assumptions are used throughout the paper:

(i) The basic DLS ϕ = (^{A B}_{C D} ) is I/O stable and output stable, such that dom (C_ϕ) := {x ∈ H | Cx ∈ ℓ^2(Z_+; Y )} is all of the state space H. Furthermore, ϕ is assumed to be approximately controllable in the sense range (B_ϕ) = H, where range (B_ϕ) := B_ϕdom (B_ϕ) and dom (B_ϕ) := Seq_−(U). (ii) The input space U, the state space H, and the output space Y are separable Hilbert spaces.

(iii) H^∞DARE (1) has the unique regular critical solution P^{crit}_0 := ( C^{crit}_ϕ )_∗ JC^{crit}_ϕ ∈ ric_0(ϕ, J) whose indicator satisfies Λ_P crit_0 > 0. Here

C^{crit}_ϕ := (I − π̄_+D_ϕ(π̄_+D^∗_ϕJD_ϕπ̄_+)^{−1}π̄_+D^∗_ϕJ)C_ϕ

is the critical closed loop observability map, see [16, Definition 28 and Proposition 29].

We also assume that the I/O map D_ϕ is (J, Λ_P crit_0 )-inner, but this technical assumption is lifted in the final Section 7. To obtain the full results of this paper, the DLS ϕ = (^{A B}_{C D} ) is assumed input stable, the input operator B is Hilbert–Schmidt, and the cost operator J is nonnegative. In this case, the regular critical solution P^{crit}_0 is nonnegative, and its indicator is definitely positive.

In Section 2, we give basic result for DLSs ϕ whose I/O map D_ϕ is (J, S)- inner, i.e. D^∗_ϕJD_ϕ = S · I for some self-adjoint, boundedly invertible S ∈ L(U). It appears that the H^∞DARE ric(ϕ, J) always has the critical regular solution P^{crit}_0 , and in fact Λ_P crit_0 = S, see Proposition 2. In claim (iii) of Lemma 6, we show that P^{crit}_0 = C^∗_ϕJC_ϕ. In claim (iv) of Lemma 6, we show that the null space ker ( P^{crit}_0 − P ) is A-invariant, for P ∈ ric_0(ϕ, J) with a positive indicator. The rest of Section 2 is devoted to proving that the null spaces of type ker ( P̃ − P ) are A~_P -invariant, provided that P, P̃ ∈ ric_0(ϕ, J) are comparable to each other, see Lemma 9 and Corollary 10.

The reason to study a DLS with a (J, Λ_P crit_0 )-inner I/O map is the following. If we consider the cost optimization problem in the sense of [12], associated to the pair (ϕ, J), many proofs and formulae will simplify. Same comment holds also for the H^∞DARE theory, as presented in [16] and [17]. This is due to the fact that the outer factor X in the (J, Λ_P crit_0 )-inner-outer factorization D = N X is identity, because we normalize S = Λ_P crit_0 and π_0X π_0 = I. We take the full advantage of all this triviality. In the final

Section 7, we generalize the results to DLSs having a nontrivial outer factor X ≠ I, by using the results of [17, Section 15]. It is the price of this additional generality that stronger technical assumptions must be made, see Theorems 23 and 27.

In Proposition 12, the null space of the observability map C_ϕ is “divided away” from the state space H, to obtain an observable DLS ϕ^{red} that has the same I/O map as ϕ but a smaller state space. We remark that D_ϕ is not required to be (J, Λ_P crit_0 )-inner in Proposition 12. In Definition 13, we associate the characteristic DLS ϕ(P ) to each P ∈ ric_0(ϕ, J). The characteristic DLS ϕ(P ) is simply a reduced, observable version of the spectral DLS ϕ_P in the sense of Proposition 12. The basic properties of ϕ(P ) are given in Lemma 14. In particular, D_{ϕ(P )} = D_{ϕP} = N_P , where D_{ϕP} = N_P X = N_P I is the (Λ_P , Λ_P crit_0 )-inner-outer factorization, see [16, Proposition 55].

The semigroup generator of ϕ(P ) is the compression Π_P A|H^P , where Π_P is the orthogonal projection of H onto ker ( P^{crit}_0 − P )_⊥ , and H^P := range (Π_P ) is the state space of ϕ(P ). Because Π_P A = Π_P AΠ_P by Lemma 6, ( Π_P A|H^P )_∗ equals the restriction A^∗|H^P . Trivially, if P^{crit}_0 ≥ P_1 ≥ P_2 for P_1, P_2 ∈ ric_0(ϕ, J), then {0} = H^{P crit0} ⊂ H^{P1} ⊂ H^{P2} ⊂ H. This connects the partial ordering of the solution set ric_0(ϕ, J) to the partial ordering of the A^∗-invariant subspaces H^P , for the DLS ϕ with a (J, S)-inner I/O map.

In Section 4, an orthogonality result is given for DLSs whose transfer functions are inner. In claim (iii) of Proposition 15, it is shown that range (C_ϕ) = range (π̄_+D_ϕπ_−) if range (π̄_+D_ϕπ_−) is closed and proper technical assumptions hold. An application of this result is Lemma 17, where the orthogonal direct sum decomposition

ℓ^2(Z_+; U) = range ( ~N^∘_P π̄_+ ) ⊕ range ( Cϕ̂ffi(P )^) (7) is proved for DLSs ϕ whose I/O map is (J, Λ_P crit_0 )-inner and P ∈ ric_0(ϕ, J)

is arbitrary. We remark that range ( Cϕ̂ffi(P )^) is closed as a conclusion, not

as an assumption of Lemma 17. The operator ~N^∘_P and the DLS ϕ̂^∘(P ) are connected to the characteristic DLS ϕ(P ) by equations (13) and (14).

In Section 5, we give a brief overview about a particular case of the Sz.Nagy–Foias shift operator model. The inner characteristic functions for class C_{00}-contractions are introduced, and necessary results from the spectral function theory are presented. Some work is done to translate the frequency space notions, commonly used in the literature, to the time domain notions used in our Riccati equation work.

In Section 6 we give our first main results. The battle plan here is roughly as follows. For arbitrary P ∈ ric_0(ϕ, J), we study the normalized and adjoint version of the characteristic DLS ϕ(P ), denoted by ϕ̂^∘(P ) and defined in equation (14). The inner transfer function D^_{ϕffi(P )}(z) = ~N^∘_P (z) is the characteristic function of the truncated shift operator S^∗|K^_{ϕffi(P )} in the sense of

Sz.Nagy–Foias. Here K^_{ϕffi(P )} := ℓ^2(Z_+; U)⊖range ( Dϕ̂ffi(P )^) is the S^∗-invariant

subspace, as given in Definition 21. The spectral function theory, presented in Section 5, connects effectively the operator theoretic properties of the C_{00}-contraction S^∗|K^_{ϕffi(P )} to the function theory of the normalized transfer

function ~N^∘_P (z), without assuming any finite dimensionality in any of the spaces or the operators.

Because D_{ϕ(P )} = D_{ϕP} = N_P by our (practically) standing assumption on the outer factor X = I, we conclude, by Lemma 17, the equality K^_{ϕffi(P )} =

range ( Cϕ̂ffi(P )^) from equation (7). We have obtained the similarity transform ( S^∗|K^_{ϕffi(P )} ) Cϕ̂ffi(P ) = π̄+τ^∗Cϕ̂ffi(P ) = Cϕ̂ffi(P )^(A^∗|H^{P )}

by the basic formula π̄_+τ^∗C_ϕ = C_ϕA that decribes the interaction of the backward time shift and the semigroup generator A for any DLS ϕ. It is clear that such a similarity transform gives us quite strong results about the restricted adjoint semigroups A^∗|H^P for P ∈ ric_0(ϕ, J). Of course, the strongest results are obtained when the similarity transform C^_{ϕffi(P )} is a bounded bijection with a bounded inverse, see Lemma 22 and Theorem 23. Then the restrictions A^∗|H^P are similar to a C_{00}-contractions, whose characteristic functions are causal, shift-invariant and stable partial inner factors of the I/O map D_ϕ, see [17, Theorems 81 and 83].

So far we have considered only DLSs ϕ = (^{A B}_{C D} ) whose I/O maps are (J, Λ_P crit_0 )-inner. The general case, when D_ϕ is only assumed to be I/O stable, is considered in Section 7. Instead of requiring an inner I/O map, we now require only that the regular critical solution P^{crit}_0 ∈ ric_0(ϕ, J) exists. It is shown in [17, Section 15], that the structure of the H^∞DARE ric(ϕ, J) remains unchanged, if a preliminary critical feedback associated to P^{crit}_0 ∈ ric_0(ϕ, J) is applied. The resulting (closed loop) inner DLS has a (J, Λ_P crit_0 ) -inner I/O map, and the results of the previous sections can be applied on the pair (ϕ^{P crit0} , J) instead of the original pair (ϕ, J). In order to have the equality ric_0(ϕ, J) = ric_0(ϕ^{P crit0} , J) for the regular H^∞ solution sets. we must assume, in addition to the assumptions of Theorem 23, that the input operator B is Hilbert–Schmidt, and the cost operator J is nonnegative. For details, see Theorem 27. Clearly, now the co-invariant subspace results are for the critical closed loop semigroup generator A^{crit} = A_P crit_0 of ϕ^{P crit0} , rather than the open loop semigroup generator A of ϕ.

1.8 Notations

We use the following notations throughout the paper: Z is the set of integers. Z_+ := {j ∈ Z | j ≥ 0}. Z_− := {j ∈ Z | j < 0}. T is the unit circle and D is the open unit disk of the complex plane C. If H is a Hilbert space, then L(H) denotes the bounded and LC(H) the compact linear operators in H. Elements of a Hilbert space are denoted by upper case letters; for example u ∈ U. Sequences in Hilbert spaces are denoted by ũ = {u_i}_{i∈I} ⊂ U, where I is the index set. Usually I = Z or I = Z_+. Given a Hilbert space Z, we define the sequence spaces Seq(Z) := { {z_i}_{i∈}Z | z_i ∈ Z and ∃I ∈ Z ∀i ≤ I : z_i = 0 } , Seq_+(Z) := { {z_i}_{i∈}Z | z_i ∈ Z and ∀i < 0 : z_i = 0 } , Seq_−(Z) := { {z_i}_{i∈}Z ∈ Seq(Z) | z_i ∈ Z and ∀i ≥ 0 : z_i = 0 } , ℓ^p(Z; Z) := { {z_i}_{i∈}Z ⊂ Z | ∑ i∈Z ||z_i||^p_Z < ∞ } for 1 ≤ p < ∞, ℓ^p(Z_+; Z) := { {z_i}_{i∈}Z_+ ⊂ Z | ∑ i∈Z+ ||z_i||^p_Z < ∞ } for 1 ≤ p < ∞, ℓ^∞(Z; Z) := { {z_i}_{i∈}Z ⊂ Z | sup_{i∈} Z ||z_i||_Z < ∞ } . The following linear operators are defined for z̃ ∈ Seq(Z):

• the projections for j, k ∈ Z ∪ {±∞}

π_{[j,k]}z̃ := {w_j}; w_i = z_i for j ≤ i ≤ k, w_i = 0 otherwise, π_j := π_{[j,j]}, π_+ := π_{[1,∞]}, π_− := π_{[−∞,−1]}, π̄_+ := π_0 + π_+, π̄_− := π_0 + π_−,

• the bilateral forward time shift τ and its inverse, the backward time shift τ^∗

τũ := {w_j} where w_j = u_{j−1}, τ^∗ũ := {w_j} where w_j = u_{j+1}.

Other notations are introduced when they are needed.

2 DLSs with inner I/O maps

As discussed in Section 1, we start this paper by considering first DLSs ϕ = (^{A B}_{C D} ) whose I/O map D_ϕ is (J, S)-inner for two self-adjoint operators J ∈ L(Y ) and S ∈ L(U). Basic results for such DLSs are given in this section. In particular, we are interested in the invariant subspaces of the semigroup generator A that are of the form ker ( P^{crit}_0 − P ) . Here P^{crit}_0 := ( C^{crit}_ϕ )_∗ JC^{crit}_ϕ ∈ ric_0(ϕ, J) is a regular critical solution, the closed loop critical observability map is given by

C^{crit}_ϕ := (I − π̄_+D_ϕ(π̄_+D^∗_ϕJD_ϕπ̄_+)^{−1}π̄_+D^∗_ϕJ)C_ϕ,

and P ∈ ric_0(ϕ, J) is another solution that is comparable to P^{crit}_0 . Such invariant subspaces are considered in Corollary 10. The A-co-invariant orthogonal complements H^P := ker ( P^{crit}_0 − P )_⊥ in H are central in the later developments of this work.

In order to be able to speak about the spaces ker ( P^{crit}_0 − P ) , the regular critical solution P^{crit}_0 must, of course, exist. Clearly, for an (J, S)-inner I/O map D_ϕ, the Popov operator is a static constant: D^∗_ϕJD_ϕ = S. Then the sufficient and necessary conditions for the existence of a critical solution of DARE are easy to give. The following result is a consequence of [16, Theorem 27 and Proposition 29].

Proposition 2. Let J ∈ L(Y ) be a self-adjoint cost operator, and ϕ = (^{A B}_{C D} ) an output stable and I/O stable DLS, such that D_ϕ is (J, S)-inner.

Then S has a bounded inverse if and only if a regular critical solution P^{crit}_0 ∈ ric_0(ϕ, J) exists. When this equivalence holds, S = Λ_P crit_0 and D_ϕ is (J, Λ_P crit_0 )-inner.

For later reference, we give somewhat trivial and technical results about DLSs with an inner I/O map. If a DLS has an inner I/O map, so has its adjoint DLS:

Proposition 3. Assume that S_1, S_2 ∈ L(U) are boundedly invertible, S_1 > 0, S_2 > 0, where U is separable Hilbert. Suppose that N is a (S_1, S_2)-inner I/O map of an I/O stable DLS with input space U, such that the static part satisfies N (0) = I. Then the adjoint I/O map ~N is (S^{−1}_2 , S^{−1}_1 )-inner.

Proof. By normalizing N^∘ := S^{12}_1 N S^{− 12}_2 , we get the transfer function N^∘(z) be inner from the left. Because N^∘(0) = S^{12}_1 S^{− 12}_2 has a bounded inverse, it follows by [16, Proposition 34] that N^∘(z) is inner inner from both sides. The nontangential boundary trace N^∘(e^{iθ}) is unitary a.e. e^{iθ} ∈ T. So the nontangential boundary trace of the adjoint function is ~N^∘(e^{iθ}) := S^{− 12}_2 ~N (e^{iθ})S^{12}_1 = N^∘(e^{iθ})^∗. But now ~N is (S^{−1}_2 , S^{−1}_1 )-inner.

The following corollary is about the I/O map ~N_P whose Toeplitz operator appears in Lemma 1.

Corollary 4. Let J ∈ L(Y ) a self-adjoint cost operator. Let ϕ = (^{A B}_{C D} ) be an output stable and I/O stable DLS, with a separable input space U. Assume that a critical P^{crit}_0 ∈ ric_0(ϕ, J) exists, such that Λ_P crit_0 > 0. For any P ∈ ric_0(ϕ, J), let N_P denote the (Λ_P , Λ_P crit_0 )-inner factor of D_{ϕP} . Then the adjoint I/O map ~N_P is (Λ^{−1}_{P crit0} , Λ^{−1}_P )-inner.

Proof. By [16, claim (i) of Proposition 55], D_{ϕP} has the (Λ_P , Λ_P crit_0 )-inner factor N_P . The static part of N_P is identity, by [16, claim (ii) of Proposition 55]. The inertia result [16, Lemma 53] implies that Λ_P > 0 for all P ∈ ric_0(ϕ, J). An application of Proposition 3 completes the proof.

If J ≥ 0, there are plenty of examples of DLS with (J, S)-inner I/O maps. If the conditions of [17, claim (iii) of Lemma 79] are satisfied, the (normalized) inner DLS J^12 ϕ^P has a (I, Λ_P )-inner I/O map, for each nonnegative P ∈ ric_0(ϕ, J). We also remark that, under restrictive assumptions, the family of DLSs with inner I/O maps is sufficiently rich to carry the structure of all H^∞DAREs that have a critical solution, in the sense of [17, Theorem 105]. This will be exploited in Section 7 where the results of this paper are extended to the general DLSs that do not have an inner I/O map.

The rest of this section is devoted to the study the Riccati equation, and semigroup invariant subspaces of the state space. We start with a technical proposition that only marginally depends on the structure of DARE.

Proposition 5. Let ϕ = (^{A B}_{C D} ) be a DLS and J a self-adjoint cost operator. Let P_1, P_2 ∈ Ric(ϕ, J). Then K_{P2} − K_{P1} = Λ^{−1}_{P2} B^∗(P_2 − P_1)A_{P1} and Λ^{−1}_{P1} B^∗(P_2 − P_1)A_{P1} = Λ^{−1}_{P2} B^∗(P_2 − P_1)A_{P2} .

Proof. To prove the first equation, we calculate

K_{P1} − K_{P2} = Λ^{−1}_{P1} Q_{P1} − Λ^{−1}_{P2} Q_{P2} = (Λ^{−1}_{P1} − Λ^{−1}_{P2} )Q_{P1} + Λ^{−1}_{P2} (Q_{P1} − Q_{P2} ),

where Q_P := −D^∗JC − B^∗P A. Because x^{−1} − y^{−1} = y^{−1}(y − x)x^{−1}, we have Λ^{−1}_{P1} − Λ^{−1}_{P2} = Λ^{−1}_{P2} B^∗(P_2 − P_1)BΛ^{−1}_{P1} . Now we obtain, because Q_{P1} − Q_{P2} = B^∗(P_2 − P_1)A

K_{P1} − K_{P2} = Λ^{−1}_{P2} (B^∗(P_2 − P_1)B K_{P1} + B^∗(P_2 − P_1)A) = Λ^{−1}_{P2} B^∗(P_2 − P_1)(A + BK_{P1} ).

This gives the first equation of the claim. The second equation is obtained by interchanging P_1 and P_2 in the first equation, and comparing these two equations.

Basic properties of DLSs with (J, Λ_P crit )-inner I/O map are given below.

Lemma 6. Let J ∈ L(Y ) be a self-adjoint cost operator. Let ϕ = (^{A B}_{C D} ) be an output stable and I/O stable DLS, such that range (B_ϕ) = H. Assume that the regular critical solution P^{crit}_0 := ( C^{crit}_ϕ )_∗ JC^{crit}_ϕ ∈ ric_0(ϕ, J) exists, and the I/O map D_ϕ is (J, Λ_P crit_0 )-inner.

Then for any P ∈ Ric(ϕ, J) the following holds:

(i) The feedback operators satisfy K_P crit_0 = 0 and K_P = −Λ^{−1}_P B^∗(P^{crit}_0 − P )A. Furthermore, A_P crit_0 = A and C_P crit_0 = C. The operator Q = P^{crit}_0 − P satisfies the following Riccati equation { A^∗QA − Q + A^∗QB · Λ^{−1}_P · B^∗QA = 0, Λ_P = D^∗JD + B^∗P B. (8)

(ii) The spectral DLS ϕ_P can be written in the following equivalent forms:

ϕ_P = ( A B −K_P I ) = ( A_P crit_0 B K_P crit_0 − K_P I ) = ( A B Λ^{−1}_P B^∗(P^{crit}_0 − P )A I ) . (9)

(iii) We have C_ϕ = C_{ϕP} crit_0 = C^{crit}_ϕ and P^{crit}_0 = C^∗_ϕJC_ϕ.

(iv) Assume, in addition, that P ∈ ric_0(ϕ, J) and Λ_P > 0. Then ker ( P^{crit}_0 − P ) = ker (C_{ϕP} ). In particular, ker ( P^{crit}_0 − P ) is A-invariant.

Proof. Because D_ϕ is assumed to be (J, Λ_P crit_0 )-inner, the outer factor X in the unique (J, Λ_P crit_0 )-inner-outer factorization D_ϕ = N X equals the identity I. The outer factor X = I is the I/O map of the spectral DLS ϕ_P crit_0 = (_{A B} −K_{P crit0} I ) , whence we conclude that −K_P crit_0 |range (B_ϕ) = 0. Because K_P crit_0

is a bounded operator and range (B_ϕ) = H, by explicit assumption, it follows that the critical feedback operator K_P crit_0 = 0. Immediately A_P crit_0 = A + BK_P crit_0 = A, C_P crit_0 = C + DK_P crit_0 = C, and the second equality in (9) is proved.

By applying Proposition 5 to K_P = K_P − K_P crit_0 we obtain K_P = −Λ^{−1}_P B^∗(P^{crit}_0 − P )A, for any P ∈ Ric(ϕ, J). This gives the third equality in (9), and completes the proof of claim (ii).

To complete the proof of claim (i), the Riccati equation (8) must be verified. Because A^∗_{P crit0} P^{crit}_0 A_P crit_0 −P^{crit}_0 +C^∗_{P crit0} JC_P crit_0 = 0 by [17, Proposition 68], and A_P crit_0 = A, C_P crit_0 = C, we have

A^∗P^{crit}_0 A − P^{crit}_0 + C^∗JC = 0.

By rewriting the original DARE (1) with the aid of the already proved K_P = −Λ^{−1}_P B^∗(P^{crit}_0 − P )A, we obtain for any P ∈ Ric(ϕ, J)

A^∗P A − P + C^∗JC = A^∗(P^{crit}_0 − P )B · Λ^{−1}_P · B^∗(P^{crit}_0 − P )A.

Subtracting these equations will give give the Riccati equation (8).

We now consider claim (iii). Because K_P crit_0 = 0, the inner DLS at P^{crit}_0 satisfies

ϕ^{P crit0} = ( A B C D ) = ϕ, and so C_ϕ = C_{ϕP} crit_0 . Now claim [16, claim (iv) of Proposition 103] gives C_{ϕP} crit_0 = Cϕ^{crit}, where

C^{crit}_ϕ := (I − π̄_+D_ϕ(π̄_+D^∗_ϕJD_ϕπ̄_+)^{−1}π̄_+D^∗_ϕJ)C_ϕ.

Thus P^{crit}_0 := ( C^{crit}_ϕ )_∗ JC^{crit}_ϕ = C^∗_ϕJC_ϕ, and claim (iii) follows.

Because P ∈ ric(ϕ, J), both ϕ and ϕ_P are output stable. As in [16, proof of Proposition 23], we conclude from DARE A^∗P A − P + C^∗JC = K^∗_P Λ_P K_P that P = P − L_{A,P} = C^∗_ϕJC_ϕ − C^∗_{ϕP} Λ_P C_{ϕP} , (10)

where the residual cost L_{A,P} = s−lim_{n→∞}A^∗P A exists and vanishes because P ∈ ric_0(ϕ, J), by assumption. Inserting P^{crit}_0 = C^∗_ϕJC_ϕ into equation (10) gives

P^{crit}_0 − P = C^∗_{ϕP} Λ_P C_{ϕP}

where P ∈ ric_0(ϕ, J) is arbitrary. Because Λ_P > 0, claim (iv) immediately follows because ker (C_{ϕP} ) is A-invariant.

Actually, we now have all the results on invariant subspaces of the semigroup that we need to complete this work. For academic interest, we continue to study the subspaces ker ( P^{crit}_0 − P ) . We begin with another variant for the result of claim (iv) of Lemma 6 is the following:

Corollary 7. Make the same assumptions as in Lemma 6. Let P ∈ Ric(ϕ, J) be arbitrary, such that Λ_P > 0 and P ≤ P^{crit}_0 .

Then A ker ( P^{crit}_0 − P ) ⊂ ker ( P^{crit}_0 − P ) . Proof. Now Q := P^{crit}_0 − P ≥ 0 satisfies DARE (8). Furthermore, this equation can be put into form

A^∗Q^{12} · R · Q^{12} A = Q, R = I + Q^{12} BΛ^{−1}_P B^∗Q^{12} .

Now, because Λ_P > 0 and the indicator is always invertible, Λ^{−1}_P > 0. It now follows that R ≥ I. For any x ∈ H we can now write the balance equation ||R^{12} · Q^{12} Ax|| = ||Q^{12} x||. Because ker ( Q^12 ) = ker (Q) = ker ( P^{crit}_0 − P ) , and R^12 has a bounded inverse, the claim follows.

The case when P^{crit}_0 ≤ P instead of P^{crit}_0 ≥ P is investigated similarly:

Corollary 8. Make the same assumptions as in Lemma 6, but assume, in addition, that 0 ∈ Ric(ϕ, J), Λ_0 > 0, and P^{crit}_0 ≥ 0. Let P ∈ Ric(ϕ, J) be arbitrary, such that Λ_P > 0 and P^{crit}_0 ≤ P .

Then A ker ( P^{crit}_0 − P ) ⊂ ker ( P^{crit}_0 − P ) . Proof. Again, we use the DARE (8). This time we write Q := P − P^{crit}_0 ≥ 0. By claim (i) of Lemma 6, Q satisfies

A^∗Q^{12} · R · Q^{12} A = Q, R = I − Q^{12} BΛ^{−1}_P B^∗Q^{12} .

This is exactly the same as the corresponding equation in Corollary 7, except that one + has changed into −. The claim is proved when we can show, under the additional assumption, that nevertheless R > 0 is boundedly invertible.

Because P^{crit}_0 ≥ 0, we have 0 < Λ_{P −P} crit_0 = Λ_P − B^∗P^{crit}_0 B ≤ Λ_P . Because the indicator operator always has a bounded inverse, it follows that 0 < Λ^{−1}_P ≤ Λ^{−1}_{P −P crit0} = Λ^{−1}_Q . Now, clearly R > 0 has a bounded inverse, if in equation

R ≥ I − Q^{12} BΛ^{−1}_{P −P crit0} B^∗Q^{12} = I − Q^{12} BΛ^{−1}_Q B^∗Q^{12}

the right hand side is strictly positive. Because 0 ∈ Ric(ϕ, J), is follows that Λ_0 = D^∗JD > 0 has a bounded inverse. We have

Q^{12} BΛ^{−1}_Q B^∗Q^{12} = Q^{12} B (Λ_0 + B^∗QB)^{−1} B^∗Q^{12}

= Q^{12} BΛ^{− 12}_0 ( I + Λ^{− 12}_0 B^∗QBΛ^{− 12}_0 )_{−1} Λ^{− 12}_0 B^∗Q^{12} = Q^{12} B̃ ( I + B̃^∗QB̃ )_{−1} B̃^∗Q^12 ,

where B̃ := BΛ^{− 12}_0 . Now, by a straightforward calculation (e.g. with the aid of the Neumann series),

(I + Q^{12} B̃B̃^∗Q^{12} )^{−1} = I − Q^{12} B̃(I + B̃^∗QB̃)^{−1}B̃^∗Q^{12} = R,

because Q^12 B̃B̃^∗Q^12 ≥ 0 and thus I + Q^12 B̃B̃^∗Q^12 is boundedly invertible. It follows that R > 0 with a bounded inverse, and the claim is proved.

An immediate consequence of Corollaries 7 and 8 is the following:

Lemma 9. Let J ∈ L(Y ) be a self-adjoint cost operator. Let ϕ = (^{A B}_{C D} ) be an output stable and I/O stable DLS, such that range (B_ϕ) = H. Assume that the regular critical solution P^{crit}_0 := ( C^{crit}_ϕ )_∗ JC^{crit}_ϕ ∈ ric_0(ϕ, J) exists, and P^{crit}_0 ≥ 0. Assume that the I/O map D_ϕ is (J, Λ_P crit_0 )-inner. Assume that 0 ∈ Ric(ϕ, J) and D^∗JD = Λ_0 > 0,

Let P ∈ Ric(ϕ, J) be arbitrary, such that Λ_P > 0, and P is comparable to P^{crit}_0 . Then A ker ( P^{crit}_0 − P ) ⊂ ker ( P^{crit}_0 − P ) . The closed loop semigroup generators A~_P = A = BK~_P have the following invariance properties, for P̃ ∈ ric_0(ϕ, J), P̃ ≥ 0. Recall that these solutions are exactly those that satisfy 0 ≤ P̃ ≤ P^{crit}_0 , if the conditions of [17, Theorem 96] hold.

Corollary 10. Let J > 0 be a coercive self-adjoint cost operator in L(Y ). Let ϕ = (^{A B}_{C D} ) be an output stable and I/O stable DLS, such that range (B_ϕ) = H. Assume that the input space U and the output space Y are separable, and the input operator B ∈ L(U; H) is Hilbert–Schmidt. Assume that the regular critical solution P^{crit}_0 := ( C^{crit}_ϕ )_∗ JC^{crit}_ϕ ∈ ric_0(ϕ, J) exists, 0 ∈ Ric(ϕ, J). Let P̃ ∈ ric_0(ϕ, J), P̃ ≥ 0, be arbitrary.

Let P ∈ Ric(ϕ, J) be arbitrary, such that Λ_P > 0 and P is comparable to P̃ . Then A_{P̃} ker ( P̃ − P ) ⊂ ker ( P̃ − P ) . Proof. By [17, claim (iii) of Lemma 79] and the assumption that J has a bounded inverse, the inner DLS

ϕ^{P̃} = ( A~_P B C~_P D )

is output stable and I/O stable, and the I/O map D_ϕ~_P is (J, Λ~_P )-inner. Thus Ric(ϕ^{P̃} , J) is a H^∞DARE. Because range (B_ϕ) = H, it also follows that

range ( B_ϕ~_P ) = H, as in the proof of [17, Proposition 86]. By Proposition 2,

there is a regular critical solution P̃^{crit}_0 ∈ ric_0(ϕ^{P̃} , J), and by [17, Lemma 100], P̃ crit_0 = P̃ ≥ 0. Because the full solution sets of DAREs satisfy Ric(ϕ, J) = Ric(ϕ^{P̃} , J) by [17, Lemma 65], it follows that 0 ∈ Ric(ϕ^{P̃} , J). Because J ≥ 0, it follows that the indicator Λ̃_0 = Λ_0 = D^∗JD > 0. An application of Lemma 9 on DLS ϕ^{P̃} and cost operator J proves the claim.

3 Characteristic DLS Œ(P )

In this section, we first develop tools that are required to “divide” the unobservable subspace ker (C_ϕ) away from the state space. This gives us a reduced DLS. With the aid of this construction, we define the characteristic DLS ϕ(P ) for each solution P ∈ ric(ϕ, J), see Definition 13. The basic properties of ϕ(P ) are given in Lemma 14.

Proposition 11. Let ϕ = (^{A B}_{C D} ) be an output stable DLS. Then ~ϕ = (^{A� C�}_B�_D� ) is input stable, and C^∗_ϕ = Be_ϕ · flip . Here flip = flip^2 = flip^∗ is the unitary mapping on ỹ ∈ ℓ^2(Z; Y ), given by

(flip ỹ)_j = y_{−j−1}.

Proof. Let ỹ ∈ ℓ^2(Z_+; Y ), x_0 ∈ H be arbitrary. Then ⟨ỹ, Cx_0⟩ = ∞∑ j=0 ⟨ y_j, CA^jx_0 ⟩ = ∞∑ j=0 ⟨ A^{∗j}C^∗y_j, x_0 ⟩

= ∞∑ j=0 ⟨ A^{∗j}C^∗(flip ỹ)_{−j−1}, x_0 ⟩ = ⟨ Beϕ(flip ỹ), x0^⟩ =^⟨C^∗ϕỹ, x0^⟩ .

Actually the previous is (at first) true only for ỹ with finitely many nonzero components. Only in this case flip ỹ ∈ dom ( Beϕ^), but then because dom^(Beϕ^) :=

Seq_−(Y ) is dense in ℓ^2(Z_−; Y ), it follows that Be_ϕ · flip coincides with the bounded operator C^∗ in a dense set. Because flip is unitary, it follows that

Beϕ is bounded and^~ϕ is input stable. Recall that dom (B) := Seq−(U) consist

of finitely long input sequences for all controllability maps. The input stable controllability map B can always be extended by continuity from dom (B) to all of ℓ^2(Z_−; U).

For a quite general DLS ϕ, the kernel ker (C_ϕ) can be divided away from the state space, without changing the I/O map D_ϕ.

Proposition 12. Let ϕ = (^{A B}_{C D} ) be an output stable and I/O stable DLS, with state space H. Assume that H_0 := ker (C_ϕ) is nontrivial.

(i) Then there is a reduced DLS ϕ^{red} with a smaller state space H^{red} := ker (C_ϕ)^⊥ ⊂ H, H = H_0 ⊕H^{red}, such that D_ϕ = D_ϕred and ker ( C_ϕred ) = {0}. The DLS ϕ^{red} is given by ϕ^{red} := ( Π^{red}A|H^{red} Π^{red}B C|H^{red} D ) , where Π^{red} is the orthogonal projection of H onto H^{red}. In particular, ϕ^{red} is I/O stable and output stable.

(ii) We have Π^{red}A = Π^{red}AΠ^{red}, B_ϕred = Π^{red}B_ϕ and C_ϕred = C_ϕ|H^{red}.

Thus ϕ^{red} written in I/O-form is

Φ^{red} = [ (Π^{red}A|H^{red})^j Π^{red}B_ϕτ^{∗j} C_ϕ|H^{red} D_ϕ ] .

(iii) The adjoint DLS ~ϕ^{red} is I/O stable and input stable. Furthermore,

range ( B g_ϕred^) = H^{red}. (iv) If, in addition, ϕ is input stable, then ϕ^{red} is input stable and ~ϕ^{red} is output stable.

Proof. Trivially H_0 := ker (C_ϕ) = ∩_{j≥0}ker (CA^j) is A-invariant. By Proposition 11, C^∗_ϕ = Be_ϕ · flip , where flip is the unitary flip reflecting ℓ^2(Z_+; Y )

onto ℓ^2(Z_−; Y ). We have ker (C_ϕ) = range ( C^∗_ϕ )_⊥ = range ( Beϕ^{)⊥}, where

ϕ̃ = ( A^� C^�_{B� D�} ) is the adjoint DLS of ϕ.

Because the semigroup generator of ~ϕ is A^∗, it follows that the controllable subspace of ~ϕ, given by H^{red} := range ( Beϕ^) = ker (Cϕ)^⊥ is A^∗-invariant, and

we have the orthogonal direct sum decomposition H_0 ⊕ H^{red} = H. If Π^{red} is the orthogonal projection onto H^{red}, then A^∗Π^{red} = Π^{red}A^∗Π^{red} because the ransge of the observability map is always semigroup invariant.

Define the bounded operators via their adjoints as follows: (A^{red})^∗ := A^∗|H^{red} : H^{red} → H^{red}, (C^{red})^∗ := Π^{red}C^∗ : Y → H^{red} and (B^{red})^∗ := B^∗|H^{red} : H^{red} → U. Define the DLSs ϕ^{red} := ( A^{red} B^{red} C^{red} D ) , ~ϕ^{red} = ( (A^{red})^∗ (C^{red})^∗ (B^{red})^∗ D^∗ ) . These DLSs are adjoints of each other, and the state space of both ϕ^{red} and ~ϕred is, by definition, Hred ⊂ H. It is easy to see that ϕred equals the one given in claim (i).

Because A^∗Π^{red} = Π^{red}A^∗Π^{red}, it follows that (A^{red})^{∗j}(C^{red})^∗ = (A^∗)^jΠ^{red}C^∗. Now, because C^∗ is the input operator of ϕ̃, we have range (C^∗) ⊂ range ( B~_ϕ ) , and thus Π^{red}C^∗ = C^∗. This shows that B g_{ϕred} = Be_ϕ = Π^{red}Be_ϕ where H^{red} is regarded as a subspace of H and the projection Π^{red} serves only as a reminder of this. In particular, because ϕ is output stable, then ~ϕ is input stable together with ~ϕred. But then, ϕred is output stable. From

definition of H^{red}, it immediately follows that range ( B g_ϕred^) is dense in H^{red},

and then ker ( C_ϕred ) = {0}, where C_ϕred : H^{red} → ℓ^2(Z_+; Y ).

Claim (i) is proved, once we show that the I/O maps coincide De_ϕ = D g_{ϕred} . Because A^∗Π^{red} = Π^{red}A^∗Π^{red}, then (A|H^{red})^j = A^j|H^{red}. Now (B^{red})^∗ ( A^{red} )_{∗j} (C^{red})^∗ = B^∗(A^∗)^j|H^{red} · Π^{red}C^∗

As above, from the inclusion range (C^∗) ⊂ range ( Beϕ^) it follows that (B^{red})^∗ ( A^{red} )_{∗j} (C^{red})^∗ = B^∗(A^∗)^jC^∗ for all j ≥ 0. Because also the static parts coincide, we have De_ϕ = D g_{ϕred} , and equivalently D_ϕ = D_ϕred .

We consider the second claim (ii). The claim about the semigroup is already settled. We have already shown B g_{ϕred} = Π^{red}Be_ϕ, and adjoining this gives flip · C_ϕΠ^{red} = flip · C_ϕred , or C_ϕ|H^{red} = C_ϕred , because flip is unitary.

It remains to consider the controllability map of ϕ^{red}. Because Π^{red}A = Π^{red}AΠ^{red}, (A^{red})^jB^{red} = (Π^{red}AΠ^{red})^jΠ^{red}B = Π^{red}A^jB. Thus B_ϕredũ = Π^{red}B_ϕũ for all ũ ∈ dom (B_ϕ). Consequently, if ϕ is input stable, so is ϕ^{red}. This proves claims (ii) and (iv). The claim (iii) follows by adjoining the previous results.

We make an additional remark on the controllability properties of ϕ^{red}. Because B_ϕred = Π^{red}B_ϕ, it follows from the boundedness of the orthogonal projection that Π^{red} range (B_ϕ) ⊂ Π^{red}range (B_ϕ) = range ( B_ϕred ) . Because the range of the projection Π^{red} : H → H^{red} is of the second category in H^{red}, Π^{red} range (B_ϕ) is, by the Open Mapping Theorem, a closed subspace of range ( B_ϕred ) , in the norm of H^P . If ϕ is approximately controllable, then Π^{red} range (B_ϕ) is dense in H^{red}, because a continuous surjective mapping maps dense sets onto dense sets. It then follows that range ( B_ϕred ) = H^{red}; i.e. ϕ^{red} is approximately controllable.

Similar results as Proposition 12 for continuous time well-posed linear systems are given in [21]. There, the state space of the reduced system is a factor space of type H/ker (C_ϕ). If H is a Hilbert space, we can identify this with the Hilbert subspace ker (C_ϕ)^⊥.

We are ready to define the main object of this section, namely the characteristic DLS ϕ(P ), for P ∈ ric(ϕ, J).

Definition 13. Let J ∈ L(Y ) be a self-adjoint cost operator. Let ϕ = (^{A B}_{C D} ) be an output stable and I/O stable DLS. Assume that there exists a regular critical solution P^{crit}_0 ∈ ric_0(ϕ, J) and the I/O map D is (J, Λ_P crit_0 )-inner. Let P ∈ ric(ϕ, J) be arbitrary.

(i) Define the closed subspaces

H_P := ker (C_{ϕP} ) , H^P := ker (C_{ϕP} )^⊥ ,

of the state space H. By Π_P denote the orthogonal projection onto H^P .

(ii) The reduced DLS (ϕ_P )^{red} of ϕ_P (as given in Proposition 12) is denoted by ϕ(P ) := ( Π_P A|H^P Π_P B −K_P |H^P I ) , The DLS ϕ(P ) is called the characteristic DLS (of pair (ϕ, J)), centered at P

The following lemma collects the results we have obtained in a useful form.

Lemma 14. Let J ∈ L(Y ) be a self-adjoint cost operator. Let ϕ = (^{A B}_{C D} ) be an output stable and I/O stable DLS. Assume that there exists a regular critical solution P^{crit}_0 ∈ ric_0(ϕ, J), and the I/O map D_ϕ is (J, Λ_P crit_0 )-inner. Let P ∈ ric_0(ϕ, J) be arbitrary. Then the following holds:

(i) The state space of ϕ(P ) is H^P . The DLS ϕ(P ) is I/O stable, output stable, and ker ( C_{ϕ(P )} ) = {0}. The I/O map of ϕ(P ) satisfies D_{ϕ(P )} = D_{ϕP} . The adjoint DLS ]ϕ(P ) is input stable and approximately controllable:

range ( B]ϕ(P )^) = H^P .

(ii) If, in addition, ϕ is input stable, then ϕ(P ) is input stable and ]ϕ(P ) is output stable.

(iii) Assume, in addition, that range (B_ϕ) = H, and Λ_P > 0. Then H_P = ker ( P^{crit}_0 − P ) , where P^{crit}_0 := ( C^{crit}_ϕ )_∗ JC^{crit}_ϕ ∈ ric_0(ϕ, J) is the unique regular critical solution.

Proof. Claim (i) follows from claims (i) and (iii) of Proposition 12. If ϕ is input stable, so are all spectral DLSs ϕ_P , P ∈ ric(ϕ, J) because they have the same controllability map. Claim (ii) follows now from claim (iv) of Proposition 12. Claim (iii) is a consequence of claim (iv) of Lemma 6.

We remark that only the last claim (iii) required the I/O map of ϕ to be (J, Λ_P crit_0 )-inner. Because we can write H_P in terms of the solutions P and P^{crit}_0 , we can actually calculate the projection Π_P and also the operators appearing in ϕ(P ).

4 Hankel and Toeplitz operators, and the characteristic DLS Œ(P )

Let J ∈ L(Y ) be a self-adjoint cost operator, and ϕ be an I/O stable and output stable DLS, such that a regular critical P^{crit}_0 ∈ ric_0(ϕ, J) exists. Furthermore, assume that ϕ has a (J, Λ_P crit_0 )-inner I/O map. In Definition 13 and Lemma 14, we associate to each P ∈ ric_0(ϕ, J) the characteristic DLS ϕ(P ). The I/O map D_{ϕ(P )} equals the (Λ_P , Λ_P crit_0 )-inner operator N_P , where N_P is the inner factor in the (Λ_P , Λ_P crit_0 )-inner-outer factorization of the spectral factor D_{ϕP} = N_P X . If D_ϕ itself is (J, Λ_P crit_0 )-inner, then D_{ϕP} = N_P and the outer factor is trivially X = I, see [16, Proposition 55]. However, we use the symbol N_P in place for D_{ϕP} , because in the final Section 7, we allow D_{ϕP} to have a nontrivial outer factor X .

In the main result of this section, Lemma 17, we consider the ranges of the observability map C]_{ϕ(P )} and the Hankel operator π̄_+ ~N_P π_− of the adjoint characteristic DLS given by]

ϕ(P ) := ( A^∗|H^P −Π_P K^∗_P B^∗|H^P I ) . Naturally, the I/O map of ]ϕ(P ) equals ~N_P . Because N_P is (Λ_P , Λ_P crit_0 )-inner, ~N_P is (Λ^{−1}_{P crit0} , Λ^{−1}_P )-inner, by Corollary 4.

The DLS ]ϕ(P ) is interesting because the ranges of the Toeplitz operators ~N_P π̄_+ code the partial ordering of the solution set ric_0(ϕ, J), even if D_{ϕP} contains a nontrivial outer factor. For details, see Lemma 1 and the discussion associated to it. We remark that because Lemma 1 deals with the adjoint operators ~N_P rather than the original N_P , the adjoint DLS ]ϕ(P ) must be considered instead of ϕ(P ).

In order to prove Lemma 17, we again need auxiliary Propositions 15 and 16 that have some interest in themselves. Let ϕ be a quite general I/O stable and output stable DLS. In Proposition 15, we consider the inclusions of the ranges range (C_ϕ) and range (π̄_+D_ϕπ_−). In the particular case, when the range (π̄_+D_ϕπ_−) is closed, equality of the ranges appears.

Proposition 15. Let ϕ := (^{A B}_{C D} ) be an output stable and I/O stable DLS, with input space U, state space H and output space Y . Define the domains and ranges as follows: range (π̄_+D_ϕπ_−) := π̄_+D_ϕ ℓ^2(Z_−; U), dom (B_ϕ) := Seq_−(U), range (B_ϕ) := B_ϕ dom (B_ϕ), and range (C_ϕ) := C_ϕ H.

(i) If ϕ is input stable, then

range (π̄_+D_ϕπ_−) ⊂ range (C) .

(ii) If ϕ is approximately controllable, i.e. range (B_ϕ) = H, then

range (C_ϕ) ⊂ range (π̄_+D_ϕπ_−).

(iii) If ϕ is input stable and approximately controllable, and the Hankel operator π̄_+D_ϕπ_− has closed range, then

range (C_ϕ) = range (π̄_+D_ϕπ_−) .

Proof. We start by establishing claim (i). Let ỹ ∈ range (π̄_+D_ϕπ̄_−) be arbitrary. Then there exists a (possibly nonunique) ũ ∈ ℓ^2(Z_−; U) such that ỹ = π̄_+D_ϕπ_−ũ. Because dom (B_ϕ) := Seq_−(U) is dense in ℓ^2(Z_−; U), we can choose a sequence {ũ_j}_{j≥0} ⊂ dom (B_ϕ) such that ũ_j → ũ in the norm of ℓ^2(Z_−; U). Then, because D_ϕ is bounded,

π̄_+D_ϕπ_−ũ_j → ỹ as j → ∞,

(11)

in the norm of ℓ^2(Z_+; Y ). Because B_ϕ is bounded, there is x ∈ H, such that B_ϕπ_−ũ_j → x. Because C_ϕ is bounded, C_ϕB_ϕπ_−ũ_j → C_ϕx as j → ∞, (12)

in the norm of ℓ^2(Z_+; Y ). Because π̄_+D_ϕπ_− = C_ϕB_ϕ on dom (B_ϕ), we have C_ϕx = ỹ and ỹ ∈ range (C_ϕ), by equations (11), (12), and the uniqueness of the limit. Because ỹ ∈ range (π̄_+D_ϕπ̄_−) was arbitrary, claim (i) follows.

The proof of claim (ii) is straightforward. Trivially C_ϕ range (B_ϕ) ⊂ range (π̄_−Dπ_−). But then, the continuity of C_ϕ implies the inclusions

range (C) := C H = C range (B_ϕ) ⊂ C range (B_ϕ) ⊂ range (π̄_−Dπ_−),

because H = range (B_ϕ) as claimed. The last claim (iii) is an easy consequence of the previous claims.

Proposition 16. Let H be a Hilbert Space, and H_1 its closed subspace. Let H_2 be a (possibly nonclosed) vector subspace of H, such that H_1⊥H_2 and H = H_1 + H_2.

Then H_2 is closed, and we have the orthogonal direct sum decomposition H = H_1 ⊕ H_2.

Proof. If x ∈ H_1 ∩ H_2, then the orthogonality of H_1 and H_2 implies that 0 = ⟨x, x⟩ = ||x||^2, whence x = 0. Thus H_1 ∩ H_2 = {0}, and H = H_1 + H_2 is an algebraic direct sum. Assume x ∈ H_2, and let H_2 ∋ x_j → x in the norm of H. Then x = x̃_1 + x̃_2 for unique x̃_1 ∈ H_1 and x̃_2 ∈ H_2. Let P be the orthogonal projection onto H_1. Then P x_j = 0 for all j because x_j ∈ H_2 ⊂ H^⊥_1 . Now we can estimate ||P x|| = ||P x − P x_j|| ≤ ||x − x_j|| → 0 as j → ∞. It follows that 0 = P x = P x̃_1 + P x̃_2. Because x̃_1 ∈ H_1, then P x̃_1 = x̃_1. Because x̃_2 ∈ H_2 ⊂ H^⊥_1 , then P x̃_2 = 0. Thus x̃_1 = 0 and x = x̃_2 ∈ H_2. This implies that H_2 is (sequentially) closed.

Now we have obtained necessary preliminary results, and it remains to apply Propositions 15 and 16 to the adjoint characteristic DLS ]ϕ(P ). We work under the assumption that a regular critical P^{crit}_0 ∈ ric_0(ϕ, J) exists, and the indicator Λ_P crit_0 > 0. Then, as in Corollary 4, all indicators Λ_P , P ∈ ric_0(ϕ, J) are positive because it is assumed that the input space U is separable. So we can define the normalized I/O maps

N^∘_P := Λ^{12}_P N_P Λ^{− 12}_{P crit0} , ~N^∘_P := Λ^{− 12}_{P crit0} ~N_P Λ^{12}_P

(13)

where N^∘_P is inner from the left, (i.e. (I, I)-inner). In fact, the transfer functions of both these normalized DLSs are inner (from both sides). If the input space U is finite dimensional, this is a trivial fact because all isometries are unitary in a finite dimensional space. The general case, when U is just a separable Hilbert space, is related to the fact that the evaluation of the transfer function N_P (0) is identity, and thus N_P ffi_0 (0) = Λ^{12}_P N_P (0)Λ^{12}_{P crit0} has a bounded inverse. For details, see [16, Proposition 34]. The normalized DLSs are defined analogously:

ϕ^∘(P ) := Λ^{12}_P ϕ(P )Λ^{− 12}_{P crit0} , and ϕ̂^∘(P ) := Λ^{− 12}_{P crit0} ]ϕ(P )Λ^{12}_P .

(14)

In the following lemma, we consider the adjoint characteristic DLS ϕ̂^∘(P ). We show that the range of the Toeplitz operator ~N_P π̄_+ is “complemented” in ℓ^2(Z_+; U) by the state space H^P of ]ϕ(P ), through the observability map

Cϕ̂ffi(P )._{Lemma 17. Let J ∈ L(Y ) be a self-adjoint cost operator. Let ϕ be an}

input stable, output stable and I/O stable DLS, such that the input space U is separable. Assume that a regular critical P^{crit}_0 ∈ ric_0(ϕ, J) exists, and Λ_P crit_0 > 0. Assume that the I/O map D_ϕ is (J, Λ_P crit_0 )-inner.

For all P ∈ ric_0(ϕ, J), we have an orthogonal direct sum decomposition

ℓ^2(Z_+; U) = range ( ~N^∘_P π̄_+ ) ⊕ range ( Cϕ̂ffi(P )^) , where the symbols are defined as in equations (13) and (14). In fact, range ( Cϕ̂ffi(P )^) = range^(π̄+^~N^∘P π−^), where both subspaces are closed.

Proof. We first show that

ℓ^2(Z_+; U) = range ( ~N^∘_P π̄_+ ) ⊕ range ( π̄_+ ~N_P π̄_− ) , (15)

where both the spaces are closed in ℓ^2(Z_+; U). Because N^∘_P (e^{iθ}) is inner from both sides, also ~N^∘_P (e^{iθ}) is inner from both sides.

Thus ~N^∘_P : ℓ^2(Z; U) → ℓ^2(Z; U) is a bounded bijection, with range ( ~N ∘_P ) = ℓ^2(Z; U) and a bounded, shift-invariant (but noncausal) inverse. Thus, for each w̃ ∈ ℓ^2(Z_+; U), there is a ũ ∈ ℓ^2(Z; U) such that

w̃ = π̄_+ ~N^∘_P ũ = π̄_+ ~N^∘_P π̄_+ũ + π̄_+ ~N^∘_P π_−ũ.

So the algebraic direct sum of the (yet possibly nonclosed) vector spaces range ( π̄_+ ~N^∘_P π̄_+ ) and range ( π̄_+ ~N^∘_P π_− ) is all of ℓ^2(Z_+; U).

We prove the orthogonality of these spaces. ~N^∘_P is a causal isometry on ℓ^2(Z; U), by [5, part (a) Theorem 1.1]; here we have used the fact that N^∘_P (e^{iθ}) is unitary a.e. e^{iθ} ∈ T, as discussed before this lemma. We have

(π̄_+ ~N^∘_P π̄_+)^∗ · π̄_+ ~N^∘_P π_− = π̄_+( ~N^∘_P )^∗π̄_+ · π̄_+ ~N^∘_P π_−

= π̄_+( ~N^∘_P )^∗ ~N^∘_P π_− − (π_− ~N^∘_P π̄_+)^∗π_− ~N^∘_P π_−

= π̄_+π_− − (π_− ~N^∘_P π̄_+)^∗π_− ~N^∘_P π_− = 0,

because π_− ~N^∘_P π̄_+ = 0 by causality. The range of the Toeplitz operator ~N^∘_P π̄_+ is closed, because its symbol is inner from both sides. The range of the Hankel operator range ( π̄_+ ~N^∘_P π_− ) is closed, by Proposition 16 where the spaces are

H = ℓ^2(Z_+; U), H_1 = range ( ~N ∘_P ) and H_2 = range ( π̄_+ ~N^∘_P π_− ) . This verifies that we have the orthogonal direct sum decomposition (15), and it remains to show that the same is essentially true when the Hankel operator is replaced by the observability map C^_{ϕffi(P )}.

As discussed before the statement of this Lemma, Λ_P > 0 for all P ∈ ric_0(ϕ, J), and the adjoint charcteristic DLS is described by Lemma 14. Clearly ϕ̂^∘(P ) is I/O stable, because its I/O map is even inner. By claim (i) of Lemma 14, ϕ̂^∘(P ) is input stable, and approximately controllable

range ( Bϕ̂ffi(P )^) = H^P . Finally, by claim (ii) of Lemma 14, ϕ̂^∘(P ) is output

stable, because ϕ is assumed to be input stable. Now, claim (iii) of Proposition 15 implies that range ( π̄_+ ~N^∘_P π_− ) = range ( Cϕ̂ffi(P )^), and, in particular,

they are closed subspaces. The proof is now complete.

For the closedness of the range of a Hankel operator, see [6, p. 258-259]. In Theorem 23 it is important that the observability map C^_{ϕffi(P )} is coercive. To have this under the conditions of Lemma 17, it is enough to establish injectivity.

5 Truncated shifts and operator models

In this section, we recall some notions from the Sz.Nagy–Foias operator model for later use in Section 6. Good references are e.g. [5, Chapter IX, Section 5], [19], and [22]. In this section, all Hilbert spaces are assumed to be separable. This makes it possible to work in terms of the boundary traces because our transfer functions are always of bounded type. As before, if Θ denotes an I/O map, then Θ(z) is its transfer function, and Θ(e^{iθ}) is the nontangential boundary trace. We identify the spaces H^2(T; U), (L^2(T; U)) and ℓ^2(Z_+; U), (ℓ^2(Z; U), respectively), by Fourier transform. With this identification, the unilateral shift operator S = τπ̄_+ denotes the forward shift on ℓ^2(Z_+; U) as well as multiplication by e^{iθ} on H^2(T; U). The adjoint backward shift S^∗ = π̄_+τ^∗ is understood in the analogous way. Finally, the symbol Θ denotes the multiplication operator by Θ(e^{iθ}) on L^2(U), as well as the corresponding I/O map on ℓ^2(Z; U).

As before, an analytic function Θ(z) ∈ H^∞(L(U)) is called inner (inner from the left), if the boundary trace function Θ(e^{iθ}) is unitary (isometry, respectively) a.e. e^{iθ} ∈ T. If Θ(z) is an inner from the left, the closed subspace is defined by

K_Θ := H^2(T; U) ⊖ ΘH^2(T; U).

(16)

By P_Θ we denote the orthogonal projection onto K_Θ. Because ΘH^2(T; U) is S-invariant, K_Θ is S^∗-invariant, or equivalently, S-co-invariant. By the Beurling–Lax–Halmos Theorem, all S^∗-invariant subspaces of H^2(T; U) are of the form H^2(T; U) ⊖ ΘH^2(T; U^′), where Θ(z) ∈ H^∞(L(U; U^′)) is inner from the left, and U^′ ⊂ U is a Hilbert subspace.

We now consider the restriction S^∗|K_Θ and its adjoint, the compression P_ΘS|K_Θ. The restriction S^∗|K_Θ is a contractive linear operator on the Hilbert subspace K_Θ ⊂ H^2(T; U). It is well known that various properties of S^∗|K_Θ are coded into the function Θ(e^{iθ}); for this reasion it is called the characteristic function of S^∗|K_Θ. In a more general case, the characteristic function Θ(e^{iθ}) ∈ H^∞(T; U) can be allowed to be just contractive in the sense that ||Θ(e^{iθ})|| ≤ 1 a.e. e^{iθ} ∈ T. In this case, the set of operators {S^∗|K_Θ} is rich enough to model all contractive linear operators. This is the famous Sz.Nagy–Foias operator model of contractions. For a lucid introduction, see [5, Chapter IX, Section 5]. The special case, appropriate to this work, is when the characteristic function Θ(e^{iθ}) is inner. Then the contraction S^∗|K_Θ has a number of interesting properties and we now look at some of them. The following proposition is [19, Corollary, p. 43]:

Proposition 18. Let Θ(e^{iθ}) be a contractive analytic function. Then Θ(e^{iθ}) is inner (from both sides) if and only if S^∗|K_Θ ∈ C_{00}. Here C_{00} denotes the class of contractions T on a Hilbert space, such that s − lim_{j→∞}T^j = 0, s − lim_{j→∞}T^{∗j} = 0.

We clearly see that class of C_{00}-contractions is invariant under unitary similarity, and closed under taking the Hilbert space adjoint. Actually [19, Corollary on p. 43] says more than Proposition 18: all C_{00}-contractions are unitarily equivalent to some S^∗|K_Θ, for some inner Θ(z). The adjoint (S^∗|K_Θ)^∗ = P_ΘS|K_Θ is a C_{00}-contraction, and it is unitarily equivalent to S^∗|Ke_Θ, where ~Θ(z) = Θ(z̄)^∗ is the adjoint inner function. For proof, see [19, Lemma on p. 75].

The spectrum of S^∗|K_Θ ∈ C_{00} is studied in Lemma 20 with the aid of spectrum of the function Θ(z), defined as follows:

Definition 19. Let Θ(z) be an inner function. Its spectrum σ(Θ) is defined to be the complement of the set of z ∈ D, such that an open neighborhood N_z ⊂ C of z exists with

(i) Θ(z)^{−1} exists in N_z ∩ D,

(ii) Θ(z)^{−1} can be analytically continued to a full neighborhood N_z.

For the proof of the following Livsic-Möller -type result, [19, Theorem on p. 75].

Lemma 20. Let U be a separable Hilbert space, and Θ(z) ∈ H^∞(L(U)) be inner. Define T_Θ := P_ΘS|K_Θ ∈ L(K_Θ). Then

(i) σ(T_Θ) = σ(Θ), where σ(Θ) ⊂ D is the spectrum of the characteristic function Θ(z).

(ii) The point spectrum of T_Θ and T^∗_Θ = S^∗|K_Θ satisfies

σ_p(T_Θ) = {z ∈ D | ker (Θ(z)) ≠ {0}}

σ_p(T^∗_Θ) = {z ∈ D | ker ( ~Θ(z) ) ≠ {0}} We remark that σ_P (T_Θ) ⊂ σ(T_Θ), and the inclusion can be proper. The dimension dim U is the multiplicity of the shift that models T_Θ. If dim U < ∞, then σ_p(T^∗_Θ) = σ_p(T_Θ), by dimension counting. Also, dim ker (z − T_Θ) ≤ dim U for all z ∈ D. Much more is known about the truncated shift S^∗|K_Θ if we know its characteristic function Θ(z), and conversely. For example, the invariant subspace structure of S^∗|K_Θ and the left inner factors of Θ(z) are connected. To apply these descriptions to DARE, we need to translate these notions into the time domain and state space language.

Definition 21. Let ϕ = (^{A B}_{C D} ) be an I/O stable and output stable DLS. We define the following subspaces

K_ϕ := ℓ^2(Z_+; Y ) ⊖ range (D_ϕπ̄_+) ~K_ϕ := range (C_ϕ) ⊂ ℓ^2(Z_+; Y ).

Both K_ϕ and ~K_ϕ are S^∗-invariant. If the transfer function D_ϕ(z) is inner, we see that the closed subspace K_ϕ corresponds, via Fourier transform, to the co-invariant subspace K_{Dϕ} ⊂ H^2(T; Y ), as defined in equation (16). In this paper, the spaces K^_{ϕffi(P )} is investigated. Under the assumptions of Lemma

17, we have the equality of the spaces range ( Cϕ̂ffi(P )^) =^~Kϕ̂ffi(P ) = Kϕ̂ffi(P ),

where D^_{ϕffi(P )} = ~N^∘_P . The model operator S^∗|K e_N ffi_P is the truncated unilateral shift (π̄_+τ^∗) |K^_{ϕffi(P )} in space ℓ^2(Z_+; U). Actually, we shall write S^∗ instead of π̄_+τ^∗ also in the time domain. Stated in other words, the backward shift S^∗ = π̄_+τ^∗, restricted to K^_{ϕffi(P )} = range ( Cϕ̂ffi(P )^) is a contractive linear

operator whose characteristic function is ~N^∘_P (z) ∈ H^∞(L(U)). In the next section, we shall make a connection to the state space and semigroup of

ϕ̂∘(P )._{6 Invariant subspaces of the semigroup}

It is now time to combine the results of previous sections, and produce the first of our main results. We start by reminding the main lines of previous sections. Let J ∈ L(Y ) be a cost operator, and ϕ = (^{A B}_{C D} ) be an output stable and I/O stable DLS, such that range (B_ϕ) = H. We assume that the regular critical solution P^{crit}_0 := (C^{crit}_ϕ )^∗JC^{crit}_ϕ ∈ ric_0(ϕ, J) exists and Λ_P crit_0 > 0. It then follows that all P ∈ ric_0(ϕ, J) have a positive indicator, see [16, Corollary 54]. In this section, we still make the technical assumption that the I/O map D_ϕ is (J, Λ_P crit_0 )-inner, as in Lemma 14. This assumption will be removed in the final Section 7 of this work.

Under these assumptions, we associate two mutually orthogonal subspaces H_P := ker (C_{ϕP} ) ⊂ H and H^P := H ⊖ H_P to each solution P ∈ ric_0(ϕ, J). Here, as always before, ϕ_P := (_{A B} −K_P I ) denotes the spectral DLS, centered at P . In claim (iv) Lemma 6 it is shown that H_P is Ainvariant. By the same lemma, the subspace H_P is related to the solution P ∈ ric_0(ϕ, J) in the following simple way: Because D_ϕ is (J, Λ_P crit_0 )- inner, H_P = ker (C_{ϕP} ) = ker ( P^{crit}_0 − P ) . Now we see that the solutions P ∈ ric_0(ϕ, J) are immediately associated to a family {H^P } of A^∗-invariant subspaces. This makes it possible to define the restricted operators A^∗|H^P and their adjoints, the compressions Π_P A|H^P of the semigroup generator.

In this section, we study the structure of the restriction A^∗|H^P ∈ L(H^P ) in terms of the characteristic (transfer) function ~N^∘_P (z), for arbitrary P ∈ ric_0(ϕ, J). This is done with the aid of the (normalized) adjoint characteristic DLS ϕ̂^∘(P ) whose semigroup generator is A^∗|H^P , and I/O maps is

Dϕ̂ffi(P )(z) =^~N^∘P (z). The DLS ϕ̂^∘(P ) is the conveniently normalized adjoint

DLS of ϕ(P ) which has been introduced in the following way: By Proposition 12, the null space H_P := ker (C_{ϕP} ) ⊂ H is divided away from the state space H of the spectral DLS ϕ_P . We obtain another DLS, the characteristic ϕ(P ) := (ϕ_P )^{red} whose state space is H^P — it is the reduced DLS whose I/O map equals that of the spectral DLS ϕ_P . Furthermore, the DLS ϕ(P ) is output stable and observable: ker ( C_{ϕ(P )} ) = {0}. The adjoint DLS ]ϕ(P ) is

input stable and approximately controllable: range ( B]ϕ(P )^) = H^P . A simple

normalization is now required to turn ]ϕ(P ) into ϕ̂^∘(P ).

Under the above assumptions, the I/O map N_P of ϕ(P ) is (Λ_P , Λ_P crit_0 )- inner, where both Λ_P and Λ_P crit_0 are positive. The normalization, as done in formulae(13) and (14), gives us ϕ^∘(P ) and its adjoint DLS ϕ̂^∘(P ). The latter is particularly interesting to us, and already considered in Section 4. The DLS ϕ(P ) and its normalized version ϕ^∘(P ) is given by

ϕ(P ) := ( Π_P A|H^P Π_P B −K_P |H^P I ) , ϕ^∘(P ) := ( Π_P A|H^P Π_P BΛ^{− 12}_{P crit} −Λ^{12}_P K_P |H^P Λ^{12}_P Λ^{− 12}_{P crit} ) .

The state space of the DLSs ϕ(P ), ϕ^∘(P ), ]ϕ(P ) and ϕ̂^∘(P ) is H^P , which is regarded as a subspace of H. The properties of ϕ̂^∘(P ) and its semigroup generator A^∗|H^P are described in the following.

Lemma 22. Let J ∈ L(Y ) be a self-adjoint cost operator. Let ϕ = (^{A B}_{C D} ) be an output stable and I/O stable DLS, such that the input space U is separable. Assume that the regular critical solution P^{crit}_0 := (C^{crit}_ϕ )^∗JC^{crit}_ϕ ∈ ric_0(ϕ, J) exists, and Λ_P crit_0 > 0. Assume that the I/O map D_ϕ is (J, Λ_P crit_0 )-inner.

For arbitrary P ∈ ric_0(ϕ, J), the following holds:

(i) The normalized adjoint characteristic DLS ϕ̂^∘(P ) is input stable and range ( Bϕ̂ffi(P )^) = H^P . The observability map Cϕ̂ffi(P ) is densely defined

in H^P , and closed. We have the commutant equation ( S^∗|K̃^_{ϕffi(P )} ) · Cϕ̂ffi(P ) x0 = Cϕ̂ffi(P ) · (A^∗|H^P ) x0, S^∗ := π̄+τ^∗,

(17)

for all x_0 ∈ dom ( Cϕ̂ffi(P )^), where the possibly nonclosed subspace^~Kϕ̂ffi(P ) ⊂

ℓ^2(Z_+; U) is given in Definition 21.

(ii) Assume, in addition, that ϕ is input stable. Then the DLS ϕ̂^∘(P ) is output stable and dom ( Cϕ̂ffi(P )^) = H^P . The range of Cϕ̂ffi(P ) is closed,

and equals K^_{ϕffi(P )}, given in Definition 21. The following similarity transform holds ( S^∗|K^_{ϕffi(P )} ) · Cϕ̂ffi(P ) = Cϕ̂ffi(P ) · (A^∗|H^P ), (18)

where all the operators are bounded.

(iii) Assume, in addition, that ϕ is input stable and approximately controllable: range (B_ϕ) = H. Then ker ( Cϕ̂ffi(P )^) = {0}, and the observability

map C^_{ϕffi(P )} : H^P → K^_{ϕffi(P )} is a bounded bijection with a bounded inverse.

Proof. We start with claim (i). The DLS ϕ̂^∘(P ) is input stable and approximately controllable, by claim (i) of Lemma 14, because the normalization by the boundedly invertible indicator operators Λ_P crit_0 and Λ_P plays no essential role. For any I/O stable DLS ϕ, range (B_ϕ) ⊂ dom (C_ϕ), by [14, Lemmas 49 and 40]. It follows that the observability map C^_{ϕffi(P )} is densely defined in

H^P , because range

(ϕ̂∘(P )^) = HP . The closedness of C^_ϕffi_{(P )} is dealed in [14,

Lemma 27]. Equation (17) is a basic property of the DLS, and claim (i) is now proved.

We proceed to prove claim (ii). Claim (ii) of Lemma 14 implies the output stability of ϕ̂^∘(P ), if it is assumed that ϕ is input stable. By the Closed Graph theorem, we see that dom ( Cϕ̂ffi(P )^) = H^P . The range of Cϕ̂ffi(P ) is closed, and

equals K^_{ϕffi(P )}, by Lemma 17. Now the similarity transform (18) follows now from equation (17).

To prove the final claim (iii), we show that approximately controllability range (B_ϕ) = H implies the injectivity of the observability map C^_{ϕffi(P )}. We

first show that if range (B_ϕ) = range (B_{ϕP} ) = H, then range ( B_{ϕ(P )} ) = H^P = range (Π_P ). For contradiction, assume that x_0 ∈ range (Π_P ) ⊖ range ( B_{ϕ(P )} ) . Because B_{ϕ(P )} = Π_P B_{ϕP} = Π_P B_ϕ by claim (ii) of Proposition 12, we would have for such x_0 and all ũ ∈ ℓ^2(Z_−; U):

0 = ⟨x_0, Π_P B_ϕũ⟩ = ⟨Π_P x_0, B_ϕũ⟩ = ⟨x_0, B_ϕũ⟩ .

But then x_0 = 0 because range (B_ϕ) is dense in H. So range ( B_{ϕ(P )} ) = H^P , or equivalently, ker ( C]ϕ(P )^) = {0}, by Proposition 11. The proof is completed,

by recalling the well known functional analytic fact that a bounded bijection between Hilbert spaces has a bounded inverse.

We conclude from claim (iii) of Lemma 22 that if the observability map

Cϕ̂ffi(P ) is injective, then the similarity transform (18) effectively combines

the properties of A^∗|H^P to the properties of the restricted shift S^∗|K^_{ϕffi(P )}. By using the theory of shift operator models as outlined in Section 5, the properties of S^∗|K^_{ϕffi(P )} and its characteristic function D^_{ϕffi(P )}(z) = ~N^∘_P (z) are tied together in a very strong manner.

Theorem 23. Let J ∈ L(Y ) be a self-adjoint cost operator. Let ϕ = (^{A B}_{C D} ) be an input stable, output stable and I/O stable DLS, such that the input space U is separable and range (B_ϕ) = H. Assume that the regular critical P^{crit}_0 := (C^{crit}_ϕ )^∗JC^{crit}_ϕ ∈ ric_0(ϕ, J) exists, and Λ_P crit_0 > 0. Assume that the I/O map D_ϕ is (J, Λ_P crit_0 )-inner.

Then for arbitrary P ∈ ric_0(ϕ, J) the following holds:

(i) The restriction A^∗|H^P is similar to a C_{00}-contraction, whose inner characteristic function is ~N^∘_P (z) ∈ H^∞(L(U)). The similarity transform is given by ( S^∗|K^_{ϕffi(P )} ) · Cϕ̂ffi(P ) = Cϕ̂ffi(P ) · (A^∗|H^P )

(19)

where C^_{ϕffi(P )} : H^P → K^_{ϕffi(P )} is a bounded bijection, and the S^∗-invariant subspace K^_{ϕffi(P )} is given in Definition 21.

(ii) The spectra satisfy σ(Π_P A|H^P ) = σ( ~N^∘_P ) = σ(A^∗|H^P ), where the bar denotes complex conjugation, and the spectrum of the inner function is given in Definition 19.

In particular, both σ(Π_P A|H^P ) and σ(A^∗|H^P ) are subsets of the closed unit disk D.

(iii) The point spectra satisfy

σ_p(A^∗|H^P ) = {z ∈ D | ker (N_P (z)) ≠ {0}}

(20) and σ_p(Π_P A|H^P ) = {z ∈ D | ker ( ~N_P (z) ) ≠ {0}}. (21)

In particular, if A^∗|H^P is compact, then it is power stable (i.e. ρ(A^∗|H^P ) < 1).

(iv) Both A^∗|H^P and its adjoint Π_P A|H^P are strongly stable.

Proof. The first claim (i) follows from the similarity transform in equation (18) of Lemma 22, together with the discussion in Section 5.

Let us look at claim (ii) of the spectrum. Let λ ∈ C be arbitrary. Then we have ( λ − S^∗|K^_{ϕffi(P )} ) = Cϕ̂ffi(P )^(λ − A^∗|H^{P ) (}Cϕ̂ffi(P )^{)−1} . (22)

where ( Cϕ̂ffi(P )^{)−1} : Kϕ̂ffi(P ) → H^P is the bounded inverse of the bounded

bijection. Immediately, σ ( S^∗|K^_{ϕffi(P )} ) = σ(A^∗|H^P ). By adjoining σ ( Pϕ̂ffi(P )S|Kϕ̂ffi(P )^) = σ(^(A^∗|H^{P )∗}) = σ(ΠP A|H^P ), where P^_{ϕffi(P )} is the orthogonal projection of ℓ^2(Z_+; U) onto K^_{ϕffi(P )}. Lemma

20 implies now that σ(A^∗|H^P ) = σ(Π_P A|H^P ) = σ( ~N^∘_P ). This proves claim (ii). Claim (iii) about the point spectra follows similarly from equation (22) and the latter claim of Lemma 20. We just remark that if A^∗|H^P is compact, then σ(A^∗|H^P ) ⊂ D because the origin is the only accumulation point that a spectrum of a compact operator can have.

To verify claim (iv), note first that ( S^∗|K^_{ϕffi(P )} ) is a C_{00}-contraction, see Proposition 18. Then we have || ( A^∗|H^P )_j x_0|| ≤ || ( Cϕ̂ffi(P )^{)−1} || · ||^(S^∗|Kϕ̂ffi(P )^{)j} Cϕ̂ffi(P )x0|| → 0, as j → ∞. The adjoint part is similar, and the proof is complete.

Corollary 24. Make the same assumptions as in Theorem 23, but assume, in addition, that dim U < ∞ . Then for arbitrary P ∈ ric_0(ϕ, J)

σ(A^∗|H^P ) ∩ D = σ_p(A^∗|H^P ) = σ_p(Π_P A|H^P ),

(23)

where the bar denotes complex conjugation. If {λ_j(A^∗|H^P )}_{j≥1} is the enumeration of the eigenvalues σ_p(A^∗|H^P ) in the nondecreasing order of absolute values, then the following Blaschke condition is satisfied ∑ j≥1 (1 − |λ_j(A^∗|H^P )|) < ∞. (24)

In particular, both A^∗|H^P and Π_P A|H^P are injective.

Proof. From claim (iii) of Theorem 23 we conclude that σ_p(A^∗|H^P ) = σ_p(Π_P A|H^P ) because for each z ∈ D, ker ( ~N ∘_P (z) ) ≠ {0} is equivalent to ker ( ~N ∘_P (z)∗ ) = ker (N^∘_P (z̄)) ≠ {0}, by dimension counting in the finite dimensional space U. Because σ_p(A^∗|H^P ) ⊂ σ(A^∗|H^P ) ∩ D by claim (iii) of Theorem 23, the equality (23) is proved once we establish σ(A^∗|H^P ) ∩ D ⊂ σ_p(A^∗|H^P ).

Because n := dim U < ∞, we can consider the complex function det ~N^∘_P (z), for z ∈ D. By recalling the definition of the determinant as a finite sum of products of the matrix elements, we see that det ~N^∘_P (z) is an analytic function. For any n × n matrix M we have by

| det M| = n∏ j=1 |λ_j(M)| ≤ n∏ j=1 σ_j(M) ≤ ||M||^n

where λ_j(M) are the eigenvalues of H, σ_j(M) are the singular values of M, and their inequality is by H. Weyl, see [4, p. 1092]. This makes is possible to conclude that det ~N^∘_P (z) ∈ H^∞(D; C), and because | det(U)| = 1 for unitary U, we conclude that det ~N^∘_P (z) is an inner function. Of course, the same is true for det N^∘_P (z), too.

We proceed to show that

σ( ~N^∘_P ) ∩ D = {z ∈ D | det ~N^∘_P (z) = 0}.

(25)

By the basic property of the determinant, the open set E := D \ {z ∈ D | det ~N^∘_P (z) = 0} is exactly the set of z ∈ D where ~N^∘_P (z) is invertible. To show (25), we must additionally show that the mapping z → ~N^∘_P (z)^{−1} is analytic in the set E ⊂ D. This follows from the following outline of an argument: Assume f(z) is a matrix-valued analytic function in E ⊂ C, such that det f(z_0) ≠ 0 for some z_0 ∈ E. Then f(z_0) has an inverse, and we can assume that f(z_0) = I without any loss of generality. By developing f(z) into its power series at z_0, we have ||I − f(z)|| ≤ 1/2 if |z − z_0| < δ for some δ > 0. It then follows that the von Neumann series

f(z)^{−1} = (I − (I − f(z)))^{−1} = ∑ j≥0 (I − f(z))^j converges for all |z − z_0| < δ. In fact, the convergence is uniform on the compact subsets of {z | |z − z_0| < δ}. Because the limit of such a sequence of analytic functions is analytic, f(z)^{−1} is analytic for |z − z_0| < δ. Equation (25) follows from this consideration and Definition 19 of σ( ~N^∘_P ).

From equality (25), we conclude that σ(A^∗|H^P ) ∩ D = {z ∈ D | det ~N^∘_P (z) = 0}, by claim (ii) of Theorem 23. Let z ∈ σ(A^∗|H^P ) ∩ D be arbitrary. Then det ~N^∘_P (z) = 0, and the matrix ~N^∘_P (z) fails to be injective. The same is true for N^∘_P (z̄) = ~N^∘_P (z)^∗ because dim U < ∞. Now claim (iv) of Theorem 23 shows that z̄ ∈ σ_P (A^∗|H^P ), and the converse inclusion σ(A^∗|H^P ) ∩ D ⊂ σ_p(A^∗|H^P ) follows.

We have now proved that

σ(A^∗|H^P ) ∩ D = {z ∈ D | det N^∘_P (z) = 0} = σ_P (A^∗|H^P ),

where det N^∘_P (z) is an inner function. By e.g. [20, Theorem 17.9], the zeroes of an inner function can be factorized away by a Blaschke product. Because the zeroes of the Blaschke product satisfy the Blaschke condition, equation (24) follows. The final claim about the injectivity of A^∗|H^P and Π_P A|H^P follows because ~N_P (0) = I is invertible.

Under particular conditions, we can make conclusions of the unrestricted semigroup generator A itself. The proof of the following corollary is based on Lemma 22 and Corollary 24.

Corollary 25. Make the same assumptions as in Theorem 23. Assume that there exists a P ∈ ric_0(ϕ, J) such that H^P = H. Then A is similar to a C_{00}-contraction, and is strongly stable together with its adjoint A^∗. If A is compact, then it is power stable ρ(A) < ∞. If dim U < ∞, then the eigenvalues λ_j(A)_{j≥0} = σ(A) ∩ D satisfy the Blaschke condition ∑ j≥1 (1 − |λ_j|) < ∞. In particular, if P^{crit}_0 > 0 and there exists a P ∈ ric_0(ϕ, J) such that P ≤ 0, it follows that H^P = H.

We complete this section by considering what happens if the approximate controllability condition in claim (iii) of Lemma 22 is not satisfied, but all the other conditions of the preceeding claim (ii) are satisfied. Then all the operators are bounded in the commutant equation ( S^∗|K^_{ϕffi(P )} ) · Cϕ̂ffi(P ) = Cϕ̂ffi(P ) · (A^∗|H^P ), and even range ( Cϕ̂ffi(P )^) = Kϕ̂ffi(P ) is closed. However, ker^(Cϕ̂ffi(P )^) can

be nontrivial. If we make the decomposition of the state space H^P = ker ( Cϕ̂ffi(P )^{)⊥} ⊕ ker^(Cϕ̂ffi(P )^) and use the fact the null space of the observ-

ability map is semigroup invariant, the commutant equation takes now the form ( S^∗|K^_{ϕffi(P )} ) · [ Cϕ̂ffi(P )|ker^(Cϕ̂ffi(P )^{)⊥} 0^] = [ Cϕ̂ffi(P )|ker^(Cϕ̂ffi(P )^{)⊥} 0^] · · Π_1A^∗|ker ( Cϕ̂ffi(P )^{)⊥} 0

(I − Π_1)A^∗|ker ( Cϕ̂ffi(P )^{)⊥} (I − Π1)A^∗|ker^(Cϕ̂ffi(P )^) or ( S^∗|K^_{ϕffi(P )} ) · Cϕ̂ffi(P )|ker^(Cϕ̂ffi(P )^{)⊥} = Cϕ̂ffi(P )|ker^(Cϕ̂ffi(P )^{)⊥} ·^(Π1A^∗|ker^(Cϕ̂ffi(P )^{)⊥)} ,

where Π_1 is the orthogonal projection of H^P onto ker ( Cϕ̂ffi(P )^{)⊥}, and Cϕ̂ffi(P )|ker^(Cϕ̂ffi(P )^{)⊥} is now a bounded bijection. What has already been

stated about A^∗|H^P under the approximate controllability of ϕ, can now be

generally stated about the compression Π_1A^∗|ker ( Cϕ̂ffi(P )^{)⊥}, at the cost of

increased notational burden.

7 Generalization

In this section, we use extensively the tools developed in [17, Section 15], and in particular [17, Proposition 104 and Theorem 105].

The general goal of this section is to translate the results of previous sections (valid for DLSs ϕ having a (J, S)-inner I/O map) to general output stable and I/O stable DLS ϕ without this restriction. For this to be possible, we must require that a regular critical solution P^{crit}_0 := (C^{crit}_ϕ )^∗JC^{crit}_ϕ ∈ ric_0(ϕ, J) exists, where

C^{crit}_ϕ := (I − π̄_+D_ϕ(π̄_+D^∗_ϕJD_ϕπ̄_+)^{−1}π̄_+D^∗_ϕJ)C_ϕ.

(26)

Furthermore, we make it a standing hypothesis that both J ≥ 0 and range (B_ϕ) = H. This implies that P^{crit}_0 is the unique critical solution in set ric(ϕ, J) ⊃ ric_0(ϕ, J). We first make the preliminary state feedback, associated to the solution P^{crit}_0 . This gives the closed loop system

ϕ^{P crit0} = ( A_P crit_0 B C_P crit_0 D ) . This is the inner DLS of ϕ, centered at the regular critical solution P^{crit}_0 ∈ ric_0(ϕ, J). The DLS ϕ^{P crit0} carries much of the interesting structure of the original DLS ϕ, see [17, Proposition 104], Even the structure H^∞DAREs ric(ϕ, J) and ric(ϕ^{P crit0} , J) is quite similar, see [17, Theorem 105]. However, the I/O map of ϕ^{P crit0} is (J, Λ_P crit_0 )-inner, by [17, Lemma 79]. To the inner DLS ϕ^{P crit0} and inner DARE ric(ϕ^{P crit0} , J), we can apply the theory of Section 6. The results are then translated back to the original data, namely the DLS ϕ, cost operator J and H^∞DARE ric(ϕ, J). This trick gives us information about the invariant and co-invariant subspace structure of the closed loop semigroup generator A_P crit_0 , rather than the open loop semigroup generator A. The full solution sets of the DAREs Ric(ϕ, J) and Ric(ϕ^{P crit0} , J) are equal by [17, Lemma 65]. Thus the spectral DLS (ϕ^{P crit0} )_P makes sense, for all P ∈ Ric(ϕ, J). It is given by

(ϕ^{P crit0} )_P = ( A_P crit_0 B K_P crit_0 − K_P I ) . (27)

by [17, equation (59) of Proposition 59] With the aid of formula (27), we enlarge the definition of the characteristic DLS ϕ(P ) (see Definition 13) to DLSs whose I/O map need not be (J, Λ_P crit_0 )-inner.

Definition 26. Let J ∈ L(Y ) be a self-adjoint cost operator. Let ϕ = (^{A B}_{C D} ) be an output stable and I/O stable DLS, such that the input space U is separable. Assume that the regular critical solution P^{crit}_0 := (C^{crit}_ϕ )^∗JC^{crit}_ϕ ∈ ric_0(ϕ, J) exists.

For P ∈ ric(ϕ, J), the characteristic DLS ϕ(P ) of P is the reduced DLS (in the sense of Proposition 12) of the spectral DLS (ϕ^{P crit0} )_P . It is given by

ϕ(P ) = ( Π_P A_P crit_0 |H^P Π_P B (K_P crit_0 − K_P )|H^P I ) . where H^P := ker ( P^{crit}_0 − P )_⊥ , Π_P is the orthogonal projection of H onto H^P .

If range (B_ϕ) = H and ϕ itself has an (J, Λ_P crit_0 )-inner I/O map, then K_P crit_0 = 0, A_P crit_0 = A and immediately ϕ^{P crit0} = ϕ, see the proof of Lemma 6. In this case, the characteristic DLS ϕ(P ) coincides with the one given in Definition 13, for DLSs with (J, Λ_P crit_0 )-inner I/O map. We now consider restrictions of A_P crit_0 to its certain invariant subspaces, for each P ∈ ric_0(ϕ, J).

Theorem 27. Let J ≥ 0 be a self-adjoint cost operator. Let ϕ = (^{A B}_{C D} ) be an input stable, output stable and I/O stable DLS, such that the input space U and output space Y are separable. Assume that range (B_ϕ) = H and the input operator B ∈ L(U; H) is Hilbert–Schmidt. Assume that the regular critical solution P^{crit}_0 := (C^{crit}_ϕ )^∗JC^{crit}_ϕ ∈ ric_0(ϕ, J) exists.

Let P ∈ ric_0(ϕ, J) be arbitrary. By ϕ(P ) denote its characteristic DLS, given by Definition 26. By N_P denote the (Λ_P , Λ_P crit_0 )-inner factor of D_{ϕP} . Then the following holds:

(i) The restriction of Π_P A^∗_{P crit0} |H^P is similar to a C_{00}-contraction, whose characteristic function is ~N^∘_P (z). The similarity transform is given by ( S^∗|K^_{ϕffi(P )} ) Cϕ̂ffi(P ) = Cϕ̂ffi(P ) ·^(A^{crit∗}|H^{P )}

(28)

where C^_{ϕffi(P )} : H^P → K^_{ϕffi(P )} is a bounded bijection, and the S^∗-invariant subspace K^_{ϕffi(P )} is given in Definition 21.

(ii) The spectra satisfy σ(Π_P A_P crit_0 |H^P ) = σ( ~N^∘_P ) = σ(A^∗_{P crit0} |H^P ), where the bar denotes complex conjugation, and the spectrum of the inner function is given in Definition 19. In particular, both σ(Π_P A_P crit_0 |H^P ) and σ(A^∗_{P crit0} |H^P ) are subsets of the closed unit disk D.

(iii) The point spectra satisfy

σ_p(A^∗_P crit_0 |H^P ) = {z ∈ D | ker (N_P (z)) ≠ {0}} and σ_p(Π_P A_P crit_0 |H^P ) = {z ∈ D | ker ( ~N_P (z) ) ≠ {0}}. In particular, if A^∗_{P crit0} |H^P is compact, then it is power stable (i.e. ρ(A^∗_{P crit0} |H^P ) < 1).

(iv) Both A^∗_{P crit0} |H^P and its adjoint Π_P A_P crit_0 |H^P are strongly stable.

Proof. We reduce this theorem to Theorem 23 by making a preliminary feedback, associated to the solution P^{crit}_0 := (C^{crit}_ϕ )^∗JC^{crit}_ϕ . This amounts to replacing the original pair (ϕ, J) by the pair (ϕ^{P crit0} , J). By [17, claims (i) and (iii) of Proposition 104], the inner DLS ϕ^{P crit0} is input stable, output stable,

I/O stable and approximately controllable range ( B_{ϕP} crit_0 ) = H. Also, the

I/O map of ϕ^{P crit0} is (J, Λ_P crit_0 )-inner. The input and output spaces of ϕ and ϕ^{P crit0} coincide, and are thus separable.

By [17, claim (ii) of Proposition 104], P^{crit}_0 is the unique regular critical solution of its inner DARE ric(ϕ^{P crit0} , J), too. Because J ≥ 0, it follows that P^{crit}_0 ≥ 0 and its indicator (equalling Λ_P crit_0 ) is positive. We conclude that the inner DLS ϕ^{P crit0} , together with the cost operator J, satisfies the conditions of Theorem 23.

An application of Theorem 23 to the DLS ϕ^{P crit0} , the cost operator J and the H^∞DARE ric(ϕ^{P crit0} , J) proves all claims (i), (ii), (iii) and (iv) for arbitrary P ∈ ric_0(ϕ^{P crit0} , J). But ric_0(ϕ^{P crit0} , J) = ric_0(ϕ, J), by [17, claim (ii) of Theorem 105] and the fact that the input operator B, common to both ϕ and ϕ^{P crit0} , is Hilbert–Schmidt. This completes the proof.

Under the assumptions of Theorem 27, also the analogous results to Corollaries 24 and 25 hold, if the open loop semigroup generator A is replaced by the closed loop semigroup generator A_P crit_0 . In particular, Corollary 25 gives a stabilization result for the critical closed loop semigroup. We remark that the Hilbert–Schmidt compactness assumption of the input operator B in Theorem 27 is required only to obtain the equality of the solution sets ric_0(ϕ^{P crit0} , J) = ric_0(ϕ, J). In particular, if dim U < ∞, this assumption is trivially satisfied.

References

[1] F. M. Callier, L. Dumortier, and J. Winkin. On the nonnegative self adjoint solutions of the operator Riccati equation for infinite dimensional systems. Integral equations and operator theory, 22:162–195, 1995.

[2] R. Curtain and H. Zwart. An introduction to infinite-dimensional linear systems theory, volume 21 of Texts in Applied Mathematics. Springer Verlag, New York, Berlin, 1995.

[3] L. Dumortier. Partially stabilizing linear-quadratic optimal control for stabilizable semigroup systems. PhD thesis, Facultes universitaires Notre-Dame de la Paix, 1998.

[4] N. Dunford and J. Schwarz. Linear Operators; Part II: Spectral Theory.

Interscience Publishers, Inc. (J. Wiley & Sons), New York, London, 1963.

[5] C. Foias and A. E. Frazho. The commutant lifting approach to interpolation problems, volume 44 of Operator Theory: Advances and applications. Birkhäuser Verlag, Basel, Boston, Berlin, 1990.

[6] P. A. Fuhrmann. Linear systems and operators in Hilbert space.

McGraw-Hill, Inc., 1981.

[7] P. A. Fuhrmann. On the characterization and parameterization of minimal spectral factors. Journal of Mathematical Systems, Estimation, and Control, 5(4):383–444, 1995.

[8] P. A. Fuhrmann and J. Hoffmann. Factorization theory for stable discrete-time inner functions. Journal of Matematical Systems, Estimation, and Control, 7(4):383–400, 1997.

[9] V. Ionescu and M. Weiss. Continuous and discrete-time Riccati theory:

a Popov-function approach. Linear Algebra and Applications, 193:173– 209, 1993.

[10] P. Lancaster and L. Rodman. Algebraic Riccati equations. Clarendon press, Oxford, 1995.

[11] H. Langer, A. C. M. Ran, and D. Temme. Nonnegative solutions fo algebraic Riccati equations. Linear algebra and applications, 261:317- 352, 1997.

[12] J. Malinen. Minimax control of distributed discrete time systems through spectral factorization. Proceedings of EEC97, Brussels, Belgium, 1997.

[13] J. Malinen. Nonstandard discrete time cost optimization problem: The spectral factorization approach. Helsinki University of Technology, Institute of mathematics, Research Report, A385, 1997.

[14] J. Malinen. Well-posed discrete time linear systems and their feedbacks.

Helsinki University of Technology, Institute of mathematics, Research Report, A384, 1997.

[15] J. Malinen. Discrete time Riccati equations and invariant subspaces of linear operators. Conference Proceedings of MMAR98, 1998.

[16] J. Malinen. Riccati equations for H^∞ discrete time systems: Part I:

Factorization of the Popov operator. Manuscript, 1998.

[17] J. Malinen. Riccati equations for H^∞ discrete time systems: Part II:

Factorization of the I/O-map. Manuscript, 1998.

[18] J. Malinen. Solutions of the Riccati equation for H^∞ discrete time systems. Conference Proceedings of MTNS98, 1998.

[19] N. K. Nikolskii. Treatise on the Shift Operator, volume 273 of Grundlehren der mathematischen Wissenschaften. Springer Verlag, 1986.

[20] W. Rudin. Real and Complex Analysis. McGraw-Hill Book Company, New York, 3 edition, 1986.

[21] O. J. Staffans. Well-Posed Linear Systems. In preparation, 1999.

[22] B. Sz.-Nagy and C. Foias. Harmonic Analysis of Operators on Hilbert space. North-Holland Publishing Company, Amsterdam, London, 1970.

[23] H. Wimmer. Decomposition and parameterization of semidefinite solutions of the continuous-time algebraic Riccati equation. International Journal of Control, 59:463–471, 1994.

[24] H. K. Wimmer. Lattice properties of sets of semidefinite solutions of continuous time algebraic Riccati equations. Automatica, 31(2):173–182, 1995.

[25] H. K. Wimmer. The set of positive semidefinite solutions of the algebraic Riccati equation of discrete-time optimal control. IEEE Transactions on automatic control, 41(5):660–671, 1996.

(continued from the back cover)

A406 Jarmo Malinen

Riccati Equations for H1 Discrete Time Systems: Part II, Feb 1999

A405 Jarmo Malinen

Riccati Equations for H1 Discrete Time Systems: Part I, Feb 1999

A404 Jarmo Malinen

Toeplitz Preconditioning of Toeplitz Matrices an Operator Theoretic Approach, Feb 1999

A403 Saara Hyvönen and Olavi Nevanlinna Robust bounds for Krylov method, Nov 1998

A402 Saara Hyvönen

Growth of resolvents of certain infinite matrice, Nov 1998

A401 Jukka Tuomela

On the Numerical Solution of Involutive Ordinary Differential Systems: Boundary value problems, Dec 1998

A400 Seppo Hiltunen

Implicit functions from locally convex spaces to Banach spaces, Jan 1999

A399 Otso Ovaskainen

Asymptotic and Adaptive Approaches to thin Body Problems in Elasticity

A398 Jukka Liukkonen

Uniqueness of Electromagnetic Inversion by Local Surface Measurements, Aug 1998

A397 Jukka Tuomela

On the Numerical Solution of Involutive Ordinary Differential Systems, 1998

A396 Clement Ph., Gripenberg G. and Londen S-O Hölder Regularity for a Linear Fractional Evolution Equation, 1998

A395 Matti Lassas and Erkki Somersalo Analysis of the PML Equations in General Convex Geometry, 1998

A393 Jukka Tuomela and Teijo Arponen On the numerical solution of involutive ordinary differential equation systems, 1998

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A412 Marko Huhtanen

Ideal GMRES can be bounded from below by three factors, Jan 1999

A411 Juhani Pitkäranta

The first locking-free plane-elastic finite element: historia mathematica, Jan 1999

A410 Kari Eloranta

Bounded Triangular and Kagomé Ice, Jan 1999

A408 Ville Turunen

Commutator Characterization of Periodic Pseudodifferential Operators, Dec 1998

A407 Jarmo Malinen

Discrete time Riccati equations and invariant subspaces of linear operators, Feb 1999

ISBN 951-22-4357-1 ISSN 0784-3143 Edita, Espoo, 1999