Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 1999 A414

A STRATIFICATION OF THE SET OF NORMAL MATRICES

Marko Huhtanen

Marko Huhtanen: A stratification of the set of normal matrices; Helsinki University of Technology Institute of Mathematics Research Reports A414 (1999).

Abstract: In this paper we consider the set of normal matrices N ⊂ C^{n×n} as a stratified submanifold of R^{2n2} . We construct a stratification of N in such a way that we obtain a very simple parametrization for the stratum having maximal dimension n^2 + n. More precisely, using the Toeplitz decomposition, a generic normal matrix is of the form H + ip(H) for a Hermitian matrix H and for a polynomial p with real coefficients. Consequently, this parametrization allows to approach several computational problems involving generic normal matrices in a new way at same time giving arise to various iterative schemes of the Arnoldi type. To give an example, we consider the problem of finding the eigenvalues, or some, of a generic normal matrix. It turns out that the degree of p becomes an important factor.

AMS subject classifications: 65F, 15A57 .

Keywords: normal matrix, stratified submanifold, Toeplitz decomposition, Arnoldi iteration, eigenvalue problem.

ISBN 951-22-4549-3 ISSN 0784-3143 Libella Painopalvelu Oy, Espoo, 1999

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email: math@hut.fi downloadables: http://www.math.hut.fi/

author’s email: Marko.Huhtanen@@hut.fi

1 Introduction

The set of normal matrices, denoted by N ⊂ C^{n×n} , is a rich class of matrices well-suited for numerical computations. To give an example of the computational well-behavior, extreme sensitivity of eigenvalues and eigenvectors does not occur among the set of normal matrices. The ways to characterize normality is a “rich set” as well. So far there exists about ninety equivalent conditions for a matrix to be normal collected in [9] by Grone, Johnson, Sa and Wolkowicz and in [4] by Elsner and Ikramov. The most standard definition of normality for a matrix Z ∈ C^{n×n} , or condition 0 as taken in [9], deals with the equation given by the self-commutator [Z, Z^∗] = ZZ^∗ − Z^∗Z = 0 for Z. Instead of considering different equivalent definitions of normality, in this paper we study N as a set. More precisely, we a view the set of normal matrices as a stratified submanifold of R^{2n2} .

It is not difficult to verify that N is a stratified submanifold of R^{2n2} . Instead, it is more difficult to construct a stratification of N that would be structure revealing as well as concrete enough to be useful in practical problems. Consequently, the purpose of this paper is to try to introduce a stratification that would, at least to some extent, have these properties. For this purpose we take as a starting point the Toeplitz decomposition, also called the Cartesian decomposition,

Z = H + iK, where H = 1 2 (Z + Z^∗) and K = 1 2i (Z − Z^∗), (1)

of a matrix Z ∈ C^{n×n} . Clearly H and K are both Hermitian matrices. As it is well-known, Z is normal if and only if H and K commute, see e.g. condition 21 in [9]. Thus, normality makes H and K in the Toeplitz decomposition strongly interdependent. Using this property, a way to achieve a simple stratification for the set of normal matrices is to let the Hermitian part H vary first and only thereafter consider all the possible K that commute with H. This is achieved as follows. For all possible sets of positive integers k_l > 1, for l = 1, ..., j, with the property ∑_j l=1 k_l ≤ n we constrain H to have exactly j eigenvalues with multiplicities k_1, .., k_j. Restricting H in such a way, we obtain a stratification of N with the strata of dimension n^2 +n− ∑_j l=1(k_l −1).

Thus, the maximal dimension n^2 + n corresponds to the case when this set of integers is empty and H varies among the set of nondegoratory Hermitian matrices. The smallest dimension n^2 +1 occurs when there is just one integer k_1 = n, i.e., H = sI for s ∈ R.

What makes the described stratification to be of potential use is the property that for the stratum of maximal dimension we obtain a very simple parametrization using the Toeplitz decomposition as follows. Denoting by H_0 the set of nondegoratory Hermitian matrices, the stratum having the maximal dimension in the constructed stratification is given by the mapping (H, α_0, ..., α_{n−1}) → H + i n−1∑ j=0 α_jH^j (2)

3 from H_0 × R^n to N . We will demonstrate that, if the image of this mapping is denoted by N_0, then N \N_0 is a closed nowhere dense set in N in the norm topology inherited from R^{2n2} . Thus, a generic normal matrix Z is of the form Z = H + ip(H) for H ∈ H_0 and a polynomial p with real coefficients. In particular, the set of normal matrices can thus be characterized as

clos{H + ip(H) : H ∈ H, p is a polynomial with real coefficients}, (3)

where H denotes the set of Hermitian matrices.

The above parametrization (2) of an open dense subset of N allows to approach a number of computational problems involving normal matrices in a new way. Consider, for instance, the problem of finding the spectrum, or a few eigenvalues of a large, possibly sparse, matrix Z = H +iK = H +ip(H) ∈ N . This problem can be divided into simpler independent parts. One such is that of computing the spectrum of H accompanied with finding p. Once this is accomplished, the spectrum σ(Z) of Z is obtained by simply applying the spectral mapping theorem to the spectrum of H. Obviously here the key is that for a Hermitian matrix, for solving its eigenvalues, or some of them, there exists a large variety of techniques and lot of different preconditioning strategies. To approximate p there, in turn, are several routes. The most inexpensive ones are simple variations of the Arnoldi method that involve only matrix-vector products. This approach becomes more attractive the smaller the degree of the polynomial p, or, the better p can be approximated by a low degree polynomial over σ(H). Namely, then the problem of finding σ(Z) reduces, in essence, to that of computing σ(H). Consequently, in this manner the Kaniel-Paige convergence theory can be applied straightforwardly to normal matrices of this particular type. Furthermore, in this approach there is one canonical parameter that can be adjusted and which can chance the convergence drastically. That is a rotation e^{iθ}Z of Z with θ ∈ [0, 2π). Except for a finite number of θ, the rotated e^{iθ}Z has the representation e^{iθ}Z = H_θ + ip_θ(H_θ) for H_θ ∈ H and p_θ with real coefficients as well. The degrees of p and p_θ can, however, be very different. Consequently, the respective approximation problems for Z and e^{iθ}Z as just described can be completely dissimilar.

The paper is organized as follows. In Section 2 we present a stratification of N and construct a simple parametrization for an open dense set of N . In Section 3 we outline examples of computational problems where the presented parametrization can be of use. We show how for a certain type of normal matrices the computation of the spectrum reduces essentially to finding the spectrum of a Hermitian matrix. In particular, with this parametrization many approximation problems involving normal matrices can be approach with modifications of the classical Arnoldi iteration.

2 A stratification of the set of normal matrices

So far there exists about ninety equivalent conditions for a matrix to be normal collected in [9] by Grone, Johnson, Sa and Wolkowicz and in [4] by Elsner and Ikramov. The standard definition of normality for Z ∈ C^{n×n} , or the socalled condition 0, deals with the equation given by the self-commutator

[Z, Z^∗] = ZZ^∗ − Z^∗Z = 0. (4)

In particular, starting from this, algebraic as well as differential geometric interpretations come naturally. As to algebraic geometric point of view, obviously the elements of the matrix [Z, Z^∗] are not, because of the complex conjugation, polynomials with respect to complex variables {Z_{i,j}}^n_{i,j=1} denoting the elements of Z. However, they are polynomials with respect to real and imaginary parts of {Z_{i,j}}^n_{i,j=1}, and, consequently, it is useful to regard the set of all complex n×n matrices as the real vector space R^{2n2} . If Z = X +iY , where X, Y ∈ R^{n×n} denote the real and imaginary parts of Z respectively, then

[Z, Z^∗] = XX^T − X^T X + Y Y^T − Y^T Y + i(Y X^T − X^T Y + Y^T X − XY^T ) (5)

Let f_ℜ, f_ℑ : R^{n×n} × R^{n×n} → R^{n×n} be the real and imaginary parts of (5), that is, f_ℜ(X, Y ) = XX^T − X^T X + Y Y^T − Y^T Y (6) and f_ℑ(X, Y ) = Y X^T − X^T Y + Y^T X − XY^T . (7)

Requiring [Z, Z^∗] = 0, the real part gives, because of symmetry, (n^2 + n)/2 polynomial equations of degree 2. Analogously, the imaginary part gives, because of skew-symmetry, (n^2 − n)/2 polynomial equations of degree 2. These, in all n^2 homogeneous polynomials, define an affine variety in R^{2n2} . Obviously H, the set of Hermitian and S, the set of Skew-Hermitian matrices are both n^2 dimensional subspaces of R^{2n2} contained in N , the set of normal matrices. These two subspaces are the building blocks of the constructed stratification of N in this paper.

A stratification Σ of a subset X of a manifold M is a partition of X into submanifolds of M, called the strata, which satisfies the local finiteness condition. That is to say, every point in X has a neighborhood in M that meets only finitely many strata. If X ⊂ M can be stratified, X is called a stratified submanifold of M. For further definitions and properties of stratified submanifolds, see e.g. [1] or [7].

Proposition 1 N is a connected star-shaped stratified submanifold of

R^{2n2} .

Proof. It is obvious that N is connected as each of its element is linearly path connected to zero matrix. By this argument N is obviously star-shaped. The set of normal matrices is the image of the mapping (U, D) → UDU^∗ (or the equivalent real mapping constructed in an obvious way). By Stratification Theorem [10], N is a stratified submanifold of R^{2n2} as this mapping is real analytic and proper (compact sets have compact preimages). 2

As to how actually construct a stratification of N , there are several routes. For practical purposes we have chosen to start from the Toeplitz decomposition since it turns out that in this way we obtain a very simple parametrization for the stratum having maximal dimension. For that purpose, let Z = H + iK denote the Toeplitz decomposition of a matrix Z as defined in (1). We call H and iK the Hermitian and Skew-Hermitian parts of Z respectively. Let C(Z) = {B ∈ C^{n×n} : BZ = ZB} denote the centralizer of Z. It is obvious that C(Z) is a subspace of C^{n×n} .

Lemma 2 Assume M ∈ H and B = H + iK commutes with M. Then M + iK is normal. Conversely, every normal matrix with M ∈ H as its Hermitian part is of this form for some B commuting with M.

Proof. Take a B from the centralizer of M. Since M is Hermitian, B^∗ commutes with M as well and, consequently, M commutes with iK = (B − B^∗)/2. Thus M + iK is normal by condition 21 in [9]. The converse holds trivially by the equivalence of the definition of normality. 2 In what follows we will either consider real or complex dimension. This will be indicated by an inclusion either in R^{2n2} or in C^{n×n} respectively.

Lemma 3 Assume M ∈ H and the dimension of C(M) ⊂ C^{n×n} is l. Then the dimension of S ⋂ C(M) ⊂ R^{2n2} is l.

Proof. It is obvious that S ⋂ C(M) is a subspace of R^{2n2} so assume first that the dimension of C(M) ⊂ C^{n×n} is l. Then suppose for S_j ∈ S ⋂ C(M) ⊂ R^{2n2} , j = 1, ..., l + 1, there do not exist α_j ∈ R for j = 1, ..., l + 1, of which

at least one is nonzero such that ∑_{l+1} j=1 α_jS_j = 0. Clearly, then there cannot exist any β_j ∈ C , j = 1, ..., l + 1, of which at least one is nonzero such that ∑_{l+1} j=1 β_jS_j = 0 either. This contradicts the assumption. Thus, the dimension of S ⋂ C(M) ⊂ R^{2n2} is at most l. Assume then that S_j, for j = 1, ..., l−1 is a basis of S ⋂ C(M) ⊂ R^{2n2} and Z = H + iK ∈ C(M) ⊂ C^{n×n} . Then for some α_j ∈ R holds ∑_{l−1} j=1 α_jS_j = iH and for some β_j ∈ R holds ∑_{l−1} j=1 β_jS_j = iK as by Lemma 2 both iH, iK ∈ C(M). Thus, ∑_{l−1} j=1(−iα_j + β_j)S_j = Z and, consequently, S_j, for j = 1, ..., l − 1 is a basis of C(M) ⊂ C^{n×n} as well. This, however, contradicts the assumption that the dimension of C(M) ⊂ C^{n×n} equals l. The converse claim follows by the same reasoning. 2 Let H(k_1, ..., k_j) ⊂ H denote those Hermitian matrices that have exactly j eigenvalues with multiplicities k_1, ...., k_j all strictly larger that 1. Further, let H_0 denote the set of nondegoratory Hermitian matrices.

Proposition 4 H(k_1, ..., k_j) ⊂ R^{2n2} is a smooth manifold of dimension n^2 + ∑_j l=1(1 − k^2_l ).

Proof. The dimension of the set of unitary matrices U as a real smooth manifold is n^2. Fix an element U ∈ U and consider those unitary matrices

V obtained via V = U V_1 0 . . . 0 . . ... . .. . . 0 . . . V_j 0 0 . . . 0 Φ (8)

for V_l ∈ C^{kl ×kl} , for 1 ≤ l ≤ j, unitary and Φ = diag(θ_1, ..., θ_{n−p}), where p = ∑_j l=1 k_l and |θ_l| = 1 for 1 ≤ l ≤ p. This set is a smooth manifold of real dimension ∑_j l=1 k^2_l + (n − p) since the set of unitary matrices in each

C^{kl ×kl} is k^2_l -dimensional and the product space of n − p unit circles is (n − p)-

dimensional manifold.

Let X be the open set in R^{n−p+j} defined as the complement of the inverse image of 0 of the function (λ_1, ..., λ_{n−p+j}) → ∏_{n−p+j} j=2 (λ_j − λ_{j−1}) from R^{n−p+j}

to R. Identify X with those diagonal matrices D that have the first j blocks

equaling eigenvalues in each block of size k_l for 1 ≤ l ≤ j. The remaining eigenvalues are all different from each as well as from those in the first j blocks. It should be clear that H(k_1, ..., k_j) equals the image of the mapping (U, D) → UDU^∗ from U × X. For a fixed D and for arbitrary U, V ∈ U there holds UDU^∗ = V DV^∗ if and only if U and V are related as in (8). Consequently, the dimension of the image of the mapping (U, D) → UDU^∗ is

n^2 − j∑ l=1 k^2_l − (n − p) + (n − p + j) = n^2 − j∑ l=1 k^2_l + j

and the claim follows as it is obviously smooth as well. 2

Proposition 5 If H ∈ H(k_1, ..., k_j), then the dimension of S ⋂ C(H) ⊂ R^{2n2} is n +^{∑j}_{l=1} k_l(k_l − 1).

Proof. Let H = UΛU^∗ be a diagonalization of H by a unitary similarity. Then BH = HB is equivalent to U^∗BUΛ = ΛU^∗BU, that is, we can consider the centralizer of Λ and then use this unitary similarity to get the centralizer of H. A block, say, of size k_l has the centralizer of dimension k^2_l as a subspace

of C^{kl ×kl} simply because all the matrices of respective size commute with

this block. The corresponding Skew-Hermitian subspace is k^2_l dimensional in

R^{2k2}l by Lemma 3. Thus continuing in this manner we obtain a subspace of

dimension ∑_j l=1 k^2_l . Then the remaining eigenvalues are all different, i.e., this block is nondegoratory. Thus, for this block the dimension of the centralizer is n − ∑_j l=1 k_l [11][p. 275] in C^{(n−p)×(n−p)} , where p = ∑_j l=1 k_l. Consequently, using again Lemma 3 with this block we obtain the claim after an addition.

2_{The set of nondegoratory Hermitian matrices H0 is of interest for the}

following reason.

Proposition 6 Assume H ∈ H_0 and p is a polynomial with real coefficients. Then H + ip(H) is normal. Conversely, every normal matrix with H ∈ H_0 as its Hermitian part is of this form for a polynomial p with real coefficients.

Proof. The first claim is obvious. For the converse, let K be Hermitian. By condition 21 in [9] H + iK is normal if and only if K ∈ C(H). Since H is nondegoratory, K = p(H) for a polynomial p, see e.g. [11][p. 275]. If p is not real, then taking the real part p_ℜ of p (i.e., p = p_ℜ + ip_ℑ where both p_ℜ and p_ℑ are polynomials with real coefficients) gives the claim. 2 Let N_0 denote the set of normal matrices having nondegoratory Hermitian part.

Theorem 7 N \N_0 is a closed nowhere dense set in N in the norm topology inherited from R^{2n2} .

Proof. Let λ_j(A) denote the eigenvalues of a A ∈ C^{n×n} , counting multiplicities, arranged in decreasing order. The function A = H + iK → ∏_{n−1} j=1 (λ_j(H) − λ_{j+1}(H)) is continuous from C^{n×n} to R. Thereby the inverse image of 0 for this function is a closed set in C^{n×n} . Since we use the inherited topology, its intersection with N , which obviously equals N \N_0, is a closed set in N .

Assume Z ∈ N \N_0. We need to show that there is Z_ϵ ∈ N_0 arbitrarily close to Z. Let H be the Hermitian part of Z. Assume Z has j eigenvalues λ_1, ..., λ_j with multiplicities strictly larger than one. Let Λ̂ denote the remaining eigenvalues. Let U be a unitary matrix diagonalizing H such that the diagonal blocks corresponding to λ_1, ..., λ_j come first. As reasoned in the proof of Proposition 5, then all normal matrices with H as their Hermitian part are of the form

U Λ_1 0 . . . 0 . . ... ... . . 0 . . . Λ_j 0 0 . . . 0 Λ̂ U^∗ + iU S_1 0 . . . 0 . . . .. ... . . 0 . . . S_j 0 0 . . . 0 p(Λ̂) U^∗,

where S_1, ..., S_j are Hermitian matrices and p is a polynomial with real coefficients. Assume Z is put in this form and diagonalize, for 1 ≤ l ≤ j, each S_l (block-wise) using a unitary transformation U_l to get

Û Λ_1 0 . . . 0 . . ... ... . . 0 . . . Λ_j 0 0 0 0 Λ̂

Û^∗ + iÛ

Ŝ_1 0 . . . 0 . . . .. ... . . 0 . . . Ŝ_j 0 0 0 0 p(Λ̂)

Û^∗, (9)

where Ŝ_1, ..., Ŝ_j are diagonal matrices and where Û = Ublockdiag(U_1, ..., U_j, I) is unitary. Then perturb each diagonal element in each Λ_1, ..., Λ_j slightly to get a nondegoratory Hermitian matrix Û(Λ + ϵ)Û^∗. This resulting perturbed matrix Z_ϵ of Z remains also normal since its Hermitian part commutes with its Skew-Hermitian part and the claim follows as the perturbation can be made arbitrarily small. The polynomial p_ϵ in Z_ϵ = H_ϵ + ip_ϵ(H_ϵ) is found via interpolation. 2 In particular, the set of normal matrices can be characterized as follows.

Corollary 8 closN_0 = N and, in particular,

clos{H + ip(H) : H ∈ H, p is a polynomial with real coefficients} = N (10) and {p(H) : H ∈ H, p is a polynomial} = N .

Proof. Only {p(H) : H ∈ H, p is a polynomial} = N needs to be shown. This follows from Proposition 12. 2 An immediate question is, how about L(H), the set of bounded linear operators on a separable Hilbert space H? Considering a normal operator Z with a hole in its spectrum it can be seen that (10) cannot not hold. The reason is that the spectrum function is uniformly continuous on the set of normal elements (and thus it is not possible to interpolate with a polynomial “over a hole”), see e.g. [3]. This is possibly the reason why we have not encountered this way of viewing normal matrices as almost all concepts for normality stem from operator theory for L(H). The closure is however needed and, in fact, clos{p(H) : H ∈ H, p is a polynomial} = N can be shown to be true. To not to get distracted we do not include a proof here.

For N_0 we obtain a smooth structure in simple manner from Proposition 6 and Theorem 7.

Corollary 9 N_0 ⊂ R^{2n2} is a smooth connected manifold of dimension n^2 + n.

Proof. Form a mapping (H, α_0, ..., α_{n−1}) → H + i n−1∑ j=0 α_jH^j (11)

from H_0 × R^n to N_0. This is bijective, since H is nondegoratory and the polynomial is of degree n − 1 at most. Also it is clearly smooth. As to the connectedness, suppose N_1, N_2 ∈ N_0. Thus, N_1 = UΛ_1U^∗ + iUp(Λ_1)U^∗ and N_2 = V Λ_2V^∗ + iV q(Λ_2)V^∗ for some U, V ∈ U and some polynomials p and q with real coefficients. Since U is path-connected (every unitary Q is of the form Q = e^{iE} for a Hermitian matrix E. Thus Q_t = e^{itE}, for 0 ≤ t ≤ 1, connects Q to the identity matrix.), V can be connected with a path to U. Since Λ_1 and Λ_2 are both sets with n distinct elements, they can be transformed smoothly to one another such that the amount of distinct points remains equal to n during the process. And finally, the coefficients of p and q can be smoothly transformed to one another. 2 Considering N_0 as the stratum of maximal dimension, let N (k_1, ..., k_j) ⊂ N denote those normal matrices N = H + iK that have H ∈ H(k_1, ..., k_j) as their Hermitian part. The union of these sets with N_0 gives the set of normal matrices. The following shows that they provide a stratification of N as well.

Theorem 10 The set N (k_1, ..., k_j) ⊂ R^{2n2} is a smooth manifold of dimension n^2 + n − ∑_j l=1(k_l − 1).

Proof. H(k_1, ..., k_j) is a smooth manifold of dimension n^2 + ∑_j l=1(1 − k^2_l ) by Proposition 4 and in Proposition 5 we demonstrated that for a fixed H ∈ H(k_1, ..., k_j) the dimension of S ⋂ C(H) ⊂ R^{2n2} is n + ∑_j l=1 k_l(k_l − 1).

If H = UΛU^∗ ∈ H(k_1, ..., k_j), then in the proof of Proposition 5 we showed that the centralizer of H was the direct sum of full matrix algebras U(M_{k1} ⊕ · · · ⊕ M_{kl} ⊕ C ⊕ · · · ⊕ C )U^∗ . (12) In particular, C(H) is independent on the numerical values of the eigenvalues of Λ as long as they are constrained to have fixed multiplicities in this order such that Λ ∈ H(k_1, ..., k_j). Further, the computation of the Skew-Hermitian part from (12) is a smooth operation. Thus, when U and Λ vary smoothly, the smoothness of the structure follows. 2 In particular, N (n) is connected and consists of matrices sI +iH for s ∈ R and H ∈ H and is the stratum of the least dimension n^2 + 1. A manifold N (k_1, ..., k_j) is not connected unless k_1 = k_2 = · · · = k_j and ∑_j l=1 k_l = n. In case there are varying multiplicities, individual components of N (k_1, ..., k_j) differ only in the ordering of the eigenvalues of the Hermitian part with multiplicities. The reason for that they cannot be connected to one another is that when trying to move from one component to another, i.e., when trying to change the ordering of the multiplicities of the eigenvalues of H ∈ H(k_1, ..., k_j) on R, some eigenvalues of will coalesce. This in turn means that the matrix has entered into another manifold N (p_1, ..., p_l) with the indices p_1, ..., p_l corresponding to the arisen coalescence. While closN_0 = N , the other strata have the following property when taking the closure.

Proposition 11 Let {p_{s1} },{p_{s2} },...,{p_{sj} } be a partition of {p_1, ..., p_l} such that ∑ p_{sm} ≤ k_m, for 1 ≤ m ≤ j. Then N (k_1, ..., k_j) ⊂ closN (p_1, ..., p_l).

Proof. Take Z ∈ N (k_1, ..., k_j) and assume Z has been decomposed as in (9). It should be obvious how an element of N (p_1, ..., p_l) close to Z is now constructed: Slightly vary each block Λ_1, ..., Λ_j appropriately so as to get the right amount of eigenvalues with multiplicities p_1, ...p_l. 2 Thus, generically one can view a normal matrix Z to be of the form H + ip(H) for a Hermitian matrix H and a polynomial p with real coefficients. As to applications, the degree of p becomes an important factor. Somewhat overstating, one could say that the smaller the degree of p, the more Hermitian Z is, as far as Krylov methods are concerned. In the following section we describe problems where this approach can be useful.

3 Applications to problems involving normal matrices

With a simple parametrization for an open dense set of N it is possible to solve approximation problems involving normal matrices in a new way. To demonstrate this we outline an approach for two well-known examples: The eigenvalue problem and the problem of finding a closest normal approximant to a matrix A ∈ C^{n×n} .

Instead of starting from the Hermitian part of Z ∈ N , the computations can, of course, be performed with the Skew-Hermitian part of Z. That is, a generic Z = H + iK ∈ N can be presented either as Z = H + ip(H) or as Z = q(K) + iK for polynomials p and q with real coefficients. And more generally, for the rotated e^{iθ}Z with a θ ∈ [0, 2π), this type of representation does exist except in very exceptional cases. To illustrate this, let us denote by H_θ the Hermitian part of e^{iθ}Z.

Proposition 12 Assume Z is normal. Then for θ belonging to an open dense subset of [0, 2π) holds e^{iθ}Z = H_θ + ip_θ(H_θ) a polynomial p_θ with real coefficients.

Proof. Draw lines through each pair of eigenvalues of Z. Each rotation for which there are no vertical lines one can construct a polynomial p_θ such that e^{iθ}Z = H_θ + ip_θ(H_θ) by interpolation as in the proof of Theorem 7. 2 Recall that H_θ appears while approximating the field of values of a (not necessarily normal) matrix Z. Namely then, for a finite number of different θ, one computes the largest eigenvalue of H_θ and intersects certain halfplanes defined on the basis of these eigenvalues, see e.g. [11][Thm 1.5.12, 1.5.14]. For a normal Z the rotation obviously affects the degree of p_θ in the representation e^{iθ}Z = H_θ + ip_θ(H_θ). Let us illustrate this with a simple example.

Example 1. Assume Z = H+iK is normal and σ(Z) lies on the parabola x = y^2 such that σ(K) in indefinite. If Z can be presented as H+ip(H) with a polynomial with real coefficients, then the degree of p can be quite high, even n. Whereas for e^{i π}2 Z the representation exists and e^{i π}2 Z = H^π_2 + ip^π_2 (H^π_2 ) is obtained for polynomial p^π_2 of degree 2.

Definition 13 Let Z ∈ C^{n×n} and θ ∈ [0, 2π). Then Z = e^{−iθ}H_θ +ie^{−iθ}K_θ is the rotated Toeplitz decomposition of Z by the angle θ.

Obviously the self-adjointness of the parts are lost in this decomposition.

3.1 Spectral approximation

Consider the problem of computing an approximation to the eigenvalues, or some, of a normal matrix Z. Assuming Z to be generic there holds Z = H +iK = H +ip(H) for H ∈ H and for a polynomial p with real coefficients. Or, based on some a priori information, a rotated Toeplitz decomposition of Z can be used so as to have this type of representation. Below we will show how to pick a rotation for this purpose.

Having Z = H +ip(H), it is apparent that H is readily computed whereas p is not available. Proceeding with H and finding an eigenvector, say x, of H yields an eigenvalue of Z after evaluating Zx. This is clearly not very practical approach as it gives eigenvalues of Z almost randomly. To avoid this, some information about p is needed and, consequently, p has to be approximated in some manner. This can be obtained from a straightforward modification of the Arnoldi method [2] for H without any additional cost when the spectrum of H is approximated with the same method.

The well-known classical Arnoldi method for the eigenvalue approximation starts from the construction of a Krylov subspace with A ∈ C^{n×n} and a vector b ∈ C^n . Then a monic polynomial q_k of degree k is computed with the property that ‖q_k(A)b‖ is minimized over all monic polynomials of degree k, that is, ‖q_k(A)b‖ = min_{α1,...,αk∈} C ‖(A^k − k∑ i=1 α_iA^{k−i})b‖. (13) The roots of the polynomial q_k are then taken as an approximate eigenvalues of A. For more information of the Arnoldi method for the eigenvalue problems, see e.g. [14]. An eigenvalue approximation for Z = H + ip(H) involving the Hermitian part H of Z can be obtained as follows. Compute polynomials q_k and p_k via ‖q_k(H)b‖ = min_{α1,...,αk∈} C ‖(H^k − k∑ i=1 α_iH^{k−i})b‖ (14) and ‖Kb − p_k(H)b‖ = min_{β1,...,βk∈} R ‖(K − k∑ i=1 β_iH^{k−i})b‖. (15) That is, q_k and p_k are constructed to approximate the eigenvalues of H and the polynomial p respectively. Then an eigenvalue approximation for Z is obtained by applying the spectral mapping theorem with polynomial z + ip_k(z) to the eigenvalue approximation obtained with q_k for H in (14). Obviously (15) can be replaced with the approximation

‖Zb − p̂_k(H)b‖ = min_{β1,...,βk∈} C ‖(Z − k∑ i=1 β_iH^{k−i})b‖ (16) instead. The spectral mapping theorem is then applied with p̂_k to the computed approximation of σ(H). Altogether, a single Krylov subspace with H applied to b is generated. Then, from this Krylov subspace, two approximations are constructed, that is, for H^kb as well as Kb (or for Zb).

Note that all the above minimization problems involve commuting normal matrices so that max-min property holds [8]. Thus, in this respect the approximation problems (14) and (16) are equivalent. As opposed to power method, for obvious reasons we are tempted to call this method a fractional power Krylov subspace method for Z. Namely, if Z = H + ip(H) for a polynomial p of degree l ≥ 1, then the fractional power can be considered to be 1/l.

The outlined approach to the computation of an approximation to the spectrum depends strongly on the polynomial p in Z = H + ip(H). If p is of low degree, then the computation of σ(Z) reduces essentially to that of finding σ(H). For instance, if the degree of p is one, then the eigenvalues lie on a line and only two dimensional Krylov subspace is needed for finding p. Or, if σ(Z) lies on a parabola y = ax^2 +bx+c with a, b, c ∈ R, then the needed dimension is 3. Or, more generally, if p can be approximated well with a low degree polynomial over an interval containing σ(H), then the computation of σ(Z) reduces essentially to finding the eigenvalues of H. In particular, finding a good rotation parameter θ ∈ [0, 2π) for a rotated Toeplitz decomposition can make a big difference as demonstrated in Example 1. A way to find one is to test with a few rotations, with a small k, how the corresponding minimization problem (15) (or (16)) does behave. Based on this, the rotation giving the smallest value will then be chosen.

If only certain, like interior, eigenvalues of Z are being computed, then the computation should be divided into two parts. First, one needs to find an approximation to p. This happens as just described above. When an approximative p is computed, then with H it is possible to use preconditioning techniques in order to locate interior eigenvalues. Clearly these tasks can be performed completely independently and parallel. It is also apparent that for finding a good “local” approximation to p, that is, an approximation that is good over a certain part of σ(H), it is possible to use preconditioning. The most elementary approach is to use inverse iteration type of algorithms with a translated Z. Then, obviously, a priori knowledge of the location of searched eigenvalues must be available.

Another way of computing an approximation to σ(Z) can be based on finding an approximation to the eigenvalues of H and K separately. Then computing p will reveal how σ(H) and σ(K) are connected. This is based on the fact that if σ(H) = {α_1, ..., α_n} and σ(K) = {β_1, ..., β_n}, then there exists a permutation σ ∈ S_n such that σ(Z) = {α_1 + iβ_{σ(j)} : j = 1, ..., n}, see condition 34 in [9]. A possible advantage of this approach is that if the eigenvalues of Z are well separated, then the accuracy requirement for an approximation to p need not be high.

Finally, a related problem to finding the spectrum is that of finding an appropriate polynomial preconditioner for a linear system involving Z = H + ip(H). If p is well-approximated by a low degree polynomial over the spectrum of H, then with a very small amount of work based on using (14) or (15) one obtains a good overview of the spectrum of Z. Namely knowing that σ(Z) lies almost on a curve defined by a computed polynomial, it is straightforward to construct a polynomial preconditioner for Z.

3.2 Closeness problems

Inexpensive approximative solutions to departure from normality in the sense of Henrici have been derived by S. Lee [12]. Another way to measure of normality is to find a closest normal matrix to A ∈ C^{n×n} . In the Frobenius norm this was solved by R. Gabriel [6] and A. Ruhe [13]. Though, a computation of an approximation is fairly expensive. As we have demonstrated, this problem can be stated as inf H∈H,α0,...,α_n�1∈R ‖A − H − i n−1∑ j=0 α_jH^j‖_F (17)

or as min H∈H,α0,...,α_n�1∈C ‖A − n−1∑ j=0 α_jH^j‖_F (18)

instead of introducing a minimization problem with constraints. In particular, approaching the problem with the parametrization (11) allows to derive inexpensive approximative solutions to the problem of finding a closest normal matrix to A. One such is obtained by making an “initial guess” H ∈ H and then applying an Arnoldi type of iteration, that is, using matrix-vector products only. More precisely, one looks for min α1,...,α_k∈C ‖(A − k∑ i=1 α_iH^{k−i})b‖ (19) with a vector b ∈ C . Thus, generated approximations are of the form p(H) for polynomials p of degree k at most. An interesting problem is, how to choose an H to start with. After choosing an H the computation of a normal approximant with (19) is relatively inexpensive and, consequently, testing with a number of different initial guesses becomes feasible. Again, “natural” choices are, perhaps, H_θ from rotated Toeplitz decompositions for A with a few values of θ ∈ [0, 2π).

4 Conclusions

In this paper we have presented a stratification of the set of normal matrices. The stratification is constructed in such way that the parametrization for the stratum having maximal dimension is readily available. The parametrization is simple enough to be of interest also in computational problems involving normal matrices. In particular, we have described how it is possible to approximate eigenvalues of a generic normal matrix Z by solving two approximation problems in a Krylov subspace for the Hermitian part of Z. This and other problems involving approximations with normal matrices lead to different kind of iterations of the Arnoldi type.

References

[1] V.I. ARNOLD, S.M. GUSEIN-ZADE AND A.N. VARSCHENKO, Singularities of Differentialble Maps, Vol I, Monographs in Mathematics vol. 82, Birhäuser, Boston, 1985.

[2] W.E. ARNOLDI The priciple of minimized iterations in the solution of the matrix eigenvalue problem, Quart. Apll. Math., 9, (1951), pp. 17-29.

[3] B. AUPETIT, A Primer on Spectral Theory, Springer-Varlag, New- York, 1991.

[4] L. ELSNER AND KH.D. IKRAMOV, Normal matrices: an update, Lin.

Alg. Appl. 285: 291-303 (1998).

[5] L. ELSNER AND M.H.C. PAARDEKOOPER, On measures of nonnormality of matrices, Lin. Alg. Appl. 92: 107-124 (1987).

[6] R. GABRIEL, The normal △H-Matrices with connection to some Jacobi-like methods, Lin. Alg. Appl. 91, pp. 181-194, 1987.

[7] C.G. GIBSON, K. WITHMÜLLER, A.A. DU PLESSIS AND E.J.N.

LOOIJENGA, Topological Stability of Smooth Mappings, Springer- Verlag, New York, 1975.

[8] A. GREENBAUM AND L. GURVITS, Max-min properties of matrix factor norms, SIAM J. Sci. Comp., 15 (1994), pp. 348-358.

[9] R. GRONE, C.R. JOHNSON, E.M. SA AND H. WOLKOWICZ, Normal matrices, Lin. Alg. Appl. 87: 213-225 (1987).

[10] R. HARDT, Topological properties of subanalytic sets, Trans. AMS, 211:57-70, 1975.

[11] R.A. HORN AND C.R. JOHNSON, Topics in Matrix Analysis, Cambridge Univ. Press 1991.

[12] S.L. LEE Best available bounds for departure from normality, Siam J.

Matrix anal. appl., Vol 17, No 4, pp. 984-991, 1996.

[13] A. RUHE, Closest normal matrix finally found!, BIT 27, (1987), pp.

585-598.

[14] Y. SAAD. Numerical Methods for Large Eigenvalue Problems, Halstead Press, NY, 1992.

(continued from the back cover)

A409 Jukka Tuomela and Teijo Arponen On the numerical solution of involutive ordinary differential systems: Boundary value problems, Dec 1998

A408 Ville Turunen

Commutator Characterization of Periodic Pseudodifferential Operators, Dec 1998

A407 Jarmo Malinen

Discrete time Riccati equations and invariant subspaces of linear operators, Feb 1999

A406 Jarmo Malinen

Riccati Equations for H1 Discrete Time Systems: Part II, Feb 1999

A405 Jarmo Malinen

Riccati Equations for H1 Discrete Time Systems: Part I, Feb 1999

A404 Jarmo Malinen

Toeplitz Preconditioning of Toeplitz Matrices an Operator Theoretic Approach, Feb 1999

A403 Saara Hyvönen and Olavi Nevanlinna Robust bounds for Krylov method, Nov 1998

A402 Saara Hyvönen

Growth of resolvents of certain infinite matrice, Nov 1998

A401 Jukka Tuomela

On the Numerical Solution of Involutive Ordinary Differential Systems: Boundary value problems, Dec 1998

A400 Seppo Hiltunen

Implicit functions from locally convex spaces to Banach spaces, Jan 1999

A399 Otso Ovaskainen

Asymptotic and Adaptive Approaches to thin Body Problems in Elasticity, 1998

A398 Jukka Liukkonen

Uniqueness of Electromagnetic Inversion by Local Surface Measurements, Aug 1998

A397 Jukka Tuomela

On the Numerical Solution of Involutive Ordinary Differential Systems, 1998

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A414 Marko Huhtanen

A stratification of the set of normal matrices, May 1999

A413 Clement Ph., Gripenberg G. and Londen S-O

Regularity properties of solutions of functional evalution equations, May 1999

A412 Marko Huhtanen

Ideal GMRES can be bounded from below by three factors, Jan 1999

A411 Juhani Pitkäranta

The first locking-free plane-elastic finite element: historia mathematica, Jan 1999

A410 Kari Eloranta

Bounded Triangular and Kagomé Ice, Jan 1999

ISBN 951-22-4549-3 ISSN 0784-3143 Libella Painopalvelu Oy, Espoo, 1999