Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 1999 A421

SOME REMARKS ON THE METHOD OF SUMS

Ph. Clément, G. Gripenberg, V. Högnäs, and S-O. Londen

Ph. Clément, G. Gripenberg, V. Högnäs, and S-O. Londen: Some remarks on the method of sums; Helsinki University of Technology Institute of Mathematics Research Reports A421 (1999).

Abstract: This note presents a reasonably short but self-contained proof of the method of sums due to DaPrato and Grisvard. Explicit constants for the regularity estimates are given.

AMS subject classifications: 47A99, 47A10, 46B70.

Keywords: Method of sums, maximal regularity, interpolation spaces.

ISBN 951-22-4729-1 ISSN 0784-3143 Libella Painopalvelu Oy, Espoo, 1999

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email: math@hut.fi downloadables: http://www.math.hut.fi/

author’s email: viking.hognas@hut.fi

1 Introduction

In this note we consider the method of sums of operators, devised by DaPrato and Grisvard. The method of sums gives conditions under which the problem Ay + By = x can be solved. Here A and B are linear operators mapping, respectively, D(A) and D(B) into X, where X is a Banach space and x ∈ X is given. In general, only the existence of a mild solution can be guaranteed, but if this solution y belongs to either D(A) or D(B), then it is a strong solution. In particular, if x belongs to a certain interpolation space, then one has a strong solution y. Moreover, then Ay and By belong to the same interpolation space, i.e., one has maximal regularity.

Our purpose is twofold. First, the aim is to present a brief but concise and self-contained proof of several previously known results scattered in the literature.

Second, our aim is to make explicit the constants occurring in the estimates for the various interpolation norms of Au and Bu. In addition, we extend the method to give some regularity results for the case where neither A nor B is invertible, but then the existence of a strong solution is assumed.

We make very little claim as to originality; most of the results that we present can, in one form or another, be found in [3]–[6]. See also [1] and [2].

We begin by defining the class of operators considered. If X is a Banach space, then we denote the norm in X by ‖·‖ (or ‖·‖_X) and we let ‖·‖ denote the norm of bounded linear operators on X as well.

Definition 1. Let X be a (complex) Banach space. A linear operator L : D(L) ⊂ X → X is nonnegative if (−∞, 0) ⊂ ρ(L) (the resolvent set of L) and sup_{t>0} ‖t(L + tI)^{−1}‖ < ∞. If L is a nonnegative operator on X, then

ϕ_L^{def}= sup{ ϕ ∈ [0, π] | sup_{|arg(λ)|≤ϕ} λ≠0 ‖λ(L + λI)^{−1}‖ < ∞ }, and M(L, ϕ)^{def}= sup_{|arg(λ)|=ϕ} λ≠0 ‖λ(L + λI)^{−1}‖. In Definition 1 we, of course, take ‖(L + λI)^{−1}‖ = ∞ if −λ does not belong to the resolvent set of L, i.e., if L + λI is not invertible. Observe also that if L is a nonnegative operator, then ϕ_L ≥ arcsin(1/M(L, 0)). One usually says that π − ϕ_L is the spectral angle of L.

Definition 2. Let X be a (complex) Banach space and let L be a nonnegative operator on X. If γ ∈ (0, 1) and p ∈ [1, ∞], then D_L(γ, p)^{def}= { x ∈ X | [x]_{DL(γ,p)} < ∞ }, where [x]_{DL(γ,p)} = {(∫_∞ 0 ( t^γ ‖L(L + tI)^{−1}x‖ )_{p dt} t ) 1_p , 1 ≤ p < ∞, sup_{t>0} t^γ ‖L(L + tI)^{−1}x‖, p = ∞. Moreover,

D_L(γ, ∞_0)^{def}= { x ∈ D_L(γ, ∞) | lim_{t→∞} t^γ‖L(L + tI)^{−1}x‖ = 0 },

with [·]_{DL(γ,∞0)} = [·]_{DL(γ,∞)}.

It is easy to see that [·]_{DL(γ,p)} is (at least) a seminorm. Note that for notational convenience we write D_L(γ, ∞_0) = D_L(γ). The interpolation spaces between X and D(L), defined by, e.g., the K-method, are denoted by (X, D(L))_{γ,p} where 0 < γ ≤ 1 and p ∈ [1, ∞] ∪ {∞_0}, (where again (X, D(L))_{γ,∞0} = (X, D(L))_γ ); see [7, Chap. 1.2] or the proof of Proposition 3 below.

For completeness we state (and prove) the following well-known facts:

Proposition 3. Let X be a (complex) Banach space and let L be a nonnegative operator on X with domain D(L). Let the norm in D(L) be either ‖x‖_{D(L)} = ‖Lx‖ + ‖x‖ or ‖x‖_{D(L)} = ‖Lx‖ (if L is invertible). Suppose that γ ∈ (0, 1) and p ∈ [0, ∞] ∪ {∞_0}. Then D_L(γ, p) = (X, D(L))_{γ,p} and for each x ∈ X, 1 1 + M(L, 0) [x]_{DL(γ,p)} ≤ ‖x‖_{(X,D(L))γ,p} ≤ 2[x]_{DL(γ,p)}+ { 0, if ‖x‖_{D(L)} = ‖Lx‖, M(L, 0)^{1−γ} ( pγ(1 − γ) )_− 1_p ‖x‖, if ‖x‖_{D(L)} = ‖Lx‖ + ‖x‖. Next we state a theorem on the method of sums.

Theorem 4. Let X be a (complex) Banach space and assume that

(i) A and B are two linear operators on X with domains D(A) and D(B), respectively, and there are numbers α and β in the resolvent sets ρ(A) and ρ(B) of A and B, respectively, such that (A − αI)^{−1}(B − βI)^{−1} = (B − βI)^{−1}(A − αI)^{−1}. (ii) A and B are nonnegative operators on X and ϕ_A + ϕ_B > π. (iii) 0 ∈ ρ(A)∪ρ(B), i.e., at least one of the operators A and B is invertible.

Then the following statements hold true:

(a) There is a bounded linear operator S : X → X such that

S + BA^{−1}S = A^{−1} if A is invertible, AB^{−1}S + S = B^{−1} if B is invertible.

(b) If y ∈ D(A) ∩ D(B), then S(Ay + By) = y.

(c) If Sx ∈ D(A) ∪ D(B) for some x ∈ X, then Sx ∈ D(A) ∩ D(B) and ASx + BSx = x. (d) The operator A + B with domain D(A) ∩ D(B) is closable in X and if D(A) + D(B) is dense in X, then S = (A + B)^{−1}.

(e) If x ∈ D_A(γ, p) for some γ ∈ (0, 1) and p ∈ [1, ∞] ∪ {∞_0}, then Sx ∈ D(A) ∩ D(B), ASx ∈ D_A(γ, p) ∩ D_B(γ, p) and BSx ∈ D_A(γ, p). Moreover [ASx]_{DA(γ,p)} ≤ c_1[x]_{DA(γ,p)}, [BSx]_{DA(γ,p)} ≤ (1 + c_1)[x]_{DA(γ,p)}, [ASx]_{DB (γ,p)} ≤ c_2[x]_{DA(γ,p)}, where

c_1 = 1 π M(B, π − θ) ( 1 + 2 sin(^θ_2 )M(A, θ) ) ∫ ∞ 0 s^{γ−1} |s − e^{iθ}| ds, c_2 = 1 π M(B, π − θ) ( 1 + 2 sin(^θ_2 )M(A, θ) ) ∫ ∞ 0 s^{γ−1} |s + e^{iθ}| ds, (1)

and θ ∈ (π − ϕ_B, ϕ_A).

The statements (a)–(c) have, in the form stated here, previously been formulated in [2, Thm. 3.3 and Prop. 3.4]. Related results can be found in [4]–[6]. For (d) and for the claims ASx ∈ D_A(γ, p) and BSx ∈ D_A(γ, p) in (e), see [6, Thm. 2.7, p. 315], where however D(A) = D(B) = X is assumed, and [4, Thm. 3.7, p. 324 and Thm. 3.11, p. 328]. In [3] a cross-regularity result (ASx ∈ D_B(γ, p)) is proved for the case where both −A and −B generate bounded semigroups.

In the case where neither A nor B is invertible, we have the following result:

Corollary 5. Let X be (complex) Banach space and suppose that assumptions (i) and (ii) of Theorem 4 hold true. If x ∈ D_A(γ, p) for some γ ∈ (0, 1) and p ∈ [1, ∞] ∪ {∞_0} and if y ∈ D(A) ∩ D(B) is a solution to the equation Ay + By = x, then Ay ∈ D_A(γ, p) ∩ D_B(γ, p) and By ∈ D_A(γ, p). Moreover [Ay]_{DA(γ,p)} ≤ c_1[x]_{DA(γ,p)}, [By]_{DA(γ,p)} ≤ (1 + c_1)[x]_{DA(γ,p)}, [Ay]_{DB(γ,p)} ≤ c_2[x]_{DA(γ,p)}, where c_1 and c_2 are as in (1).

We shall repeatedly make use of the following lemma, and for completeness we give a proof below.

Lemma 6. Let X be a (complex) Banach space and let assumption (i) of Theorem 4 hold true. Then (a) If x ∈ D(A) ∩ D(B), Ax ∈ D(B) and Bx ∈ D(A), then ABx = BAx. (b) A^m(A − μI)^{−1}B^n(B − νI)^{−1} = B^n(B − νI)^{−1}A^m(A − μI)^{−1} for all μ ∈ ρ(A) and ν ∈ ρ(B) and all m, n ∈ {0, 1}.

2 Proofs

Proof of Proposition 3. Recall that if X and Y are two Banach spaces with norms ‖·‖_X and ‖·‖_Y , respectively, and if Y ⊂ X, then one defines K(τ, x) = inf a+b=x a∈X,b∈Y ( ‖a‖_X + τ‖b‖_Y ) , where x ∈ X and τ > 0, and if p ∈ [1, ∞], then (X, Y )_{γ,p}^{def}= { x ∈ X | ‖x‖_{(X,Y )γ,p} < ∞ } where ‖x‖_{(X,Y )γ,p}^{def}= {(∫_∞ 0 ( τ^{−γ} K(τ, x) )_{p dτ} τ ) 1_p , 1 ≤ p < ∞, sup_{τ>0} τ^{−γ} K(τ, x), p = ∞. Moreover, (X, Y )_{γ,∞0}^{def}= { x ∈ (X, Y )_{γ,∞} | lim_{τ↓0} τ^{−γ} K(τ, x) = 0 }, with norm ‖·‖_{(X,Y )γ,∞0} = ‖·‖_{(X,Y )γ,∞} . First suppose that x ∈ (X, D(L))_{γ,p} and that τ > 0. If ϵ > 0 there are a ∈ X and b ∈ D(L) such that x = a + b, ‖a‖_X ≤ (1 + ϵ)K(τ, x) and τ‖Lb‖_X ≤ τ‖b‖_{D(L)} ≤ (1 + ϵ)K(τ, x). If t =^1_τ we get ‖L(L + tI)^{−1}x‖_X ≤ ‖L(L + tI)^{−1}a‖_X + ‖(L + tI)^{−1}Lb‖_X ≤ ‖a‖_X + ‖L(L + tI)^{−1}a‖_X + ‖t(L + tI)^{−1}τLb‖_X ≤ (1 + M(L, 0))(1 + ϵ)K(τ, x). This inequality shows that x ∈ D_L(γ, p). Since ϵ > 0 is arbitrary, a change of variables in the integral shows that [x]_{DL(γ,p)} ≤ (1 + M(L, 0))‖x‖_{(x,D(L))γ,p} .

Next suppose that x ∈ D_L(γ, p) and first assume that the norm in D(L) is ‖x‖_{D(L)} = ‖Lx‖. If τ > 0 is given we take t =^1_τ , b = t(L + tI)^{−1}x and a = x − b. Then K(τ, x) ≤ ‖L(L + tI)^{−1}x‖ + 1 t ‖t(L + tI)^{−1}Lx‖ = 2‖L(L + tI)^{−1}x‖. Thus we conclude that x ∈ (X, D(L))_{γ,p} and that ‖x‖_{(x,D(L))γ,p} ≤ 2[x]_{DL(γ,p)}.

Finally we consider the case where the norm in D(L) is ‖x‖_{D(L)} = ‖Lx‖_X + ‖x‖_X . By the same choice of a and b as above we get K(τ, x) ≤ 2‖L(L + tI)^{−1}x‖ + τ‖t(L + tI)^{−1}x‖ ≤ 2‖L(L + tI)^{−1}x‖ + τM(L, 0)‖x‖. Since K(τ, x) ≤ ‖x‖ we get K(τ, x) ≤ 2‖L(L+tI)^{−1}x‖+min{τM(L, 0), 1}‖x‖. This shows that x ∈ (X, D(L))_{γ,p} and a calculation gives ‖x‖_{(x,D(L))γ,p} ≤ 2[x]_{DL(γ,p)} + M(L, 0)^{1−γ} (pγ(1 − γ))^{− 1p} ‖x‖.

Proof of Lemma 6. (a) First let us assume that A and B are invertible and A^{−1}B^{−1} = B^{−1}A^{−1}. Then A^{−1}B^{−1} ( ABx − BAx ) = B^{−1}A^{−1}ABx − A^{−1}B^{−1}BAx = 0, and we get the claim since A^{−1}B^{−1} is an injection. Since D(A − αI) = D(A) and D(B − βI) = D(B) we have ABx − BAx = (A − αI)(B − βI)x − (B − βI)(A − αI)x, and we can use the calculation above with A replaced by A − αI and B replaced by B − βI to get the claim.

(b) We use case (a) and we have only to observe that ((A − μI)^{−1} − 1 α−μ I)^{−1} = −(α − μ)^2(A − αI)^{−1} − (α − μ)I and ((B − νI)^{−1} −^1_{β−ν} I)^{−1} = −(β−ν)^2(B−βI)^{−1} −(β−ν)I so that the assumptions of case (a) are satisfied with A replaced by (A − μI)^{−1} and B replaced by (B − νI)^{−1}. Thus we get the desired claim when m = n = 0. If m or n = 1 we have only to use the facts that A(A−μI)^{−1} = I +μ(A−μI)^{−1} and B(B −νI)^{−1} = I +ν(B −νI)^{−1} and the case already proved.

Proof of Theorem 4. Since ϕ_A + ϕ_B > π we can choose a number θ ∈ (π − ϕ_B, ϕ_A). Let r > 0 and let γ_r be a path in C with range consisting of the rays ρe^{±iθ} with ρ ≥ r and the part of the circle re^{it} with |t| ≤ θ if B is invertible and |π − t| ≤ π − θ if A is invertible. We can choose r so small that the range of γ_r lies in the intersection of the resolvent sets of −A and B and we take the direction of γ_r to be such that the imaginary part increases on the rays.

Our choice of of θ implies that we have the following estimates for |arg(z)| = θ: ‖(A + zI)^{−1}‖ ≤ |z|^{−1}M(A, θ), ‖(B − zI)^{−1}‖ ≤ |z|^{−1}M(B, π − θ). (2) Since (A + zI)^{−1} and (B − zI)^{−1} are continuous on the range of γ_r we see that if we define the operator S by S = 1 2πi ∫ γr (A + zI)^{−1}(B − zI)^{−1} dz, (3)

then the integral converges absolutely, and S is a well-defined bounded operator.

Suppose now that A is invertible. Because A^{−1}(A+zI)^{−1} =^1_z A^{−1} −^1_z (A+ zI)^{−1} we get

A^{−1}S = A^{−1} 1 2πi ∫ γr 1 z (B − zI)^{−1} dz − 1 2πi ∫ γr 1 z (A + zI)^{−1}(B − zI)^{−1} dz.

By “closing” the curve γ_r through infinity with increasing argument we see by Cauchy’s theorem that 1 2πi ∫ γr 1 z (B − zI)^{−1} dz = 0.

Hence we conclude that A^{−1}S = − 1 2πi ∫ γr 1 z (A + zI)^{−1}(B − zI)^{−1} dz. Next we note that BA^{−1}S = − 1 2πi ∫ γr 1 z B(B − zI)^{−1}(A + zI)^{−1} dz, where the fact that the integral on the right-hand side converges absolutely implies that A^{−1}S maps X into D(B). Finally, because^1_z B(B − zI)^{−1} = (B − zI)^{−1} +^1_z I we get BA^{−1}S = − 1 2πi ∫ γr (B − zI)^{−1}(A + zI)^{−1} dz − 1 2πi ∫ γr 1 z (A + zI)^{−1} dz,

and by Cauchy’s theorem, when we “close” the curve at infinity through decreasing argument, we have 1 2πi ∫ γr 1 z (A + zI)^{−1} dz = −A^{−1}.

Thus we have obtained the formula

S + BA^{−1}S = A^{−1}, (4)

which is what we wanted to prove. In order to treat the case where B is invertible it suffices to observe that interchanging A and B is equivalent to changing the variable in the integral defining S.

We proceed to the proof of (b). Because

(A + zI)^{−1} = 1 z ( I − A(A + zI)^{−1} ) , (B − zI)^{−1} = 1 z ( B(B − zI)^{−1} − I ) , z ∈ ρ(−A) ∩ ρ(B).

we have by Lemma 6, (A + zI)^{−1}(B − zI)^{−1}(Ay + By) = (B − zI)^{−1}(A + zI)^{−1}Ay + (A + zI)^{−1}(B − zI)^{−1}By = 1 z B(B − zI)^{−1}A(A + zI)^{−1}y − 1 z A(A + zI)^{−1}y + 1 z B(B − zI)^{−1}y − 1 z A(A + zI)^{−1}B(B − zI)^{−1}y = 1 z B(B − zI)^{−1}y − 1 z A(A + zI)^{−1}y.

By the definition of S we therefore get that S(Ay + By) = 1 2πi ∫ γr 1 z (B − zI)^{−1}By dz − 1 2πi ∫ γr 1 z (A + zI)^{−1}Ay dz.

If, for example A is invertible, then we can complete the path γ_r at infinity with increasing argument and the first integral becomes 0 by Cauchy’s theorem. In the second integral we complete the path γ_r at infinity with decreasing argument and the integral is seen to be −y by Cauchy’s formula. Thus we get S(Ay + By) = y as claimed.

Next we prove claim (c) and again we may without loss of generality assume that A is invertible. First suppose that Sx ∈ D(A). We have by (4) and Lemma 6

(B + I)^{−1}BA^{−1}Sx = (B + I)^{−1}A^{−1}x − (B + I)^{−1}A^{−1}ASx = A^{−1}(B + I)^{−1} ( x − ASx ) . On the other hand we have, again by Lemma 6,

(B + I)^{−1}BA^{−1}Sx = ( I − (B + I)^{−1} ) A^{−1}Sx = A^{−1} ( I − (B + I)^{−1} ) Sx. Combining the two previous results, we see because A^{−1} is an injection, that

Sx = (B + I)^{−1} ( Sx + x − ASx ) . It follows that Sx ∈ D(B).

Next suppose that Sx ∈ D(B). Since (A^{−1} + I)^{−1} = A(A + I)^{−1} = I − (A + I)^{−1}, we see that the assumptions of Lemma 6 are satisfied with A replaced by A^{−1}. Since D(A^{−1}) = X and Sx ∈ D(B) we therefore conclude that BA^{−1}Sx = A^{−1}BSx, and by (4) we then have Sx = A^{−1}x − A^{−1}BSx, and it follows that Sx ∈ D(A) and in addition that ASx + BSx = x. For the proof of claim (e) we no longer make the assumption that A is invertible, only that A or B is invertible. Since x ∈ D_A(γ, p) we know that x ∈ D_A(γ, ∞) which implies that sup_{t>0} t^γ ‖A(A + tI)^{−1}x‖ = [x]_{DA(γ,∞)} < ∞. (5)

Because

A(A + se^{±iθ}I)^{−1} − A(A + sI)^{−1} = (e^{∓iθ} − 1)se^{±iθ}(A + se^{±iθ}I)^{−1}A(A + sI)^{−1},

we have ‖A(A + zI)^{−1}x‖ ≤ ( 1 + 2 sin(^θ_2 )M(A, θ) ) ‖A(A + |z|I)^{−1}x‖, |arg(z)| = θ. (6) An immediate consequence is that Sx ∈ D(A) with ASx = 1 2πi ∫ γr A(A + zI)^{−1}(B − zI)^{−1}x dz (7)

because the integral converges absolutely by Lemma 6, (5) and (6). By claim (c) we know that Sx ∈ D(B) as well.

Now let t > r be arbitrary. Because

A(A + tI)^{−1}A(A + zI)^{−1} = t t − z A(A + tI)^{−1} − z t − z A(A + zI)^{−1}, (8)

we have by (7) A(A + tI)^{−1}ASx = A(A + tI)^{−1} 1 2πi ∫ γr t t − z (B − zI)^{−1}x dz − 1 2πi ∫ γr z t − z A(A + zI)^{−1}(B − zI)^{−1}x dz. When we “close” the path γ_r at infinity by increasing argument, we see that the first integral is 0 by Cauchy’s theorem and we get from Lemma 6 that A(A + tI)^{−1}ASx = − 1 2πi ∫ γr 1 t − z z(B − zI)^{−1}A(A + zI)^{−1}x dz. (9) In this integral we may let r ↓ 0 without changing the value of the integral, because the function we integrate is analytic and the integral over a part of the circle with radius r goes to 0 by the assumption that π − ϕ_B < θ < ϕ_A, the definition of γ_r and by the assumption that A or B is invertible.

Thus we have by (5), (6), and (9) t^γ‖A(A + tI)^{−1}ASx‖ ≤ c_3 ∫_∞ 0 t^γ |t − se^{iθ}| ‖A(A + sI)^{−1}x‖ ds = c_3 ∫_∞ 0 (^t_s )^γ |^t_s − e^{iθ}| s^γ‖A(A + sI)^{−1}x‖ ds s , (10)

where

c_3 = 1 π M(B, π − θ) ( 1 + 2 sin(^θ_2 )M(A, θ) ) . (11)

Let f(τ)^{def}= e^{τγ} ‖A(A+e^τ I)^{−1}x‖, g(τ)^{def}= e^{τγ}‖A(A+e^τ I)^{−1}ASx‖, and h(τ)^{def}= e^{τγ} /|e^τ − e^{iθ}| where τ ∈ R . By changing variables (s = e^σ) in the integral in (10) we conclude that g(τ) ≤ c_3 ∫_∞ −∞ h(τ − σ)f(σ) dσ. (12) Since convolution with an integrable function is a bounded mapping from L^p(R ), 1 ≤ p ≤ ∞, into itself and because a change of variable shows that ‖f‖_Lp_(R_) = [x]_{DA(γ,p)} and ‖g‖_Lp_(R_) = [ASx]_{DA(γ,p)}, we conclude after another change of variables that [ASx]_{DA(γ,p)} ≤ c_3 ∫_∞ 0 s^{γ−1} |s − e^{iθ}| ds[x]_{DA(γ,p)}. Because convolution with an integrable function is a bounded mapping from the space of bounded functions converging to 0 at +∞ into itself, the claim for the case p = ∞_0 follows as well. Since x ∈ D_A(γ, p) and BSx = x − ASx we see that BSx ∈ D_A(γ, p). Finally we observe that if we instead of (8) use the equation

B(B + tI)^{−1}(B − zI)^{−1} = t t + z (B + tI)^{−1} + z t + z (B − zI)^{−1}, in (7), then we get B(B + tI)^{−1}ASx = (B + tI)^{−1} 1 2πi ∫ γr t t + z A(A + zI)^{−1}x dz + 1 2πi ∫ γr z t + z A(A + zI)^{−1}(B − zI)^{−1}x dz. When we “close” the path at infinity with decreasing argument and use the fact that t > r, we see that the first integral is 0 and we conclude that we have instead of (9) B(B + tI)^{−1}ASx = 1 2πi ∫ γr 1 t + z z(B − zI)^{−1}A(A + zI)^{−1}x dz. We see that the right-hand side of this equation only differs from the righthand side of (9) by two minus signs and it follows that we get t^γ‖B(B + tI)^{−1}ASx‖ ≤ c_3 ∫_∞ 0 (^t_s )^γ |^t_s + e^{iθ}| s^γ‖A(A + sI)^{−1}x‖ ds s . Proceeding in the same way as above we conclude that [ASx]_{DB (γ,p)} ≤ c_3 ∫_∞ 0 s^{γ−1} |s + e^{iθ}| ds[x]_{DA(γ,p)}. It is also clear that if x ∈ D_A(γ, ∞_0) then ASx ∈ D_B(γ, ∞_0).

Finally we prove (d). First suppose that {y_n}^∞_{n=1} ⊂ D(A) ∩ D(B) is such that lim_{n→∞} y_n = y and lim_{n→∞}(Ay_n + By_n) = x. Then it follows from (b) and the continuity of S that Sx = y. If y = 0 it follows from (c) that x = ASx + BSx = 0 and we conclude that A + B is closable. The general case (where we do not assume that y = 0) implies that S(A + B)y = y for y ∈ D(A + B). If D(A) + D(B) is dense in X and x ∈ X then there are sequences {a_n}^∞_{n=1} ⊂ D(A) and {b_n}^∞_{n=1} ⊂ D(B) such that lim_{n→∞}(a_n + b_n) = x. Because clearly D(A) ⊂ D_A(^1_2 , ∞) and D(B) ⊂ D_B(^1_2 , ∞) we know by (c) and (e) (where we also interchange A and B) that Sa_n and Sb_n ∈ D(A + B) and (A + B)S(a_n + b_n) = a_n + b_n → x as n → ∞. Because S is continuous we have lim_{n→∞} S(a_n + b_n) = Sx, and so (A + B)Sx = x.

Proof of Corollary 5. Let ϵ > 0 be arbitrary and define B_ϵ = B + ϵI. Since B_ϵ is invertible, we can apply Theorem 4, (and we can choose θ independent of ϵ). Let S_ϵ be the operator that exists according to Theorem 4.(a). Since Ay + By + ϵy = x + ϵy we see from Theorem 4.(b) that y = S_ϵ(x + ϵy). Thus we conclude by Theorem 4.(e) that Ay ∈ D_A(γ, p) with [Ay]_{DA(γ,p)} ≤ c_4 1 π M(B_ϵ, π − θ) ( 1 + 2 sin(^θ_2 )M(A, θ) ) [x + ϵy]_{DA(γ,p)}, where c_4 = ∫_∞ 0 s^{γ−1} |s−e^{iθ}| ds. Since y ∈ D(A) we have y ∈ DA(γ, p) and

[ϵy]_{DA(γ,p)} → 0 when ϵ ↓ 0. It is also clear that lim_{ϵ↓0} M(B_ϵ, π−θ) = M(B, π− θ) and we get the desired inequality for [Ay]_{DA(γ,p)}. Since By = x − Ay we get the claim about By as well.

By Theorem 4 we also know that Ay ∈ D_{Bϵ} (θ, p) and [Ay]_{DBϵ (γ,p)} ≤ c_5 1 π M(B_ϵ, π − θ) ( 1 + 2 sin(^θ_2 )M(A, θ) ) [x + ϵy]_{DA(γ,p)}, where c_5 = ∫_∞ 0 s^{γ−1} |s+e^{iθ}| ds. Since D(B) = D(Bϵ) we have DB(θ, p) = DB^ϵ (θ, p)

by Proposition 3 (since the interpolation space does not depend on the choice of norms), and because B_ϵ(B_ϵ +tI)^{−1} −B(B +tI)^{−1} = ϵt(B +(t+ϵ)I)^{−1}(B + tI)^{−1} we get | | |[x]D_{Bϵ} (γ,p) − [x]D_B (γ,p) | | | ≤ ϵ^γ M(B, 0)^2[x]D_I (γ,p), and we see that lim_{ϵ↓0}[Ay]_{DBϵ (γ,p)} = [Ay]_{DB(γ,p)}. This completes the proof.

References

[1] S. Bu, Ph. Clément, and S. Guerre-Delabrière, Regularity of pairs of positive operators, Illinois J. Math. 42 (1998), 357–370.

[2] Ph. Clement, On the method of sums of operators, Lecture notes, Besançon Summer School 1998.

[3] G. Da Prato, Analisi superiore, Lecture notes, Course SNS Pisa 1983– 1984.

[4] G. Da Prato and P. Grisvard, Sommes d’opérateurs linéaires et équations différentielles opérationnelles, J. Math Pures Appl. 54 (1975), 305–387.

[5] P. Grisvard, Espaces d’interpolation et équations opérationnelles, C. R.

Acad. Sci. Paris 260 (1965), 1536–1538.

[6] P. Grisvard, Équations différentielles abstraites, Ann. Sci. École Norm.

Sup.(4) 2 (1969), 311–395.

[7] A. Lunardi, Analytic semigroups and optimal regularity in parabolic problems, Birkhäuser, Basel, 1995.

(continued from the back cover)

A415 Ville Turunen

A smooth operator valued symbol analysis, Aug 1999

A414 Marko Huhtanen

A stratification of the set of normal matrices, May 1999

A413 Ph. Clément, G. Gripenberg and S-O Londen Regularity properties of solutions of functional evolution equations, May 1999

A412 Marko Huhtanen

Ideal GMRES can be bounded from below by three factors, Jan 1999

A411 Juhani Pitkäranta

The first locking-free plane-elastic finite element: historia mathematica, Jan 1999

A410 Kari Eloranta

Bounded Triangular and Kagomé Ice, Jan 1999

A409 Jukka Tuomela and Teijo Arponen

On the numerical solution of involutive ordinary differential systems: Boundary value problems, Dec 1998

A408 Ville Turunen

Commutator Characterization of Periodic Pseudodifferential Operators, Dec 1998

A407 Jarmo Malinen

Discrete time Riccati equations and invariant subspaces of linear operators, Feb 1999

A406 Jarmo Malinen

Riccati Equations for H1 Discrete Time Systems: Part II, Feb 1999

A405 Jarmo Malinen

Riccati Equations for H1 Discrete Time Systems: Part I, Feb 1999

A404 Jarmo Malinen

Toeplitz Preconditioning of Toeplitz Matrices an Operator Theoretic Approach, Feb 1999

A403 Saara Hyvönen and Olavi Nevanlinna Robust bounds for Krylov method, Nov 1998

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A420 Ville Havu and Juhani Pitkäranta

An Analysis of Finite Element Locking in a Parameter Dependent Model Problem, Aug 1999

A419 G. Gripenberg, Ph. Clément, and S-O. Londen

Smoothness in fractional evolution equations and conservation laws, Aug 1999

A418 Marko Huhtanen

Pole assignment problems for error bounds for GMRES, Aug 1999

A417 Kirsi Peltonen

Examples of uniformly quasiregular mappings, Jul 1999

A416 Saara Hyvönen

On the Iterative Solution of Nonnormal Problems, Jul 1999

ISBN 951-22-4729-1 ISSN 0784-3143 Libella Painopalvelu Oy, Espoo, 1999