Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2000 A427

A HERMITIAN LANCZOS METHOD FOR NORMAL MATRICES

Marko Huhtanen

Marko Huhtanen: A Hermitian Lanczos method for normal matrices ; Helsinki University of Technology Institute of Mathematics Research Reports A427 (2000).

Abstract: We derive an algorithm for solving iteratively a linear system Nx = b involving a large, possibly sparse normal matrix N ∈ C^{n×n} and a vector b ∈ C^n . The introduced method is based on the Toeplitz decomposition N = H + iK of N, where H and K are Hermitian matrices. Generically, N is polynomial of H and therefore, since N^{−1} is a polynomial of N, also N^{−1} is a polynomial of H. This gives rise to a Krylov scheme for solving Nx = b via min pj�1∈Pj�1 ‖Np_{j−1}(H)b − b‖ = min_{pj} �1∈Pj�1 ‖p(H)_{j−1}Nb − b‖ as H and N commute. Consequently, at j^{th} step, we have a minimization problem that is equivalent with finding the best approximant to b from the Krylov subspace K_j(H; Nb). Based on this, we obtain an optimal algorithm for solving Nx = b that is realizable with a 3-term recurrence.

AMS subject classifications: 65F10.

Keywords: normal matrix, GMRES, Toeplitz decomposition, Hermitian Lanczos.

ISBN 951-22-4867-0 ISSN 0784-3143 Espoo, 2000

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email: math@hut.fi downloadables: http://www.math.hut.fi/

author’s email: Marko.Huhtanen@@hut.fi

1 Introduction

The set of normal matrices, denoted by N ⊂ C^{n×n} , is a rich class of matrices well-suited for numerical computations. To give an example of the computational well-behavior, extreme sensitivity of eigenvalues and eigenvectors does not occur among the set of normal matrices. In the domain of algorithms, a lot of methods exists exclusively for a subset of N , namely for Hermitian matrices. However, for non-Hermitian normal matrices typically no specific schemes have been developed. Then problems are solved by executing more general algorithms that benefit in no way from normality which can be considered to be a severe waste of available structure. In this paper we introduce an optimal Krylov method especially designed for solving, with a given b ∈ C^n , a linear system Nx = b, (1) for a large, possibly sparse, invertible normal matrix N.

For solving (1) we extend the Hermitian Lanczos method to apply to normal matrices. The introduced scheme is a genuine extension as it will reduce to the Hermitian Lanczos iteration in case N is Hermitian. To this end we use the Toeplitz decomposition N = H + iK, (2) with Hermitian H =^1_2 (N + N^∗) and K =^1_{2i} (N − N^∗), of N. For normal matrices the Toeplitz decomposition has the property that, denoting by H_0 the set of nonderogatory Hermitian matrices, the mapping (H, α_0, ..., α_{n−1}) → H + i n−1∑ j=0 α_jH^j (3)

maps H_0 × R^n into N . And in such a way that its image is an open dense subset of N . Consequently, a generic normal matrix N equals H + ip(H), where H =^1_2 (N + N^∗) and p is a polynomial with real coefficients. This holds also for normal matrices having degoratory Hermitian part under a moderate technical assumption, see Proposition 3.

As N is invertible in (1), by elementary linear algebra, its inverse is a polynomial of N. Since N is, generically, a polynomial of its Hermitian part H, we can deduce that N^{−1} is generically a polynomial of H. As a consequence, denoting by P_{j−1} the set of polynomials of degree j − 1 at most, we can replace the GMRES [18] minimization problem at the j^{th} step min pj�1∈Pj�1 ‖Np_{j−1}(N)b − b‖ (4) with min pj�1∈Pj�1 ‖Np_{j−1}(H)b − b‖. (5)

3

Remark that the success of GMRES, in fact, relies on the simple property that the inverse of a matrix is a polynomial of the matrix itself. In practise the inverse is being approximated by very low degree polynomials via computing (4). The reason for this is that with GMRES the lenght of recurrencies as well as memory requirements grow linearly for non-Hermitian matrices.

To avoid long recurrencies and linear growth of memory demands we do not construct a Krylov subspace with N. Instead, since N and H commute, we derive an algorithm for solving (1) starting from (5) by considering first min pj�1∈Pj�1 ‖p_{j−1}(H)Nb − b‖. (6)

From this it is readily seen that solving (5) is equivalent to finding the best approximant to b from the Krylov subspace K_j(H; Nb) = span{Nb, HNb, ..., H^{j−1}Nb}. (7) To this end one could, straightforwardly, execute the Hermitian Lanczos method with H starting from q_0 =^{Nb}_{‖Nb‖} . This would yield the value of (6) and thereby of (5) with a 3-term recurrence and in such a way that only 3 vectors needed to be saved. But this scheme would not, as such, yield a solution candidate to (1) unless we multiply once by N^{−1}. This is obviously not what we suggest as the inverse of N is not available. Instead, we construct from this Hermitian Lanczos iteration a new recurrence by formally multiplying by N^{−1}. As a result, we obtain a 3-term recurrence for solving (1) with the same memory requirements as in the standard Hermitian Lanczos method. The constructed solution candidate fulfills, at each step j, the optimality condition (5) so that, whenever N is Hermitian, the introduced scheme is simply GMRES. Thus, in a sense, we extend GMRES for Hermitian matrices to normal matrices in a way that preserves an optimal 3-term recurrence property.

In addition to the obtained basic algorithm, there is a restarted and rotated implementation aimed for a nongeneric or nearly nongeneric N. This means restarting the algorithm using rotations e^{iθ}N of N for θ ∈ [0, 2π). Rotations can be chosen based on some a priori information, or they can be generated randomly after a number of steps. This can speed up convergence dramatically and, in particular, it is simple to code to increase adaptivity in the basic algorithm. We illustrate this with numerical examples.

The paper is organized as follows. In Section 2 we consider properties of the Toeplitz decomposition for normal matrices. Based on these properties we derive a minimization problem analogous to ideal GMRES. In Section 3 we consider the local version of this minization problem. This gives rise to a Hermitian Lanczos method for solving linear systems involving normal matrices. Finally in Section 4 we consider numerical experiments.

2 On the Toeplitz decomposition of a normal matrix

The set of normal matrices is a large class of matrices containing, for instance, the set of Hermitian, skew-Hermitian as well as the set of unitary matrices. For numerical manipulations normal matrices are particularly well-suited as a matrix is normal if and only if it is unitary similar to a diagonal matrix. Although this is how normality is most often used in practise, its original definition is purely algebraic in the sense that N ∈ C^{n×n} is normal if

NN^∗ − N^∗N = 0 (8)

holds. Besides these two chracterizations, there are many ways to define normality. So far about ninety equivalent conditions for a matrix to be normal have been collected by Grone, Johnson, Sa and Wolkowicz [9] and by Elsner and Ikramov [2]. The characterization (8) is taken to be the first in these listings although it is numbered as the condition zero.

Due to the abundance of characterizations of normality, several of them deal with the canonical decompositions for matrices. Diagonalizability by a unitary similarity is, for instance, one such. Another is based on the Toeplitz decomposition N = H + iK, (9) with H =^1_2 (N + N^∗) and K =^1_{2i} (N − N^∗), of N. The condition 21 in [9] states that N is normal if and only if H and K commute. In what follows, we consider the Toeplitz decomposition for normal matrices in more detail.

First of all, commutativity is a strong property. In particular, it is wellknown that for a nonderogatory matrix A ∈ C^{n×n} the set of matrices commuting with A equals the set of polynomials of A [10]. For normal matrices this can be used as follows, where N_0 denotes the set of normal matrices N having nonderogatory Hermitian part H =^1_2 (N + N^∗). In our claims regarding normal matrices we use the induced topology of the standard metric topology of C^{n×n} .

Theorem 1 [12] N_0 is an open dense subset of N .

This set is readily realizable. Namely, if we denote by H_0 the set of nonderogatory Hermitian matrices, then the mapping (H, α_0, ..., α_{n−1}) → H + i n−1∑ j=0 α_jH^j (10)

from H_0×R^n onto N_0 is injective. In particular, combining this with Theorem 1, we can deduce that a generic normal matrix N is a polynomial of its Hermitian part H. By a generic property in a set S we mean that it holds for an open dense subset of S. This is also true for certain matrices not belonging to N_0. By σ(A) we denote the spectrum of A ∈ C^{n×n} .

Theorem 2 Assume N = H + iK is normal such that #σ(N) = #σ(H). Then N = H + ip(H) for a polynomial p of degree #σ(N) − 1 at most.

Proof. Let N be diagonalized by a unitary matrix U so that its Toeplitz decomposition is

N = U ℜ(λ_1) . .. ℜ(λ_n) U^∗ + iU ℑ(λ_1) ... ℑ(λ_n) U^∗ = H + iK, (11)

where λ_1, ...λ_n denote the eigenvalues of N, counting multiplicities, arranged in nondecreasing order of modulus. Since #σ(N) = #σ(H), we can construct the Lagrange’s interpolation polynomial p attaining the values ℑ(λ_1), ..., ℑ(λ_n) at points ℜ(λ_1), ..., ℜ(λ_n). Clearly N = H + ip(H) and the claim follows. � The property #σ(N) = #σ(H) is not generic only in N but also in subsets of N that are relevant for our purposes.

Proposition 3 The property #σ(N) = #σ(H) is generic in {N = H + iK ∈ N |#σ(N) = k} (12) for every 1 ≤ k ≤ n.

Proof. Let λ_1, ..., λ_k denote the distinct eigenvalues of N, belonging to {N = H + iK ∈ N |#σ(N) = k}. Define a mapping N → k−1∏ j=1 (ℑ(λ_{j+1}) − ℑ(λ_j)) (13)

from {N = H +iK ∈ N |#σ(N) = k} into R. This is clearly continuous. The inverse image of 0 for (13) equals those N ∈ {N = H + iK ∈ N |#σ(N) = k} for which #σ(N) > #σ(H) which thereby is a closed set. To see that its complement is dense, rotations e^{iθ}N of N remain in (12). Choosing an arbitrarily small positive θ results in #σ(e^{iθ}N) = #σ(^1_2 (e^{iθ}N + e^{−iθ}N^∗)). � Theorem 2 has a consequence as to solving iteratively linear systems involving normal matrices. To see this, we consider first the so-called ideal GMRES approximation problem [8]. For that purpose, assume having an invertible A ∈ C^{n×n} . By elementary linear algebra, A^{−1} = p(A) for a polynomial p. Based on this, in the ideal GMRES approximation problem [8] one considers, for 1 ≤ j ≤ n − 1, min pj�1∈Pj�1 ‖Ap_{j−1}(A) − I‖, (14) where P_{j−1} denotes the set of polynomials of degree j − 1 at most. Typically the behavior of these quantities are of interest for small values of j compared with the dimension n. The reason for this is that (14) is related to solving the linear system Ax = b, with a b ∈ C^n , by using GMRES via min pj�1∈Pj�1 ‖Ap_{j−1}(A)b − b‖ ≤ min_{pj} �1∈Pj�1 ‖Ap_{j−1}(A) − I‖‖b‖. (15) For further details of GMRES algorithm and its relation to ideal GMRES problem, see e.g. [6, 18]. In addition to interest in behavior of (14) while j grows, there is a related property of A that governs the ultimate number of steps needed for solving Ax = b exactly, at least in exact aritmethic. To this end, recall that the minimal polynomial of A is the monic polynomial of least degree annihilating A. Let deg(A) denote degree of the minimal polynomial of A ∈ C^{n×n} .

Proposition 4 Let deg(A) denote the degree of the minimal polynomial of A ∈ C^{n×n} . Then A^{−1} = p(A) for a polynomial of degree deg(A) − 1.

This is well-known and can be found e.g. from [16]. In particular, because of (15), after deg(A) − 1 steps GMRES yields the solution.

Theorem 2 gives rise to a a problem analogous to ideal GMRES problem in the following manner. Namely, according to Theorem 2, a generic normal matrix N is a polynomial of its Hermitian part H =^1_2 (N + N^∗). Assuming N to be invertible, it holds that N^{−1} is a polynomial of N. Consequently, a generic normal invertible matrix N is a polynomial of its Hermitian part. By this deduction one easily derives an upper bound (deg(N)−1)^2 for the degree of a polynomial yielding N^{−1} = p(H). This, however, is far too pessimistic.

Theorem 5 Assume N ∈ N is generic in the sense of Proposition 3. Then N^{−1} = p(H) for a polynomial p of degree deg(N) − 1 at most.

Proof. Let N = UΛU^∗ be a diagonalization of N by a unitary matrix U so that its Toeplitz decomposition is as in (11). Since N is normal, there holds #σ(N) = deg(N). Further, being generic in the sense of Proposition 3 means that K = q(H) for a polynomial q and, consequently, deg(H) = deg(N). Obviously the Toeplitz decomposition N^{−1} = Ĥ + iK̂ of N^{−1} is

N^{−1} = U

ℜ(1/λ_1) ... ℜ(1/λ_n) U^∗ + iU ℑ(1/λ_1) .. . ℑ(1/λ_n) U^∗. (16)

By interpolation, find a real polynomial p_1 that attains the values ℜ(1/λ_1), ..., ℜ(1/λ_n) at points ℜ(λ_1), ..., ℜ(λ_n). Then, analogously, find a real polynomial p_2 that attains the values ℑ(1/λ_1), ..., ℑ(1/λ_n) at points ℜ(λ_1), ..., ℜ(λ_n). The degree of both p_1 and p_2 is at most deg(N) − 1. Furthermore, by construction p(H) = p_1(H) + ip_2(H) = N^{−1} and the claim follows. �

Thus, since the inverse of N ∈ N is generically a polynomial of its Hermitian part, we are naturally led to consider, aside from the ideal GMRES problem, min pj�1∈Pj�1 ‖Np_{j−1}(H) − I‖. (17) According to Theorem 5, this attains zero no later than the ideal GMRES does whenever N is generic. As with (14), for practical purposes the behavior of these quantities is of most interest for values of j far smaller than deg(N)− 1. Their behavior is easily understood as N is normal. Though, the problem of characterizing the convergence behavior of the ideal GMRES, as well as GMRES for solving Ax = b, using simple properties of A and b has received a lot attention, see [18, 6, 16] and references therein as well as more recent [15, 13, 11, 14]. From this point of view normal matrices are well-understood as the convergence can be characterized by solving polynomial approximation problems on the spectrum of N [7]. For (17) the corresponding approximation problems are just solved on the spectrum of H. Or, while approximating the inverse of N we have two real polynomial approximation problems as follows.

Corollary 6 Let p_1 and p_2 solve min_{pj}�_{1∈Pj}�_1 ‖ℜ(Λ^{−1}) − p_{j−1}(Λ_H )‖ and min_{pj}�_{1∈Pj}�_1 ‖ℑ(Λ^{−1}) − p_{j−1}(Λ_H )‖ respectively. Then min pj�1∈Pj�1 ‖p_{j−1}(H) − N^{−1}‖ = ‖p_1(H) + ip_2(H) − N^{−1}‖.

Note that whenever N is Hermitian, then (17) reduces to the standard ideal GMRES problem for this Hermitian matrix. And the other way around, this is a continuous extension of the ideal GMRES for Hermitian matrices to the set of normal matrices. This extension is clearly not the same as (14) is.

Of course it is possible that a given N ∈ N is nongeneric in the sense that N is not a polynomial of its Hermitian part. This is the case, for instance, when N is skew-Hermitian as then the Hermitian part of N is the zero matrix. And more generally, when N has more than one eigenvalue on a vertical line. There is a simple trick that removes this problem. Namely, instead of N, consider e^{iθ}N for a θ ∈ [0, 2π). It is obvious that this rotation of N remains normal.

Theorem 7 [12] Assume N ∈ C^{n×n} is normal. Then, for θ belonging to an open dense subset of [0, 2π), holds

e^{iθ}N = H_θ + ip_θ(H_θ)

for H_θ =^1_2 (e^{iθ}N + e^{−iθ}N^∗) and a polynomial p_θ with real coefficients.

By the same reasoning as earlier we have, for an invertible N ∈ N and for a θ belonging to an open dense subset of [0, 2π),

N^{−1} = p_θ(H_θ) (18) for a polynomial p_θ. It is readily seen that the claim of Theorem 5 holds, i.e., the degree of p_θ in (18) is at most deg(N) − 1, as well. However, it is not obvius how to pick a rotation θ yielding an optimal decay in the minimization problem (17). Still, since this rotation is important for our purposes, we set the following.

Definition 8 Let N ∈ C^{n×n} and θ ∈ [0, 2π). Then N = e^{−iθ}H_θ + ie^{−iθ}K_θ is the rotated Toeplitz decomposition of N by the angle θ.

In this decomposition the parts are typically not Hermitian matrices. This is obviously irrelevant as all the computational aspects are analogous for H_θ and e^{−iθ}H_θ. Recall that matrices H_θ arise while approximating the field of values of a (not necessarily normal) matrix N. Namely then, for a finite number of different θ, one computes the largest eigenvalue of H_θ and intersects certain half-planes defined on the basis of these eigenvalues, see e.g. [10][Thm 1.5.12, 1.5.14].

3 A Hermitian Lanczos for solving Nx = b

Consider solving iteratively, with a given b ∈ C^n , a linear system Nx = b, (19) for a large, possibly sparse, invertible matrix N ∈ N . If N is Hermitian, then this can be accomplished by an optimal method based on a 3-term recurrence, see e.g. [6]. If N is non-Hermitian normal matrix, then the recurrencies for an optimal approximation are generically long by the result of Faber and Manteuffel [4]. Their result states that there is an optimal recurrence of length deg(p) + 2, where p is the degree of the polynomial yielding N^∗ = p(N). That for a normal N there holds N^∗ = p(N) for a polynomial p is the condition 17 in [9]. Irritatively though, the length of a recurrence is a very noncontinuous property among the set normal matrices.

Example 1. Consider a Hermitian invertible H ∈ C^{n×n} and solving iteratively a system Hx = b for b ∈ C^n . This can be done by using a 3-term recurrence. However, let us slightly perturb H in a very simple manner, for instance, set N = H + iαH^2, where α > 0 is a small parameter. Then N is not quite Hermitian anymore and the spectrum of N does not lie on a line but it is slightly concave down. This small perturbation has destroyed the optimality of the used 3-term recurrence.

An optimal 3-term recurrence for solving a linear system, whenever N^∗ is available, is always obtained by executing the CGN method, the CG for the normal equations. That is, by solving, instead of (19), the system

N^∗Nx = N^∗b or NN^∗y = b with x = N^∗y (20)

using CG method. It is well-known that this approach may not be a good idea although it is not clear when it is so. The squared conditioning of the resulting systems (20) is the most standard argument against the CGN.

In what follows we derive a 3-term recurrence for solving (19) that does not use normal equations and does not lead to squared condition number. To this end, in order to obtain an iterative method, we replace (17) with a minimization problem involving the vector b. That is, we consider, as in GMRES, min pj�1∈Pj�1 ‖Np_{j−1}(H)b − b‖ (21) with H =^1_2 (N + N^∗). As the relation (15) between GMRES and the ideal GMRES, there is an anlogous relation between (17) and (21). Consequently, using the notation of Corollary 6, the decay of (21) can be bound by the complex approximation problem min pj�1∈Pj�1 ‖Np_{j−1}(H)b − b‖ ≤ min_{pj} �1∈Pj�1 ‖Λp_{j−1}(Λ_H ) − I‖‖b‖ (22) on the spectrum of H. Since min pj�1∈Pj�1 ‖Λp_{j−1}(Λ_H ) − I‖ ≤ ‖N‖ min_{pj} �1∈Pj�1

‖p_{j−1}(Λ_H ) − Λ^{−1}‖ (23)

the convergence can also be bounded by considering two real approximation problems on the spectrum of H, see Corollary 6.

Since N commutes with H, (21) is equal to min pj�1∈Pj�1 ‖p_{j−1}(H)Nb − b‖ (24) the value of which is readily obtained with a Krylov subspace method. That is, finding (24) is equivalent with approximating b from the Krylov subspace K_j(H; Nb) = span{Nb, HNb, ..., H^{j−1}Nb}. (25) An inexpensive way to realize this is to execute the Hermitian Lanczos method with H starting from q̂_0 =^{Nb}_{‖Nb‖} . The Hermitian Lanczos method is a well-known algorithm that transforms a Hermitian matrix to a tridiagonal matrix. It is realized by computing, with a Hermitian H, using an initial vector q_0 ∈ C^n

T_j := Q^∗_j HQ_j = α_1 β_1 0 β_1 α_2 β_2 0 β_2 ... ...

... α_{j−1} β_{j−1} β_{j−1} α_j (26)

where Q_j ∈ C^{n×j} has orthonormal columns spanning the Krylov subspace

K_j(H; q_0) = span{q_0, Hq_0, H^2q_0, ..., H^{j−1}q_0}. (27)

The elements of the matrix (26) are computed by using the 3-term recursion β_jq_j = Hq_{j−1} − (Hq_{j−1}, q_{j−1})q_{j−1} − (Hq_{j−1}, q_{j−2})q_{j−2}, (28) where β_j equals the norm of the right-hand side of (28). For further details of the Hermitian Lanczos, see e.g. [1, 19, 17, 5].

To solve (24), we formally start the iteration from q̂_0 =^{Nb}_{‖Nb‖} ∈ C^n as ‖p(H)Nb − b‖ = ‖Nb‖‖p(H) Nb ‖Nb‖ − b ‖Nb‖ ‖ (29)

for every polynomial p. The standard Hermitian Lanczos iteration (28) would then proceed as

q̂_1 = 1 β_1 ( Hq̂_0 − (Hq̂_0, q̂_0)q̂_0 ) (30)

q̂_2 = 1 β_2 ( Hq̂_1 − (Hq̂_1, q̂_1)q̂_1 − (Hq̂_1, q̂_0)q̂_0 ) (31) . . so that at the j^{th} step one computes

q̂_j = 1 β_j ( Hq̂_{j−1} − (Hq̂_{j−1}, q̂_{j−1})q̂_{j−1} − (Hq̂_{j−1}, q̂_{j−2})q̂_{j−2} ) . (32)

The constants β_k’s are chosen such that ‖q̂_j‖ = 1 for 0 ≤ k ≤ j. Then, obviously, min_{pj∈Pj} ‖p_j(H)Nb − b‖ = ‖Nb‖ min_{pj∈Pj} ‖p_j(H) Nb ‖Nb‖ − b ‖Nb‖ ‖ (33)

is realized by the polynomial p_j fulfilling

p_j(H) Nb ‖Nb‖ = j∑ k=0 ( b ‖Nb‖ , q̂_j)q̂_j (34)

as the vectors {q̂_k}^j_{k=0} are orthonormal. The problem is that this scheme does not yield a solution candidate x_j for solving the linear system Nx = b. Instead, it yields the minimum value (24), so that the vector (34) should be multiplied by ‖Nb‖N^{−1} to get the approximation x_j. To avoid inversion, the trick is that, since

x_j = ‖Nb‖ j∑ k=0 ( b ‖Nb‖ , q̂_k)N^{−1}q̂_k = j∑ k=0 (b, q̂_k)N^{−1}q̂_k, (35) we do not actually compute (30), (31) and (32). Instead, we set q_0 =^b_{‖Nb‖} and q_1 := N^{−1}q̂_1 = 1 β_1 ( Hq_0 − (Hq̂_0, q̂_0)q_0 ) (36)

q_2 := N^{−1}q̂_2 = 1 β_2 ( Hq_1 − (Hq̂_1, q̂_1)q_1 − (Hq̂_1, q̂_0)q_0 ) (37) . . so that at the j^{th} step we have

q_j := N^{−1}q̂_j = 1 β_j ( Hq_{j−1} − (Hq̂_{j−1}, q̂_{j−1})q_{j−1} − (Hq̂_{j−1}, q̂_{j−2})q_{j−2} ) . (38)

At each step the inner-products only formally involve q̂_k’s as they can be computed by using the relation Nq_k = q̂_k. Consequently, only vectors of the form q_k are saved and the arisen recurrence relies only on 3 vectors as (35) yields an update

x_j = j∑ k=0 (b, Nq_j)q_j = x_{j−1} + (b, Nq_j )q_j. (39)

Thus we have obtained the following basic algorithm.

Algorithm 1. “For solving Nx = b”.

For N = H + iK ∈ N and a vector b set H =^1_2 (N + N^∗), q_0 =^b_{‖Nb‖} , q_{−1} = 0 and x_0 = (b, Nq_0)q_0. For j = 1 to k compute q_j = Hq_{j−1} − (HNq_{j−1}, Nq_{j−1})q_{j−1} − (HNq_{j−1}, Nq_{j−2})q_{j−2} q_j =^{qj}_{‖Nqj‖} x_j = x_{j−1} + (b, Nq_j )q_j end for.

Remark 1. As opposed to the CGN method, the proposed scheme does not square the condition number as H is formed via a (weighted) summation, not multiplication. Another consequence of the summation is that the scheme reduces to GMRES whenever N is Hermitian.

Remark 2. In addition to the complexity of the standard Hermitian Lanczos iteration step (32), additional 3 matrix-vector products Nq_{j−2}, Nq_{j−1} and Nq_j are needed while computing q_j.

Remark 3. The computed vectors {q_k}^j_{k=0} themselves need not be orthonormal but {Nq_k}^j_{k=0} are.

Remark 4. It is straighforward to modify the above algorithm such that an initial guess x_{−1} is used instead. That is, then b is replaced with the residual r = b − Nx_{−1} and q_0 =^r_{‖Nr‖} taken to be the starting vector. Then the approximative solution is, at the k^{th} step, x̂_k = x_{−1} + x_k.

Remark 5. Because of (18), it is possible to use a rotated Toeplitz decomposition of N instead. This means simply replacing H with H_θ in the above algorithm.

Remark 6. Combining Remarks 4 and 5 gives a scheme in which the rotation parameter θ is varied during the iteration. That is, the iteration is started with a θ_0 and with an initial guess x_{−1}. Then the algorithm is executed, with r = b − Nx_{−1} in place of b, q_0 =^r_{‖Nr‖} and with H_θ in place of H. After, let us say, k steps the algorithm has produced x_k so that an approximative solution x̂_k = x_{−1} + x_k is obtained. Then another rotation parameter θ_1 is chosen, in case of stagnation for instance, and the scheme is restarted by using the just computed x̂_k as an initial guess. We will consider this more below.

Let us formulate, aside form the basic Algorithm 1, an algorithm resulting from Remark 6.

Algorithm 2. “For solving Nx = b”.

For N = e^{−iθ}H_θ + ie^{−iθ}K_θ ∈ N and an initial guess x_{−1} set r = b − Nx_{−1}, q_0 =^r_{‖Nr‖} , q_{−1} = 0 and x_0 = (b, Nq_0)q_0. For j = 1 to k compute q_j = H_θq_{j−1} − (H_θNq_{j−1}, Nq_{j−1})q_{j−1} − (H_θNq_{j−1}, Nq_{j−2})q_{j−2} q_j =^{qj}_{‖Nqj‖} x_j = x_{j−1} + (b, Nq_j )q_j end for.

x̂_k = x_{−1} + x_k.

Rstart with a new θ.

Remark 7. The usage of restarts and rotations suggested in Remark 6 removes the nongenericity problem of N ∈ N not being a polynomial of its Hermitian part. A simple way to achieve this is to monitor the size of updates (b, Nq_j )q_j. If the updates remain under a threshold for a number a consecutive steps and the approximative solution is not sufficiently accurate, then another θ is introduced and the so far computed approximation is used as an initial guess. Thereby no gained information is lost.

Remark 8. In a nearly nongeneric case the convergence can slow down for a while unless rotations and restarts are used. This is readily explained by the bound (23) and Corollary 6. Namely then the Hermitian part of N has has close eigenvalues and therefore the approximation polynomials p_1 and p_2 of Corollary 6 may need to make violent turns over a short interval in order to approximate ℜ(Λ^{−1}) and ℑ(Λ^{−1}) well. We strongly recommend using restarts and rotations in these cases. The convergence can be very good with extremely thick restarts combined with random rotations, see numerical examples of Section 4.

Remark 9. As with the original the Hermitian Lanczos method, also Algorithm 1 suffers from loss of orthogonality (of vectors {Nq_k}^j_{k=0} in Remark 3) resulting from finite precision and short term recurrencies. This is a problem in eigenvalue approximations in particular. Standard tricks against this are full-orthogonalization or selective orthogonalization [17, 1]. But then, obviously, the memory requirements increase accordingly.

Remark 10. As the underlying minimization problem is (17), also other information could be extracted from the iteration process, like location of eigenvalues. An algorithm was derived in [12] and from (21) it is possible to derive another type of algorithm. We do not consider this problem here.

Let us illustrate Remark 7 more thoroughly with a simple nongeneric example.

Example 2. Let N =

1 0 0 0 0 −1 0 0 0 0 i 0 0 0 0 −i and b = 1 2 1 2 1 2 1 2 . Thus N is

nongeneric as #σ(H) = 3 < 4 = #σ(N). A simple computation gives

K_3(H; Nb) = K_4(H; Nb) = span{ 1 0 0 0 , 0 1 0 0 , 0 0_1 √ 2 −1√ 2 }.

Therefore Algorithm 1 yields x_3 = 1 2 −^1_2 0 0 and Nx^3 = 1 2 1 2 0 0 so that r =

b − Nx_3 = 0 0_1 2 1 2 . Next we set q^0 =^r‖Nr‖ and x^3 to be the intial guess. We

choose θ_1 =^π_2 so that according to Remark 6, with q_0, x_3 and H^ß_2 , we obtain

K_2(H^ß_2 ; Nr) = K_3(H^ß_2 ; Nr) = span{ 0 0 1 0 , 0 0 0 1 }.

Thus y_2 = 0 0 −^i_{2i} 2 and Ny^2 = 0 0_1 2 1 2 . In particular, we obtain the solution

as N(x_3 + y_2) = b.

Although also the rotation resulted in nongeneric e^{i ß}2 N, the solution was obtained after one restart. An interesting problem is how to rotate N during the iteration to achieve the fastest possible convergence. It is interesting to note that as such, while using rotations, the method is not quite a Krylov subspace method. As to Algortihm 1, its convergence for Hermitian H is the same as GMRES and for most rotations of H this is true as well.

Proposition 9 Assume H ∈ H and b ∈ C^n . Then the convergence of Algorithm 1 for solving e^{iθ}Hx = b is independent of θ ∈ [0, 2π)\{^π_2 ,^{3π}_2 }.

Proof. This follows from the property that K_j(H_θ; e^{iθ}Hb) = span{Hb, HHb, ..., H^{j−1}Hb}. as long as θ ∈ [0, 2π)\{^π_2 ,^{3π}_2 }. Easiest way to verify this is to diagonalize H first by a unitary similarity. Thus, by (24), the claim follows. � To end with, one can argue that solving linear systems involving normal matrices is too specific a problem. However, the first argument against this point is that before even considering mastering nonnormal problems, we have tried to gain understanding of solving systems with normal matrices. Second, there also arises the possibility of using normal matrices while preconditioning nonnormal problems as they can be solved with modest memory requirements with the proposed algorithm. Third, minimal decomposition, i.e., finding for a given A ∈ C^{n×n} a splitting A = N + F with a normal N such that F is of least possible rank, is also of interest besides from the point of view of analysis [15]. Namely, whenever the splitting A = N + F of A is regular, any linear system Ax = b, with b ∈ C^n , can be solved using inner-outer iterations such that the number of outer iterations depends on the rank of F directly. For more details, see [15, 14].

4 Numerical experiments

Next we consider numerical experiments for solving Nx = b. Our matrices are relatively small as we have prefered well-known examples to illustrate how Algorithms 1 and 2 extends GMRES and how to use restarts suggested in Remarks 6 and 7. The computations are performed with Matlab and we use its syntax while explainig the numerical examples. In all the examples

N ∈ C^{n×n} is normal and, unless otherwise stated, b ∈ C^n is a random complex

vector, that is b = rand(n, 1) + irand(n, 1).

Example 3. We start with a very well understood example illustrating how Algorithm 1 extends GMRES for Hermitian matrices to normal matrices in a continuous way. We compare the convergence for N_0 = H = diag(8(6 + randn(600, 1))) ∈ C^{600×600} with Hermitian positive definite H and for a “slightly” bent N_0, that is, for N_j = H + iα_jH^2, with small positive α_j’s. Besides α_0 = 0, we set α_1 = 0.01, α_2 = 0.1 and α_3 = 1. Note that for N_0 Algorithm 1 is GMRES. In Figure 4.1 we have depicted the eigenvalues of N_0, N_1 and N_2 and N_3. Note that N_0, N_1, N_2 and N_3 are not close. Still, from Figure 4.2, where we have plotted relative residuals ‖b − Nx_k‖/‖b‖, we observe that the convergence of Algorithm 1 is very similar for these matrices.

Example 4. This example illustrates the effect of rotations combined with initial guesses as suggested in Remark 6. We define N via N = diag([n1; n2; n3; n4]), where n1 = 3(5+randn(100, 1)), n2 = 5(−7+randn(100, 1)), n3 = 4(6 + randn(100, 1))i and n4 = 2(−10 + randn(100, 1))i. Thus, N ∈

C^{400×400} and its spectrum lies on the union of x- and y-axis like a “cross”, see

Figure 1: The eigenvalues of the matrices N_0, N_1, N_2 and N_3 of Example 3 are denoted by ’x’, ’o’, ’+’ and ’∗’ respectively.

Figure 2: The convergence of relative residuals for Algorithm 1 in log10-scale for Example 3. The convergence is denoted by ’−’, ’−∗’, ’−−’ and ’−·’ for N_0, N_1 and N_2 and N3 respectively.

Firgure 4.3. In particular, N is nongeneric as there are several eigenvalues on a vertical line, that is, on the y-axis. This is a difficult problem for GMRES as a lot of iterations are needed. We perform 80 steps which a very large amount taking into account the dimension. We use the following rotation choices with Algorithm 2:

20-20 is such that we take 20 steps with H and then rotate by^π_2 and take

20 steps with H^ß_2 . This is then repeated.

Random-5 is such that we take a random rotation and perform 5 step and take another random rotation and perform 5 steps. This is then repeated. 8-8 is such that we take 8 steps with H and then rotate by^π_2 and take 8 steps with H^ß_2 . This is then repeated.

In Figure 4.4 we have plotted relative residuals ‖b−Nx_k‖/‖b‖ of GMRES and each 3 strategies above.

Let us try to explain the dependence of the convergence on rotations for 20-20 and 8-8. Starting with θ_0 = 0 means that H_0 does not posess any information of the eigenvalues on the imaginary axis. Thus, then the iteration behaves nearly like GMRES for the Hermitian diag([n1; n2]) and decreases error in the corresponding subspace of dimension 200. After stagnation, the corresponding projected problem onto that subspace is approximatively solved. If a rotation θ_1 =^π_2 is then made, using the obtained solution candidate as an initial guess, then the iteration behaves nearly like GMRES for the Hermitian diag([n3/i; n4/i]) and decreases error in the corresponding subspace of dimension 200.

Note that Random-5 decreases the residual like (full) GMRES.

Figure 3: The eigenvalues of the matrix N in Example 4.

Example 5. We let N ∈ C^{500×500} to be the notorious unitary shift and b a standard unit basis vector. Thus, the origin is surrounded by the eigenvalues of N, see Figure 4.5. Although being an easy problem for CGN [6], this is a very diffucult problem for GMRES. It is well-know that the convergence of GMRES for this starting vector is catastrophic as it makes no progress before n^{th} step. As there are no angles to prefer, we use very thick restarts with random rotations. That is, we use Random-1 and Random-3 strategies explained in Example 4. The convergence of relative residuals ‖b−Nx_k‖/‖b‖

Figure 4: The convergence of relative residuals for in log10-scale for Example 4. Solid line is GMRES and ’−−’ is 20-20, ’−·’ is random-5 and ’−∗’ is 8-8.

is depicted in Figure 4.6. Surpricingly, very thick restarting seems to be a good choice for this example.

Figure 5: The eigenvalues of the matrix N in Example 5.

Example 6. We set N = I + 0.1diag(randn(100, 1) + irandn(100, 1)) ∈

C^{100×100} . As opposed to Example 5, this matrix is particularly favourable to

GMRES since N has a very concentrated spectrum around 1. The spectrum

Figure 6: The convergence of relative residuals for in log10-scale for Example 5. Solid line is Random-1 and ’−·’ is Random-3.

is otherwise very unstructured so that there is no direction to prefer with Algorithm 1 and polynomial interpolation for the Hermitian part can be troublesome. We use therefore Algorithm 2 with thick restarts by using again Random-1 and Random-3 strategies explained in Example 4. Observe from Figure 4.7 that Random-1 wins.

Figure 7: The convergence of relative residuals for in log10-scale for Example 6. Solid line is GMRES, ’−·’ is Random-1 and ’−−’ is Random-3.

5 Conclusions

In this paper we have derived a Hermitian Lanczos method for solving a linear system Nx = b involving a normal matrix N. The obtained method is optimal when measured in a way that resembles the definition of GM- RES. The algorithm is realizable with a 3-term recurrence and reduces to GMRES whenever N is Hermitian. Furthermore, rotations and restarts play an extremely important role in the convergence behavior of the introduced method. We have illustrated this with numerical examples. If there is information about the spectrum, then rotations should be chosen such that parts of the spectrum are well approximated by polynomials if possible. Unless there is information about the spectrum of N, we do not know how to optimally choose rotations as well as thickness of restarts. However, thick restarting combined with random rotations seems to a very good alternative then.

References

[1] J. DEMMEL, Applied Numerical Linear Algebra, SIAM, Philadelphia, 1997.

[2] L. ELSNER AND KH.D. IKRAMOV, Normal matrices: an update, Lin.

Alg. Appl. 285: 291-303 (1998).

[3] L. ELSNER AND M.H.C. PAARDEKOOPER, On measures of nonnormality of matrices, Lin. Alg. Appl. 92: 107-124 (1987).

[4] V. FABER AND T. MANTEUFFEL, Necessary and sufficient conditions for the existence of a conjugate gradiante method, SIAM J. Numer. Anal., Vol. 21, No.2, 1984.

[5] G.H. GOLUB AND C.F. VAN LOAN, Matrix Computations, The John Hopkins University Press, Baltimore and London, the 3^{rd} ed. 1996.

[6] A. GREENBAUM, Iterative Methods for Solving Linear Systems, Frontiers in Applied Mathematics, SIAM, Philadelphia, 1997.

[7] A. GREENBAUM AND L. GURVITS, Max-min properties of matrix factor norms, SIAM J. Sci. Comp., 15 (1994), pp. 348-358.

[8] A. GREENBAUM AND L.N. TREFETHEN , GMRES/CR and Arnoldi/Lanczos as matrix approximation problems. SIAM J. Sci. Comp., 15 (1994), pp. 348-358.

[9] R. GRONE, C.R. JOHNSON, E.M. SA AND H. WOLKOWICZ, Normal matrices, Lin. Alg. Appl. 87: 213-225 (1987).

[10] R.A. HORN AND C.R. JOHNSON, Topics in Matrix Analysis, Cambridge Univ. Press 1991.

[11] M. HUHTANEN, Ideal GMRES can be bounded from below by three factors, Helsinki Univ. Tech. Math. Rep., A412, 1999.

[12] M. HUHTANEN, A stratification of the set of normal matrices, A submitted manuscript 1999, revised version of Helsinki Univ. Tech. Math. Rep., A414, 1999.

[13] M. HUHTANEN, Pole assignment problems for error bounds for GM- RES, Helsinki Univ. Tech. Math. Rep., A418, 1999.

[14] M. HUHTANEN, A matrix nearness related to iterative methods, Helsinki Univ. Tech. Math. Rep., A422, 1999.

[15] M. HUHTANEN AND O. NEVANLINNA, Minimal decompositions and iterative methods, Centro Int. Math., Portugal, Preprint 3, 1998. Also to appear in Numer. Math.

[16] O. NEVANLINNA, Convergence of Iterations for Linear Equations, Lectures in Mathematics ETH Zürich, Birkäuser Verlag, 1993.

[17] B.N. PARLETT The Symmetric Eigenvalue Problem, Prentice Hall, Englewood Cliffs, 1980.

[18] Y. SAAD AND M.H. SCHULTZ, GMRES: A generalized minimum residual algorithm for solving nonsymmetric linear systems, SIAM J. Sci. Stat. Comp., 7 (1986), pp. 856-869.

[19] Y. SAAD. Numerical Methods for Large Eigenvalue Problems, Halstead Press, NY, 1992.

(continued from the back cover)

A419 G. Gripenberg, Ph. Clément, and S-O. Londen Smoothness in fractional evolution equations and conservation laws, Aug 1999

A418 Marko Huhtanen

Pole assignment problems for error bounds for GMRES, Aug 1999

A417 Kirsi Peltonen

Examples of uniformly quasiregular mappings, Jul 1999

A416 Saara Hyvönen

On the Iterative Solution of Nonnormal Problems, Jul 1999

A415 Ville Turunen

A smooth operator valued symbol analysis, Aug 1999

A414 Marko Huhtanen

A stratification of the set of normal matrices, May 1999

A413 Ph. Clément, G. Gripenberg and S-O Londen Regularity properties of solutions of functional evolution equations, May 1999

A412 Marko Huhtanen

Ideal GMRES can be bounded from below by three factors, Jan 1999

A411 Juhani Pitkäranta

The first locking-free plane-elastic finite element: historia mathematica, Jan 1999

A410 Kari Eloranta

Bounded Triangular and Kagomé Ice, Jan 1999

A409 Jukka Tuomela and Teijo Arponen

On the numerical solution of involutive ordinary differential systems: Boundary value problems, Dec 1998

A408 Ville Turunen

Commutator Characterization of Periodic Pseudodifferential Operators, Dec 1998

A407 Jarmo Malinen

Discrete time Riccati equations and invariant subspaces of linear operators, Feb 1999

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A424 Olavi Nevanlinna

Resolvent conditions and powers of operators, Dec 1999

A423 Jukka Liukkonen

Generalized Electromagnetic Scattering in a Complex Geometry, Nov 1999

A422 Marko Huhtanen

A matrix nearness problem related to iterative methods, Oct 1999

A421 Ph. Clément, G. Gripenberg, V. Högnäs, and S-O. Londen Some remarks on the method of sums, Oct 1999

A420 Ville Havu and Juhani Pitkäranta

An Analysis of Finite Element Locking in a Parameter Dependent Model Problem, Aug 1999

ISBN 951-22-4867-0 ISSN 0784-3143 Espoo, 2000