Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2002 A446

R-BOUNDEDNESS IS NECESSARY FOR MULTIPLIERS ON H^1

Tuomas Hytönen

Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2002 A446

R-BOUNDEDNESS IS NECESSARY FOR MULTIPLIERS ON H^1

Tuomas Hytönen

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Tuomas Hytönen: R-Boundedness is Necessary for Multipliers on H^1; Helsinki University of Technology Institute of Mathematics Research Reports A446 (2002).

Abstract: We prove that a necessary condition for a Fourier-multiplier m ∈ L^1_{loc}(R^n ; B(X; Y )) to give a bounded operator T_m : f → F^{−1}[mf̂ ] from H^1_{at}(R^n ; X) to L^1(R^n ; Y ) is the R-boundedness of {m(y)| y ≠ 0}. Here X, Y are arbitrary Banach spaces and H^1_{at} is the atomic Hardy space. As a consequence of this result, we show that the maximal L^p-regularity of the abstract Cauchy problem u^′ = Au + f on a UMD-space is equivalent to maximal H^1_{at}-regularity.

AMS subject classifications: 47B38 (Primary) 42B15 (Secondary)

Keywords: Operator-valued Fourier-multiplier, Hardy space, maximal regularity

Tuomas.Hytonen@hut.fi

ISBN 951-22-5879-X ISSN 0784-3143 HUT, Espoo, February 2002

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

1 Introduction

By now it is understood that R-boundedness of the pointwise values of an operator-valued function is intimately connected with the boundedness of the related Fourier-multiplier between L^p-spaces of vector-valued functions. To be more precise, let m ∈ C(R \ {0}; B(X; Y )) and 1 < p < ∞, and consider the following three statements:

A. The collection {m(t) : X → Y | t ≠ 0} is R-bounded.

B. The function m is C^1 away from the origin and {tm^′(t) : X → Y | t ≠ 0} is R-bounded.

C. The multiplier operator T_m : f → F^{−1}[mf̂] is bounded from L^p(R; X) to L^p(R; Y ).

If X and Y are UMD spaces, the following implications hold: A ∩ B =⇒ C =⇒ A. The first one is due to L. Weis [W] and the second (which is true for general Banach spaces) was shown by Ph. Clément and J. Prüss [CP]. Analogous results for Fourier-multipliers in the periodic case have been proved by W. Arendt and S. Bu [AB].

It was shown by the author in [H] that the implication A ∩ B =⇒ C remains valid also with the Lebesgue–Bôchner spaces L^p(R; X), L^p(R; Y ) replaced by the atomic Hardy spaces H^1_{at}(R; X) and H^1_{at}(R; Y ). The purpose of this paper is to establish the partial converse C =⇒ A in this setting (again, with arbitrary Banach spaces X, Y ), i.e., to show that R-boundedness is a necessary condition for the boundedness of Fourier-multipliers also on H^1.

The paper is organised as follows: The main theorem stated in the title is precisely formulated and proved in §2, whereas the implications of this result to maximal regularity are considered in §3. In §4 we give a simpler proof of the main result for the one-dimensional domain and in §5 we briefly consider some related ideas in the periodic situation, including an interesting necessary condition for bounded multipliers from L^∞(T; X) to BMO(T; Y ).

Notations and conventions. We denote by ε_j , j = 1, 2, . . ., a sequence of independent random variables on some probability space (Ω, Σ, P) which satisfy P(ε_j = 1) = P(ε_j = −1) = 1/2. E denotes the expectation related to the probability measure P. The random variables ε_j are referred to as the Rademacher functions.

We recall [CP, W] that T ⊂ B(X; Y ) is called R-bounded, the “R” being short for Rademacher, randomized or Riesz, if for some p ∈ (0, ∞) and C < ∞ and for all N ∈ Z_+, x_j ∈ X, T_j ∈ T the inequality E | | | | N∑ j=1 ε_j T_jx_j | | | | p

Y

1 p ≤ C E | | | | N∑ j=1 ε_jx_j | | | | p

X

1 p

holds. It follows from the Khintchine–Kahane inequality that for each fixed T, the condition in fact holds true either for all p ∈ (0, ∞) (with C possibly depending on p) or for none. We shall be mostly concerned with the case p = 1, and we refer to the smallest C in this inequality as the R-bound of T and denote it by R(T).

One of the most standard tools related to R-boundedness is the contraction principle (of J.-P. Kahane) stating that

E | | | | N∑ j=1 ε_jλ_jx_j | | | | p

X

1 p ≤ π 2 E | | | | N∑ j=1 ε_jx_j | | | | p

X

1 p

for p ≥ 1, N ∈ Z_+, x_j ∈ X and λ_j ∈ C with |λ_j | ≤ 1.

In the literature, one usually finds this with the constant 2 in place of π/2. Even though the size of constants is quite immaterial for our purposes, we shall use the inequality in this sharper form, which is proved in [PW, §3.5.4].

The atomic Hardy space H^1_{at}(R^n ; X) consists of those f ∈ L^1(R^n ; X) which have an atomic decomposition f = ∞∑ k=1 a_k with ∞∑ k=1 | |B^k | |^12 ‖a_k‖_{L2(Rn;X)} < ∞, where the a_k ∈ L^2(R^n ; X) have their support contained in the balls B^k and a vanishing integral: ∫ a_k(y) dy = 0. The norm in H^1_{at}(R^n ; X) is the infimum of the sums above taken over all such decompositions of f.

We note that in the literature it is customary to impose a size condition on the atoms a_k, so that the decomposition involves extra scale factors λ_k ∈ C , such that f = ∑ λ_ka_k, and the H^1_{at}-norm is defined in terms of ∑ |λ_k|. The present definition is equivalent and simpler to use for our purposes.

Since ‖a_k‖_L1 ≤ | |B^k | |^12 ‖a_k‖_{L2} , it follows that ‖f‖_{L1(Rn;X)} ≤ ‖f‖_{H1at(Rn;X)};

thus H^1_{at}(R^n ; X) → L^1(R^n ; X). Let us also observe the following dilation property of the H^1_{at}-norm, analogous to that of the L^1-norm: If f = ∑ a_k ∈ H^1_{at}(R^n ; X) and r > 0, then r^nf(r·) = ∑ r^na_k(r·) =: ∑ A_k. Here A_k is supported in r^{−1}B^k (the ball concentric with B^k and having r^{−1} times the same radius); thus

‖r^nf(r·)‖_H1_{at(R}n_{;X)} ≤ ∞∑ k=1 | |r^{−1}B^k | |^12 ‖r^na_k(r·)‖_{L2} = ∞∑ k=1 | |B^k | |^12 ‖a_k‖_{L2} ,

and taking the infimum over all decomposition f = ∑ a_k we deduce the inequality ‖r^nf(r·)‖_H1_{at(R}n_{;X)} ≤ ‖f‖_H1_{at(R}n_{;X)}. Writing f = r^{−n}g(r^{−1}·) with g = r^ng(r·) we get the same inequality in the opposite direction, thus in fact an equality.

Below we also consider (in the one-dimensional setting) another Hardy space H^1_{con}(R; X) defined in terms of the conjugate function, but we postpone its definition until we need it.

For more information on Hardy spaces of vector-valued functions we refer to [B]; a short review is also given in [H].

2 The main result and its proof

We are going to prove the following theorem:

Theorem 1. Suppose m ∈ L^1_{loc}(R^n ; B(X; Y )) is such that the multiplier operator T_mf := F^{−1}[mf̂] acts boundedly from H^1_{at}(R^n ; X) to L^1(R^n ; Y ).

Then m is strongly continuous away from the origin and moreover R ({m(y) : X → Y | y ≠ 0}) ≤ C_n ‖ ‖T_m : H^1_{at}(R^n ; X) → L^1(R^n ; Y ) ‖ ‖ , where the constant C_n depends only on the dimension n. In particular, m ∈ L^∞(R^n ; B(X; Y )).

Before we prove this, we need two lemmata. First of all, we require a tool for estimating the H^1_{at}-norms we will encounter. Let B_r be the ball in R^n of radius r centered at the origin and A_{r,R} := B_R \ B_r the annulus with inner and outer radii r and R, respectively.

Lemma 1. Suppose φ ∈ S(R^n ; X) satisfies ∫ φ(x) dx = 0. Then φ ∈ H^1_{at}(R^n ; X), and the norm is estimated by

‖φ‖_H1_{at(R}n_{;X)} ≤ ∞∑ k=1 |B_k|^{12} ‖ ‖φ1_{Ak−1,k} ‖ ‖_{L2(Rn;X)} + (1 + 2^n2 ) ∞∑ k=1 ‖ ‖φ1_{Bck} ‖ ‖_{L1(Rn;X)}

It is easy to see that the sum is indeed finite for a rapidly decreasing φ.

Proof. Let us denote

φ_k := ( φ − 1 |B_k| ∫ B_k φ(y) dy ) 1_{Bk} = ( φ + 1 |B_k| ∫ B^c_k φ(y) dy ) 1_{Bk} , where it is clear from the first form that ∫ φ_k(x) dx = 0, and the latter equality follows from the assumption that the total integral of φ vanishes. Then |φ(x) − φ_k(x)|_X ≤ |φ(x)|_X 1_Bc_k (x) + 1 |B_k| ∫ B^c_k |φ(y)|_X dy ≤ max_{|y|≥k} |φ(y)|_X + 1 |B_k| ∫ B^c_k |φ(y)|_X dy −→_{k→∞} 0; thus φ_k → φ uniformly as k → ∞.

We then define ϕ_1 := φ_1 and

ϕ_k := φ_k − φ_{k−1} for k > 1 so that N∑ k=1 ϕ_k = φ_N −→_{N→∞} φ uniformly.

Thus we have φ = ∑_∞ k=1 ϕ_k, where supp ϕ_k ⊂ B_k and ∫ ϕ_k(x) dx = 0. This is hence an atomic decomposition of φ, and we have

‖φ‖_H1_{at(R}n_{;X)} ≤ ∞∑ k=1 |B_k|^{12} ‖ϕ_k‖_L2_{(R}n_{;X)} .

Hence it remains to estimate the L^2-norm of ϕ_k = φ1_{Ak−1,k} + 1_{Bk} |B_k| ∫ B^c_k φ(y) dy − 1_{Bk−1} |B_{k−1}| ∫ B^c_{k−1} φ(y) dy, where the last term is interpreted as 0 for k = 1, and this yields

‖ϕ_k‖_L2_{(R}n_{;X)} ≤ ‖ ‖φ1_{Ak−1,k} ‖ ‖_{L2(Rn;X)} + 1 |B_k|^{12} ‖ ‖φ1_{Bck} ‖ ‖_{L1(Rn;X)} + 1 |B_{k−1}|^{12} ‖ ‖φ1_{Bck−1} ‖ ‖ L^1(R^n;X) .

Multiplying by |B_k|^{12} , observing that |B_k|^{12} / |B_{k−1}|^{12} = (k/(k − 1))^n2 ≤ 2^n2 and summing over k we obtain the asserted estimate.

The following simple result handles the easy part of the main theorem. It is not really crucial for the proof of the assertion concerning the R-boundedness of the multiplier m, since the strong continuity at y ≠ 0 is only exploited via the fact that these points are strong Lebesgue points of m, and in any case we know that almost every point is a Lebesgue point. Nevertheless, we obtain a somewhat neater form of the theorem without the need for almost-every-qualifications.

Lemma 2. If m ∈ L^1_{loc}(R^n ; B(X; Y )) defines a bounded multiplier operator T_mf := F^{−1}[mf̂], which maps H^1_{at}(R^n ; X) boundedly into L^1(R^n ; Y ), then m is strongly continuous at every y ≠ 0. In particular, every y ≠ 0 is a strong Lebesgue point of m.

Proof. Let y_0 ≠ 0. Then there exists a test function φ̂ ∈ D(R), which is supported away from the origin and equals unity in a neighbourhood of y_0. Then for x ∈ X we have φ(·)x ∈ S(R^n ; X) and ∫ φ(y)x dy = φ̂(0)x = 0.

Hence φ(·)x ∈ H^1_{at}(R; X), and thus T_m[φ(·)x] ∈ L^1(R; Y ). The Fourier transform of this latter function is m(y)φ̂(y)x, and in a neighbourhood of y_0, this is just m(y)x. But the Fourier transform of an L^1-function is continuous, thus y → m(y)x is continuous in a neighbourhood of y_0, and this being true for every x ∈ X the assertion is established.

Now we are ready to prove the main result.

Proof of Theorem 1. Let N ∈ Z_+ and x_1, . . . , x_N ∈ X, and let first y_1, . . . , y_N ∈ {y = (y^1, . . . , y^n) ∈ R^n | y^n ≥ 0, y ≠ 0}, i.e., the points are taken from the closed upper half-space, excluding the origin. Let us choose a (real-valued) test-function ψ ∈ D(R^n ) with support strictly contained in the lower half-space {y ∈ R^n | y^n < 0} and such that ∫ R^n ψ^2(y) dy = 1.

This function will be exploited in building an appropriate approximation of the identity; the reason for the support condition will become clear later. Since y_j is a Lebesgue point of y → m(y)x_j by Lemma 2, we have

m(y_j)x_j = lim_{k→∞} ∫ R^n m(y)x_jψ^2(k(y_j − y))k^n dy, the convergence being in the norm of Y . Thus

E | | | | N∑ j=1 ε_jm(y_j)x_j | | | |_Y = lim_{k→∞} k^nE | | | | ∫ R^n N∑ j=1 ε_j m(y)ψ(k(y_j − y))x_jψ(k(y_j − y)) dy | | | |_Y . Note that since the Rademacher functions ε_j are simple random variables, the expectation E is nothing but a weighted finite sum, and thus it certainly commutes with limits. (Of course, for more general random variables we could have simply invoked Fatou’s lemma to yield the above result with “= lim” replaced by “≤ lim inf”, and the rest of the proof would run in exactly the same way.)

We then write

m(y)ψ(k(y_j − y))x_j = m(y)FF^{−1}[ψ(k(y_j − ·))x_j ](y) = m(y)F[e^{i2πyj·(·)}ψ̂(·/k)x_j ](y)/k^n = FT_m[e^{i2πyj ·(·)}ψ̂(·/k)x_j](y)/k^n, and using the duality equality ∫ ĝf dy = ∫ gf̂ dy of the Fourier transform we arrive at E | | | | N∑ j=1 ε_jm(y_j)x_j | | | |_Y = lim_{k→∞} k^{−n}E | | | | ∫ R^n N∑ j=1 ε_jT_m[e^{i2πyj ·(·)}ψ̂(·/k)x_j ](y)e^{−i2πyj ·y}ψ̂(−y/k) dy | | | | Y ≤ lim inf k→∞ k^{−n} ‖ ‖ψ̂ ‖ ‖_{L∞} E ∫ R^n | | | | N∑ j=1 ε_je^{−i2πyj ·y}T_m[e^{i2πyj ·(·)}ψ̂(·/k)x_j](y) | | | |_Y dy. We now invoke the contraction principle to get rid of the exponential factors e^{−i2πyj ·y} and then the assumed boundedness of the operator T_m to yield

≤ π 2 ‖ ‖ψ̂ ‖ ‖_{L∞} ‖ T_m : H^1_{at} → L^1 ‖ lim inf k→∞ k^{−n}E ‖ ‖ ‖ ‖ N∑ j=1 ε_je^{i2πyj ·(·)}ψ̂(·/k)x_j ‖ ‖ ‖ ‖_{H1at(Rn;X)} = π 2 ‖ ‖ψ̂ ‖ ‖ L^∞ ‖T_m‖ lim inf_{k→∞} E ‖ ‖ ‖ ‖ N∑ j=1 ε_je^{i2πkyj ·(·)}ψ̂(·)x_j ‖ ‖ ‖ ‖_{H1at(Rn;X)} , (1)

where the last equality follows from the dilation property of the H^1_{at}-norm.

So far the proof has been completely parallel to that in [CP] concerning the L^p situation, except for the choice of our auxiliary function ψ, but now we are faced with the H^1_{at}-norm, with which the contraction principle can no longer be applied. Instead, we invoke Lemma 1 for the evaluation of this norm. Let us first check that the assumptions of the lemma are satisfied by

φ(y) := N∑ j=1 ε_j e^{i2πkyj ·y}ψ̂(y)x_j :

Certainly ψ̂ ∈ S(R^n ) since ψ ∈ D(R^n ), and since the exponential factors are C^∞ with bounded derivatives of all orders, the entire function φ belongs to S(R^n ; X). Moreover, recognizing the formula of the inverse Fourier transform, we have ∫ R^n e^{i2πkyj ·y}ψ̂(y) dy = ψ(ky_j) = 0,

since k > 0 and y_j is in the upper half-space, whereas ψ is supported in the lower half-space.

Hence we get, for the H^1_{at}-norm appearing in (1), the estimate

E ‖ ‖ ‖ ‖ N∑ j=1 ε_j e^{i2πkyj ·(·)}ψ̂(·)x_j ‖ ‖ ‖ ‖_{H1at(Rn;X)} ≤ ∞∑ ℓ=1 |B_ℓ|^{12} E ‖ ‖ ‖ ‖ N∑ j=1 ε_je^{i2πkyj ·(·)}ψ̂1_{Aℓ−1,ℓ} (·)x_j ‖ ‖ ‖ ‖_{L2(Rn;X)} + (1 + 2^{n2} ) ∞∑ ℓ=1 E ‖ ‖ ‖ ‖ N∑ j=1 ε_je^{i2πkyj ·(·)}ψ̂1_Bc_ℓ (·)x_j ‖ ‖ ‖ ‖_{L1(Rn;X)} .

Now we are back to L^p-norms, and the contraction principle applies again:

≤ π 2 ∞∑ ℓ=1 |B_ℓ|^{12} E ‖ ‖ ‖ ‖ N∑ j=1 ε_jψ̂1_{Aℓ−1,ℓ} (·)x_j ‖ ‖ ‖ ‖ 2

L^2(R^n;X)

1 2

+ (1 + 2^{n2} ) π 2 ∞∑ ℓ=1 E ‖ ‖ ‖ ‖ N∑ j=1 ε_jψ̂1_Bc_ℓ (·)x_j ‖ ‖ ‖ ‖_{L1(Rn;X)}

= π 2 ∞∑ ℓ=1 |B_ℓ|^{12} ‖ ‖ψ̂1_{Aℓ−1,ℓ} ‖ ‖ L^2(R^n) E | | | | N∑ j=1 ε_jx_j | | | | 2

X

1 2

+ (1 + 2^{n2} ) π 2 ∞∑ ℓ=1 ‖ ‖ ‖ψ̂1B^c_ℓ ‖ ‖ ‖_{L1(Rn)} E | | | | N∑ j=1 ε_jx_j | | | |_X .

Finally, combining (1) with the estimate above and applying the Khintchine–

Kahane inequality √ E | ∑ ε_jx_j |^2_X ≤ √ 2E | ∑ ε_jx_j |_X (see [PW, §4.1.10]), we get E | | | | N∑ j=1 ε_jm(y_j)x_j | | | | Y ≤ C_n ‖ ‖T_m : H^1_{at}(R^n ; X) → L^1(R^n ; Y ) ‖ ‖ | | | | N∑ j=1 ε_jx_j | | | | X , where the constant

C_n = π^2 4 ‖ ‖ ‖ψ̂ ‖ ‖ ‖_{L∞(Rn)} ( √ 2 ∞∑ ℓ=1 |B_ℓ|^{12} ‖ ‖ ‖ψ̂1A_{ℓ−1,ℓ} ‖ ‖ ‖_{L2(Rn)}

+ (1 + 2^{n2} ) ∞∑ ℓ=1 ‖ ‖ ‖ψ̂1B^c_ℓ ‖ ‖ ‖_{L1(Rn)} ) < ∞ depends only on the dimension n and the choice of the auxiliary function ψ,

thus fixing one ψ once and for all, only on the dimension n.

It is clear that we can repeat the same argument for points y_1, . . . , y_N in

the lower half-space, exploiting another auxiliary function ψ̃ ∈ D(R^n ) sup-

ported in the upper half-space (e.g., the reflection of ψ about the hyperplane

{y ∈ R^n | y^n = 0}). Thus we get the R-boundedness of {m(y)| y ≠ 0} with

an R-bound of the asserted form.

3 New characterization of maximal regularity

It turns out that the main theorem proved above leads directly to some

interesting implications related to the problem of maximal regularity. We

consider the abstract Cauchy problem (ACP) y^′(t) = Ay(t) + f(t), t ≥ 0, y(0) = 0, with A the generator of a bounded analytic semigroup on a UMD-space X, and f a given function taking values in this space. If F is a normed function space (e.g., F = L^p or F = H^1_{at}), the problem is said to have maximal F-regularity if for every f ∈ F(R; X) supported on the positive half-line, the mild solution y (with zero-fill on the negative half-line) of ACP satisfies y^′, Ay ∈ F(R; X), and moreover ‖Ay‖_{F(R;X)} ≤ C ‖f‖_{F(R;X)} with C independent of f.

Let us first recall what is known so far. The maximal regularity of this problem is equivalent to the boundedness of the multiplier operator whose multiplier is m(t) := A(it − A)^{−1}. Indeed, if y satisfies ACP at least in the sense of tempered distributions, then by taking the Fourier transform one finds that F[Ay](t) = A(it − A)^{−1}f̂(t), hence Ay = T_mf. Thus, if m is a bounded Fourier-multiplier on the appropriate space, then we immediately get the desired estimate for Ay. Conversely, if ACP has maximal F-regularity, then for every f ∈ F(R; X) supported on [0, ∞) we know that ‖Ay‖_{F(R;X)} = ‖T_mf‖_{F(R;X)} ≤ C ‖f‖_{F(R;X)}. But it is well-known and easy to see that the multiplier operators commute with translations; thus this implies for F = L^p or F = H^1_{at}, whose norms are translation-invariant, that ‖T_mf‖_{F(R;X)} ≤ C ‖f‖_{F(R;X)} for every f ∈ F(R; X) supported on some half-line [a, ∞). But such functions are dense in L^p(R; X) for all p ∈ [1, ∞) as well as in H^1_{at}(R; X) (where this density follows, e.g., from the density of finite sums of atoms, which are compactly supported). Thus T_m is a bounded operator on F(R; X).

A special feature of the particular multiplier m(t) = A(it−A)^{−1} is the fact that once it satisfies the R-boundedness condition R({m(t)| t ≠ 0}) < ∞, it already satisfies the infinity of the conditions R({t^j (D^jm)(t)| t ≠ 0}) < ∞, j = 0, 1, 2, . . . This follows by a direct computation from the form of the derivatives. (A similar property is actually shared by various multipliers related to maximal regularity problems; see e.g. [H].)

Now that we agree that the question of maximal regularity is a multiplier problem, we can deduce various facts. In the L^p setting, 1 < p < ∞, we know from the theorem of L. Weis that

ACP has maximal regularity if R({m(t), tm^′(t)| t ≠ 0}) < ∞.

On the other hand, the result of Ph. Clément and J. Prüss shows that

ACP has maximal regularity only if R({m(t)| t ≠ 0}) < ∞.

But now that the R-boundedness of {m(t)| t ≠ 0} already implies that of {tm^′(t)| t ≠ 0}, the two statement combine to give

ACP has maximal regularity if and only if R({m(t)| t ≠ 0}) < ∞.

So much for the (by now well-known) L^p situation. But now we also have at our disposal analogues of all the theorems quoted above valid for H^1_{at} in place of L^p; indeed, the necessary condition for a Fourier-multiplier on H^1_{at} was just shown in the previous section, and the sufficient condition (the Mikhlin-type theorem) was proved in [H]. All these combined we can state the result:

Theorem 2. Let X be a UMD-space and A the generator of a bounded analytic semigroup on X. Then the following conditions are equivalent:

1. ACP has maximal L^p-regularity for all p ∈ (1, ∞).

2. ACP has maximal L^p-regularity for some p ∈ (1, ∞).

3. ACP has maximal H^1_{at}-regularity.

4. The collection {A(it − A)^{−1}| t ≠ 0} is R-bounded.

What appears to be new here is the fact that maximal L^p-regularity is implied by the maximal H^1_{at}-regularity. That L^p-regularity (for some p ∈ (1, ∞)) implies H^1_{at}-regularity was shown in [H]; the characterization of L^p-regularity in terms of the R-boundedness condition above (and similar equivalent conditions) was obtained independently by N. Kalton and by L. Weis (see [W]). From the R-boundedness characterization the equivalence of the various L^p-regularities is evident, but several results in this direction were known even before.

We should note that the treatment of the abstract Cauchy problem only required the multiplier theorems for functions of one variable (i.e., with domain R). However, the necessary condition above was proved for R^n , and the Mikhlin-type theorem giving sufficient condition for H^1_{at}-multipliers also has a version for several variables in [H]. Therefore, there is no obstacle against treating abstract PDE’s as well. As an example in this direction, let us mention the abstract Laplace equation −△u(y) + Au(y) = f(y), y ∈ R^n , which was also treated in [H]. With the multiplier theorems at hand, it is straighforward to state and prove a result analogous to Theorem 2 for this problem.

4 Another necessity proof for n = 1

For the one-dimensional domain, the result of Theorem 1, and actually a little more, can be derived with a simpler argument, which is only a slight modification of the proof of [CP] for the necessity of R-boundedness for L^pmultipliers.

Here we consider the Hardy space H^1_{con} defined in terms of the conjugate operation or the Hilbert transform H, which is the Fourier-multiplier operator with multiplier −i sgn(ξ). We set

H^1_{con}(R; X) := {f ∈ L^1(R; X)| Hf ∈ L^1(R; X)}

equipped with the graph norm

‖f‖_H1_{con(R;X)} := ‖f‖_L1_{(R;X)} + ‖Hf‖_L1_{(R;X)} .

Our assumption in the following will be the boundedness of a multiplier operator T_m from H^1_{con}(R; X) to L^1(R; X), and we shall show the R-boundedness of {m(t)| t ≠ 0}. This result reproduces Theorem 1 in the case n = 1 and is a slight extension of it for non-UMD Banach spaces. Namely, in general we have H^1_{con}(R; X) → H^1_{at}(R; X), and if X is UMD, there is an equality of spaces with equivalence of norm. This has been shown by O. Blasco [B] for the unit circle T in place of the real line R, but the two results quoted are proved by methods which have direct analogues in the case of the line. Thus the assumption that T_m be bounded from the smaller space H^1_{con}(R; X) to L^1(R; Y ) is clearly weaker than the boundedness from the possibly larger space H^1_{at}(R; X).

What makes the one-dimensional proof for H^1_{con} so simple, is the existence of a large class of functions for which the evaluation of the graph norm of the Hilbert transform is particularly easy: If the Fourier transform of f is supported only on the positive (resp. negative) half-axis, then Hf is simply −if (resp. if), and therefore ‖f‖_H1_{con(R;X)} = 2 ‖f‖_L1_{(R;X)}

Now let us state and prove the result:

Proposition 1. Suppose m ∈ L^1_{loc}(R; B(X; Y )) is such that the multiplier operator T_mf := F^{−1}[mf̂ ] acts boundedly from H^1_{con}(R; X) to L^1(R; Y ).

Then m is strongly continuous away from the origin, and the collection {m(t)| t ≠ 0} is R-bounded in terms of an absolute constant times the operator norm of T_m.

Proof. Let N ∈ Z_+, t_1, . . . , t_N > 0 and x_1, . . . , x_N ∈ X. The fact that m is strongly continuous outside t = 0 follows from Lemma 2 and the above mentioned embedding, or one can also give a direct proof parallel to Lemma 2. Indeed, if t_0 ≠ 0 and ψ̂ ∈ D(R) is equal to unity in a neighbourhood of t_0 and supported on one half axis only, it is clear that ψ(·)x ∈ H^1_{con}(R; X) for all x ∈ X, and the rest of the proof is just like Lemma 2.

We choose a real-valued test-function ψ ∈ D(R) supported on (−∞, 0) and with the same integral condition as in the proof of Theorem 1. The proof runs in exactly the same fashion as there until we reach the estimate

E | | | | N∑ j=1 ε_jm(t_j )x_j | | | |_Y ≤ π 2 ‖ ‖ ‖ψ̂ ‖ ‖ ‖_{L∞} ‖ ‖T_m : H^1_{con} → L^1 ‖ ‖ lim inf k→∞ 1 k E ‖ ‖ ‖ ‖ N∑ j=1 ε_je^{i2πtj ·}ψ̂(·/k)x_j ‖ ‖ ‖ ‖ H^1_{con}(R;X) .

We then observe that the Fourier transform of the function whose H^1_{con}-norm is to be evaluated is given by ∑ ε_j kψ(k(t_j −ξ))x_j , and for this to be non-zero, recalling the support condition imposed on ψ, we must have t_j − ξ < 0, i.e., ξ > t_j > 0. Thus the support of the Fourier transform is contained on (0, ∞), and so the H^1_{con} norm is just twice the L^1 norm. Using this and the contraction principle, which is valid once we get back to L^1, we have

≤ 2 (π 2 )_2 ‖ ‖ψ̂ ‖ ‖ ‖_{L∞} ‖Tm‖ lim inf_{k→∞} 1 k E ‖ ‖ ‖ ‖ ‖ N∑ j=1 ε_jψ̂(·/k)x_j ‖ ‖ ‖ ‖ ‖_{L1(R;X)} = π^2 2 ‖ ‖ ‖ψ̂ ‖ ‖ ‖_{L∞} ‖ ‖ ‖ψ̂ ‖ ‖ ‖_{L1} ‖ ‖T_m : H^1_{con}(R; X) → L^1(R; Y ) ‖ ‖ E | | | | | N∑ j=1 ε_jx_j | | | | |_X ,

and a parallel argument can be used to handle the negative half-axis.

Of course, one should note in Proposition 1 that the origin has to be excluded. Indeed, for A ∈ B(X; Y ) \ {0}, the operator AH maps H^1_{con}(R; X) boundedly into L^1(R; Y ), but the corresponding multiplier −i sgn(t)A is certainly not even weakly continuous at t = 0; the origin of the frequency domain has a genuinely special meaning in the spaces H^1_{con}(R; X). Whereas it is trivial to derive a shifted version of the Mikhlin theorem, say, in the L^p setting, with the possible discontinuity at a point other than the origin, the very construction of the space H^1_{con} is made so as to allow for bad behaviour of multipliers at the origin, but not elsewhere. For this reason one should not regard the method of proof of the above result, with one half-axis handled at a time, as something artificial, but rather it is intimately connected with the structure of the space H^1_{con}(R; X).

The proof of Proposition 1 does not seem to be easily generalized to conjugate Hardy spaces of several variables. Namely, the n Riesz transforms R_j , j = 1, . . . , n, which play the same rôle on H^1_{con}(R^n ; X) as the Hilbert transform H has on H^1_{con}(R; X), have multipliers ξ_j/ |ξ|, which are not locally constant like the multiplier of H, and thus do not allow us to use the trick that was here employed to overcome the difficulty of dealing with the H^1_{con}- norms.

In the one-dimensional setting, however, the result can be slightly generalized:

A sharpened necessary condition for L^p-multipliers, p > 1. The method of proof of Proposition 1 also applies to give a slightly sharpened form of the original result of [CP] concerning the L^p-multipliers. To see how this comes out, consider the spaces H^p_{con}(R; X) := {f ∈ L^p(R; X)| Hf ∈ L^p(R; X)} with the graph norm, in analogy with the case p = 1. Of course, for a UMD-space X, we have H^p_{con}(R; X) = L^p(R; X) with equivalence of norms for 1 < p < ∞, and this condition actually characterizes UMD-spaces, but our intention is now to provide a piece of insight into the multiplier theory in non-UMD Banach spaces.

Now we observe the following: The proof of the result concerning the Rboundedness of {m(t)| t ≠ 0 a strong Lebesgue point of m} goes through with the assumption T_m : H^1_{con}(R; X) → L^1(R; Y ) replaced by T_m : H^p_{con}(R; X) → L^p(R; Y ). We just use the (equivalent) definition of R-boundedness in terms of the pth moment rather than the first, so that we can freely interchange the order of the L^p-norm with respect to the Lebesgue measure on the real line and the probability measure related to the Rademacher variables. Where we extracted the L^∞-norm of ψ̂ from the integral, we now invoke the Hölder inequality to extract ‖ ‖ ‖ψ̂ ‖ ‖ ‖_{Lp′} , so that in place of the L^1 norm of the rest of the integrand we now have the L^p norm and we can apply the assumption. (This is also what was done in [CP].) Due to the choice of the auxiliary function ψ, the evaluation of the H^p_{con}-norm also reduces to that of the L^p-norm, and we arrive at a similar conclusion as before but with ‖ ‖ ‖ψ̂ ‖ ‖ ‖_{Lp′} ‖ ‖ ‖ψ̂ ‖ ‖ ‖_{Lp} instead of ‖ ‖ ‖ψ̂ ‖ ‖ ‖_{L∞} ‖ ‖ ‖ψ̂ ‖ ‖ ‖_{L1} in the constant. We formulate this result as a corollary, but it is a consequence of the proof rather than Proposition 1 itself.

Corollary 1. If m ∈ L^1_{loc}(R; B(X; Y )) gives rise to a bounded multiplier operator T_m = F^{−1}mF : H^p_{con}(R; X) → L^p(R; Y ) for some p ∈ (1, ∞), then

R({m(t)| t ≠ 0 a strong Lebesgue point of m}) ≤ C ‖T_m : H^p_{con}(R; X) → L^p(R; Y )‖ .

Very roughly speaking, this result could be interpreted as follows: Even if we restrict the action of our multipliers to a function class on which nontrivial scalar-valued multipliers act boundedly (according to the condition of the boundedness of the Hilbert transform, which lies at the heart of H^p_{con}(R; X)), we cannot help the fact that operator-valued multipliers will not be bounded unless the multiplier function is R-bounded.

5 Some variations and further results

The periodic case. Let us have a brief look at the analogue of Proposition 1 in the periodic case, i.e., with the unit-circle T in place of R. The space H^1_{con}(T; X) is defined simply by replacing R by T throughout above, and the observations concerning the computation of the norm are equally valid.

The periodic case is instructive in the sense that it contains all the main ideas but there are less technical points to be considered. We note that whereas the proof of Proposition 1 was nothing but an adaptation of the proof of [CP] and a trick, the periodic proof below is nothing but the proof of [AB] plus the same trick.

Proposition 2. Suppose the collection of operators m(k) ∈ B(X; Y ), k ∈ Z, define a multiplier T_m by T_m (_∞ ∑ k=−∞ e^{ik·}x_k ) := ∞∑ k=−∞ e^{ik·}m(k)x_k (2) which is bounded from H^1_{con}(T; X) to L^1(T; Y ).

Then this collection is R-bounded, and more precisely

R({m(k) : X → Y | k ∈ Z}) ≤ (π^2 + 1) ‖ T_m : H^1_{con}(T; X) → L^1(T; Y ) ‖ . Proof. Let first N ∈ Z_+, x_1, . . . , x_N ∈ X and k_1, . . . , k_N ∈ Z_+ be given. Let us write E | | | | N∑ j=1 ε_jm(k_j )x_j | | | |_Y = ∫_π −π E | | | | N∑ j=1 ε_je^{−ikj t}m(k_j )x_j e^{ikj t} | | | |_Y dt 2π ,

and we recognize m(k_j )x_j e^{ikj t} as T_m[x_j e^{ikj ·}](t). Now first an application of the contraction principle and then the assumed boundedness of T_m : H^1_{con}(T; X) → L^1(T; Y ) give ≤ π 2 ‖ ‖T_m : H^1_{con}(T; X) → L^1(T; Y ) ‖ ‖ 1 2π E ‖ ‖ ‖ ‖ N∑ j=1 ε_je^{ikj ·}x_j ‖ ‖ ‖ ‖_{H1con(T;X)}

Finally, by the assumption k_j > 0, the function whose H^1_{con}-norm appears above contains only positive frequencies, so the H^1_{con}-norm is simply twice the L^1-norm. With this observation and one more application of the contraction principle we get = π 2 ‖T_m‖ 2 1 2π E ‖ ‖ ‖ ‖ N∑ j=1 ε_je^{ikj ·}x_j ‖ ‖ ‖ ‖_{L1(T;X)} ≤ 2 (π 2 )_2 ‖T_m‖ E | | | | N∑ j=1 ε_jx_j | | | |_X ,

and hence we have shown that R ({m(k) : X → Y | k > 0}) ≤ π^2 2 ‖ ‖T_m : H^1_{con}(T; X) → L^1(T; Y ) ‖ ‖ . The assertion now follows, once we observe that analogous reasoning proves the R-boundedness of {m(k)| k < 0} with the same bound, and moreover, since the constant function x is mapped into m(0)x, it is clear that ‖m(0) : X → Y ‖ ≤ ‖T_m‖. (We recall that the R-bound of a union of sets is at most the sum of the individual R-bounds, and the R-bound of a singleton coincides with the operator norm. This yields the overall constant π^2/2 + π^2/2 + 1 = π^2 + 1.)

A necessary condition for L^∞–BMO-multipliers. Before concluding, we would like to mention one more necessary condition for multipliers, this time for those acting boundedly between L^∞(T; X) and BMO(T; Y ). Although the (rather modest) argument does not give R-boundedness here, it is still in the same spirit as the results above; namely, we once again see that a collection of operators giving rise to a bounded Fourier-multiplier needs to be more than just bounded.

More precisely, we find that the collection in question must satisfy an

R-boundedness type condition but with the maximum norm instead of the

pth moment. This also implies a condition of unconditional boundedness or

U-boundedness, due to N. Kalton and L. Weis [KW], which is defined by the

requirement that, for some C < ∞, we have N∑ j=1 | |⟨T_jx_j , y^′_j⟩ | | ≤ C max_{ϵj =±1} | | | | N∑ j=1 ϵ_j x_j | | | |_X max ϵ_j =±1 | | | | N∑ j=1 ϵ_j y^′_j | | | |_{Y ′} for all N ∈ Z_+, all T_1, . . . , T_N ∈ T, x_1, . . . , x_N ∈ X and y^′_1, . . . , y^′_N in the dual

space Y^′.

We have the following result:

Proposition 3. Suppose that the sequence m(k) ∈ B(X; Y ), k ∈ Z, de-

fines a Fourier-multiplier T_m as in (2) acting boundedly from L^∞(T; X) to

BMO(T; Y ). Then the collection {m(k)| k ≠ 0} satisfies the inequality max ϵ_j =±1 | | | | N∑ j=1 ϵ_jm(k_j )x_j | | | |_Y ≤ π^2 4 ‖T_m : L^∞(T; X) → BMO(T; Y )‖ max_{ϵj =±1} | | | | N∑ j=1 ϵ_jx_j | | | |_X . (3)

In particular, this collection is U-bounded.

Proof. Proceeding as with H^1_{con}(T; X) and L^1(T; Y ), now with k_1, . . . , k_N ≠ 0

but otherwise arbitrary integers, we get max ϵ_j =±1 | | | | N∑ j=1 ϵ_j m(k_j)x_j | | | |_Y ≤ π 2 max ϵ_j =±1 ∫_π −π | | | | T_m [_N ∑ j=1 ϵ_j e^{ikj ·}x_j ] (t) | | | |_Y dt 2π We then observe that the above integral without the norm would vanish,

since each of the terms in the sum vanishes ∫_π −π T_m[ϵ_j e^{ikj ·}x_j ](t) dt = ∫_π −π ϵ_j e^{ikj t}m(k_j )x_j dt = 0.

Thus the integral is of the form (2π)^{−1} ∫_π −π |F (t) − F_T|_Y dt ≤ ‖F ‖_{BMO(T;Y )} , where F_T denotes the average of F over T, which now vanishes. By the

assumed boundedness of T_m we then have max ϵ_j =±1 | | | | N∑ j=1 ϵ_jm(k_j )x_j | | | |_Y ≤ π 2 ‖T_m : L^∞(T; X) → BMO(T; Y )‖ max_{ϵj =±1} ‖ ‖ ‖ ‖ N∑ j=1 ϵ_j e^{ikj ·}x_j ‖ ‖ ‖ ‖ L^∞(T;X) ≤ (π 2 )_2 ‖T_m‖ max_{ϵj =±1} | | | | N∑ j=1 ϵ_j x_j | | | | X , where the last inequality is proved by a similar convexity argument as the usual contraction principle with p-norm (p < ∞) instead of the maximum norm. (The constant π/2 instead of 2 is obtained using [PW, §4.11.5].)

U-boundedness follows readily from the stronger condition (3) established; indeed, for appropriate α_j ∈ C of unit length, N∑ j=1 | |⟨T_jx_j , y^′_j⟩ | | = N∑ j=1 ⟨ T_j x_j , α_jy^′_j ⟩ = E ⟨_N ∑ i=1 ε_iT_ix_i, N∑ j=1 ε_jα_j y^′_j ⟩

≤ max_{ϵi=±1} | | | | | N∑ i=1 ϵ_iT_ix_i | | | | |_X max ϵ_j =±1 | | | | | N∑ j=1 ϵ_j α_j y^′_j | | | | |_{Y ′} , and then we can apply the inequality already established to the first factor and the contraction principle to the second.

One should observe that the type of boundedness established for the operators T_j = m(k_j ) above is just like that of R-boundedness, except that we have the L^∞-norm instead of an L^p-norm with p < ∞. As was mentioned above, in the linear span of constant vector multiples of the Rademacher functions, all the L^p-norms are equivalent for 0 < p < ∞ (by the Khintchine–Kahane inequality), which gives great flexibility to the notion of R-boundedness and makes it quite compatible with the various L^p-spaces. However, this equivalence does not extend to p = ∞. (For x_j ≡ x, the ∞-norm grows like N, whereas the p-norms for p < ∞ grow like √ N as N → ∞.) Nevertheless, the R-boundedness of L^∞-type encountered here appears to be to a large extent similar to the usual R-boundedness. Indeed, it is easy to see that the same proofs of the contraction principle (which was already applied above), the convexity property etc. go through for this new kind of notion of boundedness.

References

[AB] W. Arendt, S. Bu. The operator-valued Marcinkiewicz multiplier theorem and maximal regularity. Math. Z., to appear.

[B] O. Blasco. Hardy spaces of vector-valued functions: duality. Trans.

Amer. Math. Soc. 308 (1988), 495–507.

[CP] Ph. Clément, J. Prüss. An operator-valued transference principle and maximal regularity on vector-valued L_p-spaces. In G. Lumer, L. Weis (eds.), Evolution Equations and Their Applications in Physical and Life Sciences, Marcel Dekker (2000), 67–78.

[H] T. Hytönen. Convolutions, multipliers and maximal regularity on vector-valued Hardy spaces. Helsinki Univ. Techn. Inst. Math. Research Report A444 (2001).

[KW] N. Kalton, L. Weis. The H^∞-calculus and sums of closed operators.

Math. Ann., to appear.

[PW] A. Pietsch, J. Wenzel. Orthonormal Systems and Banach Space Geometry. Encyclopedia of mathematics and its applications 70, Cambridge Univ. Press, 1998.

[W] L. Weis. Operator-valued Fourier multiplier theorems and maximal L_p-regularity. Math. Ann. 319 (2001), 735–758.

(continued from the back cover)

A435 Timo Salin

On Quenching with Logarithmic Singularity, May 2001

A434 Ville Havu

An Analysis of Asymptotic Consistency Error in a Parameter Dependent Model Problem, Mar 2001

A433 Ville Havu and Juhani Pitkäranta

Analysis of a bilinear finite element for shallow shells I: Consistency error, Jan 2001

A432 Tuomas Hytönen

Optimal Wrap-Around Network Simulation, Dec 2000

A431 Ville Turunen

Pseudodifferential calculus on compact Lie groups, Jun 2001

A430 Ville Havu and Juhani Pitkäranta

Analysis of a bilinear finite element for shallow shells I: Approximation of Inextensional Deformations, May 2000

A428 Jarmo Malinen

Discrete Time H^∞ Algebraic Riccati Equations, Mar 2000

A427 Marko Huhtanen

A Hermitian Lanczos method for normal matrices, Jan 2000

A426 Timo Eirola

A Refined Polar Decomposition: A = UP D, Jan 2000

A425 Hermann Brunner, Arvet Pedas and Gennadi Vainikko Piecewise polynomial collocation methods for linear Volterra integro-differential equations with weakly singular kernels, Dec 1999

A424 Olavi Nevanlinna

Resolvent conditions and powers of operators, Dec 1999

A423 Jukka Liukkonen

Generalized Electromagnetic Scattering in a Complex Geometry, Nov 1999

A422 Marko Huhtanen

A matrix nearness problem related to iterative methods, Oct 1999

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A440 Ville Turunen

Pseudodifferential calculus on compact Lie groups and homogeneous spaces, Sep 2001

A439 Jyrki Piila and Juhani Pitkäranta

On corner irregularities that arise in hyperbolic shell membrane theory, Jul 2001

A438 Teijo Arponen

The complete form of a differential algebraic equation, Jul 2001

A437 Viking Högnäs

Nonnegative operators and the method of sums, Jun 2001

A436 Ville Turunen

Pseudodifferential calculus on compact homogeneous spaces, Jun 2001

ISBN 951-22-5879-X ISSN 0784-3143 HUT, Espoo, February 2002