Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2002 A447

QUENCHING-RATE ESTIMATE FOR A REACTION DIFFUSION EQUATION WITH WEAKLY SINGULAR REACTION TERM

Timo Salin

Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2002 A447

QUENCHING-RATE ESTIMATE FOR A REACTION DIFFUSION EQUATION WITH WEAKLY SINGULAR REACTION TERM

Timo Salin

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Timo Salin: Quenching-rate estimate for a reaction diffusion equation with weakly singular reaction term; Helsinki University of Technology Institute of Mathematics Research Reports A447 (2002).

Abstract: We study the quenching problem for the reaction diffusion equation u_t − u_{xx} = f(u) with Cauchy-Dirichlet data, in the case where the reaction term is singular at u = 0 in the sense that lim_{u↓0} f(u) = −∞. For u > 0 we take f(u) to be smooth and to satisfy (−1)^kf^{(k)}(u) < 0; k = 0, 1, 2. Furthermore, we assume that f(u) is weakly singular (in a neighborhood of the origin) in the sense that: |u^nf^{(n)}(u)| = o(|f(u)|), as u ↓ 0, n = 1 and n = 2.

We first show that for sufficiently large domains of x quenching occurs in finite time for these equations. The main result of this paper concerns the asymptotic behavior of the solution in a neighborhood of a quenching point. This result gives a uniform quenching rate-estimate in a region |x| < C √ T − t for the problem, when (0, T ) is a quenching point.

AMS subject classifications: 35K55, 35K60, 35B40

Keywords: Reaction-diffusion equation, quenching, quenching set, quenching rate, blow-up

tsalin@cc.hut.fi

ISBN 951-22-5945-1 ISSN 0784-3143 Institute of Mathematics, Helsinki Univ. of Tech., Espoo, 2002

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

1 Introduction

Consider the nonlinear diffusion problem u_t − u_{xx} = f(u), x ∈ (−l, l), t ∈ (0, T ), u(x, 0) = u_0(x), x ∈ [−l, l], u(±l, t) = 1, t ∈ [0, T ), (1.1)

where the initial function satisfies 0 < u_0(x) ≤ 1 and u_0(±l) = 1. Here T and l are positive constants. We assume that the reaction term f(u) is singular at u = 0 in the sense that lim_{u↓0} f(u) = −∞. For u > 0 we take f(u) to be smooth and to satisfy (−1)^kf^{(k)}(u) < 0; k = 0, 1, 2.

This type of reaction diffusion equation with singular reaction term arises in the study of electric current transients in polarized ionic conductors [17]. The problem can also be considered as a limiting case of models in chemical catalyst kinetics (Langmuir-Hinshelwood model) or of models in enzyme kinetics [7, 21].

The equation (1.1) has been extensively studied under assumptions implying that the solution u(x, t) approaches zero in finite time. The reaction term then tends to infinity and the smooth solution ceases to exist. This phenomenon is called quenching. We say that a is a quenching point and T is a quenching time for u(x, t), if there exists a sequence {(x_n, t_n)} with x_n → a and t_n ↑ T , such that u(x_n, t_n) → 0 as n → ∞.

In most of the papers that deal with the quenching problem for the equation (1.1), the reaction term is a power singularity i.e. f(u) = −u^{−p}, p > 0. In this case it is well-known that for sufficiently large l quenching occurs in finite time [1, 2, 19]. It is also known that the set of quenching points is finite [13]. See also detailed review articles [18, 20].

An interesting field of inquiry concerning (1.1) with a power singularity has been the analysis of the local asymptotics of the solution as t ↑ T in the neighborhood of the quenching point. In particular, it has been shown that the quenching-rate satisfies

lim_{t↑T} u(x, t)(T − t)^{−1/(1+p)} = (1 + p)^{1/(1+p)}, (1.2)

uniformly, when |x − a| < C √ T − t for every C ∈ (0, ∞). This result was first established by Guo [13] for p ≥ 3, and subsequently generalized to p ≥ 1 by Fila and Hulshof [5]. For the weaker singularity 0 < p < 1, (1.2) has been shown in [15]. The result (1.2) for higher dimensions has been obtained in [14] (when p ≥ 1) and in [6] for the cases p > 0.

In [22] the equation (1.1) was studied in the case where we have only a logarithmic singularity, i.e., f(u) = ln(αu), α ∈ (0, 1). It was shown there that despite of this weakening of the singularity, quenching still occurs for sufficiently large l and that the set of quenching points is finite. The main result in [22] concerns the asymptotic behavior of the solution in a neighborhood of a quenching point. In particular, it was shown that the quenching-rate satisfies lim_{t↑T} ( 1 + 1 T − t ∫_{u(x,t)} 0 dτ f(τ) ) = 0 (1.3)

uniformly, when |x − a| < C √ T − t for every C ∈ (0, ∞).

Note that (1.2) and (1.3) are equivalent if we substitute f(u) = −u^{−p} in (1.3).

The proof of (1.3) is not based on earlier results on quenching. It uses similarity variables and energy estimates. This method of proof is different from that of earlier approaches where the corresponding quenching-rate estimate (1.2) has been obtained. (see Giga-Kohn [11, 12], Bebernes-Eberly [3], Guo [13, 14, 15])

In this paper the purpose is to extend the result (1.3) to a wider class of weak singularities. More precisely, we assume that f(u) satisfies

|u^nf^{(n)}(u)| = o(|f(u)|), n = 1, 2, (1.4)

as u ↓ 0. Furthermore we define f̃(s) = −e^s ·^{f(e−s)}_{f ′(e−s)} , and assume that

f̃(s(1 + o(1))) = (1 + o(1))f̃(s), (1.5)

as s → ∞. This definition means that for a(s) → 0, as s → ∞ there is b(s) → 0, as s → ∞ such that f̃(s(1 + a(s)) = (1 + b(s))f̃(s), as s → ∞. Note that (1.4) implies f̃(s) → ∞, as s → ∞.

For example the reaction terms f(u) = −| ln(u)|^p, p > 0 or f(u) = − ln(| ln | ln | · · · (| ln(u)|) · · · |||) satisfy the conditions (1.4) and (1.5) (in a neighborhood of the origin). Note also that the conditions (1.4) and (1.5) hold for the reaction terms: f(u) = −| ln(u)|^p − | ln(u)|^q, (p, q > 0), f(u) = −| ln(u)|^p − ln(| ln(u)|), (p > 0), and f(u) = − ln(| ln(u)|) − ln(ln(| ln(u)|)). Stronger singularities, like f(u) = −u^{−p}, p > 0 or f(u) = −^{u−p}_{| ln(u)|} , p > 0, do not satisfy (1.4).

The main result of this paper is (1.3) for the equations (1.1) with the conditions (1.4) and (1.5). We formulate this in Theorem 3.1. The proof is further commented and given in Section 3. Before that we introduce some preliminary material in Section 2.

2 Preliminary results

We first study the possibility of quenching in finite time. There are two reasons why this may not occur. In the first case, we may have u(x, t) ≥ c > 0, for all t > 0. This means that there is a solution to the corresponding stationary equation, which is a subsolution of the equation (1.1). On the other hand, it might happen that u(x, t) > 0 for all t and x, but that min u(x, t) → 0, as t → ∞. This second case is called quenching in infinite time.

Because f(u) is a locally Lipschitz continuous function, we apply Theorem 1 (c) and Theorem 2 (c) in [2] (see the conclusion on p. 7 there), to conclude that the solution u(x, t) of (1.1) quenches in finite time for l sufficiently large, provided that the similar stationary equation does not have a solution. We show below, that this last fact holds for the equations that have singularities satisfying (1.4) and (1.5).

Theorem 2.1. Suppose that u(x, t) is the solution of the equation (1.1) and that the reaction term satisfies (1.4) and (1.5). Then for l sufficiently large, u(x, t) quenches in finite time.

Proof. The solution u(x, t) with u_0 ∈ (0, 1] is a subsolution of (1.1) with u_0 ≡ 1. Therefore by [2] it is sufficient to show that the corresponding stationary equation to the equation (1.1) does not have a solution that u ∈ (0, 1]. Suppose that u(x) is this solution. We follow the idea of [16].

By [10] we know that this solution is symmetric with respect to the origin and that u^′(0) = 0. Therefore u^{′′}(x) + f(u(x)) = 0, x ∈ (0, l), u(l) = 1, u^′(0) = 0.

Substituting v(z) = u(x) − 1, where z = x/l, we get

v^{′′}(z) + l^2f(v(z) + 1) = 0, z ∈ (0, 1), v(1) = 0, v^′(0) = 0.

(2.1)

The corresponding (linear) eigenvalue problem is u^{′′}_n(z) = −λ_nu_n(z), z ∈ (0, 1), u_n(1) = 0, u^′_n(0) = 0.

(2.2)

The eigenvalues and eigenfunctions of (2.2) are λ_n = π^2(^1_2 + n)^2 and u_n(z) = cos( √ λ_nz), n = 0, 1, 2, ... We define the inner product by ⟨f, g⟩ =

∫_1 0 f(z)g(z)dz. From (2.1) and (2.2) it follows that ⟨v^{′′}, u_n⟩ + l^2⟨f(v(z) + 1), u_n⟩ = ⟨v, u^{′′}_n⟩ + l^2⟨f(v(z) + 1), u_n⟩ = 0. Therefore −λ_n⟨v, u_n⟩ + l^2⟨f(v + 1), u_n⟩ = 0. Take n = 0. Then u_0 > 0, when z ∈ (0, 1), and v ∈ (−1, 0]. Hence

l^2 = π^2 4 ⟨v, u_0⟩ ⟨f(v + 1), u_0⟩ ≤ M < ∞. The claim follows from this by choosing l large enough.

We also know that quenching cannot occur on the boundary:

Theorem 2.2. [4] The set of quenching points is a compact subset of (−l, l).

We can further apply [4] to conclude Theorem 2.3 concerning the asymptotics of the solution u(x, t). This Theorem gives a lower bound as a function of t for u(x, t) (x ∈ (−ε + a, ε + a)), when the quenching point is approached. It also gives an upper bound at a minimum point with respect to the xvariable.

The main Theorem improves this Theorem by giving a pointwise asymptotic behavior of u(x, t) in the region |x| < C √ T − t, when the quenching point is approached.

From now on we assume that the initial function satisfies

u^{′′}_0(x) + f(u_0(x)) ≤ 0. (2.3)

We can see by the maximum principle that this technical assumption guarantees that u(x, t) is decreasing in time.

In Theorem 2.3 below we need the following definition. Blow-up means that a solution approaches infinity in finite time. We say that b is a blow-up point and T is a blow-up time for v(x, t), if there exists a sequence {(x_n, t_n)} with x_n → b and t_n ↑ T , such that v(x_n, t_n) → ∞ as n → ∞.

Theorem 2.3. Suppose that (2.3) holds and that quenching occurs at t = T . Then there exist positive constants β,l_1 and t_1 such that

(a) u_t − βf(u) ≤ 0, when x ∈ (−l_1, l_1) (the quenching points belong to this interval) and t ∈ [t_1, T ).

(b) u_t blows up, when u quenches.

(c) u_t(x, t) − f(u(x, t)) ≥ 0, when t ∈ (0, T ), and x is a local minimum point of u(x, t) with respect to x.

Proof. Because we know that quenching happens (Theorem 2.1) and that the set of quenching points is bounded away from the boundary (Theorem 2.2), we can apply ([4], p. 1053-1054) to conclude the claim (a).

The item (b) follows directly from (a).

By the local existence theorem ([23] p.34) u_{xx}(x, t) ≥ 0, where x is a local minimum point of u(x, t) with respect to x, and the claim (c) follows.

3 Quenching-rate estimate

The main Theorem of this paper is Theorem 3.1. We first formulate the equation (1.1) with respect to new variables s, y and w(y, s) in the equation (3.2), and then study the asymptotics of a quenching point by this equation. We assume that the initial function is symmetric in the sense that u_0 is even and u^′_0(r) ≥ 0. Then we know by the uniqueness of the solution and by the maximum principle that the solution is also symmetric. By choosing l large enough in (1.1), we can see by Theorem 2.1 and the symmetry of u(x, t) that (0, T ) is (at least) a quenching point for some T < ∞.

We now begin to study the local asymptotics of the solution as a quenching point is approached. Define new variables: y = x √ T − t , s = − ln(T − t), where x ∈ [−l, l], t ∈ [0, T ), y ∈ [−le^12^s, le^{− 1}2^s] and s ∈ [− ln T, ∞). Note that to analyse the asymptotic behavior as t ↑ T and |x| ≤ C √ T − t corresponds the situation where s → ∞ and |y| ≤ C.

The function w is defined by

w(y, s) = 1 + 1 T − t ∫_{u(x,t)} 0 dτ f(τ) . (3.1)

The equation (1.1) can now be written in the form w_s = w_{yy} − 1 2 yw_y + w + F, (3.2)

where F =^{u2x}_{(f(u))2} f^′(u), and (y, s) ∈ (−le^12^s, le^12^s) × (− ln T, ∞).

The initial and boundary conditions are now

w(y, − ln T ) = 1 + 1 T ∫_{u0(y}^√_{T )} 0 dτ f(τ) , w(±le^{12 s}, s) = 1 + e^s

∫_1 0 dτ f(τ) , where y ∈ [−le^{− 1}2^s, le^{− 1}2^s] and s ≥ − ln T .

Remark Note that in the transformed equation (3.2) the nonlinear term F cannot be expressed explicitly as a function of y, s and w. For this reason, in the following, both the variables x and s, or y and t, may sometimes appear in the same equation. Another reason for this procedure is that in some cases it simplifies notations.

The goal is to prove:

Theorem 3.1. Assume that u_0 is even, u^′_0(r) ≥ 0, u_0(x) ∈ (0, 1] and (2.3) holds. We assume that the reaction term f(u) is singular at u = 0 in the sense that lim_{u↓0} f(u) = −∞, and that the conditions (1.4) and (1.5) hold. For u > 0 we take f(u) to be smooth and to satisfy (−1)^kf^{(k)}(u) < 0; k = 0, 1, 2. Let u(x, t) be the corresponding solution of (1.1). Assume that u(x, t) quenches at (0, T ) for some T < ∞. Then for any positive constant C,

(a) w(y, s)−w(0, s)(1−^1_2 y^2) → 0, as s → ∞ uniformly with respect to |y| ≤ C, and (b) w(0, s) → 0, when s → ∞.

Comment on the proof of the Theorem 3.1 The proof of (a) is built on Lemmas 3.2–3.8 and Corollary 3.9. The statement (b) follows from (a) and from Lemmas 3.10–3.14.

The first fundamental fact in the proof of (a) is to obtain the limit of Theorem 3.1 (a) in a weak sense (Lemma 3.4(b)). We observe that F → 0 uniformly on compact y-intervals for the equation (3.2) (Lemma 3.2). Therefore, on compact y-intervals the equation h^{′′} −^1_2 yh^′ +h = 0 can be considered as the stationary equation for (3.2), when s is large. A particular solution of this equation is h_2(y) = (1 −^1_2 y^2). Both Lemmas 3.2 and 3.3 are essential in the proof of Lemma 3.4.

The second crucial ingredient in the proof of (a) is to realize that

lim sup s→∞ (w(y, s) − w(0, s)(1 − 1 2 y^2)) ≤ 0,

uniformly for bounded y. This is a consequence of Lemmas 3.6 and 3.8. The argument of Theorem 3.1 (a) is based on this uniform upper bound, weak convergence (Lemma 3.4(b)) and the estimates of w (Lemma 3.3). Lemma 3.5 is needed in the proof of Lemma 3.6, and Lemma 3.7 is needed in the proof of Lemma 3.8.

The idea of the part (2) (the proof of Theorem 3.1 (b)) is to conclude the claim from the properties of the nonlinear term F of the equation (3.2), as s → ∞. It is known by the part (1), that for large s the solution is formally w(y, s) ≈ w(0, s)h_2(y) (for bounded y), and then Lw = w_{yy} −^1_2 w_y + w ≈ 0. We expect that the nonlinear part will eventually dominate the linear part in the equation (3.2). Concerning the reaction term F it is known , that it is zero only at the point y = 0 and otherwise positive. Thus for a large s^∗, the reaction term F does not have any contribution on w(0, s), but for a large y it has a small increasing contribution on w(y, s). More precisely, for large s the reaction term behaves formally as F ≈ f_1(y, s)f_2(s), where^∂_{∂y} f_1(y, s) ≈ w^2_y ≥ 0 (by the part (a)) and f_2(s) ≈ f^′(u)(T − t) → 0. Therefore, somewhat later (s = s^∗ + δ), the profile of the solution w(y, s) is formally w(0, s)[h_2(y) + g(s)ϵ(y)], where the function ϵ(y) is non-decreasing (y ≥ 0) and ϵ(0) = 0. Because the solution w(y, s) has to preserve the asymptotical form obtained in the part (1), the only possibility is, that w(0, s) has to be decreasing, and that the limit value has to be zero.

The equation (3.2) is studied as a dynamical system in the space L^2_ρ(R), where ρ(y) = exp(−^{y2}_4 ). Then the eigenvalues and eigenfunctions of the operator L are well-known. The scaled Hermite polynomials form an orthonormal base on that space, and the eigenvalue of the second order polynomial h_2(y) is zero. By the part (1), it is known that this polynomial is dominant, as s → ∞. So we obtain that the multiplier function a_2(s) of h_2 in the Fourier expansion of the function w is asymptotically equal to w(0, s) (Lemma 3.12), and that a_2(s) → 0 (see (3.46)). To obtain (3.46), we first write the equation (3.2) in the form (3.40). Then we conclude by Lemmas 3.12, 3.13, 3.14, and part (a) that the first three terms on the right-hand side of this equation converge to zero, and that the last term leads to (3.46).

The domain of the solution w(y, s) of the equation (3.2) is not (with respect to y) the whole R. Therefore, the above properties of L^2_ρ and L cannot be applied directly to the equation (3.2). This difficulty can be avoided by first extending the equation (1.1) to all x ∈ R, and observing that the solution of this equation in the region {(x, t) ∈ R^2|x ∈ (−l, l), t ∈ (0, T )} is the same as the solution of the original equation (1.1). Then the transformed solution w̃(y, s) corresponding to the extended solution ũ(x, t) is also defined for all y ∈ R. The assumption (1.4) is needed in Proof of Theorem 3.1 (a), and thus also in Proof of (b). But the assumption (1.5) is used only in the part (b).

Before we start to prove Theorem 3.1, we emphasize that the following analysis does not exclude the possibility of quenching on an entire interval. In fact we can quarantee that the set of quenching points is finite for the equation (1.1) that satisfies conditions (1.4) and (1.5) only for f(u) = ln(αu) by [22]. We don’t know, can a further weakening of singularity in (1.1) lead to quenching on a whole interval. However, by Theorem 2.2, quenching points are bounded away from the boundary, and this observation is sufficient in what follows.

3.1 Proof of Theorem 3.1 (a)

We begin by introducing the inequalities (3.3), (3.4) and (3.5), which will be useful in the sequel.

From (1.4) with n = 1 we can first verify that f(u) ∈ L^1(0, 1), and then by this fact that lim_{u→0} uf(u) = 0. Therefore we can obtain by (1.4) (n = 1 and by partial integration that ∫_u 0 f(τ)dτ = uf(u) + o(| ∫_u 0 f(τ)dτ|) (3.3) and ∫_u 0 dτ f(τ) = u f(u) + o(| ∫_u 0 dτ f(τ) |), (3.4)

as u → 0.

By Theorem 2.3 (a) and (c) we have the inequalities u_t − f(u) ≥ 0 and u_t − βf(u) ≤ 0, in (x, t) ∈ (−δ, δ) × (T − δ, T ). Hence there is C > 0 such that − ∫_u 0 dτ f(τ) ≤ T − t ≤ −C ∫_u 0 dτ f(τ) ≤ −C ∫_u 0 dτ f(τ) . (3.5)

Lemma 3.2.

(a) u(x, t) → 0 uniformly, when t ↑ T and |x| ≤ C √ T − t. (b) F is uniformly bounded, when (x, t) ∈ [−l, l] × [0, T ). (c) F → 0 uniformly, when t ↑ T and |x| ≤ C √ T − t. Proof. By Theorem 2.1, the conditions (2.3), (1.4) (when n = 1) and (3.3) we can see that to conclude this Lemma it is sufficient to show the inequality: P (x, t)^{def}= 1 2 u_x(x, t)^2 + ∫_{u(x,t)} u(0,t) f(τ)dτ ≤ 0, (3.6) in the region A = {(x, t)|x ∈ (−l, l), t ∈ (0, T )}. Because the initial function u_0 is symmetric, then u_x(0, t) = 0 for all t ∈ [0, T ), and thus P (0, t) = 0 for all t ∈ [0, T ). Differentiating the function P with respect to x, we get P_x = u_xu_{xx} + u_xf(u) = u_xu_t, by the equation (1.1). It follows from the symmetry that P_r ≤ 0 (r = |x|). So we have obtained the inequality (3.6).

Lemma 3.3. There exist positive constants c_1,c_2 and δ, independent of y and s, such that for all s ≥ − ln T , (a) −c_1 ≤ w_{yy}(0, s) ≤ 0.

(b) −c_2 ≤ w_{yy}(y, s), when −le^12^s ≤ y ≤ le^12^s.

(c) −c_2y ≤ w_y(y, s) ≤ 0, when 0 ≤ y ≤ le^12^s. Furthermore, 0 ≤ w_y(y, s) ≤ −c_2y, when −le^12^s ≤ y ≤ 0. (d) 0 ≤ w(0, s) ≤ 1 − δ.

(e) −^1_2 c_2y^2 ≤ w(y, s) ≤ 1 − δ, when −le^12^s ≤ y ≤ le^12^s.

Proof. The claims can be verified from the symmetry of the solution, Definition (3.1), Theorem 2.3(a),(c) and Lemma 3.2. See the detailed calculations in [22].

Lemma 3.4. Let ρ(y) = exp(^{−y2}_4 ), and let a(s) be a bounded function for s ≥ − ln T . Let h_2(y) = (1 −^1_2 y^2) be the second order Hermite-polynomial. Then (a) ∫_{le}^1_2 s 0 w(y, s)ρ(y)dy → 0, when s → ∞. (b) ∫_{le}^1_2 s 0 (w(y, s) − a(s)h_2(y))ρ(y)dy → 0, when s → ∞. Proof. Multiply the equation (3.2) by ρ to obtain

(w_s − w)ρ = (w_yρ)_y + F ρ.

and define I(s) =

∫_{le}^1_2 s 0 w(y, s)ρ(y)dy. Then we get

I^′(s) − I(s) = ( 1 2 le^{12 s}w(le^{12 s}, s) + w_y(le^{12 s}, s))ρ(le^{12 s}) +

∫_{le}^1_2 s 0 F ρdy. (3.7) Because, by Theorem 2.2, quenching on the boundary is impossible, it follows from the boundary conditions and Lemma 3.3 that the first two term on the

right-hand side converge to zero in (3.7). Furthermore,

∫_{le}^1_2 s 0 F ρdy → 0 by Lemma 3.2, and therefore I^′(s)−I(s) → 0, as s → ∞. The statement (a) can be obtained from this. Suppose that for some ε > 0 there exists a sequence {s_i} such that |I(s_i)| ≥ ε. Then |I(s_i)| → ∞, as s_i → ∞. This contradicts Lemma 3.3.

The claim (b) follows from the item (a) and from partial integration: ∫_∞ 0 h_2(y)ρ(y)dy = ∫_∞ 0 ρ(y)dy + (y(ρ(y)))(∞) − ∫_∞ 0 ρ(y)dy = 0.

Lemma 3.5. There exist constants C ∈ (0, ∞), l_1 ∈ (0, l) and t_1 ∈ (0, T ) such that 0 ≤ −u_t(x, t) ≤ −Cf(u(0, t)), when x ∈ [0, l_1] and t ∈ [t_1, T ).

Proof. We first show that there exist constants γ ∈ (0, ∞), l_1 ∈ (0, l) and t_1 ∈ (0, T ) such that u_{rt} − γu_t ≥ 0, (3.8) when x ∈ [−l_1, l_1] and t ∈ [t_1, T ). Let J(r, t) = u_{rt}(r, t) − γu_t(r, t). Differentiating this, we get J_t − J_{rr} − f^′(u)J = u_ru_tf^{′′}(u). The right-hand side of this equation is non-negative, by the facts that u_r ≥ 0, u_t < 0 and f^{′′}(u) < 0. Because of Theorems 2.3 and 2.2, we can choose l_1 and t_1 such that |u_{rt}| ≤ M and u_t ∈ [−c_1, −c_2] on the parabolic boundary of [−l_1, l_1] × [t_1, T ). Then we can take γ sufficiently large such that J ≥ 0 on that parabolic boundary. Now we obtain (3.8) from the maximum principle.

We can now conclude by (3.8) that u_t(x, t) − u_t(0, t) = ∫_x 0 u_{tx}(η, t)dη ≥ γ ∫_x 0 u_t(η, t)dη = γ ∫_x 0 (u_{xx}(η, t) + f(u(η, t)))dη ≥ γ(u_x(x, t) + xf(u(0, t))). and because we know by Theorem 2.3 that u_t(0, t) − f(u(0, t)) ≥ 0, then −u_t(x, t) ≤ −u_t(0, t) − γxf(u(0, t)) ≤ −f(u(0, t))(1 + γx), and therefore 0 ≤ −u_t(x, t) ≤ −Cf(u(0, t)).

Lemma 3.6. For 0 ≤ y ≤ C, we have lim sup_{s→∞} w_{yyy}(y, s) ≤ 0 uniformly.

Proof. Differentiating the definition (3.1), we get by (1.1) after some calculations that w_{yyy} = 4∑ i=1 G_i, where G_1(x, t) = √ T − t u_{xt} f(u) , G_2(x, t) = − √ T − t u_xu_t f(u)^2 f^′(u), G_3(x, t) = −2 √ T − t u_x f(u) ( u_{xx} f(u) − F ) f^′(u), G_4(x, t) = − √ T − t ( u_x f(u) )_2 f^{′′}(u)u_x. We shall prove that lim sup_{t↑T} G_1(x, t) ≤ 0, and that G_i → 0 uniformly for bounded y, as s → ∞ and i = 2, 3, 4.

1. i=1: By (3.8), √ T − t^{uxt}_{f(u)} ≤ γ √ T − t^{ut}_{f(u)} , when x > 0. So it suffices to show that (T − t)^{u2t}_{(f(u))2} → 0, as t ↑ T . From (1.4) (when n = 1), (3.4), (3.5), Lemmas 3.2 and 3.5 it follows that 0 ≤ (T − t) ( u_t f(u) )_2 ≤ C u −f(u) f(u)^2 f(u)^2 ≤ C u|f(u)| f(u)^2 → 0. 2. i=2:

Using (3.1), we obtain 0 ≤ G_2 = −w_y(T − t)(−u_t)^{f ′(u)}_{−f(u)} . Applying (3.4), (3.5), Lemmas 3.3 and 3.5, we get

0 ≤ G_2 ≤ C u −f(u) (−f(u)) f^′(u) −f(u) . The claim follows from (1.4) and Lemma 3.2(a).

3. i=3:

The function G_3(x, t) can be written in the form:

G_3 = 2G_2 + 2w_y(1 + F )(T − t)f^′(u).

By the case i=2, Lemmas 3.2 and 3.3 it is sufficient show that (T − t)f^′(u) → 0. Using (3.4), (3.5) and (1.4), we deduce 0 ≤ (T − t)f^′(u) ≤ C uf^′(u) −f(u) → 0. 4. i=4:

By a simple modification we get 0 ≤ G_4 = −w_y^{u2xf ′′(u)}_{f(u)} (T − t). The inequality (3.6), the formulas (3.3) and (3.5) yield 0 ≤ G_4 ≤ −Cw_y u^2|f^{′′}(u)| |f(u)| . The claim follows from Lemmas 3.2 and 3.3, and (1.4) (when n = 2). Lemma 3.7. There exists a positive constant M such that (T − t)u_{tt} ≤ M in some neighborhood N = (−a, a) × (T − δ, T ) of (0, T ). Proof. Let H = (T −t)u_{tt} −M, where the constant M > 0 will be determined later. Then H_t − H_{xx} − bH = (T − t)f^{′′}(u)u^2_t + M T − t ( f^′(u)(T − t) − 1 ) , where b = f^′(u) −^1_{T −t} is a locally bounded function. We can see as in the proof of Lemma 3.6 that f^′(u)(T − t) → 0, and therefore there exists a neighborhood N = (−a, a) × (T − δ, T ) of (0, T ), which is independent of M, such that H_t − H_{xx} − bH ≤ 0, on N. When M is chosen big enough, then, by Theorem 2.2, H ≤ 0 on the parabolic boundary of N. The claim now follows from the maximum principle.

Lemma 3.8. Let w(y, s) be the solution of (3.2). Then lim_{s→∞} w_s(0, s) = 0.

Proof. Differentiating the equation (3.1), we get by (1.1) that 1 T − t {w_{ss} + 1 2 yw_{ys} − w_s − 1 2 yw_y} = −x ∂ ∂t { u_x 2(T − t)f(u) }+ + u_{tt} f(u) − u^2_t f(u)^2 f^′(u). (3.9)

In (3.9), take y = 0 to obtain w_{ss}(0, s) − w_s(0, s) = (T − t){ u_{tt}(0, t) f(u(0, t)) − u_t(0, t)^2 f(u(0, t))^2 f^′(u(0, t))}. Here the last term of the right-hand side converges to zero by Theorem 2.3 (c) and by the fact that (T − t)f^′(u(0, t)) → 0. Thus, applying Lemma 3.7, we have lim inf s→∞ {w_{ss}(0, s) − w_s(0, s)} ≥ 0. (3.10) We prove next that lim inf_{s→∞} w_s(0, s) ≥ 0.

By Lemma 3.6, for every ε > 0 and C > 0, there exists s_1 > − ln T such that w_{yyy} < ε, when s ≥ s_1 and 0 ≤ y ≤ C < ∞. Integrating this inequality three times with respect to y, we get w_{yy}(y, s) − w_{yy}(0, s) < εy, (3.11) w_y(y, s) − yw_{yy}(0, s) < 1 2 εy^2, (3.12) w(y, s) − w(0, s) − 1 2 y^2w_{yy}(0, s) < 1 6 εy^3, (3.13)

when y ∈ [0, C]. Because w_s(0, s) = w_{yy}(0, s) + w(0, s), it follows from the inequality (3.13) that

lim sup s→∞ {w(y, s) + w_{yy}(0, s)(1 − 1 2 y^2) − w_s(0, s)} ≤ 0, (3.14)

uniformly, when 0 ≤ y ≤ C < ∞. Let g(y, s) = w(y, s) + w_{yy}(0, s)(1 −^1_2 y^2), and consider the function G(s) = ∫_{le}^1_2 s 0 (g(η, s) − w_s(0, s))ρ(η)dη. An application of (3.14) to this definition gives that

lim sup s→∞ G(s) ≤ 0. (3.15)

We can see, by Lemmas 3.3 and 3.4 (b), that

G(s) + w_s(0, s)

∫_{le}^1_2 s 0 ρ(η)dη → 0, (3.16) as s → ∞. Using the formulas (3.15) and (3.16), we get lim inf s→∞ w_s(0, s) ≥ 0. (3.17) Suppose now that for some ε > 0 there exists a sequence s_i → ∞ such that w_s(0, s_i) ≥ ε. From this it follows by (3.10) that w_s(0, s_i) → ∞. This contradicts Lemma 3.3. Hence lim sup_{s→∞} w_s(0, s) ≤ 0. The claim follows from this and from (3.17).

After these preliminary Lemmas we turn to the proof of Theorem 3.1 (a). Let g be as in the proof of Lemma 3.8. By this Lemma, and by (3.14), lim sup s→∞ g(y, s) ≤ 0 (3.18) uniformly, when 0 ≤ y ≤ C < ∞. Furthermore, by Lemma 3.4(b) (where a(s) = −w_{yy}(0, s)) lim_{s→∞} ∫_{le}^1_2 s 0 g(η, s)ρ(η)dη = 0. (3.19) By Lemma 3.3 it holds that |g_y| ≤ C|y|. Therefore it follows from (3.18), (3.19) and the symmetry of the solution that lim_{s→∞} g(y, s) = 0, (3.20) uniformly, when |y| ≤ C < ∞. By Lemma 3.8, w_{yy}(0, s) + w(0, s) → 0, as s → ∞, and so Theorem 3.1 (a) follows from the equation (3.20). Corollary 3.9. For |y| ≤ C < ∞, we have lim_{s→∞} w_s(y, s) = 0 uniformly. Proof. By Lemma 3.8, w_s(0, s) = w_{yy}(0, s) + w(0, s) → 0. Combining this with inequality (3.12), we have lim sup s→∞ {w_y(y, s) + yw(0, s)} ≤ 0, (3.21) uniformly, when 0 ≤ y ≤ C < ∞. Writing w(y, s) − w(0, s)(1 − 1 2 y^2) = ∫_y 0 (w_η(η, s) + ηw(0, s))dη, we obtain, by Theorem 3.1 (a), (3.21) and Lemma 3.3, that lim_{s→∞}(w_y(y, s) + yw(0, s)) = 0, (3.22) uniformly for bounded y. Correspondingly, we can conclude by (3.11),(3.22), Lemmas 3.3 and 3.8 that lim_{s→∞}(w_{yy}(y, s) + w(0, s)) = 0. Finally we obtain the claim from this, (3.22), Theorem 3.1 (a) and Lemma 3.2(c). See the detailed calculations in [22].

3.2 Proof of Theorem 3.1(b)

We will now replace the equation (1.1) by an extended one, defined on the entire real line with respect to x. This equation of course admits the same solutions as (1.1) on the original interval (−l, l). The technical construction is done similarly as in [24] or in [8]. Without loss of generality, we may assume that l = 1 in the equation (1.1). So let x ≥ 1, and define the kernels: V (x, t) = 1 √ πt exp(− x^2 4t ),

W (x, t) = x 2 √ πt^3 exp(− x^2 4t ), when x ∈ R and t > 0.

Differentiating these, we can see that V_x = −W , V_t = V_{xx} and W_t = W_{xx}. Define the extension u(x, t) of u(x, t), when x ≥ 1 and t > 0 by u(x, t) = (x − 1) ∫_t 0 W (x − 1, t − τ)u_x(1, τ)dτ + 1. (3.23) Here u_x(1, t) is obtained from the equation (1.1) (u_x(1, t) = lim_{z↑1} u_x(z, t)).

Lemma 3.10. The function u satisfies:

u_t − u_{xx} = 2u_x(1, 0)V (x − 1, t) + 2 ∫_t 0 V (x − 1, t − τ)u_{xτ} (1, τ)dτ, when x > 1.

Proof. The claim follows directly by differentiating (3.23)

Correspondingly in the extension of u to the left of x = −1 the term u_x(1, t) in the equation (3.23) is replaced by the term u_x(−1, t).

An extended equation is now defined ũ_t − ũ_{xx} = f(ũ(x, t)); x ∈ R\{±1}, 0 < t < T, where ũ(x, t) = { u(x, t), when |x| ≤ 1, u(x, t), when |x| > 1, f(ũ) = { f(u), when |x| ≤ 1, g(x, t), when |x| > 1, and g(x, t) = 2u_x(1, 0)V (x − 1, t) + 2 ∫_t 0 V (x − 1, t − τ)u_{xτ} (1, τ)dτ. (3.24) We can see that ũ ∈ C^1(R) (fixed t), but f is not continuous at x = ±1, and therefore ũ is not twice continuously differentiable.

Because u(x, t) cannot quench at x = ±1, then the functions u_x(1, t) and u_{xt}(1, t) are uniformly bounded.

Lemma 3.11. The functions u(x, t) and g(x, t) satisfy 1 ≤ u(x, t) < c_1 < ∞, and 0 ≤ g(x, t) < c_2 < ∞, when |x| > 1 and 0 < t < T .

Proof. This Lemma can be obtained from (3.6), (3.23) and (3.24).

From (3.23) one may also obtain

|u_x| ≤ c_4 < ∞, (3.25) for |x| > 1 and 0 < t < T .

Define, when y ∈ R (y =^{x√}_{T −t} ) and s > − ln T :

w̃(y, s) = 1 + 1 T − t ∫_{ũ(x,t)} 0 dτ f(τ) . (3.26)

Differentiating the definition (3.26), we get

w̃_s − w̃_{yy} + 1 2 yw̃_y − w̃ = F̃ , (3.27)

where F̃ = F , when y ∈ (−e^12^s, e^12^s), and at intervals (−∞, −e^12^s) and (e^12^s, ∞): F̃ = g(x, t) f(u) − 1 + u^2_x f(u)^2 f^′(u), (3.28)

where g is defined by the equation (3.24) and f by the equation (1.1). Using (3.25), (3.26), (3.28) and Lemma 3.11, we obtain, when |y| > le^12^s and s > − ln T , |w̃(y, s)| ≤ C(y^2 + 1), (3.29) |w̃_y(y, s)| ≤ C|y|, and |F̃ | ≤ M < ∞. (3.30) Consider now the extended equation (3.27) as a dynamical system in the space L^2_ρ(R) = {g ∈ L^2_{loc}(R)| ∫ R g(y)^2ρ(y)dy < ∞}. We use from now on the notation w = w̃. Then w_s − Lw = F , where Lw = w_{yy} −^1_2 yw_y + w, on the set R × [− ln T, ∞).

The space L^2_ρ is a Hilbert space with an inner product ⟨f, g⟩_L2_ρ = ∫ R f(y)g(y)ρ(y)dy.

Concerning the linear operator L it is known that (see [9]), it is selfadjoint, i.e., that ⟨Lf, g⟩_L2_ρ = ⟨f, Lg⟩_L2_ρ , (3.31) with spectrum λ_k = 1−^1_2 k; k = 0, 1, 2, ... The corresponding eigenfunctions are h̃_k(y) = α_kH_k(^1_2 y), where H_k are the (standard) Hermite polynomials and α_k = (π^12 2^{k+1}k!)^{− 1}2 . The first three eigenfunctions are

h̃_0 = 1√ 2 π^{−14} , h̃_1 = 1 2 π^{−14} y, h̃_2 = 1 2 π^{−14} ( 1 2 y^2 − 1).

The Fourier-expansion of w with respect to this base is: w(y, s) = ∞∑ k=0 ã_k(s)h̃_k(y). Then one has Lemma 3.12. Let a_2(s) = −^1_2 π^{−1}4 ã_2(s). Then a_2(s) − w(0, s) → 0, as s → ∞. Proof. Let ϕ(y, s) = w(y, s) − w(0, s)h_2(y), where h_2 is defined as in Lemma 3.4. Projecting the function ϕ to the subspace generated by the function h̃_2, we get

⟨ϕ, h̃_2⟩_L2_ρ = ∑ k ã_k(s)⟨h̃_k, h̃_2⟩_L2_ρ − w(0, s)⟨h_2, h̃_2⟩_L2_ρ = −2π^{14} (a_2(s) − w(0, s)).

Applying Hölder’s inequality to this, it follows that |a_2(s) − w(0, s)| ≤ C( ∫ R (w(y, s) − w(0, s)h_2)^2ρ)^{12} ‖h_2‖^{12}_{L2ρ} → 0,

by Theorem 3.1(a) and the inequality (3.29).

In the following we replace − ln(T −t) (used in the proof for f(u) = ln(αu) in [22]) by g(− ln(T − t)), where the function g is defined such that

lim_{u→0} uf^′(u) −f(u) g(− ln(u)) = 1. (3.32)

This function satisfies lim_{s→∞} ∫_s K ds g(s) = ∞. (3.33)

The formula (3.33) can be deduced directly from (3.32) by writing first

g(s) = −(1 + o(1))e^s · f(e^{−s}) f^′(e^{−s}) , as s → ∞, and then integrating with respect to s. Note that (3.33) is a crucial property of g in the proof of Theorem 3.1 (b) (see the formulas (3.45) and (3.46)).

By the assumption (1.5) we can see that g(s(1 + o(1))) = g(s)(1 + o(1)), (3.34) as s → ∞. Lemma 3.13. The inequalities 0 ≤ f^′(u)(T − t)g(− ln(T − t)) ≤ M < ∞ hold on the set [−l, l] × [0, T ).

Proof. By (1.4) (when n = 1), (3.4) and (3.5) we conclude that − ln(T − t) = − ln(u)(1 + o(1)).

Recall that f^{′′}(u) < 0. Therefore we can estimate, by (3.4), (3.5) and (3.34), to obtain 0 ≤ f^′(u)(T − t)g(− ln(T − t)) ≤ Cf^′(u) u −f(u) g(− ln(u)). The claim follows from (3.32).

Lemma 3.14. For the solution u(x, t) one has f^′(u(x, t))(T − t)g(− ln(T − t)) − 1 1 − w(0, s)h_2(y) → 0 uniformly for bounded y, as t ↑ T (s → ∞). Proof. By Theorem 3.1 (a), 1 + 1 T − t ∫_u 0 dτ f(τ) − w(0, s)h_2(y) → 0, uniformly for bounded y, as t ↑ T . Dividing this by the function 1 − w(0, s)h_2(y) (≠ 0 by Lemma (3.3)), we get ∫_u 0 dτ −f(τ ) (T − t)(1 − w(0, s)h_2(y))

→ 1, (3.35) uniformly for bounded y, as t ↑ T . From the properties of the logarithmic function it follows that ln ( 1 1 − w(0, s)h_2(y) ∫_u 0 dτ −f(τ) ) − ln(T − t) → 0, and ln(^1 1−w(0,s)h_2(y) ∫_u 0 dτ −f(τ ) ) ln(T − t) → 1, (3.36) uniformly for bounded y, as t ↑ T . It also follows from (3.34) and (3.36) that g ( − ln(^1 1−w(0,s)h_2(y) ∫_u 0 dτ −f(τ ) ) ) g ( − ln(T − t) ) → 1, (3.37) Let H = ( f^′(u)(T − t)g(− ln(T − t)) ) ( 1 − ∫_u 0 dτ −f(τ ) (T − t)(1 − w(0, s)h_2(y)) g ( − ln(^1 1−w(0,s)h_2(y) ∫_u 0 dτ −f(τ ) ) ) g ( − ln(T − t) ) ) . By Lemma 3.13, and by the formulas (3.35) and (3.37),

H → 0, (3.38)

uniformly for bounded y, as t ↑ T .

Finally we get f^′(u)(T − t)g(− ln(T − t)) − 1 1 − w(0, s)h_2(y) = H − 1 1 − w(0, s)h_2(y) ( 1 − f^′(u) ∫_u 0 dτ −f(τ) g(− ln( ∫_u 0 dτ −f(τ ) 1 − w(0, s)h_2 ) ) , (3.39)

where the last bracket can be written, using (1.4), (3.4) and (3.34), in the form 1 − f^′(u)u −f(u) (1 + o(1))g ( − ln( u(1 + o(1)) −(1 − w(0, s)h_2(y))f(u) ) ) = 1 − (1 + o(1)) f^′(u)u −f(u) g(− ln(u)). The right-hand side of this equation converges to zero by (3.32). The claim follows from this, from (3.38) and (3.39).

Proof of Theorem 3.1 (b). Projecting the equation w_s = Lw + F to the subspace generated by the function h_2, we obtain ∑ k ã^′_k(s)⟨h̃_k, h_2⟩_L2_ρ = ⟨Lw, h_2⟩_L2_ρ + ⟨F, h_2⟩_L2_ρ .

Note that ⟨F, h_2⟩_L2_ρ = 2

∫_{le}^1_2 s 0 + ∫_∞ le^12^s F h2ρ, where the latter integral is less

than C exp(−ϵe^s) by (3.30), and so only the first of these integral is essential in the equation (3.40), as s → ∞. The factor 2 is included in the integrals below, because the solution is symmetric. We can conclude by (3.31) and the orthogonality of the base {h̃_k}^∞_{k=0}, that (C = 4 √ π), as s → ∞ Ca^′_2(s) = 2 ∫_∞ 0 u^2_x f(u)^2 f^′(u)h_2(y)ρ(y)dy = 2 ∫_∞ 0 (T − t)f^′(u)w^2_yh_2(y)ρ(y)dy, and Cg(s)a^′_2(s) = 2 ∫_∞ 0 (T − t)f^′(u)g(− ln(T − t))w^2_yh_2(y)ρ(y)dy. Write this in the form Cg(s)a^′_2 = 2 ∫_∞ 0 (T − t)f^′(u)g(− ln(T − t))(w^2_y − w(0, s)^2y^2)h_2(y)ρ(y)dy+ 2 ∫_∞ 0 ((T − t)f^′(u)g(− ln(T − t)) − 1 1 − w(0, s)h_2(y)

)w(0, s)^2y^2h_2(y)ρ(y)dy+ 2 ∫_∞ 0 1 1 − w(0, s)h_2(y)

(w(0, s)^2 − a_2(s)^2)y^2h_2(y)ρ(y)dy+ 2 ∫_∞ 0 a_2(s)^2y^2 1 − w(0, s)h_2(y) h_2(y)ρ(y)dy = 4∑ j=1 I_j(s). (3.40) Next we show that I_j(s) → 0, as s → ∞ and j = 1, 2, 3. When j = 1, then by Lemmas 3.3 and 3.13, we can apply the Lebesgue Dominated Convergence Theorem. Writing w^2_y −w(0, s)^2y^2 = (w_y +w(0, s)y) (w_y −w(0, s)y), we can conclude by Lemmas 3.3, 3.13 and the formula (3.22), that lim_{s→∞} I_1(s) = 0. (3.41) Correspondingly, in the case j = 2, we obtain from Lemmas 3.3 and 3.14 that lim_{s→∞} I_2(s) = 0. (3.42) When j = 3, we obtain, by Lemmas 3.3 and 3.12, lim_{s→∞} I_3(s) = 0. (3.43) We can also see that there exist positive constants c_1 and c_2 such that −c_1a_2(s)^2 ≤ I_4(s) ≤ −c_2a_2(s)^2, (3.44) for all s ≥ − ln T .

By the relations (3.40)- (3.44) and Lemma 3.3 it follows after some calculations that there is c_3 > 0 such that lim sup s→∞ (g(s)a^′_2(s) + c_3a_2(s)^2) ≤ 0. (3.45) Finally, we conclude that (3.45) implies lim_{s→∞} a_2(s) = 0. (3.46) (1): If a_2 has a non-zero limit a^∗ (a^∗ > 0, because of Lemmas 3.3 and 3.12 ), then by (3.45) it holds that for every ε > 0 there exists a s_0 ≥ − ln T and C > 0 such that g(s)a^′_2 ≤ −C, as s ≥ s_0. Integrating this, we obtain a_2(s) − a_2(s_0) ≤ −C ∫_s s_0 dτ g(τ) → −∞, by (3.33). This is a contradiction to Lemmas 3.3 and 3.12 .

(2): If a_2 does not have a limit, then it follows by Lemmas 3.3 and 3.12 that there exists a sequence s_j → ∞ such that a^′_2(s_j ) ≥ 0, and a_2(s_j) ≥ δ > 0, which is a contradiction to (3.45).

Theorem 3.1(b) follows from (3.46) and Lemma 3.12.

References

[1] A. Acker and B. Kawohl, Remarks on quenching, Nonlinear Analysis, Theory, Methods and Applications, 13 (1989), 53-61.

[2] A. Acker and W. Walter, The quenching problem for nonlinear parabolic differential equations. In: Ordinary and Partial Differential Equations, Dundee 1976, Eds. W.M.Everitt, B.D.Sleeman, Springer Lecture Notes in Math. 564, 1976, p. 1-12.

[3] J. Bebernes and D. Eberly, A description of self-similar blow-up for dimensions n ≥ 3, Ann. Inst. Henri Poincaré, 5, (1988), 1-21.

[4] K. Deng and H. A. Levine, On blowup of u_t at quenching, Proc. Amer.

Math. Soc. 106, (1989), 1049-1056.

[5] M. Fila and J. Hulshof, A note on quenching rate, Proc. Amer. Math.

Soc. 112, (1991), 473-477.

[6] M. Fila and J. Hulshof and P. Quittner, The quenching problem on the N-dimensional ball. In: Nonlinear Diffusion Equations and their Equlibrium States, 3., Eds. N.G.Lloyd, W.M.Ni, J.Serrin, L.A.Peletier, Birkhäuser, Boston, 1992, p. 183-196.

[7] M. Fila, H. A. Levine and J. L. Vazquez, Stabilization of solutions of weakly singular quenching problems. Proc. Amer. Math. Soc., 119, (1993), 555-559.

[8] S. Filippas and J. Guo, Quenching profiles for one-dimensional heat equations. Quarterly of Applied Math. 51, (1993), 713-729.

[9] S. Filippas and R. Kohn, Refined asymptotics for the blowup of u_t−Δu = u^p, Comm. Pure and Applied Mathematics, 45, (1992), 821-869.

[10] B. Gidas, W-M. Ni and L. Nirenberg, Symmetry and related properties via the maximum principle, Comm. Math. Phys. 68, (1979), 209-243.

[11] Y. Giga and R. V. Kohn, Asymptotically self-similar blow-up of semilinear heat equations, Comm. Pure Appl. Math. 38, (1985), 297-319.

[12] Y. Giga and R. Kohn, Characterizing blow-up using similarity variables, Indiana University Mathematics Journal, 36, (1987), 1-40.

[13] J. Guo, On the quenching behavior of the solution of a semilinear parabolic equation, J. Math. Anal.Appl. 151, (1990), 58-79.

[14] J. Guo, On the semilinear elliptic equation Δw −^1_2 yw + λw − w^{−β} = 0 in R^n, Chinese J. Math. 19, (1991), 355-377.

[15] J. Guo, On the quenching rate estimate, Quart. Appl. Math. 49, (1991), 747-752.

[16] D. D. Joseph and T. S. Lundgren, Quasilinear Dirichlet problems driven by positive sources, Arch. Rat. Mech. Anal. 49, (1973), 241-269.

[17] H. Kawarada, On solutions of initial boundary problem for u_t = u_{xx} + 1/(1 − u). Publ. Res. Inst. Math. Sci. 10, (1975), 729-736.

[18] B. Kawohl, Remarks on quenching (review), Documenta Mathematica 1, (1996), 199-208.

[19] H. Levine, Quenching, nonquenching and beyond quenching for solutions of some parabolic equations, Annali di Mat. Pura et Applicata, 155, (1990), 243-260.

[20] H. Levine, Advances in quenching. in: Nonlinear Diffusion Equations and their Equilibrium States, 3. Eds.: N. G. Lloyd, W. M. Ni, J. Serrin, L. A. Peletier, Birkhäuser, Boston, 1992, p. 319-346.

[21] D. Phillips, Existence of solutions to a quenching problem. Appl. Anal.

24, (1987), 253-264.

[22] T. Salin, On quenching with logarithmic singularity, Nonlinear Analysis TMA, to appear.

[23] R. Sperp, Maximum Principles and Their Applications, Academic Press, New York, 1981.

[24] J. J. L Velazquez, Local behavior near blow-up points for semilinear parabolic equations, J. Differential Equations, 106, (1993), 384-415.

(continued from the back cover)

A441 Jukka Liukkonen

Data Reduction and Domain Truncation in Electromagnetic Obstacle Scattering, Oct 2001

A440 Ville Turunen

Pseudodifferential calculus on compact Lie groups and homogeneous spaces, Sep 2001

A439 Jyrki Piila and Juhani Pitkäranta On corner irregularities that arise in hyperbolic shell membrane theory, Jul 2001

A438 Teijo Arponen

The complete form of a differential algebraic equation, Jul 2001

A437 Viking Högnäs

Nonnegative operators and the method of sums, Jun 2001

A436 Ville Turunen

Pseudodifferential calculus on compact homogeneous spaces, Jun 2001

A435 Timo Salin

On Quenching with Logarithmic Singularity, May 2001

A434 Ville Havu

An Analysis of Asymptotic Consistency Error in a Parameter Dependent Model Problem, Mar 2001

A433 Ville Havu and Juhani Pitkäranta Analysis of a bilinear finite element for shallow shells I: Consistency error, Jan 2001

A432 Tuomas Hytönen

Optimal Wrap-Around Network Simulation, Dec 2000

A431 Ville Turunen

Pseudodifferential calculus on compact Lie groups, Jun 2001

A430 Ville Havu and Juhani Pitkäranta Analysis of a bilinear finite element for shallow shells I: Approximation of Inextensional Deformations, May 2000

A428 Jarmo Malinen

Discrete Time H^∞ Algebraic Riccati Equations, Mar 2000

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A446 Tuomas Hytönen

R-Boundedness is Necessary for Multipliers on H^1, Feb 2002

A445 Philippe Clément, Stig-Olof Londen, Gieri Simonett

Quasilinear Evolutionary Equations and Continuous Interpolation Spaces, Mars 2002

A444 Tuomas Hytönen

Convolutions, Multipliers and Maximal Regularity on Vector-Valued Hardy Spaces, Dec 2001

A443 Tuomas Hytönen

Existence and Regularity of Solutions of the Korteweg - de Vries Equations and Generalizations, Dec 2001

A442 Ville Havu

Analysis of Reduced Finite Element Schemes in Parameter Dependent Elliptic Problems, Dec 2001

ISBN 951-22-5945-1 ISSN 0784-3143 Institute of Mathematics, Helsinki Univ. of Tech., Espoo, 2002