Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2003 A462

PSEUDODIFFERENTIAL CALCULUS ON THE 2-SPHERE

Ville Turunen

Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2003 A462

PSEUDODIFFERENTIAL CALCULUS ON THE 2-SPHERE

Ville Turunen

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Ville Turunen: Pseudodifferential calculus on the 2-sphere; Helsinki University of Technology Institute of Mathematics Research Reports A462 (2003).

Abstract: We show how pseudodifferential equations on the unit sphere of the 3-dimensional Euclidean space can be studied using the spherical harmonic Fourier series on the symmetry group of the sphere.

AMS subject classifications: 58J40, 33C55, 22E30, 47G30, 35S05.

Keywords: Pseudodifferential operators, symbol calculus, asymptotic expansions, spherical harmonics, rotation group.

Ville.Turunen@hut.fi

ISBN 951-22-6790-X ISSN 0784-3143

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

Suppose we are faced with a Dirichlet boundary value problem of an elliptic partial differential equation in a domain diffeomorphic to the unit ball of R^3 . From the fundamental solution we obtain the Schwartz kernel of a singular integral operator on the 2-sphere S^2, and the corresponding integral equation needs to be solved. The integral operator turns out to be an elliptic pseudodifferential operator, which can be treated locally with Euclidean Fourier analysis. However, it turns out that one can directly deal with the spherical harmonics, which has computational advantages. An analogous case is the theory of so called periodic pseudodifferential operators, i.e. pseudodifferential theory exploiting the Fourier series on torus [1, 2, 7, 5].

Pseudodifferential calculus on the 2-sphere is a special case of pseudodifferential theory on a compact homogeneous space G/K based on Fourier analysis on a compact Lie G (see [6]); namely, the 2-sphere is diffeomorphic to a homogeneous space G/K, where K ∼= SO(2) is a subgroup of G = SO(3). Basics of linear Lie groups can be found in many books, e.g. [8] is a fine reference. In [3] the special case of rotation-bi-invariant operators on the sphere was considered.

1 Sphere rotated

Let us endow the three-dimensional Euclidean space R^3 with the usual inner product (x, y) → ⟨x, y⟩_R3 = x_1y_1 + x_2y_2 + x_3y_3; the corresponding norm is x → ‖x‖_R3 = (x^2_1 + x^2 + x^2_3)^{1/2}. The unit sphere of R^3 is the set

S^2 = { x = (x_j )^3_{j=1} : ‖x‖_R3 = 1 } . A rotation around the origin of R^3 is a linear mapping preserving both the orientation and the distances. Such rotations form a non-commutative group, the so-called special orthogonal group of R^3 , denoted by SO(3). A rotation maps S^2 bijectively onto S^2, so that SO(3) can be regarded as the symmetry group of S^2.

Let {e_1, e_2, e_3} be the standard orthonormal basis of R^3 . A linear mapping a : R^3 → R^3 is of the form

x = (x_j )^3_{j=1} → ( 3∑ j=1 a_{ij} x_j )^3_{i=1},

where a_{ij} = ⟨e_j, ae_i⟩_R3 . We can identify such a mapping with its matrix representation (a_{ij} )^3_{i,j=1}. A rotation g ∈ G = SO(3) can thus be identified with a real matrix (g_{ij} )^3_{i,j=1} having orthonormal column vectors and positive determinant (i.e. orientation is preserved). To put it otherwise, G = { g = (g_{ij} )^3_{i,j=1} : g_{ij} ∈ R, g^tg = I, det(g) = 1 } , where the transpose g^t = (g_{ji})^3_{i,j=1} coincides with g^{−1}. The mapping

p : G → S^2, (g_{ij} )^3_{i,j=1} → (g_{i3})^3_{i=1} is C^∞-smooth, and the inverse image of the north pole e_3 ∈ S^2 is the subgroup

K := p^{−1}({e_3}) = {g ∈ G : p(g) = e_3} = {g ∈ G : ge_3 = e_3}.

Thus S^2 is diffeomorphic to the homogeneous space G/K = {gK : g ∈ G}, where gK = {gk : k ∈ K}. In the sequel C^∞(S^2) ⊂ C^∞(SO(3)) means that we identify a function f ∈ C^∞(S^2) with a function f ∈ C^∞(G) satisfying f(g) = f(gk) for every g ∈ G and k ∈ K.

2 Exponential coordinates

A linear Lie group is a closed subgroup of the general linear group GL(n) of invertible n-by-n matrices. The Lie algebra g of a linear Lie group G consists of those matrices X for which exp(tX) ∈ G for every t ∈ R. This means that e_X = (t → exp(tX)) is a group homomorphism R → G, so called one-parameter subgroup; notice that X = e^′_X (0). The tangent space at the neutral element I ∈ G can be naturally identified with the Lie algebra g. In the case G = SO(3), the Lie algebra g = o(3) consists of real skew-symmetric (i.e. X^t = −X) 3-by-3 matrices. Hence X ∈ g is of the form

X = X(x) =

0 −x_3 x_2 x_3 0 −x_1 −x_2 x_1 0 ,

where x = (x_j )^3_{j=1} ∈ R^3 ; we define the norm ‖X‖_g to be ‖x‖_R3 , so that X^3 = −‖X‖^2_g X. When ‖X‖_g = 1, we obtain the Rodrigues’ rotation formula exp(tX) = I + X sin t + X^2 (1 − cos t), which equals to

1 + (x^2_1 − 1)(1 − cos t) −x_3 sin t + x_1x_2(1 − cos t) x_2 sin t + x_1x_3(1 − cos t) x_3 sin t + x_1x_2(1 − cos t) 1 + (x^2 − 1)(1 − cos t) −x_1 sin t + x_2x_3(1 − cos t) −x_2 sin t + x_1x_3(1 − cos t) x_1 sin t + x_2x_3(1 − cos t) 1 + (x^2_3 − 1)(1 − cos t) .

From this one can prove that (Y → exp(Y )) : {Y ∈ g : ‖Y ‖_g < π} → G is a smooth injection, and the reader may deduce expressions for the exponential coordinates tx ∈ R^3 (x ∈ S^2) in terms of the matrix (g_{ij} )^3_{i,j=1} = exp(tX(x)) ∈ G. When 0 < r < π, exponential coordinates identify the ball {x ∈ R^3 :

‖x‖_R3 < r} with a neighbourhood of I ∈ G = SO(3). For α ∈ N^3 and g = exp(X(x)), ‖x‖_R3 ≤ r, let us define a “monomial q_α in exponential coordinates” by

q_α(g) := 1 α! x^α = 1 α_1! α_2! α_3!

x^{α1}_1 x^{α2}_2 x^{α3}_3 .

For us the exact behaviour of q_α is relevant only in an arbitrary small neighbourhood of I ∈ G, and with an arbitrary smooth extension we may consider q_α ∈ C^∞(G). Actually, we can first define q_γ when |γ| = 1, and then demand that α! β! q_{α+β} = (α+β)! q_α q_β for every α, β ∈ N^3 . In an analogous manner, for f ∈ C^∞(G) and g ∈ G, we define

(∂^α_g f)(g) := ∂^{α1}_{x1} ∂^{α2}_{x2} ∂^{α3}_{x3} f(exp(X(x)) g)|_{x=0} = ∂^{α1} ∂x^{α1}_1 ∂^{α2} ∂x^{α2}_2 ∂^{α3} ∂x^{α3}_3 f(exp(X(x)) g)|_{x=0}.

Here we should warn that we have interpreted elements of g as right-invariant vector fields on G, not as left-invariant ones (which is more common in literature).

3 Euler angles

Rotations by angle ϕ ∈ R around the x_1-, x_2- and x_3-axis, respectively, are expressed by the matrices ω_1(ϕ), ω_2(ϕ), ω_3(ϕ) given by

1 0 0 0 cos(ϕ) − sin(ϕ) 0 sin(ϕ) cos(ϕ) , cos(ϕ) 0 sin(ϕ) 0 1 0 − sin(ϕ) 0 cos(ϕ) , cos(ϕ) − sin(ϕ) 0 sin(ϕ) cos(ϕ) 0 0 0 1 .

We represent rotations by Euler angles ϕ, θ, ψ ∈ R. Any g ∈ G = SO(3) has a form g = ω(ϕ, θ, ψ) := ω_3(ϕ) ω_2(θ) ω_3(ψ),

where 0 ≤ ϕ, ψ < 2π and 0 ≤ θ ≤ π. If 0 < θ_1, θ_2 < π then ω(ϕ_1, θ_1, ψ_1) = ω(ϕ_2, θ_2, ψ_2) if and only if θ_1 = θ_2 and ϕ_1 ≡ ϕ_2 (mod 2π) and ψ_1 ≡ ψ_2 (mod 2π); thus we conclude that the Euler angles provide local coordinates for the manifold G nearby a point ω(ϕ, θ, ψ) whenever θ ≢ 0 (mod π).

The group G acts transitively on the space S^2. Since ω(ϕ, θ, ψ) ∈ G equals to cos ϕ cos θ cos ψ − sin ϕ sin ψ − cos ϕ cos θ sin ψ − sin ϕ cos ψ cos ϕ sin θ sin ϕ cos θ cos ψ + cos ϕ sin ψ − sin ϕ cos θ sin ψ + cos ϕ cos ψ sin ϕ sin θ − sin θ cos ψ sin θ sin ψ cos θ ,

it moves the north pole e_3 ∈ S^2 to the point ω(ϕ, θ, ψ)e_3 = cos ϕ sin θ sin ϕ sin θ

cos θ . 4 Invariant integration

On a compact group G there exists a unique translation-invariant regular Borel probability measure, called the Haar measure μ_G; customarily L^2(G) refers to L^2(G, μ_G). Using the Euler angle coordinates on G = SO(3), we define an orthogonal projection P_S2 ∈ L(L^2(G)) by (P_S2f)(ω(ϕ, θ, ψ)) = 1 2π ∫_{2π} 0 f(ω(ϕ, θ, ψ̃)) dψ̃ for almost all g = ω(ϕ, θ, ψ). With the natural interpretation P_S2f ∈ L^2(S^2), and if f ∈ C^∞(G) then P_S2f ∈ C^∞(S^2). Thereby ∫ G f dμ_G = ∫ S^2 PS^2f, where

the measure on the sphere is the normalized angular part of the Lebesgue measure of R^3 . This yields the Haar integral f → ∫ G f dμ_G = 1 8π^2 ∫_{2π} 0 ∫_π 0 ∫_{2π} 0 f(ω(ϕ, θ, ψ)) sin(θ) dϕ dθ dψ. 5 Fourier series on SO(3) and S^2

Let G = SO(3). For each l ∈ N there exists a group homomorphism t^l : G → GL(2l + 1), where t^l(g) is a unitary matrix for every g ∈ G. Actually, any unitary representation of G is equivalent to a direct sum of such unitary matrix representations. The matrix elements of t^l(g) = (t^l_{mn}(g))^l_{m,n=−l} can be factorized with respect to the Euler angles: t^l_{mn}(ω(ϕ, θ, ψ)) = e^{−i(mϕ+nψ)} P^l_{mn}(cos(θ)); the exact expression for P^l_{mn} can be found in [8]. Now { √ 2l + 1 t^l_{mn} : l ∈ N, m, n ∈ Z, −l ≤ m, n ≤ l} is an orthonormal basis for L^2(G), and thus f ∈ C^∞(G) has a Fourier series representation f = ∞∑ l=0 (2l + 1) l∑ m=−l l∑ n=−l ^f(l)_{mn} tl_{mn},

where the Fourier coefficients are computed by ^f(l)_{mn} := ⟨f, tl_{mn}⟩_{L2(G)} = ∫ G f(g) t^l_{mn}(g) dμ_G(g). Notice that t^l_{mn}(g) = (t^l(g)^∗)_{nm} = t^l_{nm}(g^{−1}). Evidently, the values of f ∈ C^∞(S^2) ⊂ C^∞(G) do not depend on the Euler angle ψ, so that in this case ^f(l)_{mn} = 0 whenever n ≠ 0.

Let M be a smooth compact manifold without a boundary, i.e. a smooth closed manifold. In the sequel, D(M) denotes the space C^∞(M) endowed with the usual Fréchet space structure of test functions. The convolution f_1 ∗ f_2 ∈ D(G) of f_1, f_2 ∈ D(G) is defined by

(f_1 ∗ f_2)(g) := ∫ G f_1(gh^{−1}) f_2(h) dμ_G(h).

Since t^l is a group homomorphism, we get ^ f_1 ∗ f_2(l) = ^f_1(l) ^f_2(l), i.e. ^f_1 ∗ f_2(l)_{mn} = l∑ k=−l ^f_1(l)_{mk} ^f_2(l)_{kn}.

The Fourier transform of distributions f_1, f_2 ∈ D^′(G) is defined by duality.

Let A be a continuous linear operator D(G) → D(G). Then for each l ∈ N there is a unique matrix-valued function g → σ_A(g, l) = (σ_A(g, l)_{mn})^l_{m,n=−l} such that (Af)(g) = ∞∑ l=0 (2l + 1) Tr ( σ_A(g, l) ^f(l) t^l(g)^∗ )

= ∞∑ l=0 (2l + 1) l∑ m=−l l∑ n=−l (_l ∑ k=−l σ_A(g, l)_{mk} ^f(l)_{kn} ) t^l_{mn}(g) for every f ∈ D(G) and g ∈ G; actually, σ_A(g, l) = t^l(g) (A(t^{l∗}))(g), i.e. σ_A(g, l)_{mk} = l∑ j=−l t^l_{mj} (g) (At^l_{kj} )(g). We call the mapping (g, l) → σ_A(g, l) (where g ∈ G, l ∈ N) the matrix symbol of A. Let s_A : G → D^′(G) satisfy ^s_A(g)(l) = σ_A(g, l), and let σ_A(g) denote the convolution operator f → s_A(g) ∗ f. Then (Af)(g) = (σ_A(g)f)(g), and if K_A is the Schwartz kernel of A then K_A(g, h) = s_A(g)(gh^{−1}) in the sense of distributions. One can say that the symbol σ_A presents a linear operator A as a G-parametrized family of convolution operators.

Operator A ∈ L(D(G)) belongs to L(D(S^2)) if and only if it maps C^∞(S^2) into C^∞(S^2), or equivalently if and only if g → σ_A(g, l) belongs to C^∞(S^2) for every l ∈ N.

The Sobolev space H^s(G) of order s ∈ R consists of distributions f on G having a finite norm ‖f‖_Hs := (_∞ ∑ l=0 (2l + 1)^{2s+1} l∑ m=−l l∑ n=−l | | ^f(l)_{mn} | |^2 )_{1/2} . For any r ∈ R, ^Ξ^rf(l) := (2l + 1)^r ^f(l) defines a linear Sobolev space isomorphism Ξ^r : H^s(G) → H^{s−r}(G). It is noteworthy that Ξ^r commutes with any convolution operator. Hence, to characterize Sobolev boundedness of convolution operators, it is enough to characterize L^2-boundedness (after all, L^2(G) = H^0(G)): the norm ‖σ_A(g_0)‖_{L(L}2_{(G))} of a convolution operator σ_A(g_0) is sup_{l∈N} ‖σ_A(g_0, l)‖_{L(C} 2l+1_) := sup_{l∈N} sup_{x:‖x‖} C2l+1 ≤1 ‖σ_A(g_0, l)x‖_C 2l+1 where x → ‖x‖_C 2l+1 = (|x_1|^2 + . . . + |x_{2l+1}|^2)^{1/2}.

6 Pseudodifferential calculus

Let S(R^n ) be the Schwartz test function space (i.e. rapidly decreasing smooth functions with the natural Fréchet space structure) on R^n ; the Fourier transform ^f ∈ S(R^n ) of f ∈ S(R^n ) is given by ^f(ξ) = ∫ R^n f(x) e^{−i2πx·ξ} dx.

A linear operator A : S(R^n ) → S(R^n ) of the form (Af)(x) = ∫ R^n σ_A(x, ξ) ^f(ξ) e^{i2πx·ξ} dξ is called a pseudodifferential operator of order m ∈ R, denoted by A ∈ Ψ^m(R^n ), if its symbol σ_A ∈ C^∞(R^n × R^n ) satisfies the inequalities | ∂^α_ξ ∂^β_x σ_A(x, ξ) | ≤ C_{Amαβ} (1 + |ξ|)^{m−|α|} uniformly in x ∈ R^n , for every α, β ∈ N^n ; C_{Amαβ} is a constant depending on A, m, α, β. Corresponding pseudodifferential operator classes Ψ^m(M) on a smooth closed manifold M can be defined via chart neighbourhood localizations, since the class Ψ^m(R^n ) is diffeomorphism invariant. In [6] there is a Fourier series characterization of pseudodifferential operators on compact Lie groups and certain homogeneous spaces. In [4] and [6] the symbolic calculus formulae are presented in general form, but here it is best to express them explicitly for S^2 and SO(3).

Let G = SO(3). Recall the functions q_α ∈ C^∞(G), “monomials in exponential coordinates”. Recall that if s ∈ S(R^n ) then x → x^αs(x) has the Fourier transform ξ → (∂^α_ξ ^s)(ξ); this motivates the definition of a “quasidifference operator” Q^α acting on symbols of linear operators A ∈ L(D(G)): Q^ασ_A(g, l) := ^q_αs_A(g)(l). The idea is roughly that Q^α resembles a “differentiation of order α ∈ N” with respect to the variable l. For instance, if A, B ∈ Ψ^m(G) then an asymptotic expansion for the symbol of the composite AB is σ_{AB} (g, l) ∼ ∑ α≥0 (Q^ασ_A(g, l)) ∂^α_g σ_B (g, l);

that is, in one just replaces the convolution operators σ_A(x) and σ_B (x) of [6] by matrices σ_A(g, l) and σ_B (g, l), and so on. In [6] one finds analogous asymptotic expansions for “amplitude operators”, adjoints and parametrices, so that we are not going to state them again.

From [6] it follows that if A ∈ Ψ^m(G) maps D(S^2) into D(S^2) then A|_{D(S}2_) ∈ Ψ^m(S^2). Conversely, if B ∈ Ψ^m(S^2) then there exists A ∈ Ψ^m(G) such that A|_{D(S}2_) = B. Moreover, operations Q^α and ∂^β_g respect the Kright-invariance in the sense that if σ_A(gk, l) = σ_A(g, l) for k ∈ K then Q^ασ_A(gk, l) = Q^ασ_A(g, l) and ∂^β_g σ_A(gk, l) = ∂^β_g σ_A(g, l). This means that the asymptotic expansion formulae for G = SO(3) hold also for S^2! The main point is that if A ∈ Ψ^m(G) is elliptic and maps D(S^2) into D(S^2) then we can compute an asymptotic expansion for the parametrix of A|_{D(S}2_) ∈ Ψ^m(S^2) using the symbolic calculus described above.

7 Future prospects

Much remains to be studied in pseudodifferential calculus on the sphere S^2. For instance, for B ∈ Ψ^m(S^2) there always exists A ∈ Ψ^m(G) such that A|_{D(S}2_) = B, but sometimes A necessarily fails to be elliptic even if B is elliptic [6].

Finally, numerical Fourier analysis on S^2 needs to be refined: not only would it be important to have stable FFT-like algorithms, but also estimate convergence rates for sequences of Sobolev space interpolation projections. Applications would be widespread, concerning not just pseudodifferential calculus.

Acknowledgements. This essay was funded by the Academy of Finland. The author wishes to express his gratitude to his former advisor, Professor Gennadi Vainikko, for suggesting this problem, and for all the guidance throughout the author’s studies.

References

[1] M. S. Agranovich: Elliptic operators on closed manifolds (in Russian).

Itogi Nauki i Tehniki, Ser. Sovrem. Probl. Mat. Fund. Napravl. 1990, 63, 5–129. (English translation in Encyclopaedia Math. Sci. 63 (1994), 1–130).

[2] W. McLean: Local and global description of periodic pseudodifferential operators. Math. Nachr. 1991, 150, 151–161.

[3] S. L. Svensson: Pseudodifferential operators — a new approach to the boundary problems of physical geodesy. Manuscripta Geodaetica 1983, 8, 1–40.

[4] M. E. Taylor: Noncommutative microlocal analysis. Mem. Amer. Math.

Soc. 1984, 52, No. 313.

[5] V. Turunen: Commutator characterization of periodic pseudodifferential operators. Z. Anal. Anw. 2000, 19, 95–108.

[6] V. Turunen: Pseudodifferential calculus on compact Lie groups and homogeneous spaces. Ph.D. Thesis, Helsinki Univ. Techn., 2001.

[7] V. Turunen, G. Vainikko: Symbol calculus of periodic pseudodifferential operators. Z. Anal. Anw. 1998, 17, 9–22.

[8] N. J. Vilenkin: Special Functions and the Theory of Group Representations. Amer. Math. Soc., Providence, Rhode Island, 1968.

(continued from the back cover)

A456 Ville Havu , Harri Hakula , Tomi Tuominen A benchmark study of elliptic and hyperbolic shells of revolution January 2003

A455 Yaroslav V. Kurylev , Matti Lassas , Erkki Somersalo Maxwell’s Equations with Scalar Impedance: Direct and Inverse Problems January 2003

A454 Timo Eirola , Marko Huhtanen , Jan von Pfaler Solution methods for R-linear problems in C^n October 2002

A453 Marko Huhtanen

Aspects of nonnormality for iterative methods September 2002

A452 Kalle Mikkola

Infinite-Dimensional Linear Systems, Optimal Control and Algebraic Riccati Equations October 2002

A451 Marko Huhtanen

Combining normality with the FFT techniques September 2002

A450 Nikolai Yu. Bakaev

Resolvent estimates of elliptic differential and finite element operators in pairs of function spaces August 2002

A449 Juhani Pitkäranta

Mathematical and historical reflections on the lowest order finite element models for thin structures May 2002

A448 Teijo Arponen

Numerical solution and structural analysis of differential-algebraic equations May 2002

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A461 Tuomas Hytönen

Vector-valued wavelets and the Hardy space H^1(R^n; X) April 2003

A460 Jan von Pfaler , Timo Eirola

Numerical Taylor expansions for invariant manifolds April 2003

A459 Timo Salin

The quenching problem for the N-dimensional ball April 2003

A458 Tuomas Hytönen

Translation-invariant Operators on Spaces of Vector-valued Functions April 2003

A457 Timo Salin

On a Refined Asymptotic Analysis for the Quenching Problem March 2003

ISBN 951-22-6790-X ISSN 0784-3143