Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2004 A466

QUENCHING AND BLOWUP PROBLEMS FOR REACTION DIFFUSION EQUATIONS

Timo Salin

Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2004 A466

QUENCHING AND BLOWUP PROBLEMS FOR REACTION DIFFUSION EQUATIONS

Timo Salin

Dissertation for the degree of Doctor of Science in Technology to be presented with due permission of the Department of Engineering Physics and Mathematics, for public examination and debate in Auditorium E at Helsinki University of Technology (Espoo, Finland) on the 26th of March, 2004, at 12 o’clock noon.

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Timo Salin: Quenching and blowup problems for reaction diffusion equations; Helsinki University of Technology Institute of Mathematics Research Reports A466 (2004).

Abstract: In this thesis we study quenching and blowup problems for reaction diffusion equations with Cauchy-Dirichlet data. We give sufficient conditions for certain reaction terms under which quenching or blowup can occur. Furthermore we show that the set of quenching points is finite for certain nonlinearities. The main results concern the asymptotic behavior of the solution in a neighborhood of a quenching or blowup point. We prove two kinds of asymptotic theorems. First we study quenching or blowup rate results and then give precise asymptotic expressions for solutions in a backward space-time parabola near a quenching point for certain reaction terms.

AMS subject classifications: 35K20, 35K55, 35K57, 35K60, 35B05, 35B40

Keywords: Reaction-diffusion equation, quenching, quenching set, quenching rate, asymptotic behavior of solutions, refined asymptotics, blow-up, blow-up set, blow-up rate

tsalin@cc.hut.fi

ISBN 951-22-6943-0 ISSN 0784-3143 Institute of Mathematics, Helsinki Univ. of Tech., Espoo, 2003

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

Acknowledgments

The author is grateful to Professor Stig-Olof Londen for valuable advice and discussions during the work. Furthermore I thank Professor Chiu Yeung Chan and Professor Vesa Mustonen for reviewing the manuscript.

I also wish to thank everybody in the Institute of Mathematics at Helsinki University of Technology for a good working atmosphere.

Otaniemi, February 2004

Timo Salin

Helsinki University of Technology Abstract of Doctoral Dissertation Box 1000, FIN-02015 Otaniemi http://www.hut.fi Author Timo Salin Name of the dissertation Quenching and blowup problems for reaction diffusion equations

Date of manuscript 27.1.2004 Date of dissertation 26.3.2004 Form of dissertation Article dissertation Department Engineering Physics and Mathematics Laboratory Institute of Mathematics Field of research Partial Differential Equations Opponent Prof. Juha Kinnunen Instructor and supervisor Prof. Stig-Olof Londen Abstract: In this work we study reaction diffusion equations, i.e., u_t − Δu = f(u, ∇u; x, t), where the solution u = u(x, t) is real valued and defined for (x, t) ∈ Ω × [0, T ], 0 < T ≤ ∞ and Ω ⊂ R^N . The term Δu is the diffusion term, and f(u, ∇u; x, t) is the reaction term. We take Ω to be a bounded subset of R^N and assume Cauchy-Dirichlet data, i.e., u is given on the boundary ∂Ω and at the initial time t = 0.

These equations have many application in physics, chemistry or biology. For example, chemical reactions, population dynamics or a theory of combustion are modelled by reaction diffusion equations. In particular we are interested in equations where f is in some sense singular with respect to u. These situations consist roughly speaking of two categories.

In the first case f → ∞ as u → ∞, for example f(u) = e^u or f(u, u_x) = u^p − u^2_x. These applications arises in the combustion theory, in population genetics or in population dynamics. The main interest is a possibility that there are solutions which can tend to infinity in finite time. This phenomenon is called blowup.

In another case we have reaction terms that satisfy f → ∞ as u → K for some K ∈ [0, ∞), for example f(u) = −^1_u . This type of reaction diffusion equations with singular reaction term arises in the study of electric current transients in polarized ionic conductors. The problem can also be considered as a limiting case of models in chemical catalyst kinetics (Langmuir-Hinshelwood model) or of models in enzyme kinetics. The equation has been extensively studied under assumptions implying that the solution u(x, t) approaches K in finite time. The reaction term then tends to infinity and the smooth solution ceases to exist. This phenomenon is called quenching or extinction.

Our contribution consists of giving sufficient conditions for certain weakly singular reaction terms under which quenching or blowup can occur. Furthermore we show that the set of quenching points is finite for certain nonlinearities. The main results concern the asymptotic behavior of the solution in a neighborhood of a quenching or blowup point. We prove two kinds of asymptotic theorems. First we study quenching or blowup rate results and then give precise asymptotic expressions for solutions in a backward space-time parabola near a quenching point for certain reaction terms.

Keywords: Reaction-diffusion equation, quenching, quenching set, quenching rate, asymptotic behavior of solutions, refined asymptotics, blow-up, blow-up set, blow-up rate.

UDC Number of pages 108 ISBN (printed) 951-22-6943-0 ISBN (pdf) ISBN (others) ISSN 0784-3143 Publisher Helsinki University of Technology, Institute of Mathematics The dissertation can be read at http://www.math.hut.fi/reports/

The thesis consists of this overview and the following papers: Publications:

[I] T. Salin, On quenching with logarithmic singularity, Nonlinear Analysis TMA, 52, (2003), 261-289.

[II] T. Salin, Quenching-rate estimate for a reaction diffusion equation with weakly singular reaction term, Dynamics of Continuous, Discrete and Impulsive Systems (Series A), to appear.

[III] T. Salin, On a refined asymptotic analysis for the quenching problem, Helsinki Univ. Techn. Inst. Math. Research Report A457. 2003.

[IV] T. Salin, The quenching problem for the N-dimensional ball, Helsinki Univ. Techn. Inst. Math. Research Report A459. 2003.

1 Introduction

1.1 Reaction diffusion equations

By a reaction diffusion equation we mean an equation of the form u_t − Δu = f(u, ∇u; x, t), (1.1) where the solution u = u(x, t) is real valued and defined for (x, t) ∈ Ω × [0, T ], 0 < T ≤ ∞ and Ω ⊂ R^N . The term Δu is the diffusion term, and f(u, ∇u; x, t) is the reaction term. More generally, the diffusion term may be of type A(u), where A is a second-order elliptic operator, which may be nonlinear and degenerate. In this work, however, we are only interested in the case where the diffusion term equals the Laplacian. We take Ω to be a bounded subset of R^N and assume Cauchy-Dirichlet data, i.e., u is given on the boundary ∂Ω and at the initial time t = 0.

Of primary interest to us are reaction terms f = f(u), i.e., terms not explicitly depending on ∇u, x or t. Write, formally, e^{tΔ} to denote the semigroup generated by the operator Δ with Dirichlet boundary conditions in a certain function space. Then the variation of constants formula for the equation (1.1) is

u(t) = e^{tΔ}u_0 + ∫_t 0 e^{(t−s)Δ}f(u(s))ds. (1.2) A method to prove local existence and uniqueness for the equation (1.1) is to use the contraction mapping principle in (1.2). The crucial property on f is then that f be locally Lipschitz continuous.

This solution may be locally continued. In some cases, the solution exists for all subsequent time (global existence). However, for certain f and u_0 there is a time T < ∞ such that ‖u(t)‖_∞ → ∞, as t ↑ T . This phenomenon is called blowup.

In the simple case with f = 0 in (1.1), the equation (1.1) is the (linear) diffusion or heat equation. Take, for example, u = 0 on the boundary and u_0 ∈ C(Ω). Then we can write the solution in the closed form u(t) = e^{tΔ}u_0. From this expression we can easily verify several qualitative properties of u(t). In particular we observe that u(t) exists globally and no blowup can occur.

This example obviously tells us that a (possible) blowup in the equation (1.1) is a consequence of the cumulative effect of the nonlinearity f(u). Actually this is elementary for ordinary differential equations. Namely, if we set Δu = 0 and f(u) = u^p with p > 1 in (1.1), and study the ODE:

u^′ = u^p, t > 0; u(0) = 1, (1.3)

we get u(t) = [ 1 + (1 − p)t

]^1_{1−p} . Thus the solution is smooth for t ∈ (0,^1_{p−1} ) and u(t) → ∞ as t ↑^1_{p−1} , i.e., u blows up.

For partial differential equations, as (1.1), the situation is much more complicated. In general, we cannot solve the equations explicitly, and the possibility of blowup is therefore difficult to examine.

The first fundamental paper concerning the blowup problem for the reaction diffusion equation was written by Fujita [22]. He studied the Cauchy problem for the equation u_t − Δu = u^{1+α}, α > 0 and proved that if 0 < Nα < 2 (N is the space dimension), then the initial value problem had no nontrivial global solutions while if Nα > 2, there were nontrivial global solutions. In this second case it was essential that the initial values were sufficiently small. After the publication of this paper the blowup phenomenon for the reaction diffusion equations has been the object of intensive research. See, for example, the review articles [25] and [44], and the references therein.

Another type of situation where the reaction diffusion equation does not have a global (smooth) solution are the equations in which the reaction term is in some sense singular for finite u. A typical example is (1.1) with f(u) = −u^{−p}, p > 0. In this case it is conceivable that there exists a time T such that inf_{x∈Ω} u ↓ 0, as t ↑ T . Then the reaction term blows up, and the smooth solution ceases to exist. This phenomenon is called quenching (or in some papers [25] extinction).

As in the case of the blowup problem, the quenching behavior is also caused by a nonlinear reaction term. We can conclude, by the parabolic Harnack’s inequality, that quenching is impossible if, e.g., we have a uniformly elliptic operator as the diffusion term in (1.1) and f ≡ 0 with u = 1 on the boundary.

In the case of ordinary differential equations we can demonstrate quenching by a simple example. We replace the term u^p in (1.3) by −u^{−p}, p > 0, and

solve it to get u(t) = [ 1 − (1 + p)t

]^1_{1+p} . From this we obtain that the solution is smooth for t ∈ (0,^1_{p+1} ) and u(t) → 0 as t ↑^1_{p+1} , i.e., u quenches. When we move on to study the quenching for the partial differential equation (1.1), we observe that the diffusion term Δu resists quenching, and the situation is consequently harder to analyze.

Although the blowup and the quenching problems somewhat resemble each other, a qualitative difference is that in the blowup problem the solution u(t) becomes unbounded while in the quenching problem some derivative of the solution u(t) blows up. Typically the time derivative u_t blows up in quenching problems, a fact which makes these equations challenging. The changes with respect to time happen faster and faster. Therefore (for example) the analysis by using the contraction mapping principle in (1.2) does not tell us much about the qualitative properties of the solution near the quenching point, because the size of the time steps tends to zero.

The original paper concerning the quenching problem was written by Kawarada [37]. This paper did initiate a wide study of the quenching problem by many authors, including work on existence and nonexistence, structure or size of quenching points, asymptotic behavior of the solutions in space and time near the quenching points etc.. In the next section we give an overview of the results. See also the review articles [25, 38, 43, 44].

In this work we concentrate on the quenching problem for equations of type (1.1). We also analyze the blowup problem for equations of type (1.1).

The equation (1.1) has many applications in physics, chemistry and biology (see [30, 34, 58]). Below we present some situations where blowup or quenching behavior are possible and which are essentially connected to this work.

(a) The theory of combustion and population genetics (see [25, 44, 55, 62] and references therein). There are two classical scalar models. One of them is the exponential reaction model where f(u) = δe^u in (1.1). This model is important in combustion theory where it is also known as the Frank- Kamenetsky equation [62]. For instance, combustion of a one-dimensional solid fuel is described by the set of equations:

T_t = T_{xx} + δεc exp (_{T −1} εT ) , c_t = −εΓδc exp (_{T −1} εT ) , where T and c represent respectively the fuel temperature and concentration, and δ, Γ, ε are (positive) physical constants. Typically, ε represents the inverse of the activation energy. If we assume 0 < ε ≪ 1, and look for solutions in the form T = 1 + εu + ... and c = 1 − εC_1 + ..., we are led to u_t = u_{xx} + δe^u and (C_i)_t = Γδe^u.

The other classical blowup equation is (1.1) with f(u) = u^p. (b) Population dynamics (see [55]). In this case the equation (1.1) was first introduced with f(u) = |u|^{p−1}u − b|∇u|^q (p > 1, q ≥ 1) (see [10]). In this model it was studied how the gradient damping term b|∇u|^q affects the possible blowup behavior. The term f_1 = |u|^{p−1}u describes the births and the term −b|∇u|^q describes the deaths within a population. In particular, the dissipative gradient term represents the action of a predator which destroys the individuals during their displacements. The births can also be described by an exponential term, i.e., f_1(u) = e^u or f_1(u) = ue^u.

(c) In connection with the diffusion equation generated by a polarization phenomena in ionic conductors (see [37] and references therein). In the paper [37] the equation (1.1) was studied in one space dimension with f(u) =^1_{1−u} and u ≡ 0 on the parabolic boundary. In this case quenching means that u ↑ 1. Note that these equations are usually written in the form where the singularity appears at u = 0, i.e., f(u) = −^1_u .

(d) As a limiting case of models in chemical catalyst kinetics (Langmuir- Hinshelwood model) or of models in enzyme kinetics (see [17, 49] and references therein): In this case f = f(u, ε) is a smooth function for ε > 0, and f(u, ε) → f(u), as ε → 0, where f(u) is negative for u > 0 and singular at u = 0. Actually the reaction term is denoted by f = f(u)χ({u > 0}) to emphasize that the reaction ceases at u = 0.

(e) The problem of a superconducting vortex intersecting with the boundary between vacuum and a superconducting material (see [9, 47]). In the paper [47], a vortex line at time t ≥ 0 is viewed as L(t) = {(x, y, z) = (x, 0, u(x, t))|x ∈ Ω}, where Ω = (−1, 1) or Ω = R, and u > 0 is a regular function. The physical derivation gives that u(x, t) satisfies (1.1) with f(u) = e^{−u}H_0 − F_0(u), where H_0 is the applied magnetic field assumed to be constant, F_0 is a regular function satisfying F_0(u) ∼^1_u and F^′_0(u) ∼ −^1_{u2} as u → 0. In this model , a vortex reconnection with the boundary (the plane z = 0) means quenching.

(f) In connection with phase transitions, when we study the motion of the borderline between liquids and solids (see [16, 39]). In this application, also the diffusion term is nonlinear and the equation takes the form

u_t − ∇ ·^{∇u}√_{1+|∇u|2} = −^1_u .

(g) In connection with detonation theory (see [23] and references therein): In this case both the diffusion term and the reaction term are nonlinear. Thus, u_t − ln (_{ecuuxx −1} cuu_{xx} ) = ln(u) −^1_2 u^2_x

where c is a nondimensional positive constant representing the chemical properties. This equation was studied in [23] with Neumann boundary conditions.

In models (a) and (b) it is possible that u blows up in finite time. Correspondingly, in models (c)-(g) it is possible that u quenches in finite time.

We shall now briefly explain some general aspects of the equations (1.1) and comment on the literature concerning the subject.

The equation (1.1) has been studied extensively (see the books [12, 30, 34, 41, 45, 54, 58], and references therein). The results obtained concern existence, uniqueness, continuous dependence, stability, smoothness and asymptotics of solutions etc.

The geometric theory for the equations (1.1) has been handled in [34]. In this context, a basic approach is to write the partial differential equation as an ordinary differential equation in a Banach space (involving unbounded operators), and then try to extend the ideas and theorems from the theory of finite dimensional dynamical systems to this infinite dimensional setting.

This approach has led to the development of the theory of C_0-semigroups [29, 48]. The problem is to give necessary and sufficient conditions under which the problem is well posed. This means that the equation has a unique solution, which depends continuously on the initial function. As is well known, the problem (1.1) with f = 0 and Au as the (linear) diffusion term is well posed provided that A is the generator of a C_0-semigroup, see [29, 48].

In the case of linear equations, homogeneous or nonhomogenous, a semigroup approach gives the solution to the problem explicitly, while for nonlinear equations as described above, we need also fixed point theorems to settle the existence. For a detailed treatise on the basic theory of abstract parabolic equations in general Banach spaces, see [46]. Applications in [46] concern both linear and nonlinear equations. Basic results on fixed point theorems applied to partial differential equations of type (1.1) can also be found in [12, 45].

Because the equations (1.1) are of second order, we are able to apply the parabolic maximum principle, or some comparison methods that are essentially consequences of this principle, in the analysis. The techniques involving sub- and super solutions or invariant regions, also belong to this category. Roughly speaking these methods can be used in two ways.

In the first case we take existence for granted and derive a priori bounds for solutions. These bounds are useful, for example, in the study of regularity or asymptotics of solutions. A basic idea is to make an appropriate guess on the sign of a certain function P , where P = P ( u, u_x, u_t, f(u) ) and u is a solution of (1.1). Then we deduce the corresponding parabolic inequality for P from (1.1), and use the maximum principle.

In the second case these methods can be used to prove existence results. A strategy in this case is to first find a subsolution u and a supersolution u of a corresponding boundary value problem (1.1) such that u ≤ u, and then use this to prove that there exists a solution satisfying u ≤ u ≤ u. See the books [12, 20, 30, 54, 58] for a comprehensive interpretation of the methods concerning the maximum principle and its applications.

1.2 Earlier results

Typical research subjects for blowup and quenching problems are:

(a) What are necessary and sufficient conditions for blowup or quenching? (b) What can be said about the set of blowup- or quenching points?

Can blowup or quenching take place on an entire interval, or is blowup or quenching possible only on distinct points?

(c) What kind of asymptotic behavior do solutions obey near the blowup or quenching points?

(d) What can be proved on solutions after blowup or quenching? In the following we present known results for quenching and blowup problems, which are essentially connected to this work.

Consider the equation u_t − Δu = f(u), x ∈ Ω, t ∈ (0, T ), u(x, t) = 1, x ∈ ∂Ω, t ∈ (0, T ), u(x, 0) = u_0(x), x ∈ Ω, (1.4)

where the initial function satisfies 0 < u_0(x) ≤ 1 and u_0 = 1 on the boundary. Here T is a positive constant. We assume that the reaction term f(u) is singular at u = 0 in the sense that lim_{u↓0} f(u) = −∞. For u > 0 we take f(u) to be smooth and to satisfy (−1)^kf^{(k)}(u) < 0; k = 0, 1, 2.

It is well known, see, e.g., ([58] p.34, Th.3.3.), that the problem (1.4) has a local unique solution in a set Ω × (0, t_ε). This solution can be continued to Ω × (0, T ), where T = inf_τ {τ ≥ 0 | lim sup_{t↑τ,x∈Ω}(u(x, t) +^1_{u(x,t)} ) = ∞}. It is also known that ([58] p.41, Th.3.8.) u(x, t) is a C^∞-function with respect to x_i and t in (x, t) ∈ Ω × (0, T ).

We say that a is a quenching point and T is a quenching time for u(x, t), if there exists a sequence {(x_n, t_n)} with x_n → a and t_n ↑ T , such that u(x_n, t_n) → 0 as n → ∞. Correspondingly we say that b is a blowup point and T is a blowup time for u(x, t), if there exists a sequence {(x_n, t_n)} with x_n → b and t_n ↑ T , such that u(x_n, t_n) → ∞ as n → ∞.

As a partial answer to the question (a) we have two kinds of sufficient conditions (with certain assumptions on f, u_0 and on the space dimension N): Theorem 1.1. When Ω is sufficiently large, then u quenches in finite time.

Theorem 1.2. When u_0 is small enough, then u quenches in finite time.

In the first paper concerning the quenching problem, Kawarada [37] studied the equation (1.4), when f(u) = −1/u, N = 1 and u_0 = 1. Acker and Walter [2] obtained Theorem 1.1 for these type of singularities, when u_0 = 1. Essential in their work is the proof of the fact that for sufficiently large Ω, the problem (1.4) does not have a stationary solution.

Quenching can occur, even though the equation (1.4) does have a stationary solution. Then it is crucial that the initial function takes values which are close enough to zero. Acker and Kawohl [1] have proved Theorem 1.2, in the case where N = 1 and

∫_1 0 f(s)ds = ∞. Levine [42] studies the stationary states of the problem (1.4), and proves Theorem 1.2, when N = 1 and f(u) = −u^{−p} (p > 0). In the proof the initial function u_0 is compared to the smallest stationary solution, and it is proved that this smallest stationary solution is unstable.

In the question (b) one studies the size of the set of quenching points. For example, it has been established for (1.4) that (under certain assumptions on u_0, f(u) and N):

Theorem 1.3. Quenching occurs at (0, T ).

Theorem 1.4. The set of quenching points is a compact subset of Ω.

Theorem 1.5. The set of quenching points is a discrete subset of Ω.

Acker and Kawohl [1] proved Theorem 1.3 for functions f(u) that satisfy (−1)^kf^{(k)}(u) < 0; k = 0, 1, 2; with Ω a ball in R^N , and with the initial function u_0 satisfying Δu_0 +f(u_0) ≤ 0 and (Δu_0 +f(u_0))_r ≥ 0. The argument is based on the inequality u_{rt} ≥ 0, which is proved by the maximum principle.

Theorem 1.4 implies that quenching points are bounded away from the boundary. Deng and Levine [11] proved Theorem 1.4 in R^N under certain assumptions on f(u) and u_0. They use the method developed in [21], where the corresponding blowup problem has been studied.

Guo [31] proved Theorem 1.5 for the case where f(u) = −u^{−p}, (p > 0), and u^{′′}_0 + f(u_0) ≤ 0 (N = 1). The proof is based on Angenent’s [3] result for certain parabolic equations.

As to the question (c), note that it is obvious that at least u_t or Δu in the equation blows up, when u quenches. Concerning the asymptotic behavior of solutions near a quenching point, the following results have been established (under various assumptions on u_0, f(u) and N, note that in Theorem 1.6 f(u) does not need to be a power singularity):

Theorem 1.6. When u quenches, then u_t blows up. Theorem 1.7. Let f(u) = −u^{−p} (p > 0). Then

min_{x∈Ω} u(x, t) ≤ [(1 + p)(T − t)]^{1/(1+p)} and u(x, t) ≥ C_1(T − t)^{1/(1+p)} in a neighborhood of the quenching point (t < T ).

Theorem 1.8. Let f(u) = −u^{−p}, (p > 0). Then for any quenching point (a, T ), lim_{t↑T} u(x, t)(T − t)^{−1/(1+p)} = (1 + p)^{1/(1+p)}

uniformly, when |x − a| ≤ C √ T − t for any positive constant C.

Let us present the corresponding results for the blowup problem (before we comment on Theorems 1.6-1.10). In this case, f(u) = u^p or f(u) = e^u in (1.4), with the boundary condition u = 0, when x ∈ ∂Ω.

The results corresponding to Theorem 1.7 are Theorem 1.9. Let f(u) = u^p and N ≥ 1 in (1.4), then max_{x∈Ω} u(x, t) ≥ c (T − t)^{1/(p−1)} and u(x, t) ≤ C (T − t)^{1/(p−1)} in a neighborhood of the blowup point (t < T ).

The results corresponding to Theorem 1.8 are (under certain assumptions on u_0 and N) Theorem 1.10. Let f(u) = u^p in (1.4) and (a, T ) be the blowup point. Then lim_{t↑T} (T − t)^{1/(p−1)}u(a + y √ T − t, t) = (p − 1)^{−1/(p−1)}, uniformly, when |y| ≤ C. When f(u) = e^u in (1.4), then

lim_{t↑T} (u(a + y √ T − t, t) + ln(T − t)) = 0, uniformly for |y| ≤ C.

Chan and Kwong [8] proved Theorem 1.6, for the case where

∫_1 0 f(u)du = ∞. Deng and Levine [11] extended this Theorem to less singular reaction terms. Fila and Kawohl [15] proved Theorem 1.7. Note that then we obtain upper and lower bounds for u(x, t), but that the upper bound is only valid at one point with respect to x.

Theorem 1.9 is from the paper by Friedman and McLeod [21]. The arguments behind Theorems 1.6, 1.7 and 1.9 are essentially based on the methods developed in [21]. By the maximum principle one can derive estimates in one direction (upper or lower bounds), and by the local existence theorem [58] one gets the opposite bounds at maximum or minimum points (with respect to the space variable).

Theorems 1.8 and 1.10 improve the results 1.7 and 1.9. More precisely, they give uniform estimates for u(x, t) in backward parabolas of quenching and blowup points.

Note that the results concerning blowup problems were obtained earlier, and that the methods developed there have been applied to quenching problems.

Giga and Kohn [27, 28] proved Theorem 1.10 for f(u) = u^p. Their method is based on the scaling property of the equation u_t − Δu = u^p. This means that if u(x, t) is a solution of the equation, then also the scaled functions

u_λ(x, t) = λ^{2β}u(λx, λ^2t), (1.5)

with β = 1/(p − 1), λ > 0, are solutions of this equation. If u_λ = u for all λ > 0, then u is said to be self-similar. If (0, 0) is a blowup point, then the asymptotics of u(x, t) near the blowup point is given by u_λ, as λ → 0. Here one defines new variables by y = (−t)^{− 1}2 x and s = − ln(−t), and then w(y, s) = (−t)^βu(x, t). This function satisfies w_s − w_{yy} + 1 2 yw_y + βw − w^p = 0. (1.6)

For a solution w of(1.6), the self-similarity means that w does not depend on s. In the proof of Theorem 1.10 it is therefore essential to study the stationary solutions of (1.6). This analysis can be found in [27, 28]. In [28], Theorem 1.10 has been extended to a more general class of nonlinearities. More precisely, the results have been extended to reaction terms f(u) = u^p + h(u), where |h(u)| ≤ b(1 + u^q) and 1 < q < p.

Theorem 1.10 for f(u) = e^u has been proved in [4] for the space dimension N = 1, 2 and in [5] for the space dimensions N ≥ 3. These proofs are done by first defining new variables (y = x/ √ T − t, s = − ln(T − t)), where now w(y, s) = u(x, t) + ln(T − t). Then it is crucial to show that w → w_0, where w_0 is a solution of the stationary equation w^{′′} −^1_2 yw^′ + e^w − 1 = 0, and finally to conclude the claim from the properties of this stationary equation.

Theorem 1.8 was first established by Guo [31], in the case where N = 1, u^{′′}_0(x) − u^{−p}_0 (x) ≤ 0 and p ≥ 3. Fila and Hulshof [13] extended this result to p ≥ 1. For the weaker singularities 0 < p < 1, the proof is done in [33]. The extension of Theorem 1.10 to higher space dimensions has been worked out in [32] (p ≥ 1) and in [14] (p > 0). Note also the paper [61] by Yuen, where a quenching rate-estimate for the degenerate equation, x^qu_t − u_{xx} = −u^{−β}, with Cauchy-Dirichlet data in Ω = (0, a) × (0, T ), has been proved.

The proofs of Theorem 1.8 are based on methods developed by Giga and Kohn [27, 28]. The change of variables (assume that (0, T ) is the quenching point): y = x/ √ T − t, s = − ln(T − t) and w(y, s) = (T − t)^{−1/(p+1)}u(x, t), now yields w_s − w_{yy} + 1 2 yw_y + 1 p + 1 w − w^{−p} = 0. (1.7)

The study of the asymptotics when t ↑ T for the problem (1.4), when f(u) = −u^{−p} is equivalent to having s → ∞ in the equation (1.7). In the proof one shows that

(i) w(y, s) → w_∞(y), as s → ∞ (self-similarity), and studies (ii) the stationary equation w^{′′} − 1 2 yw^′ − F (w) = 0, (1.8)

where F (w) =^1_{p+1} w − w^{−p}. In (ii) one uses arguments based on [6], by which one can derive all possible limit functions w_∞ of w. The qualitative behavior of the solution of (1.8) depends essentially on the exponent p. By proving that a limit function w_∞ is constant, one obtains Theorem 1.8.

Another interesting question related to the asymptotics of solutions is whether one can refine the behavior of u(x, t) in Theorem 1.8. More precisely, can one describe the shape of u(x, t) with respect to the space variable in backward parabolas |x − a| < C √ T − t, or can one determine how fast the limit value is reached? Moreover, one may ask whether the region |x − a| < C √ T − t can be enlarged? Because the domain of validity in Theorem 1.8 tends to zero as the quenching point is approached, then any information about the space structure of the solution at the quenching time T is lost. Therefore one needs more detailed information in order to be able to compute the profile of u at t = T . To this end, the following results have been established (under certain assumptions on u_0):

Theorem 1.11. Let f(u) = −u^{−p} (p > 0) and let (0, T ) be the quenching point (r = |x|, N ≥ 1). Then u(r, T ) ≤ [ (p + 1)2

2(1 − p)

]_{1/(1+p)} r^{2/(1+p)}, for 0 < p < 1, u(r, t) ≥ C_εr^{ε+2/(1+p)}, for 0 < p, t ∈ (0, T ]. Theorem 1.12. Let (0, T ) be the quenching point for the equation (1.4), when f(u) = −u^{−p} (p > 0) and N = 1. Then for given C > 0 as t ↑ T , either

(T − t)^{−1/(p+1)}u(x, t) − (1 + p)^{1/(1+p)} = (1 + p)^{1/(1+p)} 2p(− ln(T − t)) ( x^2/2(T − t) − 1 ) + o(1/(− ln(T − t))), or else, for some integer m ≥ 3 and some constant c ≠ 0

(T − t)^{−1/(p+1)}u(x, t) − (1 + p)^{1/(1+p)} = c(T − t)^{(m/2−1)}h_m(x/ √ T − t) + o((T − t)^{(m/2−1)}), where the convergence takes place in C^k(|x| < C √ T − t) for any k ≥ 0. (h_m is the Hermite polynomial of order m )

Theorem 1.13. Let (0, T ) be the quenching point for the equation (1.4), when f(u) = −u^{−p} (p > 0) and N = 1. Then u(x, T ) = [(p + 1)2 8p ] 1_{1+p} ( |x|2 | ln |x|| ) 1_{1+p} (1 + o(1)), as |x| → 0. The result 1.11 is due to Fila and Kawohl [15]. They base their argument on an application of the maximum principle. See also the corresponding results for the blowup problem in [21]. Note that Theorem 1.11 tells us that for p ∈ (0, 1) the function u(x, T ) is of class C^1 at the origin, while for p > 1 it has a cusp-singularity and is merely Hölder continuous at the origin. However, this Theorem does not inform us about the exact profile of u(x, t) at t = T .

Theorems 1.12 and 1.13 are from [18]. Theorem 1.12 was proved first, and was then used in the proof of Theorem 1.13. The method of the proof relies on corresponding blowup results, which were obtained in [19, 35, 59]. Note that Theorem 1.13 is also proved (independently) in [47], where, in addition, the stability of quenching problems is studied.

In the question (d) we are interested in the behavior of u(x, t), when t > T . Because u_t blows up (Theorem 1.6), the equation (1.4) does certainly not have a strong solution for all t > 0. The answer to (d) therefore depends essentially on the concept of solution that one employs and also on how singular the reaction term is. It is interesting to know: (i) Whether the solution u(x, t) can have nontrivial continuations when t > T ? or (ii) Is u(x, t) identically zero, when t > T (complete quenching)? Note here that f = f(u)χ({u > 0}). In [49] the singularity −u^{−p} (p ∈ (0, 1)) is regularized by the finite nonliearity −u/(ε + u^{p+1}). Then a classical global solution u_ε exists for every ε > 0. It is shown in [49] that u_ε is decreasing in ε, and that u_ε has a limit U as ε → 0 which coincides with u for t < T . Moreover, it is proved that U is a global weak solution of u_t − Δu = −u^{−p}χ({u > 0}). Uniqueness of this U, however, is an open problem.

Properties of these weak solutions are further studied in [17], when f = −λu^{−p}χ({u > 0}). In particular, it is established there that, for radially symmetric u_0, for λ sufficiently small and Ω a ball, then there is t(u_0) ≥ 0 such that U(x, t; u_0) > 0 on Ω × (t(u_0), ∞).

In [24] the question (d) is analyzed for a larger class of singularities than in [17, 49]. A contribution in [24] consists in obtaining necessary and sufficient conditions for complete quenching depending on f(u). For power singularities Galaktionov and Vazquez [24] have the following result.

Theorem 1.14. Let f(u) = −u^{−p} in (1.4) and N = 1. (a): Complete quenching occurs if and only if p ≥ 1.

(b): If 0 < p < 1, then the solution of (1.4) has a non-trivial continuation after the quenching time T .

The arguments in [24] are based on travelling-wave techniques. Solutions (in (b)) are viscosity solutions.

Finally we consider equations of type

v_t − v_{xx} = af(v) − bv^q_x (1.9)

with Cauchy-Dirichlet data (v given on the boundary and v(x, 0) = v_0(x)), when t > 0 and x ∈ Ω (bounded). Here q, a and b are strictly positive constants, furthermore f(v) = v^p or f(v) = e^{rv} (p, r > 0 are constants). We have added a gradient damping term −bv^q_x to the equation (1.4). The key question is, how this term affects the qualitative behavior of solutions. What conditions must q, a, b, f(v) and Ω satisfy to guarantee that smooth solutions exist; alternatively, under what assumptions does blowup occur in finite time? These questions have been studied extensively (see for example [10, 40, 55, 56, 57] and references therein). Especially note [57], where the asymptotics of solutions have been investigated.

Consider now the equation (1.9), when f(v) = e^{(1+p)v} , a = b = 1 and q = 2. Substituting v = − ln(u) in the equation (1.4) (N = 1 and f(u) = −u^{−p}), we can see that v(x, t) satisfies the equation (1.9). Therefore quenching for the equation (1.4) corresponds to blowup for the equation (1.9). This approach has been applied to study the blowup problem for the equation (1.9) in [1, 39, 40].

Detailed review-articles concerning the quenching problem are for example (Kawohl [38]) and (Levine [43]), and correspondingly on the blowup problem (Levine [44]) and (Galaktionov, Vazquez [25]). Furthermore, the blowup problem for the equation (1.9) has been studied in the review-article by Souplet, [56].

1.3 Motivation and results

Despite the existing rich literature, many open questions for the quenching and the blowup problem remain. Below we present the subjects that appear in this work.

(a) Does the singularity in the equation (1.4) necessarily lead to quenching, when the domain is large? Is it possible that there are weak singularities such that quenching cannot occur even for large domains?

(b) The second interesting question is to clear up whether quenching can take place on an entire interval, or is only possible on distinct points (N = 1)? Can the initial function u_0 be chosen such that the qualitative behavior differs from that of Theorem 1.5? On the other hand, can we have quenching on an entire interval for singularities different from power singularities?

(c) Quenching rate estimates (Theorem 1.8) have been proved only for power singularities and especially for equations that have the scaling property described in the preceding section. Does the mechanism of quenching (in the sense of Theorem 1.8) remain unchanged for every concave reaction term, i.e., (−1)^kf^{(k)}(u) < 0; k = 0, 1, 2?

(d) Refined asymptotic results, like Theorems 1.12 or 1.13, are known only for power singularities. If we are able to prove quenching rate estimates for certain other nonlinearities, can we refine these estimates? Or can we find some qualitative differences between the asymptotic behavior compared to the corresponding results in the case of the power singularities?

In the equation (1.4), an essential feature is the contest between the linear diffusion term Δu and the nonlinear reaction term f(u). If the dissipative diffusion term is dominant, then there is no quenching. Thus the nonlinear reaction term can achieve quenching. Therefore the phenomenon is more interesting in the case of weaker singularities. Even if the corresponding stationary equation of (1.4) does not have a solution, then it might happen for a sufficiently weakly singular reaction term that quenching is only possible in infinite time.

A weakening of the nonlinearity in the equation (1.4) might lead to quenching on an entire interval. For power singularities we know by Theorem 1.5 that quenching occurs on distinct points which are bounded away from the boundary because of Theorem 1.4. Furthermore we have observed in the previous section that the solution of (1.4) loses less regularity at the quenching point in the case of weaker singularities. More precisely, by Theorem 1.13 it holds for f(u) = −u^{−p} that the x-derivative of the final profile u(x, T ) at the quenching point has a singularity when p ≥ 1 and is smooth (u_x(a, T ) = 0), when p ∈ (0, 1). Can this regularity be strengthened for weaker nonlinearities in such a way that u_x(x, T ) = 0 for all x ∈ (c, b) ⊂ [−l, l], in other words can quenching take place on an entire interval?

The content of Theorem 1.8 can be interpreted by comparing the quenching rate to a solution of the corresponding ordinary differential equation v^′ = f(v) (where f(v) = −v^{−p}, with final condition v(T ) = 0), and concluding that these solutions are asymptotically equal in the region |x−a| < C √ T − t. We are now interested in whether this asymptotic equality holds for more general f(u). More precisely, we conjecture that the quenching-rate satisfies lim_{t↑T} ( 1 + 1 T − t ∫_{u(x,t)} 0 dτ f(τ) ) = 0 (1.10)

uniformly, when |x − a| < C √ T − t for every C ∈ (0, ∞). By Theorem 1.8 this holds for power singularities. Can the equality (1.10) be obtained for the solution of the equation (1.4) in the situation where the scaling property is not valid. In particular we are interested in the validity of this formula for weak singularities. We stated earlier that crucial to the occurrence of quenching is the competition between the linear diffusion term and the nonlinear reaction term, the nonlinear term promoting quenching. Inasmuch as we are now interested in less singular f(u), it is not at all obvious that (1.10) remains true.

Before we introduce the results of this work, we wish to give one further motivation for our approach which consists in the study of quenching problems with weak singularities. This motivation is a possible extension of Theorem 1.14. By this Theorem it follows that weak singularities do allow nontrivial continuations for t > T , whereas strong singularities do not. Obviously, this fact makes weak singularities particularly interesting and fruitful to study.

1.4 Paper I

We begin our analysis by considering the problem u_t − u_{xx} = ln(αu), x ∈ (−l, l), t ∈ (0, T ), u(x, 0) = u_0(x), x ∈ [−l, l], u(±l, t) = 1, t ∈ [0, T ), (1.11)

where α ∈ (0, 1) and u_0 ∈ (0, 1]. The reaction term f(u) = −u^{−p} in the equation (1.4) is here replaced by the weaker logarithmic singularity f(u) = ln(αu). The space dimension is one. The quenching problem for the equation (1.11) is the subject of our first paper [50]. Below we give a brief overview of the results.

Because the reaction term is now much weaker than a power singularity, it is not obvious that quenching can happen. The first problem is therefore to clear up, whether quenching may at all occur?

It is assumed throughout [50] that the initial function satisfies

u^{′′}_0(x) + ln(αu_0(x)) ≤ 0, (1.12)

where x ∈ [−l, l]. This technical assumption guarantees that u(x, t) is decreasing in time. It is shown in [50] that quenching is possible, i.e., we have:

Theorem 1.15. For l large enough, the solution u(x, t) of (1.11) quenches in finite time.

The proof of this theorem is based on the fact that the stationary problem corresponding to the equation (1.11) has no solution, if l is sufficiently large.

The second result in [50] concerns the potential quenching on an entire interval. We study whether the weakening of the singularity affects the size of the set of quenching points. The result in [50] tells us that the situation does not qualitatively differ from the situation, where we had a power singularity.

Theorem 1.16. Suppose that u(x, t) satisfies (1.11) and that (1.12) holds. Then the set of quenching points is finite.

The proof is based on a general method for certain parabolic equations developed by Angenent [3]. It is first deduced, using this method, that u_x cannot oscillate, when the quenching point is approached. Then it is shown that there is a time t^∗ such that there is a finite number of local minima with respect to x after t^∗, and that this number is constant in time. Finally, one shows that quenching cannot occur on the boundary and that the set of quenching points is finite. The proof is essentially the same as Guo’s [31] (which is also based on [3]) for the stronger singularities f(u) = −u^{−p}.

The main result in [50] treats the local asymptotics of the solution near the quenching point. This is formulated as

Theorem 1.17. Let u(x, t) be the solution of the equation (1.11), where u_0 is even, u^′_0(r) ≥ 0, u_0(x) ∈ (0, 1] and (1.12) holds (r = |x|). Assume that u(x, t) quenches at (0, T ) for some T < ∞. Then

lim_{t↑T} (1 + 1 T − t ∫_{u(x,t)} 0 dτ ln(ατ) ) = 0, (1.13)

uniformly, when |x| < C √ T − t, for every C ∈ (0, ∞).

This theorem can also be proved in a somewhat stronger form:

Corollary 1.18. Let u(x, t) quench at (a, T ), with an initial function u_0 that satisfies u_0(x) ∈ (0, 1] and (1.12). Then

lim_{t↑T} (1 + 1 T − t ∫_{u(x,t)} 0 dτ ln(ατ) ) = 0,

uniformly, when |x − a| < C √ T − t, for every C ∈ (0, ∞).

Our proof of the quenching rate estimate (1.13) for a logarithmic singularity is not based on earlier results on quenching. The proof here uses similarity variables and energy estimates; in particular observe that our method is different from the earlier versions used to prove the corresponding quenchingrate estimate (1.10) (see Giga-Kohn [27, 28], Bebernes-Eberly [5], Guo [31]). This is already a consequence of the fact that (1.11) does not have the useful scaling property that the equation (1.4) (with f(u) = −u^{−p}) has.

By these quenching results we can also study the blowup for the gradient damping equation of type (1.9). More precisely, substituting αu = e^{−v} in the equation (1.11), we get v_t − v_{xx} = αve^v − v^2_x, x ∈ (−l, l), t ∈ (0, T ), v(x, 0) = − ln(αu_0(x)), x ∈ [−l, l], v(±l, t) = − ln(α), t ∈ [0, T ), (1.14)

Note that quenching for the equation (1.11) corresponds to blow-up in the equation (1.14). Thus Theorems 1.15, 1.16 and 1.17 yield the following new Corollaries.

Corollary 1.19. For sufficiently large l, the solution v(x, t) of (1.14) blows up in finite time.

Corollary 1.20. The set of blow-up points for the equation (1.14) is finite.

Corollary 1.21. Let (0, T ) be a blow-up point for the equation (1.14). Then lim_{t↑T} 1 T − t ∫_∞ v(x,t) dτ ατe^τ = 1,

uniformly, when |x| ≤ C √ T − t. 1.5 Paper II

In the paper [51] we extend Theorem 1.17 to a wider class of weak singularities. More precisely, we assume that f(u) in (1.4) (where N = 1) satisfies

|u^nf^{(n)}(u)| = o(|f(u)|), n = 1, 2, (1.15)

as u ↓ 0. Furthermore we define f̃(s) = −e^s ·^{f(e−s)}_{f ′(e−s)} , and assume that

f̃(s(1 + o(1))) = (1 + o(1))f̃(s), (1.16)

as s → ∞. Explicitly, this requirement means that for a(s) → 0 as s → ∞, there is b(s) → 0 as s → ∞, such that f̃(s(1 + a(s))) = (1 + b(s))f̃(s) as s → ∞. Note that (1.15) implies f̃(s) → ∞ as s → ∞. The hypothesis (1.16) refines the asymptotic character of (1.15). More precisely, it imposes a condition on the possible oscillations of f(u)/(uf^′(u)) in a neighborhood of u = 0.

The main result of this paper is

Theorem 1.22. Let N = 1 and u^{′′}_0 + f(u_0) ≤ 0 in (1.4). Assume that (1.15) and (1.16) hold and that u quenches. Then the quenching rate satisfies the estimate (1.10).

An interesting ingredient in our result is the fact that the class of nonlinearities is now additive with a mild restriction. More precisely, we can verify that if two singularities f_1(u) and f_2(u) satisfy (1.15), then also f(u) = −|f_1(u)|^p − |f_2(u)|^q, for p, q > 0 satisfies (1.15). The condition (1.16) on slow variation does not necessarily obey this rule. However, we can give several sufficient conditions for f_1(u) and f_2(u), such that f(u) = f_1(u) + f_2(u) satisfies (1.16), provided that f_1(u) and f_2(u) do. For example, we can take f_1 and f_2 such that |f_2| = o(|f_1|) and |f^′_2| = o(|f^′_1|), to guarantee that (1.16) is additive. In this sense our result is new compared with earlier works on uniform quenching-rate estimates.

Let us give some examples that satisfy (1.15) and (1.16). Because (1.15) and (1.16) hold for f(u) = ln(u), then by the above remarks these hypotheses hold also for f(u) = −| ln(u)|^p, p > 0 or f(u) = −| ln(u)|^p −| ln(u)|^q, (p, q >

0). Furthermore we can derive that f(u) = − ln(| ln(u)|) or even f(u) = − ln(| ln | ln |···(| ln(u)|)···|||) satisfy (1.15) and (1.16). Consequently f(u) = −| ln(u)|^p − ln(| ln(u)|), (p > 0), and f(u) = − ln(| ln(u)|) − ln(ln(| ln(u)|)) are as well suitable.

Stronger singularities, like f(u) = −u^{−p}, p > 0 or f(u) = −^{u−p}_{| ln(u)|} , p > 0, do not satisfy (1.15).

Finally we emphasize that nonlinearities can be perturbed in many ways. We can take h ∈ C^2[0, 1] such that h > 0, and then find that f(u) = h(u) ln(u) satisfies (1.15) and (1.16).

In this paper we first show that quenching occurs for sufficiently large l in (1.4), where (1.15) and (1.16) holds. Then we prove (1.10) for these nonlinearities.

1.6 Paper III

In the paper [52] we refine the asymptotic result (1.13). The main result, Theorem 1.23 below, gives a precise asymptotic expression for the solution in a backward space-time parabola near a quenching point. The analysis is based on methods developed in [18, 19, 35, 59]. These techniques were first developed for blowup problems of reaction diffusion equations in [19, 35]. Subsequently these approaches were applied to quenching problems with a power singularity in [18].

We briefly explain how Theorem 1.23 is proved. We first conclude by Theorem 1.17 that lim_{t↑T} ( u(x, t) (T − t)(− ln(T − t)) − 1 ) = 0, (1.17)

uniformly when |x| < C √ T − t. Then we define y and s as earlier, and let ϕ(y, s) be the left-hand side of (1.17). Substituting this in the equation (1.11), we deduce that ϕ(y, s) satisfies

ϕ_s = Lϕ + 1 s f(ϕ) + g(s), (1.18)

where f(ϕ) = ln(1 + ϕ) − ϕ, g(s) =^{ln(s)}_s (1 + o(1)) and L =^{∂2}_{∂y2} −^y_2^∂_{∂y} + 1.

We study the equation (1.18) as a dynamical system in the space L^2_ρ(R), where ρ(y) = exp(−y^2/4). Therefore we expand the function ϕ(y, s) with respect to the eigenfunctions of L in that space, i.e., ϕ = ∑ a_j (s)h_j(y).

Here the functions h_j(y) are the scaled Hermite polynomials which form an orthonormal base on L^2_ρ(R). The spectrum of this operator is λ_j =^{2−j}_2 , where j = 0, 1, 2, .. By projecting the equation (1.18) to the subspaces generated by the functions h_j (y), we get the ordinary differential equations for a_j (s):

a^′_j (s) = (1 − j 2 )a_j(s) + ⟨ f(ϕ) s + g, h_j⟩_L2_ρ j = 0, 1, 2, ... (1.19)

By analogy with classical ODE theory, we expect that one term in the Fourier series is dominant, i.e., ϕ(y, s) ≈ a_j(s)h_j (y), for some j, as s → ∞.

Linearizing for the nonzero eigenvalues, we get ϕ(y, s) ≈ c_j exp (^{2−j}_2 s)h_j(y). The positive eigenvalues (j = 0, 1) are incompatible with the result (1.17), and therefore the nonlinear part has to dominate the positive eigenspace in (1.19). For the zero eigenvalue (j = 2), we can see that the linear part vanishes. Moreover, after some calculations we obtain that a_2(s) satisfies:

a^′_2(s) = −c^∗ 1 s (1 + o(1))a_2(s)^2,

from which we obtain after integration that ϕ(y, s) ≈^{C∗}_{ln(s)} ( y^2 − 2 ) . In [52] we give a proof for this formal argument. The presence of a nontrivial null space for the operator L suggests the use of center manifold theory. More precisely, we use the methods developed in [18, 19, 35, 59] for the analysis of infinite dimensional dynamical systems.

The main result of this paper gives a refined asymptotics of the quenching:

Theorem 1.23. Assume that (1.12) holds for the equation (1.11) and that u(x, t) quenches at (0, T ). Assume further that |a_2(s)| ≥ M(ln(s)/s)^2 for some M > 0. Then for any C > 0 and ε > 0 there exists t_0 such that sup |x|<C √ T −t | | | u(x, t) (T − t)(− ln(T − t)) − 1 − 1 8 ln(− ln(T − t)) ( x^2 T − t − 2 )| | = O( ε ln(− ln(T − t)) ), (1.20)

when t ∈ [t_0, T ).

1.7 Paper IV

In the paper [53] we study the quenching problem for the equation (1.4), when x ∈ Ω = B_R(0) = {y ∈ R^N ; |y| < R}. We take the initial function u_0 to be radial. Then the solution is also radial and Δ =^{∂2}_{∂r2} +^{(N−1)∂}_{r∂r} . Our goal is to extend the results in [50, 51, 52] with some addition to the N-dimensional situation.

The first goal is to show that quenching occurs for reaction terms of type (1.15) and (1.16) also in this N-dimensional setting. Because the term (N−1)∂u r∂r resists quenching in the equation (1.4), it is not obvious that quenching actually takes place if N > 1. However, we show that for sufficiently large domains Ω quenching occurs in finite time. The proof is very similar to that of the case N = 1 [51].

The second ingredient is the quenching rate-estimate (1.10). For the same reason as above, this is not at all a direct consequence of the one dimensional result (1.10) (in [51]) which was proved for the singularities of type (1.15) and (1.16) in [51]. In this paper we derive this result for the N-dimensional situation using basically the same method as in [50, 51]. However there are differences at the technical level in the proof which are given in [53].

The third objective of this paper is to study the refined asymptotics of the solution near the quenching point. In [52], the analysis concerned the equation (1.11). We now extend the approach to a class of nonlinearities that satisfy (1.15) and (1.16). More precisely, we study the refined asymptotic behavior of the quenching for the equation (1.4), where

(i) f(u) = −| ln(u)|^p, (p > 0) (ii) f(u) = −| ln(u)|^p − | ln(u)|^q, p ≥ q + 1, p > 1 and q > 0. Under certain assumptions we give a proof of the result corresponding to Theorem 1.23.

References

[1] A. Acker and B. Kawohl, Remarks on quenching, Nonlinear Analysis, Theory, Methods and Applications, 13 (1989), 53-61.

[2] A. Acker and W. Walter, The quenching problem for nonlinear parabolic differential equations. In: Ordinary and Partial Differential Equations, Dundee 1976, Eds. W.M.Everitt, B.D.Sleeman, Springer Lecture Notes in Math. 564, 1976, p. 1-12.

[3] S. Angenent, The zero set of solutions of a parabolic equation. J. Reine Angew Math. 390, (1988), 79-96.

[4] J. Bebernes, A. Bressan and D. Eberly, A description of blow-up for the solid fuel ignition model, Indiana University Mathematics Journal 36, (1987), 295-305.

[5] J. Bebernes and D. Eberly, A description of self-similar blow-up for dimensions n ≥ 3, Ann. Inst. Henri Poincaré, 5, (1988), 1-21.

[6] H. Brezis, L. A. Peletier and D. Terman, A very singular solution of the heat equation with absorption, Arch. Rat. Mech. Anal. 95, (1986), 185-209.

[7] J. Bricmont and A. Kupiainen, Universality in blow-up for nonlinear heat equations, Nonlinearity 7, (1994), 539-575.

[8] C. Y. Chan and M. K. Kwong, Quenching phenomena for singular nonlinear equations, Nonlinear Analysis, Theory, Methods and Applications, 12, (1988), 1377-1383.

[9] S. J. Chapman, B. J. Hunton and J. R. Ockendon, Vortices and boundaries, Quarterly of Applied Math. 56, (1998), 507-519.

[10] M. Chipot and F. B. Weissler, Some blow up results for a nonlinear parabolic problem with a gradient term, SIAM J. Math. Anal., 20, (1989), 886-907.

[11] K. Deng and H. A. Levine, On blowup of u_t at quenching, Proc. Amer.

Math. Soc. 106, (1989), 1049-1056.

[12] L. C. Evans, Partial Differential Equations, American Mathematical Society, Providence, Rhode Island, 1997.

[13] M. Fila and J. Hulshof, A note on quenching rate, Proc. Amer. Math.

Soc. 112, (1991), 473-477.

[14] M. Fila, J. Hulshof and P. Quittner, The quenching problem on the N-dimensional ball. In: Nonlinear Diffusion Equations and their Equlibrium States, 3., Eds. N.G.Lloyd, W.M.Ni, J.Serrin, L.A.Peletier, Birkhäuser, Boston, 1992, p. 183-196.

[15] M. Fila and B. Kawohl, Asymptotic analysis of quenching problems, Rocky Mt. J. Math. 22, (1992), 563-577.

[16] M. Fila, B. Kawohl and H. A. Levine, Quenching for quasilinear equations, Comm. PDE. 17, (1992), 593-614.

[17] M. Fila, H. A. Levine and J. L. Vazquez, Stabilization of solutions of weakly singular quenching problems. Proc. Amer. Math. Soc., 119, (1993), 555-559.

[18] S. Filippas and J. Guo, Quenching profiles for one-dimensional heat equations. Quarterly of Applied Math. 51, (1993), 713-729.

[19] S. Filippas and R. V. Kohn, Refined asymptotics for the blowup of u_t − Δu = u^p, Comm. Pure and Applied Mathematics, 45, (1992), 821-869.

[20] A. Friedman, Partial Differential Equations of Parabolic Type, Prentice- Hall, New Jersey, 1964.

[21] A. Friedman and B. McLeod, Blow-up of positive solutions of semilinear heat equations, Indiana University Mathematics Journal. 34, (1985), 425-447.

[22] H. Fujita, On the blowing up of solutions of the Cauchy problem for u_t = Δu + u^{1+α}, J.Fac.Sci.Univ.Tokyo Sect.I. 13, (1966), 109-124.

[23] V. Galaktionov, S. Gerbi and J. Vazquez, Quenching for a onedimensional fully nonlinear parabolic equation in detonation theory, SIAM J. Appl. Math. 61, (2000), 1253-1285.

[24] V. Galaktionov and J. Vazquez, Necessary and sufficient conditions for complete blow-up and extinction for one-dimensional quasilinear heat equations, Arch. Rat. Mech. Anal. 129, (1995), 225-244.

[25] V. Galaktionov and J. Vazquez, The problem of blow-up in nonlinear parabolic equations, Discrete and Continuous Dynamical Systems, 8, (2002), 399-433.

[26] B. Gidas, W-M. Ni and L. Nirenberg, Symmetry and related properties via the maximum principle, Comm. Math. Phys. 68, (1979), 209-243.

[27] Y. Giga and R. V. Kohn, Asymptotically self-similar blow-up of semilinear heat equations, Comm. Pure Appl. Math. 38, (1985), 297-319.

[28] Y. Giga and R. V. Kohn, Characterizing blow-up using similarity variables, Indiana University Mathematics Journal, 36, (1987), 1-40.

[29] J. Goldstein, Semigroups of Linear Operators and Applications, Oxford University Press, New York, 1985.

[30] P. Grinrod, Pattern and Waves, The Theory and Applications of Reaction-Diffusion Equation, Clarendon Press, Oxford, 1991.

[31] J. Guo, On the quenching behavior of the solution of a semilinear parabolic equation, J. Math. Anal.Appl. 151, (1990), 58-79.

[32] J. Guo, On the semilinear elliptic equation Δw −^1_2 yw + λw − w^{−β} = 0 in R^n, Chinese J. Math. 19, (1991), 355-377.

[33] J. Guo, On the quenching rate estimate, Quart. Appl. Math. 49, (1991), 747-752.

[34] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Springer Lecture Notes in Math. 840, Berlin Heidelberg New York, 1981.

[35] M. A. Herrero and J. J. L. Velazquez, Blow-up behaviour of onedimensional semilinear parabolic equations, 10, Ann. Inst. Henri Poincaré, 10, (1993), 131-189.

[36] D. D. Joseph and T. S. Lundgren, Quasilinear Dirichlet problems driven by positive sources, Arch. Rat. Mech. Anal. 49, (1973), 241-269.

[37] H. Kawarada, On solutions of initial boundary problem for u_t = u_{xx} + 1/(1 − u). Publ. Res. Inst. Math. Sci. 10, (1975), 729-736.

[38] B. Kawohl, Remarks on quenching (review), Documenta Mathematica 1, (1996), 199-208.

[39] B. Kawohl, Remarks on quenching, blow-up and dead cores.

In:Nonlinear Diffusion Equations and their Equilibrium States, 3 Eds: N. G. Lloyd, W. M. Ni, J. Serrin and L. A. Peletier, Birkhäuser, Boston, (1992) p. 275-286.

[40] B. Kawohl and L. Peletier, Observations on blow-up and dead cores for nonlinear parabolic equations, Math. Zeitschr. 202, (1989), 207-217.

[41] N. V. Krylov Lectures on Elliptic and Parabolic Equations in Hölder Spaces, American Mathematical Society, 1996.

[42] H. Levine, Quenching, nonquenching and beyond quenching for solutions of some parabolic equations, Annali di Mat. Pura et Applicata, 155, (1990), 243-260.

[43] H. Levine, Advances in quenching. in: Nonlinear Diffusion Equations and their Equilibrium States, 3. Eds.: N. G. Lloyd, W. M. Ni, J. Serrin, L. A. Peletier, Birkhäuser, Boston, 1992, p. 319-346.

[44] H. Levine, The role of critical exponents in blowup theorems, SIAM Review 32, (1990), 262-288.

[45] G. M. Lieberman, Second Order Parabolic Differential Equations, World Scientific, 1996.

[46] A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems, Progress in Nonlinear Differential Equations and their Applications 16, Birkhäuser, Basel, 1995.

[47] F. Merle and H. Zaag, Reconnection of vortex with the boundary and finite time quenching, Nonlinearity 10, (1997), 1497-1550.

[48] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer, New York, 1983.

[49] D. Phillips, Existence of solutions to a quenching problem. Appl. Anal.

24, (1987), 253-264.

[50] T. Salin, On quenching with logarithmic singularity, Nonlinear Analysis TMA, 52, (2003), 261-289.

[51] T. Salin, Quenching-rate estimate for a reaction diffusion equation with weakly singular reaction term, to appear in Dynamics of Continuous, Discrete and Impulsive Systems, (2003).

[52] T. Salin, On a refined asymptotic analysis for the quenching problem, Helsinki Univ. Techn. Inst. Math. Research Report A457. 2003.

[53] T. Salin, The quenching problem for the N-dimensional ball, Helsinki Univ. Techn. Inst. Math. Research Report A459. 2003.

[54] J. Smoller, Shock waves and reaction-diffusion equations, Springer- Verlag, New York-Berlin, 1983.

[55] P. Souplet, Finite time blow-up for a non-linear parabolic equation with a gradient term and applications, Math. Meth. Appl. Sci. 19, (1996), 1317-1333.

[56] P. Souplet, Recent results and open problems on parabolic equations with gradient nonlinearities, Electronic Journal of Differential Equations, 20, (2001), 1-19.

[57] P. Souplet, S. Tayachi and F. Weissler, Exact self-similar blow-up of solutions of a semilinear parabolic equation with a nonlinear gradient term, Indiana University Mathematics Journal, 45, (1996), 655-682.

[58] R. Sperp, Maximum Principles and Their Applications, Academic Press, New York, 1981.

[59] J. J. L. Velazquez, Local behavior near blow-up points for semilinear parabolic equations, J. Differential Equations, 106, (1993), 384-415.

[60] J. J. L. Velazquez, Higher dimensional blow up for semilinear parabolic equations, Comm. PDE, 17, (1992), 1567-1596.

[61] S. I. Yuen, Quenching rates for degenerate semilinear parabolic equations, Dynamic Systems and Applications, 6, (1997) 139-151.

[62] Ya. B. Zel’dovich, G. I. Barenblatt, V. B. Librovich and G. M. Makhviladze, The Mathematical Theory of Combustion and Explosions, Consultants Bureau, New York, 1985.

(continued from the back cover)

A464 Ville Turunen

Sampling at equiangular grids on the 2-sphere and estimates for Sobolev space interpolation November 2003

A463 Marko Huhtanen , Jan von Pfaler The real linear eigenvalue problem in C^n November 2003

A462 Ville Turunen

Pseudodifferential calculus on the 2-sphere October 2003

A461 Tuomas Hytönen

Vector-valued wavelets and the Hardy space H^1(R^n; X) April 2003

A460 Timo Eirola , Jan von Pfaler

Numerical Taylor expansions for invariant manifolds April 2003

A459 Timo Salin

The quenching problem for the N-dimensional ball April 2003

A458 Tuomas Hytönen

Translation-invariant Operators on Spaces of Vector-valued Functions April 2003

A457 Timo Salin

On a Refined Asymptotic Analysis for the Quenching Problem March 2003

A456 Ville Havu , Harri Hakula , Tomi Tuominen A benchmark study of elliptic and hyperbolic shells of revolution January 2003

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A470 Lasse Leskelä

Stabilization of an overloaded queueing network using measurement-based admission control March 2004

A469 Jarmo Malinen

A remark on the Hille–Yoshida generator theorem May 2004

A468 Jarmo Malinen , Olavi Nevanlinna , Zhijian Yuan

On a tauberian condition for bounded linear operators May 2004

A467 Jarmo Malinen , Olavi Nevanlinna , Ville Turunen , Zhijian Yuan A lower bound for the differences of powers of linear operators May 2004

A466 Timo Salin

Quenching and blowup for reaction diffusion equations March 2004

ISBN 951-22-6943-0 ISSN 0784-3143 Institute of Mathematics, Helsinki Univ. of Tech., Espoo, 2003