Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2004 A473

ENERGY NORM A POSTERIORI ERROR ESTIMATES FOR MIXED FINITE ELEMENT METHODS

Carlo Lovadina Rolf Stenberg

Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2004 A473

ENERGY NORM A POSTERIORI ERROR ESTIMATES FOR MIXED FINITE ELEMENT METHODS

Carlo Lovadina Rolf Stenberg

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Carlo Lovadina, Rolf Stenberg: Energy norm a posteriori error estimates for mixed finite element methods; Helsinki University of Technology Institute of Mathematics Research Reports A473 (2004).

Abstract: The paper deals with the a-posteriori error analysis of mixed finite element methods for second order elliptic equations. It is shown that a reliable and efficient error estimator can be constructed using a postprocessed solution of the method. The analysis is performed in two different ways; under a saturation assumption and using a Helmholtz decomposition for vector fields.

AMS subject classifications: 65N30

Keywords: mixed finite element methods, a-posteriori error estimates, postprocessing.

Correspondence

Carlo Lovadina, lovadina@dimat.unipv.it, Dipartimento di Matematica, Università di Pavia and IMATI-CNR, VIa Ferrata 1, Pavia 27100, Italy,

Rolf Stenberg, rolf.stenberg@hut.fi, Institute of Mathematics, Helsinki University of Technology, P.O. Box 1500, 02015 HUT, Finland

This work has been partly supported by the European Project HPRN-CT-2002- 00284 “New Materials, Adaptive Systems and their Nonlinearities. Modelling, Control and Numerical Simulation”.

ISBN 951-22-7304-8 ISSN 0784-3143 HUT Mathematics, Sep 17, 2004

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

1 Introduction

We consider the mixed finite element approximation of second order elliptic equations with the Poisson problem as a model:

−Δu = f in Ω ⊂ R^n , (1.1) u = 0 on ∂Ω. (1.2)

The problem is written as the system

σ − ∇u = 0, (1.3) div σ + f = 0, (1.4)

which is approximated with the Mixed method. Find (σ_h, u_h) ∈ S_h × V_h ⊂ H(div :Ω) × L^2(Ω) such that

(σ_h, τ ) + (div τ , u_h) = 0 ∀τ ∈ S_h, (1.5) (div σ_h, v) + (f, v) = 0 ∀v ∈ V_h. (1.6)

In the method the polynomial used for approximating the flux σ is of higher degree than that used for the displacement u, which is counterintuitive in view of (1.3). As a consequence, the mixed method has to be carefully designed in order to satisfy the Babuška-Brezzi conditions, c.f. e.g. [7]. There are two ways of posing these conditions, both yielding the same a priori estimates. The more common one is to use the H(div : Ω) norm for the flux and the L^2(Ω) norm for the displacement. The other one is to use so called mesh dependent norms [2] which are close to the energy norm of the continuous problem.

The a posteriori error analysis of mixed methods has been performed in [9] and [4]. In [9] the estimate is for the H(div : Ω)-norm. This is in a way unsatisfactory since the ”div” part of the norm is trivially computable and also may dominate the error, see Remark 3.3 below. In [4] an estimate for the L^2-norm of the flux is derived but it is, however, not optimal. The reason for this is that the estimator includes the element residual in the constitutive relation (1.3). As the polynomial degree of approximation for the displacement is lower than that for the flux, it is clear that this residual is large.

The purpose of this paper is to point out a simple remedy to this. Since the work of Arnold and Brezzi [1] it is known that the mixed finite element solution can be locally postprocessed in order to obtain an improved displacement. Later other postprocessing has been proposed [5, 8, 6, 16, 15]. On each element the postprocessed displacement is of one degree higher than the flux, which is in accordance with (1.3). Hence, it is natural to use it in the a posteriori estimate. In this paper, we will focus on the postprocessing introduced in [16, 15]. In Section 2 we develop an a-priori error analysis by recognizing that the postprocessed output can be viewed as the direct

3 solution of a suitable modified method. In Section 3 we introduce our estimator based on the postprocessed solution, and we prove its efficiency and reliability.

Throughout the paper we will use standard notations for Sobolev norms and seminorms. Moreover, we will denote with C a generic constant independent of the mesh parameter h, which may take different values in different occurrences.

2 A-priori estimates and postprocessing

In this section we will consider the mixed methods, their postprocessing and error analysis. We will also give the stability and error analysis by treating the method and the postprocessing as one method. This will be useful for the a posteriori analysis.

We will use standard notation used in connection with (mixed) FE methods. By C_h we denote the finite element partitioning and by Γ_h the collection of edges or faces of C_h. The subspaces (σ_h, u_h) ∈ S_h×V_h ⊂ H(div :Ω)×L^2(Ω) are piecewise polynomial spaces defined on C_h. As examples we will consider the following families of elements.

• RTN elements – the triangular elements of Raviart-Thomas [14] and their tetrahedral counterparts of Nedelec [13];

• BDM elements – the triangular elements of Brezzi-Douglas-Marini [8] and their tetrahedral counterparts of Brezzi-Douglas-Duran-Fortin [6].

Accordingly, given an integer k ≥ 1, we define:

S^{RT N}_h = { τ ∈ H(div :Ω) | τ |_K ∈ [P_{k−1}(K)]^n ⊕ xP̃_{k−1}(K) ∀K ∈ C_h } (2.1)

S^{BDM}_h = { τ ∈ H(div :Ω) | τ |_K ∈ [P_k(K)]^n ∀K ∈ C_h } (2.2) V^{RT N}_h = V^{BDM}_h = { v ∈ L^2(Ω) | v|_K ∈ P_{k−1}(K) ∀K ∈ C_h }, (2.3) where P̃_{k−1}(K) denotes the homogeneous polynomials of degree k − 1. For quadrilateral and hexahedral meshes there exist a wide choice of different alternatives, c.f. [7].

By defining the following bilinear form

B(φ, w; τ , v) = (φ, τ ) + (div τ , w) + (div φ, v) (2.4)

the mixed method can compactly be defined as: Find (σ_h, u_h) ∈ S_h × V_h such that

B(σ_h, u_h; τ , v) + (f, v) = 0 ∀(τ , v) ∈ S_h × V_h. (2.5)

For the displacement and the flux we will use the following norms: ‖v‖^2_{1,h} = ∑ K∈C_h ‖∇v‖^2_{0,K} + ∑ E∈Γ_h h^{−1}_E ‖[[v]]‖^2_{0,E} , (2.6)

ENERGY NORM A POSTERIORI ESTIMATES FOR MIXED METHODS5 and ‖τ ‖^2_{0,h} = ‖τ ‖^2_0 + ∑ E∈Γ_h h_E ‖τ · n‖^2_{0,E} , (2.7)

where n is the unit normal to E ∈ Γ_h and [[v]] is the jump in v along interior edges and v on edges on ∂Ω. By an element by element partial integration we have |(div τ , v)| ≤ ‖τ ‖_{0,h}‖v‖_{1,h} ∀(τ , v) ∈ S_h × V_h. (2.8) In the FE subspace the norm for the flux is equivalent to the L^2 norm: C_1‖τ ‖_{0,h} ≤ ‖τ ‖_0 ≤ C_2‖τ ‖_{0,h} ∀τ ∈ S_h. (2.9) Hence, it also holds |(div τ , v)| ≤ C‖τ ‖_0‖v‖_{1,h} ∀(τ , v) ∈ S_h × V_h. (2.10) With this choice of norms the Babuška-Brezzi stability condition is sup_{τ ∈Sh} (div τ , v) ‖τ ‖_0 ≥ C‖v‖_{1,h} ∀v ∈ V_h. (2.11) When dealing with the spaces H(div : Ω) and L^2(Ω), the corresponding Babuška-Brezzi condition is typically proved by means of a suitable interpolation operator R_h : H(div :Ω) ∩ L^s(Ω) → S_h, with s > 2, such that

(div (τ − R_hτ ), v) = 0 ∀v ∈ V_h, (2.12)

which can be constructed by a careful choice of degrees of freedom for S_h, cf. [14, 13, 8, 6]. The same techniques can, however, be used to prove the condition with our choice of norms. We should also point out that since V^{RT N}_h = V^{BDM}_h and S^{RT N}_h ⊂ S^{BDM}_h the stability estimate for BDM is a consequence of that for RTN.

In the sequel, we will assume that the method under consideration satisfies (2.11). As a consequence, the following full stability result holds.

Lemma 2.1 There is a positive constant C such that sup (τ ,v)∈S_h×V_h B(φ, w; τ , v) ‖τ ‖_0 + ‖v‖_{1,h} ≥ C ( ‖φ‖_0 + ‖w‖_{1,h} ) ∀(φ, w) ∈ S_h × V_h. (2.13) This implies the uniqueness of the solution. In order to have an optimal estimate the additional equilibrium property

div S_h ⊂ V_h (2.14)

is needed. When denoting by P_h : L^2(Ω) → V_h the L^2-projection, this implies that (div τ , u − P_hu) = 0 ∀τ ∈ S_h. (2.15) The projection and interploation operators satisify the following commuting property:

div R_h = P_hdiv . (2.16)

Theorem 2.2 There is a positive constant C such that ‖σ − σ_h‖_0 + ‖P_hu − u_h‖_{1,h} ≤ C‖σ − R_hσ‖_0. (2.17) Proof By Lemma 2.1 there is a pair (τ , v) ∈ S_h ×V_h, with ‖τ ‖_0 +‖v‖_{1,h} ≤ C, such that ‖σ_h − R_hσ‖_0 + ‖u_h − P_hu‖_{1,h} ≤ B(σ_h − R_hσ, u_h − P_hu; τ , v). (2.18) Next, (2.12), (2.15) and (2.16) give B(σ_h − R_hσ, u_h − P_hu; τ , v) = (σ_h − R_hσ, τ ) + (div τ , u_h − P_hu) + (div (σ_h − R_hσ), v) (2.19) = (σ − R_hσ, τ ) ≤ ‖σ − R_hσ‖_0‖τ ‖_0 ≤ C‖σ − R_hσ‖_0. The assertion then follows from the triangle inequality. □

For the two examples of spaces this gives (assuming full regularity):

‖σ − σ_h‖_0 + ‖P_hu − u_h‖_{1,h} ≤ Ch^{k+1}|σ|_{k+1} for BDM, (2.20) ‖σ − σ_h‖_0 + ‖P_hu − u_h‖_{1,h} ≤ Ch^k|σ|_k for RTN. (2.21) We note that these estimates contain a superconvergence result for ‖P_hu − u_h‖_{1,h}. This, together with the fact that σ_h is a good approximation of ∇u, implies that an improved approximation for the displacement can be constructed by local postprocessing. Below we will consider the method introduced in [16, 15]. The postprocessed displacement is sought in a FE space V^∗_h ⊃ V_h. For the two examples the spaces are V^{∗BDM} h = { v ∈ L^2(Ω) | v|_K ∈ P_{k+1}(K) ∀K ∈ C_h }, (2.22) V^{∗RT N} h = { v ∈ L^2(Ω) | v|_K ∈ P_k(K) ∀K ∈ C_h }. (2.23)

Postprocessing method. Find u^∗_h ∈ V^∗_h such that P_hu^∗_h = u_h (2.24) and (∇u^∗_h, ∇v)_K = (σ_h, ∇v)_K ∀v ∈ (I − P_h)V^∗_h |_K . (2.25) The error analysis of this postprocessing is done in [16, 15]. Here we proceed in a slightly different way by considering the method and the postprocessing as one method. To this end we define the bilinear form

B_h(φ, w^∗; τ , v^∗) = (φ, τ ) + (div τ , w^∗) + (div φ, v^∗) (2.26) + ∑ K∈C_h (∇w^∗ − φ, ∇(I − P_h)v^∗)_K . Then we have the following equivalence to the original problem.

ENERGY NORM A POSTERIORI ESTIMATES FOR MIXED METHODS7

Lemma 2.3 Let (σ_h, u^∗_h) ∈ S_h × V^∗_h be the solution to the problem B_h(σ_h, u^∗_h; τ , v^∗) + (P_hf, v^∗) = 0 ∀(τ , v^∗) ∈ S_h × V^∗_h , (2.27) and set u_h = P_hu^∗_h ∈ V_h. Then (σ_h, u_h) ∈ S_h × V_h coincides with the solution of (1.5)–(1.6). Conversely, let (σ_h, u_h) ∈ S_h × V_h be the solution of (1.5)–(1.6), and let u^∗_h ∈ V^∗_h be the postprocessed displacement defined by (2.24)–(2.25). Then (σ_h, u^∗_h) ∈ S_h × V^∗_h is the solution to (2.27). Proof Testing by (τ , 0) ∈ S_h × V^∗_h in (2.27) gives (σ_h, τ ) + (div τ , u^∗_h) = 0 ∀τ ∈ S_h. (2.28) The equilibrium property (2.14) implies (div τ , u^∗_h) = (div τ , u_h). (2.29) Hence, (1.5) is satisfied. Next, for a generic v^∗ ∈ V^∗_h set v = P_hv^∗ ∈ V_h and observe that V_h = P_h(V^∗_h ). Testing in (2.27) with (0, v), and using the fact that (P_hf, v) = (f, v), we obtain (div σ_h, v) + (f, v) = 0 ∀v ∈ V_h, (2.30) i.e. the equation (1.6). Conversely, let (σ_h, u_h) ∈ S_h × V_h be the solution of (1.5)–(1.6), and let u^∗_h ∈ V^∗_h be defined by (2.24)–(2.25). Splitting a generic v^∗ ∈ V^∗_h as v^∗ = P_hv^∗ + (I − P_h)v^∗ we have

B_h(σ_h, u^∗_h; τ , v^∗) = B_h(σ_h, u^∗_h; τ , P_hv^∗) + B_h(σ_h, u^∗_h; τ , (I − P_h)v^∗) = (σ_h, τ ) + (div τ , u^∗_h) + (div σ_h, P_hv^∗) + ∑ K∈C_h (∇u^∗_h − σ_h, ∇(I − P_h)P_hv^∗)_K + (div σ_h, (I − P_h)v^∗) + ∑ K∈C_h (∇u^∗_h − σ_h, ∇(I − P_h)(I − P_h)v^∗)_K = (σ_h, τ ) + (div τ , u_h) − (P_hf, P_hv^∗) = −(P_hf, v^∗) ∀(τ , v^∗) ∈ S_h × V^∗_h . (2.31) Therefore, (σ_h, u^∗_h) ∈ S_h × V^∗_h solves (2.27). □ Next, we prove the stability.

Lemma 2.4 There is a positive constant constant C such that sup (τ ,v^∗)∈S_h×V^∗_h B_h(φ, w^∗; τ , v^∗) ‖τ ‖_0 + ‖v^∗‖_{1,h} ≥ C ( ‖φ‖_0 + ‖w^∗‖_{1,h} ) ∀(φ, w^∗) ∈ S_h × V^∗_h . (2.32) ProofLet (φ, w^∗) ∈ S_h × V^∗_h be arbitrary. By choosing v^∗ = v ∈ V_h and using the equilibrium condition (2.14) we then get

B_h(φ, w^∗; τ , v) = (φ, τ ) + (div τ , w^∗) + (div φ, v) (2.33) = (φ, τ ) + (div τ , P_hw^∗) + (div φ, v) = B(φ, P_hw^∗; τ , v),

Hence, the stability of Lemma 2.1 implies that we can choose (τ , v) such that B_h(φ, w^∗; τ , v) ≥ ( ‖φ‖^2_0 + ‖P_hw^∗‖^2_{1,h} ) (2.34) and ‖τ ‖_0 + ‖v‖_{1,h} ≤ C_1 ( ‖φ‖_0 + ‖P_hw^∗‖_{1,h} ) . (2.35) Next, (2.10) and Young’s inequality give

B_h(φ, w^∗; 0, (I − P_h)w^∗) (2.36) = (div φ, (I − P_h)w^∗) + ∑ K∈C_h (∇w^∗ − φ, ∇(I − P_h)w^∗)_K ≥ −C_2‖φ‖_0‖(I − P_h)w^∗‖_{1,h} − ‖(I − P_h)w^∗‖_{1,h}‖P_hw^∗‖_{1,h} + ∑ K∈C_h ‖∇(I − P_h)w^∗‖^2_{0,K} ≥ −C^2_2 ‖φ‖^2_0 − ‖P_hw^∗‖^2_{1,h} + 1 2 ∑ K∈C_h ‖∇(I − P_h)w^∗‖^2_{0,K} .

Combining (2.34) and (2.36), with δ = 1/2(C^2_2 + 1), we get

B_h(φ, w^∗; τ , v + δ(I − P_h)w^∗) (2.37) ≥ 1 2 ( ‖φ‖^2_0 + ‖P_hw^∗‖^2_{1,h} + δ ∑ K∈C_h ‖∇(I − P_h)w^∗‖^2_{0,K} ) . By scaling we have

‖P_hw^∗‖^2_{1,h} + δ ∑ K∈C_h ‖∇(I − P_h)w^∗‖^2_{0,K} ≥ C_3‖w^∗‖^2_{1,h}. (2.38)

From (2.35) and (2.38) we have ‖τ ‖_0 + ‖v + δ(I − P_h)w^∗‖_{1,h} ≤ C_4 ( ‖φ‖_0 + ‖w^∗‖_{1,h} ) (2.39)

and the asserted estimate is proved. □

Theorem 2.5 The following a priori error estimate holds ‖σ − σ_h‖_0 + ‖u − u^∗_h‖_{1,h} ≤ C ( ‖σ − R_hσ‖_0 + inf_{v∗∈V ∗h} ‖u − v^∗‖_{1,h} ) . Proof From Lemma 2.4 it follows that there is (φ, w^∗) ∈ S_h × V^∗_h , with ‖φ‖_0 + ‖w^∗‖_{1,h} ≤ C, such that ( ‖σ_h − R_hσ‖_0 + ‖u^∗_h − v^∗‖_{1,h} ) ≤ B_h(σ_h − R_hσ, u^∗_h − v^∗; φ, w^∗). (2.41)

Next, from the definition of B_h and the equations (1.3)–(1.4) it follows that

B_h(σ, u; φ, w^∗) + (f, w^∗) = 0. (2.42)

ENERGY NORM A POSTERIORI ESTIMATES FOR MIXED METHODS9

Hence it holds B_h(σ_h − R_hσ, u^∗_h − v^∗; φ, w^∗) (2.43) = B_h(σ − R_hσ, u − v^∗; φ, w^∗) + (f − P_hf, w^∗). Writing out the right hand side we have

B_h(σ − R_hσ, u − v^∗; φ, w^∗) + (f − P_hf, w^∗) (2.44) = (σ − R_hσ, φ) + (div φ, u − v^∗) + (div (σ − R_hσ), w^∗) + ∑ K∈C_h (∇(u − v^∗) − (σ − R_hσ), ∇(I − P_h)w^∗)_K + (f − P_hf, w^∗). The commuting property (2.16) gives (div (σ − R_hσ), w^∗) = −(f − P_hf, w^∗). (2.45) Hence, the third and the last term on the right hand side of (2.44) cancel. The other terms are directly estimated (σ − R_hσ, φ) ≤ ‖σ − R_hσ‖_0‖φ‖_0 ≤ C‖σ − R_hσ‖_0, (2.46) (div φ, u − v^∗) ≤ C‖φ‖_0‖u − v^∗‖_{1,h} ≤ C‖u − v^∗‖_{1,h} (2.47) and ∑ K∈C_h (∇(u − v^∗) − (σ − R_hσ), ∇(I − P_h)w^∗)_K (2.48) ≤ C ( ‖u − v^∗‖_{1,h} + ‖σ − R_hσ‖_0 ) ‖w^∗‖_{1,h} ≤ C ( ‖u − v^∗‖_{1,h} + ‖σ − R_hσ‖_0 ) . The assertion then follows by collecting the above estimate and using the triangle inequality. □

For the example methods we obtain the estimates (with the assumption of a sufficiently smooth solution).

Corollary 2.6 There are positive constants C such that

‖σ − σ_h‖_0 + ‖u − u^∗_h‖_{1,h} ≤ Ch^{k+1}|u|_{k+2} for BDM, (2.49) ‖σ − σ_h‖_0 + ‖u − u^∗_h‖_{1,h} ≤ Ch^k|u|_{k+1} for RTN. (2.50)

3 A-posteriori estimates

We define the following local error indicators on the elements η_{1,K} = ‖∇u^∗_h − σ_h‖_{0,K} , η_{2,K} = h_K ‖f − P_hf‖_{0,K}, (3.1) and on the edges η_E = h^{−1/2}_E ‖[[u^∗_h]]‖_{0,E}. (3.2)

Using these quantities, the global estimator is η = ( ∑ K∈C_h ( η^2_{1,K} + η^2_{,K} ) + ∑ E∈Γ_h η^2_E )_{1/2} . (3.3)

The efficiency of the estimator is given by the following lower bounds, which directly follow from (1.3) using the triangle inequality, and from (3.2) noting that [[u]] = 0 on each edge E.

Theorem 3.1 It holds η_{1,K} ≤ ‖∇(u − u^∗_h)‖_{0,K} + ‖σ − σ_h‖_{0,K} , η_E = h^{−1/2}_E ‖[[u − u^∗_h]]‖_{0,E}.

(3.4)

As far as the estimator reliability is concerned, below we will use two different techniques to prove the following upper bound

Theorem 3.2 There exists a positive constant C such that ‖σ − σ_h‖_0 + ‖u − u^∗_h‖_{1,h} ≤ Cη. (3.5) The first technique to prove the upper bound is based on the following saturation assumption. We let C_{h/2} be the mesh obtained from C_h by refined each element into 2^n (n = 2, 3) elements. For clarity all variables in the spaces defined on C_h will be equipped with the subscript h whereas h/2 will be used for those defined on C_{h/2}. Accordingly, we let (σ_{h/2}, u^∗_{h/2}) ∈ S_{h/2} × V^∗_{h/2} be the solution to B_{h/2}(σ_{h/2}, u^∗_{h/2}; τ_{h/2}, v^∗_{h/2}) + (P_{h/2}f, v^∗_{h/2}) = 0 ∀(τ_{h/2}, v^∗_{h/2}) ∈ S_{h/2} × V^∗_{h/2}. (3.6) As already done in [4], we make the following assumption for the solutions of (2.27) and (3.6).

Saturation assumption. There exists a positive constant β < 1 such that ‖σ − σ_{h/2}‖_0 + ‖u − u^∗_{h/2}‖_{1,h/2} ≤ β ( ‖σ − σ_h‖_0 + ‖u − u^∗_h‖_{1,h} ) . (3.7)

Using the triangle inequality this gives ‖σ − σ_h‖_0 + ‖u − u^∗_h‖_{1,h} ≤ 1 1 − β ( ‖σ_{h/2} − σ_h‖_0 + ‖u^∗_{h/2} − u^∗_h‖_{1,h/2} ) . (3.8)

Proof of Theorem 3.2 using the saturation assumption. By (3.8) it is sufficient to prove the following bound ‖σ_{h/2} − σ_h‖_0 + ‖u^∗_{h/2} − u^∗_h‖_{1,h/2} ≤ Cη. (3.9) By Lemma 2.4 applied to the finer mesh C_{h/2}, there is (τ_{h/2}, v^∗_{h/2}) ∈ S_{h/2} × V^∗_{h/2}, with ‖τ_{h/2}‖_0 + ‖v^∗_{h/2}‖_{1,h/2} ≤ C, such that ( ‖σ_h − σ_{h/2}‖_0 + ‖u^∗_h − u^∗_{h/2}‖_{1,h/2} ) (3.10) ≤ B_{h/2}(σ_h − σ_{h/2}, u^∗_h − u^∗_{h/2}; τ_{h/2}, v^∗_{h/2}).

ENERGY NORM A POSTERIORI ESTIMATES FOR MIXED METHODS11 Using the fact that (σ_{h/2}, τ_{h/2}) + (div τ_{h/2}, u^∗_{h/2}) = 0 (3.11) we have B_{h/2}(σ_h − σ_{h/2}, u^∗_h − u^∗_{h/2}; τ_{h/2}, v^∗_{h/2}) = (σ_h − σ_{h/2}, τ_{h/2}) + (div τ_{h/2}, u^∗_h − u^∗_{h/2}) + (div (σ_h − σ_{h/2}), v^∗_{h/2}) + ∑ K∈C_{h/2} (∇(u^∗_h − u^∗_{h/2}) − (σ_h − σ_{h/2}), ∇(I − P_h)v^∗_{h/2})_K (3.12) = (σ_h, τ_{h/2}) + (div τ_{h/2}, u^∗_h) + (div (σ_h − σ_{h/2}), v^∗_{h/2}) + ∑ K∈C_{h/2} (∇u^∗_h − σ_h, ∇(I − P_h)v^∗_{h/2})_K ,

Using (2.9) and (3.1)–(3.3), we obtain

(σ_h, τ_{h/2}) + (div τ_{h/2}, u^∗_h) = ∑ K∈C_h (σ_h − ∇u^∗_h, τ_{h/2})_K + ∑ E∈Γ_h ⟨τ_{h/2} · n, [[u^∗_h]]⟩_E ≤ ∑ K∈C_h ‖σ_h − ∇u^∗_h‖_{0,K} ‖τ_{h/2}‖_{0,K} + ∑ E∈Γ_h ‖τ_{h/2} · n‖_{0,E}‖[[u^∗_h]]‖_{0,E}(3.13) ≤ η‖τ_{h/2}‖_{0,h} ≤ ηC‖τ_{h/2}‖_0 ≤ Cη. Similarly for the last term in (3.12) we get ∑ K∈C_{h/2} (∇u^∗_h − σ_h, ∇(I − P_h)v^∗_{h/2})_K ≤ Cη‖(I − P_h)v^∗_{h/2}‖_{1,h/2} (3.14) ≤ Cη‖v^∗_{h/2}‖_{1,h/2} ≤ Cη. When estimating the term (div (σ_h − σ_{h/2}), v^∗_{h/2}) in (3.12) we use that (div σ_{h/2}, v^∗_{h/2}) + (f, v^∗_{h/2}) = 0, div σ_h = −P_hf and that P_h is the L^2-projection operator. Therefore, we have (div (σ_h − σ_{h/2}), v^∗_{h/2}) = (f − P_hf, v^∗_{h/2}) = (f − P_hf, v^∗_{h/2} − P_hv^∗_{h/2}) ≤ ‖f − P_hf‖_0‖v^∗_{h/2} − P_hv^∗_{h/2}‖_0 (3.15) ≤ C ( ∑ K∈C_h h^2_K ‖f − P_hf‖^2_{0,K} )_{1/2} ‖v^∗_{h/2}‖_{1,h/2} ≤ C ( ∑ K∈C_h h^2_K ‖f − P_hf‖^2_{0,K} )_{1/2} ≤ Cη.

Here, we have used the interpolation estimates ‖v^∗_{h/2} − P_hv^∗_{h/2}‖_{0,K} ≤ Ch_K |v^∗_{h/2}|_{1,h/2,K} , ∀K ∈ C_h, (3.16) where |v^∗_{h/2}|^2_{1,h/2,K} = ∑ K_i ‖∇v^∗_{h/2}‖^2_{0,Ki} + ∑ E_i h^{−1}_{Ei} ‖[[v^∗_{h/2}]]‖^2_{0,Ei} (3.17)

and K_i ⊂ K are the elements of C_{h/2} and E_i are the edges of Γ_{h/2} lying in the interior of K. These are easily proved by standard scaling arguments, cf. [4, Lemma 3.1]. By collecting the estimates (3.13)–(3.15), from (3.12) we get B_{h/2}(σ_h − σ_{h/2}, u^∗_h − u^∗_{h/2}; τ_{h/2}, v^∗_{h/2}) ≤ Cη. (3.18) The assertion now follows from (3.10). □ We have presented the above proof since this is rather general and can be used for other problems as well. In [12] we use it for a plate bending method.

Next, let us give the other proof not relying on the saturation assumption. Proof of Theorem 3.2 using a Helmholtz decomposition. We use the techniques of [10] and [9]. For simplicity we consider the two dimensional case Ω ⊂ R^2 . We first notice that

||σ − σ_h||_0 = sup φ∈L^2(Ω) (σ − σ_h, φ) ||φ||_0 . (3.19)

For a generic φ ∈ L^2(Ω), we consider the L^2-orthogonal Helmholtz decomposition (see, e.g. [11]):

φ = ∇ψ + curl q, ψ ∈ H^1_0 (Ω), q ∈ H^1(Ω)/R, (3.20) with ||φ||_0 = ( ||∇ψ||^2_0 + ||curl q||^2_0 )_{1/2} . (3.21) Therefore, from (3.19)–(3.21) we see that it holds

||σ − σ_h||_0 ≤ sup_{ψ∈H1} 0 (Ω) (σ − σ_h, ∇ψ) |ψ|_1 + sup q∈H^1(Ω)/R (σ − σ_h, curl q) |q|_1 . (3.22)

Given ψ ∈ H^1_0 (Ω), from (1.4) and (1.6) it follows that ( div (σ − σ_h), P_hψ ) = 0. (3.23) Hence, we have (σ − σ_h, ∇ψ) = − (div (σ − σ_h), ψ) = − (div (σ − σ_h), ψ − P_hψ) ≤C ( ∑ K∈C_h h^2_K ||div (σ − σ_h)||^2_{0,K} )_{1/2} |ψ|_1 ≤C ( ∑ K∈C_h h^2_K ||f − P_hf||^2_{0,K} )_{1/2} |ψ|_1. (3.24)

ENERGY NORM A POSTERIORI ESTIMATES FOR MIXED METHODS13

As a consequence, we get (cf. (3.1))

sup ψ∈H^1_0 (Ω) (σ − σ_h, ∇ψ) |ψ|_1 ≤ C ( ∑ K∈C_h h^2_K ||f − P_hf||^2_{0,K} )_{1/2} = C ( ∑ K∈C_h η^2_{,K} )_{1/2} . (3.25) To continue, let I_hq be the Cleḿent interpolant of q in the space of continuous piecewise linear functions (see [3], for instance) satisfying ‖q − I_hq‖_1 + ( ∑ E∈Γ_h h^{−1}_E ||q − I_hq||^2_{0,E} )_{1/2} ≤ C|q|_1. (3.26)

Noting that curl I_hq ∈ S_h, and div curl I_hq = 0, from (1.3) and (1.5) we get

(σ − σ_h, curl I_hq) = 0. (3.27)

Therefore, using (3.26), one has

(σ − σ_h, curl q) = ( σ − σ_h, curl(q − I_hq) ) = ( ∇u − σ_h, curl(q − I_hq) ) = − ( σ_h, curl(q − I_hq) ) = − ∑ K∈C_h ( σ_h − ∇u^∗_h , curl(q − I_hq) ) K + ∑ K∈C_h ( ∇u^∗_h , curl(q − I_hq) ) K ≤C ( ∑ K∈C_h ||σ_h − ∇u^∗_h||^2_{0,K} )_{1/2} |q|_1 + ∑ K∈C_h ( ∇u^∗_h , curl(q − I_hq) ) K . (3.28) Furthermore, an integration by parts and standard arguments and (3.26) give ∑ K∈C_h ( ∇u^∗_h, curl(q − I_hq) ) K = − ∑ K∈C_h ⟨∇u^∗_h · t , q − I_hq⟩_{∂K} = − ∑ E∈Γ_h ⟨[[∇u^∗_h · t]], q − I_hq⟩_E ≤ ( ∑ E∈Γ_h h_E ||[[∇u^∗_h · t]]||^2_{0,E} )_{1/2}( ∑ E∈Γ_h h^{−1}_E ||q − I_hq||^2_{0,E} )_{1/2}

≤C ( ∑ E∈Γ_h h^{−1}_E ||[[u^∗_h]]||^2_{0,E} )_{1/2} |q|_1.

(3.29)

From (3.28) and (3.29) we obtain (see (3.1) and (3.2)) sup q∈H^1(Ω)/R (σ − σ_h, curl q) |q|_1 ≤ C ( ∑ K∈C_h ||σ_h − ∇u^∗_h||^2_{0,K} + ∑ E∈Γ_h h^{−1}_E ||[[u^∗_h]]||^2_{0,E} )_{1/2}

= C ( ∑ K∈C_h η^2_{1,K} + ∑ E∈Γ_h η^2_E )_{1/2} . (3.30)

Using (3.25) and (3.30) we deduce ||σ − σ_h||_0 ≤ C ( ∑ K∈C_h (η^2_{1,K} + η^2_{,K} ) + ∑ E∈Γ_h η^2_E )_{1/2} . (3.31)

We now estimate the term ||u − u^∗_h||_{1,h}. We first recall that ||u − u^∗_h||_{1,h} = ( ∑ K∈C_h ‖∇(u − u^∗_h)‖^2_{0,K} + ∑ E∈Γ_h h^{−1}_E ‖[[u − u^∗_h]]‖^2_{0,E} )_{1/2} (3.32)

and we notice that (cf. (3.2)) ( ∑ E∈Γ_h h^{−1}_E ‖[[u − u^∗_h]]‖^2_{0,E} )_{1/2} = ( ∑ E∈Γ_h h^{−1}_E ‖[[u^∗_h]]‖^2_{0,E} )_{1/2} = ( ∑ E∈Γ_h η^2_E )_{1/2} . (3.33) We have ‖∇(u−u^∗_h)‖^2_{0,K} = ( ∇u − ∇u^∗_h , ∇(u − u^∗_h) ) K = ( σ − ∇u^∗_h , ∇(u − u^∗_h) ) K = ( σ − σ_h, ∇(u − u^∗_h) ) K + ( σ_h − ∇u^∗_h , ∇(u − u^∗_h) ) K ≤ ( ||σ − σ_h||_{0,K} + ||σ_h − ∇u^∗_h||_{0,K} ) ||∇(u − u^∗_h)||_{0,K} , (3.34) by which we obtain ‖∇(u − u^∗_h)‖_{0,K} ≤ ||σ − σ_h||_{0,K} + ||σ_h − ∇u^∗_h||_{0,K}. (3.35) Hence we infer ( ∑ K∈C_h ||∇(u − u^∗_h)||^2_{0,K} )_{1/2} ≤ ||σ − σ_h||_0 + ( ∑ K∈C_h ||σ_h − ∇u^∗_h||^2_{0,K} )_{1/2} . (3.36)

Using (3.31) and recalling (3.1), from (3.36) we get ( ∑ K∈C_h ||∇(u − u^∗_h)||^2_{0,K} )_{1/2} ≤ C ( ∑ K∈C_h (η^2_{1,K} + η^2_{,K} ) + ∑ E∈Γ_h η^2_E )_{1/2} . (3.37)

Therefore, joining (3.33) and (3.37) we obtain ||u − u^∗_h||_{1,h} ≤ C ( ∑ K∈C_h (η^2_{1,K} + η^2_{,K} ) + ∑ E∈Γ_h η^2_E )_{1/2} . (3.38)

From (3.31) and (3.38) we finally deduce (see (3.3))

||σ − σ_h||_0 + ||u − u^∗_h||_{1,h} ≤ C ( ∑ K∈C_h (η^2_{1,K} + η^2_{,K} ) + ∑ E∈Γ_h η^2_E )_{1/2} = Cη. (3.39) □ We end the paper by the following

ENERGY NORM A POSTERIORI ESTIMATES FOR MIXED METHODS15

Remark 3.3 On the the estimate in the H(div : Ω)-norm. In the paper we have repeatedly used the fact that by the equilibrium property (2.14) we have div (σ −σ_h) = P_hf −f and hence ‖div (σ −σ_h)‖_0 = ‖f −P_hf‖_0 is a quantity that is directly computable from the data to the problem. For the BDM spaces it furthermore holds that ‖f −P_hf‖_0 = O(h^k), whereas ‖σ−σ_h‖_0 = O(h^{k+1}), and hence this trivial component in the H(div :Ω) norm dominates the whole estimate. □

References

[1] D. N. Arnold and F. Brezzi, Mixed and nonconforming finite element methods: implementation, postprocessing and error estimates, RAIRO Modél. Math. Anal. Numér., 19 (1985), pp. 7–32.

[2] I. Babuška, J. Osborn, and J. Pitkäranta, Analysis of mixed methods using mesh dependent norms, Math. Comp., 35 (1980), pp. 1039–1062.

[3] D. Braess, Finite Elements: Theory, Fast Solvers, and Applications in Solid Mechanics, Cambridge University Press, 2001.

[4] D. Braess and R. Verfürth, A posteriori error estimators for the Raviart-Thomas element, SIAM J. Numer. Anal., 33 (1996), pp. 2431– 2444.

[5] J. H. Bramble and J. Xu, A local post-processing technique for improving the accuracy in mixed finite-element approximations, SIAM J. Numer. Anal., 26 (1989), pp. 1267–1275.

[6] F. Brezzi, J. Douglas, Jr., R. Durán, and M. Fortin, Mixed finite elements for second order elliptic problems in three variables, Numer. Math., 51 (1987), pp. 237–250.

[7] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods, Springer-Verlag, 1991.

[8] F. Brezzi, J. Douglas Jr., and L. Marini, Two families of mixed finite elements for second order elliptic problems., Numer. Math., 47 (1985), pp. 217–235.

[9] C. Carstensen, A posteriori error estimate for the mixed finite element method, Math. Comp., 66 (1997), pp. 465–476.

[10] E. Dari, R. Durán, C. Padra, and V. Vampa, A posteriori error estimators for nonconforming finite element methods, RAIRO Modél. Math. Anal. Numér., 30 (1996), pp. 385–400.

[11] V. Girault and P. Raviart, Finite Element Methods for Navier- Stokes Equations. Theory and Algorithms, Springer-Verlag, 1986.

[12] C. Lovadina and R. Stenberg, A posteriori error analysis of the linked interpolation technique for plate bending problems, Helsinki University of Technology. Research Report A472. September 2004.

[13] J.-C. Nédélec, A new family of mixed finite elements in R^3, Numer.

Math., 50 (1986), pp. 57–81.

[14] P. Raviart and J. Thomas, A mixed finite element method for second order elliptic problems, in Mathematical Aspects of the Finite Element Method. Lecture Notes in Math. 606, Springer-Verlag, 1977, pp. 292– 315.

[15] R. Stenberg, Some new families of finite elements for the Stokes equations, Numer. Math., 56 (1990), pp. 827–838.

[16] R. Stenberg, Postprocessing schemes for some mixed finite elements, RAIRO Modél. Math. Anal. Numér., 25 (1991), pp. 151–167.

(continued from the back cover)

A469 Jarmo Malinen

A remark on the Hille–Yoshida generator theorem May 2004

A468 Jarmo Malinen , Olavi Nevanlinna , Zhijian Yuan

On a tauberian condition for bounded linear operators May 2004

A467 Jarmo Malinen , Olavi Nevanlinna , Ville Turunen , Zhijian Yuan A lower bound for the differences of powers of linear operators May 2004

A466 Timo Salin

Quenching and blowup for reaction diffusion equations March 2004

A465 Ville Turunen

Function Hopf algebra and pseudodifferential operators on compact Lie groups June 2004

A464 Ville Turunen

Sampling at equiangular grids on the 2-sphere and estimates for Sobolev space interpolation November 2003

A463 Marko Huhtanen , Jan von Pfaler

The real linear eigenvalue problem in C^n November 2003

A462 Ville Turunen

Pseudodifferential calculus on the 2-sphere October 2003

A461 Tuomas Hytönen

Vector-valued wavelets and the Hardy space H^1(R^n; X) April 2003

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A476 Dario Gasbarra , Esko Valkeila , Lioudmila Vostrikova

Enlargement of filtration and additional information in pricing models: a Bayesian approach October 2004

A473 Carlo Lovadina , Rolf Stenberg

Energy norm a posteriori error estimates for mixed finite element methods October 2004

A472 Carlo Lovadina , Rolf Stenberg

A posteriori error analysis of the linked interpolation technique for plate bending problems September 2004

A471 Nuutti Hyvönen

Diffusive tomography methods: Special boundary conditions and characterization of inclusions April 2004

A470 Lasse Leskelä

Stabilization of an overloaded queueing network using measurement-based admission control March 2004

ISBN 951-22-7304-8 ISSN 0784-3143 HUT Mathematics, Sep 17, 2004