Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2004 A478

MOSER’S METHOD FOR MINIMIZERS ON METRIC MEASURE SPACES

Niko Marola

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2004 A478

MOSER’S METHOD FOR MINIMIZERS ON METRIC MEASURE SPACES

Niko Marola

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Niko Marola: Moser’s method for minimizers on metric measure spaces; Helsinki University of Technology, Institute of Mathematics, Research Reports A478 (2004).

Abstract: The purpose of this note is to show that Moser’s method applies in a metric measure space. The measure is required to be doubling and the space is assumed to support a Poincaré inequality.

AMS subject classifications: 49N60, 35J20

Keywords: Sobolev space, Newtonian space, Caccioppoli estimates, Harnack’s inequality

Correspondence

Niko Marola, Institute of Mathematics, P.O. Box 1100, 02015 Helsinki University of Technology, Finland. e-mail: nmarola@math.hut.fi

ISBN 951-22-7386-1 ISSN 0784-3143

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

1 Introduction

In the Euclidean case minimizers of the p-Dirichlet integral ∫ Ω |∇u|^p dx, where 1 < p < ∞ and Ω ⊂ R^n open, are known to be locally Hölder continuous. The minimizers are weak solutions to the p-Laplace equation div(|∇u|^{p−2}∇u) = 0. In a general metric measure space it is not clear what is the counterpart of the p-Laplace equation, but the variational approach is available. The main reason for this is that Sobolev spaces can be defined without the concept of a partial derivative on a metric measure space [3, 17, 30]. Hence it is possible to study minimizers of the corresponding p-Dirichlet integral ∫ Ω g^p_u dμ, where g_u denotes a substitute for the modulus of a gradient in a metric space and μ is a Borel regular measure. In the Euclidean case there are several ways to prove continuity of the minimizers. One possible approach is to use Moser’s iteration technique (see [25, 26] and [4, 11, 15, 23, 28]) to obtain Harnack’s inequality from which Hölder continuity follows. At the first sight, it may seem that there is a drawback in Moser’s argument in metric measure spaces, since it is strongly based on the differential equation. There exists another approach by De Giorgi, which relies only on the minimization property, see [5] and [10, 12, 23]. De Giorgi’s method first gives Hölder continuity and Harnack’s inequality follows from this as in [6]. In [20] De Giorgi’s method was used in the metric setting. It was shown that if the measure is doubling and the space supports a weak (1, q)-Poincaré inequality for some q with 1 < q < p, then the minimizers, and even the quasiminimizers, are locally Hölder continuous and satisfy Harnack’s inequality. Quasiminimizers minimize a variational integral only up to a multiplicative constant, particularly, minimizers are 1-quasiminimizers.

In this note we adapt Moser’s method to metric measure spaces. We will impose slightly weaker requirements on the space than in [20]. More precisely we require that the space supports a weak (1, p)-Poincaré inequality instead of a weak (1, q)-Poincaré inequality for some q with 1 < q < p. By a result of Keith and Zhong [18] a complete metric measure space that supports a weak (1, p)-Poincaré inequality, with a doubling Borel regular measure, admits a weak (1, q)-Poincaré inequality for some 1 < q < p. However, we show that Moser’s method applies without refering to a deep theorem of Keith and Zhong.

This work is organized as follows. In the second section we focus on the preliminary notation, definitions and concepts used throughout this work. Newtonian spaces, the Sobolev space counterpart in the metric setting are defined and we also fix the general setup. In the third section we present four lemmas which are mathematical folklore, but since they do not appear explicitly in the literature and we shall use them extensively, we present them here. In the fourth section we prove certain Caccioppoli type estimates for minimizers. In Section 5 the actual Moser’s method is used in the metric setting and Harnack’s inequality for minimizers is proved.

2 Preliminaries

We assume that X is a metric measure space equipped with a Borel regular measure μ. We assume that the measure of every nonempty open set is positive and that the measure of every bounded set is finite. Later we will impose further requirements on the space and the measure. Throughout the work we use the convention that B(z, r) refers to an open ball centered at z and with radius r > 0 and by tB, where t > 0, we denote a ball concentric with B but with radius t times that of B. Constants are usually labeled as c, and their values may change even in a single line. If A is a subset of X, then χ_A denotes the characteristic function of A. If not otherwise stated, p is a real number satisfying 1 ≤ p < ∞.

By a path in X we will mean any continuous mapping γ : [a, b] → X, where [a, b], a < b, is an interval in R. Its image will be denoted by |γ| = γ([a, b]), the length of γ is defined as

l(γ) = sup a=t_0 <t_1<...<t_n=b n−1∑ i=0 d(γ(t_i), γ(t_{i+1})). We say that the curve is rectifiable if l(γ) < ∞. Let Γ_{rect} be the collection of all non-constant rectifiable paths γ : [a, b] → X. See [16, 17, 32] for the discussion of rectifiable paths and path integration.

The p-modulus of a family of paths Γ in X is the number

Mod_p(Γ) = inf_ρ ∫ X ρ^p dμ, where the infinum is taken over all non-negative Borel measurable functions ρ so that for all rectifiable paths γ which belong to Γ we have ∫ γ ρ ds ≥ 1. It is known that the p-modulus is an outer measure on the collection of all paths in X. From the above definition it is clear that the p-modulus of the family of all non-rectifiable paths is zero, thus non-rectifiable paths are not interesting in this study. See [8, 16, 32] for additional information about p-modulus.

Upper gradients

In a metric measure space an upper gradient is a counterpart for the Sobolev gradient.

Definition 2.1. Let u be an extended real-valued function on X. We say that a non-negative Borel measurable function g is an upper gradient of u if for all rectifiable paths γ joining points x and y in X we have |u(x) − u(y)| ≤ ∫ γ g ds. (2.2) See [3, 16, 17, 30] for a discussion of upper gradients. A property is said to hold for p-almost all paths, if the set of paths for which the property fails is of zero p-modulus. This set of paths is called the exceptional set. If (2.2) holds for p-almost all paths γ, then g is said to be a p-weak upper gradient of u. It is known that if 1 ≤ p < ∞ and u has a p-weak upper gradient in L^p(X) then u has the least p-weak upper gradient g_u in L^p(X). It is the smallest in the sense that if g is another p-weak upper gradient in L^p(X) of u then g ≥ g_u μ-almost everywhere. This fact has been proved in [29]. An alternative proof is given in [3].

We implicitly use the following observation several times. If u is a function with L^p(X)-integrable p-weak upper gradient g_u. Then there is a family Γ of rectifiable paths in X so that Mod_p(Γ) = 0 and for all rectifiable paths γ /∈ Γ, connecting x and y in X, u satisfies (2.2) with p-weak upper gradient g_u for all subpaths γ^′ ⊂ γ. By γ^′ ⊂ γ we mean that γ^′ is a restriction of γ to a subinterval of [a, b]. This is based on a simple fact of the p-modulus, namely, if Γ_0 and Γ_1 are two path families such that each curve γ_1 ∈ Γ_1 has a subpath γ_0 ∈ Γ_0, then Mod_p(Γ_1) ≤ Mod_p(Γ_0), see [32].

Newtonian spaces

Here we introduce the notion of Sobolev spaces on a metric measure space based on the concept of upper gradients. Following [30] we define the space ~N 1,p(X) to be the collection of all real-valued p-integrable functions u on X that have a p-integrable p-weak upper gradient g_u. We equip this space with a seminorm ‖u‖_{~N} 1,p_{(X)} = ( ‖u‖^p_{Lp(X)} + ‖g_u‖^p_{Lp(X)} )_{1/p} . This seminorm partitions ~N^{1,p}(X) into equivalence classes. We say that u and v belong to the same equivalence class, or simply write u ∼ v if

‖u − v‖_{~N 1,p(X)} = 0. The Newtonian space N^{1,p}(X) is defined to be the space ~N 1,p(X)/ ∼ with the norm ‖u‖_N 1,p_{(X)} = ‖u‖_{~N} 1,p_{(X)}. For basic properties of Newtonian spaces we refer to [30].

Definition 2.3. Let u : X → R be a given function and γ ∈ Γ_{rect} be an arc-length parametrized path in X. We say that

(i) u is absolutely continuous along a path γ if u∘γ is absolutely continuous on [0, l(γ)],

(ii) u is absolutely continuous on p-almost every curve, or simply ACC_p, if for p-almost every γ, u ∘ γ is absolutely continuous.

It is very useful to know that if u is a function in ~N^{1,p}(X), then u is ACC_p. See [30] for the proof.

The p-capacity of a set E ⊂ X with respect to the space N^{1,p}(X) is defined by Cap_p(E) = inf_u ‖u‖^p_{N 1,p(X)},

where the infinum is taken over all functions u ∈ ~N^{1,p}(X) whose restriction to E is bounded below by 1. Sets of zero capacity are also of measure zero, but the converse is not true. See [21] for more properties of the capacity in the metric setting.

We also need a counterpart of the Sobolev functions with zero boundary values in a metric measure space in order to be able to compare the boundary values of Sobolev functions. Let E ⊂ X be an arbitrary set. Following the method of [19], we define the space ~N^{1,p}_0 (E) to be the set of functions ~u ∈ ~N^{1,p}(X) for which

Cap_p ({x ∈ X \ E : ~u(x) ≠ 0}) = 0.

The Newtonian space with zero boundary values N^{1,p}_0 (E) is then ~N^{1,p}_0 (E)/ ∼ equipped with the norm ‖u‖_N 1,p_{0 (E)} = ‖~u‖_{~N 1,p(X)}. The norm on N^{1,p}_0 (E) is unambiguously defined by [31] and the obtained space is a Banach space. From now on we usually identify the equivalence class with its representative.

Doubling property and Poincaré inequalities

We will impose some further requirements on the space and the measure. Namely, the measure μ is said to be doubling if there is a constant c_μ ≥ 1, called the doubling constant of μ, so that μ(B(z, 2r)) ≤ c_μμ(B(z, r)) (2.4) for every open ball B(z, r) in X. By the doubling property, if B(y, R) is a ball in X, z ∈ B(y, R) and 0 < r ≤ R < ∞, then μ(B(z, r)) μ(B(y, R)) ≥ c ( r R )_Q (2.5)

for c = c(c_μ) > 0 and Q = log_2 c_μ. The exponent Q serves as a counterpart of dimension related to the measure. A metric space X is said to be doubling if there exists a constant c < ∞ such that every ball B(z, r) can be covered by at most c balls with the radii r/2. If X is equipped with a doubling measure, then X is doubling.

Let 1 < p < ∞. The space X is said to support a weak (1, p)-Poincaré inequality if there are constants c > 0 and τ ≥ 1 such that ∫ B(z,r) |u − u_{B(z,r)}| dμ ≤ cr (∫ B(z,τ r) g^p_u dμ )_{1/p} (2.6)

for all balls B(z, r) in X, for all integrable functions u in B(z, r) and for all p-weak upper gradients g_u of u. If τ = 1, the space is said to support a (1, p)- Poincaré inequality. A result of [13] (see also [14]) shows that in a doubling measure space a weak (1, p)-Poincaré inequality implies a Sobolev-Poincaré inequality. More precisely, there is c = c(p, κ, c_μ) > 0 such that (∫ B(z,r) |u − u_{B(z,r)}|^{κp} dμ )_{1/κp} ≤ cr (∫ B(z,5τ r) g^p_u dμ )_{1/p} , (2.7)

where 1 ≤ κ ≤ Q/(Q − p) if 1 < p < Q and κ = 2 if p ≥ Q, for all balls B(z, r) in X, for all integrable functions u in B(z, r) and for all pweak upper gradients g_u of u. We will also need an inequality for Newtonian functions with zero boundary values. If u ∈ N^{1,p}_0 (B(z, r)), then there exists c = c(p, κ, c_μ) > 0, the constant c is independent of u, such that (∫ B(z,r) |u|^{κp} dμ )_{1/κp} ≤ cr (∫ B(z,r) g^p_u dμ )_{1/p} (2.8)

for every ball B(z, r) with 0 < r < diam(X)/10. For this result we refer to [20].

Minimizers.

Let us now define the minimization problem for the p-Dirichlet integral in a metric setting. A subset A of Ω is compactly contained in Ω, abbreviated A ⊂⊂ Ω, if the closure of A is a compact subset of Ω. We say that u belongs to the local Newtonian space N^{1,p}_{loc} (Ω) if u ∈ N^{1,p}(A) for every measurable set A ⊂⊂ Ω. From now on we assume that 1 < p < ∞ and Ω ⊂ X is open.

Definition 2.9. Let ϑ ∈ N^{1,p}(Ω). A function u ∈ N^{1,p}(Ω) such that u − ϑ ∈ N^{1,p}_0 (Ω) is a p-minimizer with boundary values ϑ in Ω, if ∫ Ω g^p_u dμ ≤ ∫ Ω g^p_v dμ (2.10)

for every v ∈ N^{1,p}(Ω) such that v − ϑ ∈ N^{1,p}_0 (Ω). Here g_u and g_v are the minimal p-weak upper gradients of u and v in Ω, respectively.

Definition 2.11. A function u ∈ N^{1,p}_{loc} (Ω) is called a p-minimizer in Ω if (2.10) holds in every open set Ω^′ ⊂⊂ Ω for all v such that v − u ∈ N^{1,p}_0 (Ω^′).

Definition 2.12. A function u ∈ N^{1,p}_{loc} (Ω) is called a p-superminimizer in Ω if (2.10) holds in every open set Ω^′ ⊂⊂ Ω for all v such that v − u ∈ N^{1,p}_0 (Ω^′), v ≥ u μ-almost everywhere in Ω^′. We say that a function u is a psubminimizer in Ω if u ∈ N^{1,p}_{loc} (Ω) and (2.10) holds in every open set Ω^′ ⊂⊂ Ω for all v such that v − u ∈ N^{1,p}_0 (Ω^′), v ≤ u μ-almost everywhere in Ω^′.

It is easy to see that when u is a p-superminimizer, then αu + β is also a psuperminimizer when α ≥ 0 and β ∈ R. This is true also for p-subminimizers. We will show later that u is a p-minimizer if and only if u is both a psuperminimizer and a p-subminimizer in Ω. In the Euclidean case minimizers correspond to solutions, subminimizers and superminimizers correspond to sub- and supersolutions, respectively, of the p-Laplace equation.

The following theorem implies that p-minimizers are locally bounded.

Theorem 2.13. Let u be a p-minimizer in Ω and B(z, 2r) ⊂ Ω. Then u is locally bounded and satisfies the inequality

ess sup B(z,r) |u| ≤ c (∫ B(z,2r) |u|^p dμ )_{1/p} , where the constant c is independent of the ball B(z, r).

The theorem was proved by Kinnunen and Shanmugalingam in [20, Theorem 4.3]. In [20] it was assumed that the space supports a weak (1, q)-Poincaré inequality for some q with 1 < q < p. However, the assumption comes in when proving Hölder continuity and is not needed in the proof of Theorem 2.13. By this theorem the assumption that the p-minimizers are locally bounded is not restrictive. We will need this result only in the proof of Lemma 4.1.

General setup

From now on we assume that the complete metric measure space X is equipped with a doubling Borel regular measure for which the measure of every nonempty open set is positive and the measure of every bounded set is finite. Furthermore we assume that the space supports a weak (1, p)-Poincaré inequality.

3 Lemmas

The following four lemmas are mathematical folklore, but since they do not appear explicitly in the literature, we present them here. The first two lemmas give us a way, in some sense, to calculate weak upper gradients. Finally, we prove that a function u is a p-minimizer if and only if it is both a psubminimizer and p-superminimizer.

Lemma 3.1. Suppose that u is p-integrable and that there is a p-integrable Borel measurable function g such that for p-almost every path γ in X the function h : s → u(γ(s)) is absolutely continuous on [0, l(γ)] and |h^′(s)| ≤ g(γ(s)) (3.2) almost everywhere on [0, l(γ)]. Then u ∈ ~N^{1,p}(X).

Proof. Let γ ∈ Γ_{rect} be a path connecting x and y in X such that h is absolutely continuous on [0, l(γ)] and Γ ⊂ Γ_{rect} be the collection of paths on which h is not absolutely continuous. Then the p-modulus of Γ is zero. It follows that g is a p-integrable p-weak upper gradient of u because |u(x) − u(y)| ≤ ∫_{l(γ)} 0 |h^′(s)| ds ≤ ∫_{l(γ)} 0 g(γ(s)) ds. This completes the proof. □

Lemma 3.3. Suppose that a function u has a p-integrable p-weak upper gradient g. Then for p-almost every path γ in X, |h^′(s)| ≤ g(γ(s)) (3.4) almost everywhere on [0, l(γ)], where h(s) = u(γ(s)), s ∈ [0, l(γ)].

Proof. Let Γ_{rect} be the family of paths on which u is absolutely continuous and on which |u(x^′) − u(y^′)| ≤ ∫ γ^′ g ds. holds for every subpath γ^′ of γ ∈ Γ_{rect}, where γ^′ connects points x^′ and y^′ in X, whereas γ connects x and y in X. By the definition, the family of rectifiable paths in X for which the above inequality fails is of zero p-modulus. Now if s_0 ∈ (0, l(γ)) we have |h^′(s)| = lim_{s0→s} | | |h(s^0) − h(s) s_0 − s | | | = lim_{s0→s} | | | | u(γ(s_0)) − u(γ(s))

s_0 − s | | | | ≤ lim_{s0→s} 1 |s_0 − s| | | | ∫_{s0} s g(γ(t)) dt | | | = g(γ(s)) by Lebesgue’s theorem for L^1-almost every s ∈ [0, l(γ)] and the assertion follows from this. □

The next lemma is of importance, since we often have to truncate Newtonian functions and it is useful to know that the obtained function still belongs to the Newtonian space.

Lemma 3.5. Suppose that u_1, u_2 ∈ ~N^{1,p}(X) and let A = {x ∈ X : u_1(x) < u_2(x)}. Then u = min(u_1, u_2) ∈ ~N^{1,p}(X) and u has a p-weak upper gradient g_u such that

g_u(x) = { g_{u1} (x), μ-a.e. in A g_{u2} (x), μ-a.e. in X \ A (3.6)

Proof. We may assume that u_1, u_2 are the ACC_p representatives of u_1, u_2, respectively. Let ~g(x) = g_{u1} (x), x ∈ A and ~g(x) = g_{u2} (x), x ∈ X \ A. Since, a priori, A is only a measurable set, we need to modify the function ~g(x). Choose a Borel measurable function g such that g = ~g μ-almost everywhere and g ≥ ~g [27]. We claim that g is a p-weak upper gradient of u.

To this end let γ be rectifiable path in X, connecting x and y in X, such that u_1 and u_2 are absolutely continuous on γ and that g_{u1} and g_{u2} are the pweak upper gradients of u_1 and u_2 on γ such that γ and none of its subpaths are exceptional for g_{u1} and g_{u2} . Since s → u_i(γ(s)), i = 1, 2, are absolutely continuous on [0, l(γ)], the function s → u(γ(s)) is absolutely continuous and for L^1-almost every s ∈ [0, l(γ)] |(u ∘ γ)^′(s)| ≤ |(u_1 ∘ γ)^′(s)|χ_I (s) + |(u_2 ∘ γ)^′(s)|χ_{[0,l(γ)]\I} (s), where I = {s ∈ [0, l(γ)] : (u_1 ∘ γ)(s) < (u_2 ∘ γ)(s)}.

Since s ∈ [0, l(γ)] belongs to I if and only if γ(s) ∈ A and since |(u_1 ∘γ)^′(s)| ≤ g_{u1} (γ(s)) and |(u_2 ∘ γ)^′(s)| ≤ g_{u2} (γ(s)) for L^1-almost every s ∈ [0, l(γ)] we obtain |(u ∘ γ)^′(s)| ≤ g_{u1} (γ(s))χ_I (s) + g_{u2} (γ(s))χ_{[0,l(γ)]\I} (s) ≤ g(γ(s)). The minimality remains to be shown here. To be more precise, we prove that g = g_u is a minimal p-weak upper gradient of u. As in [1], we apply this lemma (without the minimality part) with the roles of u and u_1 interchanged, we see that g_uχ_A + g_{u1} χ_{X\A} is a p-weak upper gradient of u_1. Since g_u and g_{u1} are minimal we have that

g_{u1} ≤ g_u ≤ g = g_{u1}

μ-almost everywhere in A. Hence g_u = g μ-almost everywhere on A. If we apply this lemma with the roles of u and u_2 interchanged, we obtain g_u = g μ-almost everywhere on X \ A. This finishes the proof. □

Remarks 3.7. (1) The lemma remains true if A is replaced by the set {x ∈ X : u_1(x) ≤ u_2(x)}.

(2) If A is a Borel set, then the modification of ~g is not needed.

If A ⊂ X is a Borel set and u ∈ ~N^{1,p}(X) is a constant μ-almost everywhere in X \ A we will use the following observation: If g is an upper gradient of u, then g_uχ_A is a p-weak upper gradient of u and hence we may assume that g_u = 0 μ-almost everywhere on X \ A. For open sets A this has been proven in [30]. The general claim follows from the fact that the measure of a Borel set can be approximated with arbitrary accuracy by measures of open sets containing the set. A different proof of Lemma 3.5 can be found in [1].

The following lemma shows that Newtonian spaces posses the same useful properties as first order Sobolev spaces.

Lemma 3.8. If u, v ∈ ~N^{1,p}(X) then the functions (a) min(u, λ), λ ∈ R, (b) |u|, (c) max(u, v)

all belong to ~N^{1,p}(X) (and thus in N^{1,p}(X)).

Proof. The claims follow from similar considerations as in the proof of Lemma 3.5. □

Let us go back to the minimizers. The following lemma shows the correspondence between minimizers and sub- and superminimizers.

Lemma 3.9. A function u is a p-minimizer if and only if it is both a psubminimizer and a p-superminimizer.

Proof. The assertion follows easily. If u is a p-minimizer, then (2.10) is clearly satisfied in every open Ω^′ ⊂⊂ Ω for all v such that v − u ∈ N^{1,p}_0 (Ω^′), v ≤ u and v ≥ u μ-almost everywhere in Ω^′. Thus u is a p-subminimizer and a p-superminimizer. Conversely, let u be both a p-subminimizer and a p-superminimizer in Ω, ~v ∈ N^{1,p}(Ω) so that ~v − u ∈ N^{1,p}_0 (Ω^′) and Ω^′ ⊂⊂ Ω open. Then by the definition, u ∈ N^{1,p}_{loc} (Ω), ∫ Ω^′ g^p_u dμ ≤ ∫ Ω^′ g^p_{v1} dμ holds for all v_1 so that v_1 − u ∈ N^{1,p}_0 (Ω^′), v_1 ≤ u μ-almost everywhere in Ω^′ and ∫

Ω^′ g^p_u dμ ≤ ∫ Ω^′ g^p_{v2} dμ is valid for all v_2 so that v_2 − u ∈ N^{1,p}_0 (Ω^′), v_2 ≥ u μ-almost everywhere in Ω^′. We define A = {x ∈ Ω^′ : ~v(x) ≤ u(x)} and set v = v_1χ_A + v_2χ_Ω′_{\A}, where v_1 = min(~v, u) whereas v_2 = max(~v, u). As in Lemma 3.5,

g_v(x) = { g_{v1} (x), μ-a.e. in A g_{v2} (x), μ-a.e. in Ω^′ \ A,

is a p-weak upper gradient of v which implies that (2.10) is valid in Ω^′ for all v ∈ N^{1,p}(Ω). In addition, v − u ∈ N^{1,p}_0 (Ω^′). Since ~v ∈ N^{1,p}(Ω) was arbitrary, u is a p-minimizer. □

4 Caccioppoli type inequalities

We will show that Caccioppoli type estimates can be obtained for p− subminimizers and p-superminimizers by using a convexity argument. See e.g. [15, 23] for the corresponding estimates for subsolutions and supersolutions in the Euclidean case.

Lemma 4.1. Suppose u is a locally bounded p-subminimizer in Ω so that ess inf_Ω u > 0 and let ε > 0. Let η be a compactly supported Lipschitz continuous function in Ω such that 0 ≤ η ≤ 1. Then ∫ Ω g^p_uu^{ε−1}η^p dμ ≤ c ∫ Ω u^{p+ε−1}g^p_η dμ, (4.2) where c = (p/ε)^p.

Proof. Note that, a priori, it is not known whether the right-hand side in (4.2) is finite or infinite. Since the assertion is trivial in the latter case, we may assume that the right-hand side is finite. Choose an open set Ω^′ so that Ω^′ ⊂⊂ Ω and spt(η) ⊂ Ω^′. Fix 0 < α < 1 small enough so that εα^εu^{ε−1} ≤ 1. Let w = u − η^p(αu)^ε, then w ≤ u.

Let Γ_{rect} denote the family of all rectifiable paths γ : [0, 1] → X. Let the family Γ ⊂ Γ_{rect} be such that Mod_p(Γ) = 0 and γ be the arc-length parametrization of the path in Γ_{rect} \ Γ on which the function u is absolutely continuous. Since η is Lipschitz continuous, it is absolutely continuous on γ. We define h : [0, l(γ)] → [0, ∞), h(s) = (u ∘ γ)(s) − (η ∘ γ)(s)^p(αu ∘ γ)(s)^ε. Then h is absolutely continuous and for L^1-almost every s ∈ [0, l(γ)] we have h^′(s) = (u ∘ γ)^′(s) − p(η ∘ γ)(s)^{p−1}(η ∘ γ)^′(s)(αu ∘ γ)(s)^ε − ε(η ∘ γ)(s)^p(αu ∘ γ)(s)^{ε−1}α(u ∘ γ)^′(s) = (1 − εα(η ∘ γ)(s)^p(αu ∘ γ)(s)^{ε−1})(u ∘ γ)^′(s) − p(η ∘ γ)(s)^{p−1}(η ∘ γ)^′(s)(αu ∘ γ)(s)^ε. Since |(u ∘ γ)^′(s)| ≤ g_u(γ(s)) and |(η ∘ γ)^′(s)| ≤ g_η(γ(s)) for L^1-almost every s ∈ [0, l(γ)], we obtain |(w ∘ γ)^′(s)| = |h^′(s)| ≤ (1 − εαη(γ(s))^p(αu(γ(s)))^{ε−1})g_u(γ(s)) + pη(γ(s))^{p−1}(αu(γ(s)))^εg_η(γ(s)) for L^1-almost every s ∈ [0, l(γ)]. Thus we have g_w ≤ ( 1 − εα^εη^pu^{ε−1} ) g_u + pη^{p−1}(αu)^εg_η μ-almost everywhere in Ω.

Since 0 ≤ εα^εη^pu^{ε−1} ≤ 1, we may exploit the convexity of the function t → t^p to obtain g^p_w ≤ ( 1 − εα^εη^pu^{ε−1} ) g^p_u + ε^{1−p}α^εp^pu^{p+ε−1}g^p_η . Since u is a p-subminimizer, we have ∫ Ω^′ g^p_u dμ ≤ ∫ Ω^′ g^p_w dμ ≤ ∫ Ω^′ g^p_u dμ − εα^ε ∫ Ω^′ η^pu^{ε−1}g^p_u dμ + ε^{1−p}α^εp^p ∫ Ω^′ u^{p+ε−1}g^p_η dμ, which implies ∫ Ω^′ η^pu^{ε−1}g^p_u dμ ≤ ε^{−p}p^p ∫ Ω^′ u^{p+ε−1}g^p_η dμ. This is the desired estimate. □

We will need a similar estimate for a p-superminimizer.

Lemma 4.3. Suppose u is a p-superminimizer in Ω so that ess inf_Ω u > 0 and let ε > 0. Let η be a compactly supported Lipschitz continuous function in Ω such that 0 ≤ η ≤ 1. Then ∫ Ω g^p_uu^{−ε−1}η^p dμ ≤ c ∫ Ω u^{p−ε−1}g^p_η dμ, (4.4) where c = (p/ε)^p.

Proof. Choose an open set Ω^′ so that Ω^′ ⊂⊂ Ω and spt(η) ⊂ Ω^′. We may assume that u ≥ ε^{1/(ε+1)}, since otherwise we study αu for α > 0 large enough. Let w = u + η^pu^{−ε}. Then w ≥ u and w ∈ N^{1,p}_{loc} (Ω). Then as in the proof of Lemma 4.1 we have g_w ≤ (1 − εη^pu^{−ε−1})g_u + pη^{p−1}u^{−ε}g_η μ-almost everywhere in Ω.

Since 0 ≤ εη^pu^{−ε−1} ≤ 1, again by convexity we obtain g^p_w ≤ (1 − εη^pu^{−ε−1})g^p_u + εη^pu^{−ε−1} ( p ε u η g_η )_p

= (1 − εη^pu^{−ε−1})g^p_u + ε^{1−p}p^pu^{p−ε−1}g^p_η . Since u is a p-superminimizer, we have ∫ Ω^′ g^p_u dμ ≤ ∫ Ω^′ g^p_w dμ ≤ ∫ Ω^′ g^p_u dμ − ε ∫ Ω^′ η^pu^{−ε−1}g^p_u dμ + ε^{1−p}p^p ∫ Ω^′ u^{p−ε−1}g^p_η dμ. From this we conclude that ∫ Ω η^pu^{−ε−1}g^p_u dμ ≤ p^pε^{−p} ∫ Ω u^{p−ε−1}g^p_η dμ. □ This lemma was originally proved in [22].

5 Harnack’s inequality

In this section we prove a weak Harnack inequality for p-subminimizers (Theorem 5.4) and p-superminimizers (Theorem 5.19). These estimates combined with Corollary 5.17 of the John–Nirenberg lemma imply Harnack’s inequality for the minimizers, see Theorem 5.21.

We start with a technical lemma.

Lemma 5.1. Let φ(t) be a bounded nonnegative function defined on the interval [a, b], where 0 ≤ a < b. Suppose that for any a ≤ t < s ≤ b, φ satisfies φ(t) ≤ θφ(s) + A (s − t)^α + B, (5.2)

where θ, A, B and α are nonnegative constants, θ < 1. Then φ(ρ) ≤ C [ A (R − ρ)^α + B ] , (5.3)

for all a ≤ ρ < R ≤ b, where C = C(α, θ).

We refer to [9, Lemma 3.1, p.161] for the proof. This lemma says that under certain assumptions, we can get rid of the term θφ(s).

The Moser iteration technique yields the following inequality for positive p-subminimizers.

Theorem 5.4. Suppose that u > 0 is a locally bounded p-subminimizer in Ω. Then for every ball B(z, r) with B(z, 2r) ⊂ Ω and any q > 0 we have

ess sup B(z,r) u ≤ c (∫ B(z,2r) u^q dμ )_{1/q} , (5.5) where 0 < c = c(p, q, κ, c_μ) < ∞. Proof. First we assume that q ≥ p. Write B_l = B(z, r_l), r_l = (1 + 2^{−l})r for l = 0, 1, 2, . . ., thus, B_0 = B(z, 2r) and ⋃_∞ l=0 B_l = B_0. Let η_l be a Lipschitz continuous function such that 0 ≤ η_l ≤ 1, η_l = 1 on B_{l+1}, η_l = 0 in X \ B_l and g_{ηl} ≤ 4 · 2^l/r. Fix 1 ≤ t < ∞ and let w_l = η_lu^{1+(t−1)/p}. Note that everything works fine if we fix 0 < t < ∞, we fixed t ≥ 1 just for convenience. As in the proof of Lemma 4.1 for μ-almost everywhere in Ω we have g_{wl} ≤ g_{ηl} u^{1+(t−1)/p} + ( 1 + t − 1 p ) u^{(t−1)/p}g_uη_l and consequently g^p_{wl} ≤ 2^{p−1}g^p_{ηl} u^{p+t−1} + 2^{p−1} ( p + t − 1 p )_p u^{t−1}g^p_uη^p_l μ-almost everywhere in Ω. By using the Caccioppoli estimate (Lemma 4.1), we obtain (∫ B_l g^p_{wl} dμ )_{1/p} ≤ 2^{p−1p} (∫ B_l ( g^p_{ηl} u^{p+t−1} + ( p + t − 1 p )_p u^{t−1}g^p_uη^p_l ) dμ )_{1/p}

≤ 2 · p + t − 1 t (∫ B_l g^p_{ηl} u^{p+t−1} dμ )_{1/p}

≤ (p + t − 1)

8 · 2^l r (∫ B_l u^{p+t−1} dμ )_{1/p} .

The Sobolev inequality (2.8) implies (∫ B_l w^{κp}_l dμ )_{1/κp} ≤ c(p, c_μ)r_l (∫ B_l g^p_{wl} dμ )_{1/p}

≤ c(p, c_μ)(p + t − 1)(1 + 2^{−l})r

2^l r (∫ B_l u^{p+t−1} dμ )_{1/p}

≤ c(p, c_μ)(p + t − 1)2^l (∫ B_l u^{p+t−1} dμ )_{1/p}

By setting τ = p + t − 1 and using the doubling property of μ we have (remember that w_l = u^{τ /p} on B_{l+1}) (∫ B_{l+1} (u^{τ /p})^{κp} dμ )_{1/κp} ≤ c(p, c_μ)τ2^l (∫ B_l u^τ dμ )_{1/p} . Hence, we obtain (∫ B_{l+1} u^{κτ} dμ )_{1/κτ} ≤ ( c(p, c_μ)τ2^l )_{p/τ} (∫ B_l u^τ dμ )_{1/τ} .

This estimate holds for all τ ≥ p, we apply the estimate with τ = qκ^l for all l = 0, 1, 2, . . ., we have (∫ B_{l+1} u^{qκl+1} dμ )_{1/qκ}l+1 ≤ ( c(p, c_μ)(qκ^l)2^l )_{p/qκ}l (∫ B_l u^{qκl} dμ )_{1/qκ}l . By iterating we obtain the desired estimate

ess sup B(z,r) u ≤ ( c(p, c_μ)^{∑∞i=0 κ−i} ∞∏ i=0 2^{iκ−i} ∞∏ i=0 (qκ^i)^{κ−i} )_{p/q} (∫ B(z,2r) u^q dμ )_{1/q}

≤ ( c(p, c_μ)^{κκ−1} 2^{κ(κ−1)2} q^{κκ−1} κ^{κ(κ−1)2} )_{p/q} (∫ B(z,2r) u^q dμ )_{1/q}

≤ c(p, q, κ, c_μ) (∫ B(z,2r) u^q dμ )_{1/q} . (5.6)

The theorem is proved for q ≥ p.

By the doubling property of the measure and (2.5), it is easy to see that (5.6) can be reformulated in a bit different manner. Namely, if 0 ≤ ρ < ~r ≤ 2r, then

ess sup B(z,ρ) u ≤ c (1 − ρ/~r)^{Q/q} (∫ B(z,~r) u^q dμ )_{1/q} , (5.7) where 0 < c = c(p, q, κ, c_μ) < ∞. See Remark 4.4 in [20].

If 0 < q < p we want to prove that there is a postive constant c so that

ess sup B(z,ρ) u ≤ c (1 − ρ/2r)^{Q/q} (∫ B(z,2r) u^q dμ )_{1/q} , when 0 ≤ ρ < 2r < ∞. Now suppose that 0 < q < p and let 0 ≤ ρ < ~r ≤ 2r. We choose q = p in (5.7), then

ess sup B(z,ρ) u ≤ c (1 − ρ/~r)^{Q/p} (∫ B(z,r̃) u^qu^{p−q} dμ )_{1/p}

≤ c (1 − ρ/r̃)^{Q/p} ( ess sup B(z,~r) u )_{1−q/p} (∫ B(z,~r) u^q dμ )_{1/p}

By Young’s inequality

ess sup B(z,ρ) u ≤ p − q p ess sup B(z,~r) u + c (1 − ρ/~r)^{Q/q} (∫ B(z,~r) u^q dμ )_{1/q}

≤ p − q p ess sup B(z,~r) u + c (~r − ρ)^{Q/q} ( (2r)^Q ∫ B(z,2r) u^q dμ )_{1/q} , where the doubling property (2.5) was used to obtain the last inequality. We need to get rid of the first term on the right-hand side. By Lemma 5.1 (let φ(t) = ess sup_{B(z,t)} u) we have

ess sup B(z,ρ) u ≤ c (1 − ρ/2r)^{Q/q} (∫ B(z,2r) u^q dμ )_{1/q}

for all 0 ≤ ρ < 2r, where 0 < c = c(p, q, κ, c_μ) < ∞. If we set ρ = r, we obtain (5.6) for every 0 < q < p and the proof is complete. □ Remark 5.8. The minimizing property (2.10) was not needed in the proof of Theorem 5.4. Instead we used estimate (4.2). Therefore the statement of the theorem can be restated to hold for functions which satisfy the Caccioppoli type estimate (4.2).

Next we present a theorem which gives a lower bound for positive p− superminimizers.

Theorem 5.9. Suppose that u > 0 is a p-superminimizer in Ω. Then for every ball B(z, r) with B(z, 2r) ⊂ Ω and any q > 0 we have

ess inf B(z,r) u ≥ c (∫ B(z,2r) u^{−q} dμ )_{−1/q} , (5.10) where 0 < c = c(p, q, κ, c_μ) < ∞.

Proof. As in the proof of Theorem 5.4, write B_l = B(z, r_l), r_l = (1+2^{−l})r for l = 0, 1, 2, . . . Let η_l be a Lipschitz continuous function such that 0 ≤ η_l ≤ 1, η_l = 1 on B_{l+1}, η_l = 0 in X \ B_l and g_{ηl} ≤ 4 · 2^l/r. Fix t ≥ 1 such that p − t − 1 < 0 and let w_l = η_lu^{1+(−t−1)/p}. Then for μ-almost everywhere in Ω we have g_{wl} ≤ g_{ηl} u^{1+(−t−1)/p} + ( t + 1 − p p ) u^{(−t−1)/p}g_uη_l and consequently g^p_{wl} ≤ 2^{p−1}g^p_{ηl} u^{p−t−1} + 2^{p−1} ( t + 1 − p p )_p u^{−t−1}g^p_uη^p_l μ-almost everywhere in Ω. By using the Caccioppoli estimate (Lemma 4.3) for p-superminimizers, we obtain (∫ B_l g^p_{wl} dμ )_{1/p} ≤ 2^{p−1p} (∫ B_l ( g^p_{ηl} u^{−(t+1−p)} + ( t + 1 − p p )_p u^{−t−1}g^p_uη^p_l ) dμ )_{1/p}

≤ 2 · t + 1 − p t (∫ B_l g^p_{ηl} u^{−(t+1−p)} dμ )_{1/p}

≤ (t + 1 − p)

8 · 2^l r (∫ B_l u^{−(t+1−p)} dμ )_{1/p} . The Sobolev inequality (2.8) implies (∫ B_l w^{κp}_l dμ )_{1/κp} ≤ c(p, c_μ)r_l (∫ B_l g^p_{wl} dμ )_{1/p}

≤ c(p, c_μ)(t + 1 − p)(1 + 2^{−l})r

2^l r (∫ B_l u^{−(t+1−p)} dμ )_{1/p}

≤ c(p, c_μ)(t + 1 − p)2^l (∫ B_l u^{−(t+1−p)} dμ )_{1/p}

By setting τ = t + 1 − p > 0 and using the doubling property of μ we have (notice that w_l = u^{−τ /p} on B_{l+1}) (∫ B_{l+1} (u^{−τ /p})^{κp} dμ )_{1/κp} ≤ c(p, c_μ)τ2^l (∫ B_l u^{−τ} dμ )_{1/p} . Hence, we obtain (∫ B_{l+1} u^{−κτ} dμ )_{−1/κτ} ≥ c(p, c_μ)^{−p/τ} τ^{−p/τ} 2^{−lp/τ} (∫ B_l u^{−τ} dμ )_{−1/τ} .

This estimate holds for all τ > 0, we apply the estimate with τ = qκ^l for all l = 0, 1, 2, . . ., we have (∫ B_{l+1} u^{−qκl+1} dμ )_{−1/qκ}l+1 ≥ ( c(p, c_μ)(qκ^l)2^l )_{−p/qκ}l (∫ B_l u^{−qκl} dμ )_{−1/qκ}l . By iterating as in the proof of Theorem 5.4, we obtain the desired estimate

ess inf B(z,r) u ≥ c(p, q, κ, c_μ) (∫ B(z,2r) u^{−q} dμ )_{−1/q} . The proof is complete. □

Remarks 5.11. (1) In the Euclidean case we have the symmetry between sub- and supersolutions of the p-Laplace equation. A function u is a supersolution, then 1/u is a subsolution of the equation. Theorem 5.9 follows directly from this and Theorem 5.4 in the Euclidean space. We do not know if this holds in a general metric measure space.

(2) As in the proof of Theorem 5.4, we fixed a parameter t to be greater or equal than one just for convenience. Any t strictly greater than zero would do nicely.

(3) As in the proof of Theorem 5.4 the minimizing property (2.10) was not needed in the proof. We used essentially estimate (4.4). Therefore the statement of the theorem can be restated to hold not for superminimizers but for functions which satisfy the Caccioppoli type estimate (4.4). This holds also for Lemma 5.12 below.

The following lemma will be crucial when we prove Theorem 5.19.

Lemma 5.12. Suppose that u > 0 is a p-superminimizer in Ω and let v = log u. Then v ∈ N^{1,p}_{loc} (Ω) and g_v = g_u/u μ-almost everywhere in Ω. Furthermore, for every ball B(z, r) with B(z, 2r) ⊂ Ω we have ∫ B(z,r) g^p_v dμ ≤ cr^{−p}, (5.13) where c = c_μ(4p/(p − 1))^p.

Proof. We may assume that u ≥ δ > 0 for μ-almost all x ∈ B(z, r). Hence v is bounded below in B(z, r) and v ∈ L^p(B(z, r)). As in the proof of Lemma 4.1 we see that g_v ≤ g_u/u μ-almost everywhere in Ω. We obtain the reverse inequality, if we set u = exp(v), hence, g_v = g_u/u μ-almost everywhere in Ω. It follows that g_v ∈ L^p_{loc}(Ω) and consequently that v ∈ N^{1,p}_{loc} (Ω).

Let η be a Lipschitz function such that 0 ≤ η ≤ 1, η = 1 on B(z, r), η = 0 in X \ B(z, 2r) and g_η ≤ 4/r. If we choose ε = p − 1 in (4.4) we have ∫ Ω g^p_v η^p dμ = ∫ Ω g^p_uu^{−p}η^p dμ ≤ ( p p − 1 )_p ∫ Ω g^p_η dμ. From this and the doubling property of μ we obtain ∫ B(z,r) g^p_v dμ ≤ ( p p − 1 )_p ∫ B(z,2r) 4^p r^p dμ ≤ c_μ ( 4p p − 1 )_p μ(B(z, r)) r^p , which is the desired inequality. □

A locally integrable function v in Ω is said to belong to BMO(Ω) if the inequality ∫ B |v − v_B | dμ ≤ c (5.14) holds for all balls B with 10B ⊂ Ω. The smallest bound c for which (5.14) is satisfied is said to be the “BMO-norm” of v in this space, and it is denoted by ‖v‖_∗. In order to “jump” over the zero in exponents in (5.10), we use the John– Nirenberg lemma.

Theorem 5.15. There exist two positive constants β and b such that for any f ∈ BMO(Ω) and for every ball B with 10B ⊂ Ω, we have μ ({x ∈ B : |u − u_B| > λ}) ≤ β exp ( −bλ ‖u‖_∗ ) μ(B) (5.16)

for all λ > 0.

Proof. In the proof we have to enlarge the ball B(z_0, r), z_0 ∈ Ω, so that we take a constant σ such that if z ∈ B(z_0, r) and 0 < ρ < r, then B(z, ρ) ⊂ B(z_0, σr). (Take σ = 1 + 12/5.) Thus, we work with the balls B for which ten times larger balls are still in Ω. The proof can be found in [2, 24]. □

See for example [7] for the following corollary.

Corollary 5.17. A function v is in BMO(Ω) if and only if there are positive constants c_1 and c_2 such that ∫ B e^{c1|v−vB |} dμ ≤ c_2 (5.18) for every ball B with 10B ⊂ Ω.

Now we are ready to provide the proof for the following Theorem 5.19. If u > 0 is a p-superminimizer in Ω ⊂ X, then there are q > 0 and c > 0 such that (∫ B(z,2r) u^q dμ )_{1/q} ≤ c ess inf_{B(z,r)} u (5.20)

for every ball B(z, r) such that B(z, 10τr) ⊂ Ω. Proof. By Theorem 5.9 we have 1 c ess inf B(z,r) u ≥ (∫ B(z,2r) u^{−q} dμ )_{−1/q}

= (∫ B(z,2r) u^{−q} dμ ∫ B(z,2r) u^q dμ )_{−1/q} (∫ B(z,2r) u^q dμ )_{1/q} . To complete the proof, we have to show that ∫ B(z,2r) u^{−q} dμ ∫ B(z,2r) u^q dμ ≤ c for some q > 0. Write v = log u. Then the weak (1, p)-Poincaré inequality, Lemma 5.12 and the doubling property of μ imply ∫ B(z,2r) |v − v_{B(z,2r)}| dμ ≤ cr (∫ B(z,2τ r) g^p_v dμ )_{1/p} ≤ c. We stress that instead of a weak (1, q)-Poincaré inequality – for some q with 1 < q < p – we applied only a weak (1, p)-Poincaré inequality. It follows from the John-Nirenberg lemma and (5.18) that there exist constants q and c such that ∫ B(z,2r) e^{−qv} dμ ∫ B(z,2r) e^{qv} dμ = ∫ B(z,2r) e^{q(vB(z,2r) −v)} dμ ∫ B(z,2r) e^{q(v−vB(z,2r) )} dμ ≤ (∫ B(z,2r) e^{q|v−vB(z,2r)|} dμ )_2 ≤ c, from which the claim follows. □

From this we easily obtain Harnack’s inequality.

Theorem 5.21. Suppose that u > 0 is a locally bounded p-minimizer in Ω. Then there exists a constant c ≥ 1 so that ess sup B(z,r) u ≤ c ess inf_{B(z,r)} u

for every ball B(z, r) for which B(z, 10τr) ⊂ Ω. Here the constant c is independent of the ball B(z, r) and function u. (The constant τ ≥ 1 comes from the weak (1, p)-Poincaré inequality.)

Proof. By combining Theorem 5.4 and Theorem 5.19, the estimate follows. □

From Harnack’s inequality it follows that p-minimizers are locally Hölder continuous and satisfy the strong maximum principle, see for example [12].

Acknowledgments

The work was funded by the Vilho, Yrjö and Kalle Väisälä Fund of Finnish Academy of Science and Letters. The author is grateful to professor Juha Kinnunen for valuable discussions and instructions. The author would also like to thank Anders and Jana Björn and Petteri Harjulehto for valuable comments.

References

[1] A. Björn and J. Björn, Boundary regularity for p-harmonic functions and solutions of the obstacle problem on metric spaces, preprint 2004.

[2] S. M. Buckley, Inequalities of John-Nirenberg type in doubling spaces, J. Anal. Math. 79, 215–240, 1999.

[3] J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom. Funct. Anal. 9, 428–517, 1999.

[4] Y-Z. Chen and L-C. Wu, Second order elliptic equations and elliptic systems, American Mathematical Society, 1991.

[5] E. De Giorgi, Sulla differenziabilità e l’analiticà delle estremali degli integrali multipli regolari, Mem. Accad. Sci. Torino Cl. Sci. Fis. Mat. 3, 25–43, 1957.

[6] E. DiBenedetto and N. S. Trudinger, Harnack inequality for quasiminima of variational integrals, Annales de l’Institut H. Poincaré: Analyse Nonlinéaire 1, 295–308, 1984.

[7] J. Duoandikoetxea, Fourier analysis, American Mathematical Society, 2001.

[8] B. Fuglede, Extremal length and functional completion, Acta Math. 98, 171–218, 1957.

[9] M. Giaquinta, Multiple integrals in the calculus of variations and nonlinear elliptic systems, Princeton University Press, Princeton, New Jersey, 1983.

[10] M. Giaquinta, Introduction to regularity theory for nonlinear elliptic systems, Birkhäuser Verlag, Zürich, 1993.

[11] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, Springer, 1983.

[12] E. Giusti, Direct methods in the calculus of variations, World Scientific, 2003.

[13] P. Hajłasz and P. Koskela, Sobolev meets Poincaré, C. R. Acad. Sci.

Paris 320, 1211–1215, 1995.

[14] P. Hajłasz and P. Koskela, Sobolev met Poincaré, Mem. Amer. Math.

Soc. 145, 2000.

[15] J. Heinonen, T. Kilpeläinen and O. Martio, Nonlinear potential theory of degenerate elliptic equations, Oxford Mathematical monographs, 1993.

[16] J. Heinonen, Lectures on analysis on metric spaces, Springer, 2001.

[17] J. Heinonen and P. Koskela, Quasiconformal maps in metric spaces with controlled geometry, Acta Math. 181, 1-61, 1998.

[18] S. Keith and X. Zhong, The Poincaré inequality is an open ended condition, preprint 2003.

[19] T. Kilpeläinen, J. Kinnunen and O. Martio, Sobolev spaces with zero boundary values on metric spaces, Potential Anal. 12, 233–247, 2000.

[20] J. Kinnunen and N. Shanmugalingam, Regularity of quasi-minimizers on metric spaces, Manuscripta Math. 105, 401–423, 2001.

[21] J. Kinnunen and O. Martio, The Sobolev capacity on metric spaces, Ann. Acad. Sci. Fenn. 21, 367–382, 1996.

[22] J. Kinnunen and O. Martio, Sobolev space properties of superharmonic functions on metric spaces, Results of Math. 44, 114–129, 2003.

[23] J. Maly and W. P. Ziemer, Fine regularity of solutions of elliptic partial differential equations, American Mathematical Society, 1997.

[24] J. Mateu, P. Mattila, A. Nicolau and J. Orobitg, BMO for nondoubling measures, Duke Math. J. 102, no. 3, 533–565, 2000.

[25] J. Moser, A new proof of de Giorgi’s theorem concerning the regularity problem for elliptic differential equations, Comm. Pure Appl. Math. 13, 457–468, 1960.

[26] J. Moser, On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl. Math. 14, 577–591, 1961.

[27] W. Rudin, Real and complex analysis, (3rd ed.), McGraw-Hill, 1987.

[28] L. Saloff-Coste, Aspects of Sobolev-type inequalities, Cambridge Univ.

Press, 2001.

[29] N. Shanmugalingam, Newtonian spaces: An extension of Sobolev spaces to metric measure spaces, Ph.D. Thesis, University of Michigan, 1999.

[30] N. Shanmugalingam, Newtonian spaces: An extension of Sobolev spaces to metric measure spaces, Revista Mat. Iberoamericana 16, 243–279, 2000.

[31] N. Shanmugalingam, Harmonic functions on metric spaces, Illinois J.

Math. 45, 1021–1050, 2001.

[32] J. Väisälä, Lectures on n-dimensional quasiconformal mapping, Lecture Notes in Mathematics 229 Springer-Verlag, Heidelberg, 1971.

(continued from the back cover)

A470 Lasse Leskelä

Stabilization of an overloaded queueing network using measurement-based admission control March 2004

A469 Jarmo Malinen

A remark on the Hille–Yoshida generator theorem May 2004

A468 Jarmo Malinen , Olavi Nevanlinna , Zhijian Yuan

On a tauberian condition for bounded linear operators May 2004

A467 Jarmo Malinen , Olavi Nevanlinna , Ville Turunen , Zhijian Yuan A lower bound for the differences of powers of linear operators May 2004

A466 Timo Salin

Quenching and blowup for reaction diffusion equations March 2004

A465 Ville Turunen

Function Hopf algebra and pseudodifferential operators on compact Lie groups June 2004

A464 Ville Turunen

Sampling at equiangular grids on the 2-sphere and estimates for Sobolev space interpolation November 2003

A463 Marko Huhtanen , Jan von Pfaler

The real linear eigenvalue problem in C^n November 2003

A462 Ville Turunen

Pseudodifferential calculus on the 2-sphere October 2003

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A477 Tuomo T. Kuusi

Moser’s Method for a Nonlinear Parabolic Equation October 2004

A476 Dario Gasbarra , Esko Valkeila , Lioudmila Vostrikova

Enlargement of filtration and additional information in pricing models: a Bayesian approach October 2004

A473 Carlo Lovadina , Rolf Stenberg

Energy norm a posteriori error estimates for mixed finite element methods October 2004

A472 Carlo Lovadina , Rolf Stenberg

A posteriori error analysis of the linked interpolation technique for plate bending problems September 2004

A471 Nuutti Hyvönen

Diffusive tomography methods: Special boundary conditions and characterization of inclusions April 2004

ISBN 951-22-7386-1 ISSN 0784-3143