Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2006 A483

A FAMILY OF C^0 FINITE ELEMENTS FOR KIRCHHOFF PLATES

Lourenço Beirão da Veiga Jarkko Niiranen Rolf Stenberg

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2006 A483

A FAMILY OF C^0 FINITE ELEMENTS FOR KIRCHHOFF PLATES

Lourenço Beirão da Veiga Jarkko Niiranen Rolf Stenberg

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Lourenço Beirão da Veiga, Jarkko Niiranen, Rolf Stenberg: A family of C^0 finite elements for Kirchhoff plates; Helsinki University of Technology, Institute of Mathematics, Research Reports A483 (2006).

Abstract: For the Kirchhoff plates a new finite element method, which is a modification of the one introduced in [25], is presented. This method has the advantages of allowing low order polynomials, and of holding convergence properties which does not deteriorate in the presence of the free boundary conditions. For the method optimal a-priori and a-posteriori error estimates are derived.

AMS subject classifications: 65N30, 74S05, 74K20

Keywords: finite elements, Kirchhoff plate model, free boundary, a-priori error analysis, a-posteriori error analysis

Correspondence

beirao@mat.unimi.it, Jarkko.Niiranen@tkk.fi, Rolf.Stenberg@tkk.fi

ISBN 951-22-7538-4 ISSN 0784-3143

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

1 Introduction

A conforming finite element method for the Kirchhoff plate bending problem, i.e. the biharmonic problem, needs a discrete space for which it holds at least the global C^1-regularity. As a consequence, in order to retain minimal flexibility of the finite element space adopted, a fifth degree polynomial order is in general required. A classical way to avoid using high order polynomial spaces, is to write the Kirchhoff plate bending problem as the limit of the Reissner–Mindlin problem written in mixed form. On the other hand, in the presence of the free boundary conditions, this path leads to a method which is not completely consistent; in other words, the solution of the Kirchhoff problem is not exactly the solution of the mixed Reissner–Mindlin problem with thickness set equal to zero. We must observe that this point is in general ignored in the literature, where the more ”classical” clamped case is typically considered.

Our aim in the present paper is to present for the Kirchhoff plate bending problem a family of ”low order” finite elements for which it holds the optimal convergence rate even in the presence of free boundaries. This method is a modification of the stabilized method for the Reissner–Mindlin plates presented in [25]. The paper is organized as follows. In section 2 we describe the plate bending problem, while in section 3 we introduce the new family of finite elements. In section 4 an a-priori error analysis is derived. This analysis leads to optimal results, with respect to the solution regularity and to the polynomial degree used. In Section 5 an a-posteriori error analysis is accomplished. We devise a local error indicator which is shown to be both reliable and efficient.

We finally observe that the theoretical results here presented are in complete agreement with the numerical tests shown in [10].

2 The Kirchhoff plate bending problem

We consider the bending problem of an isotropic linearly elastic plate and assume that the undeformed plate midsurface is described by a given convex polygonal domain Ω ⊂ R^2. The plate is considered to be clamped on the part Γ_c of its boundary ∂Ω, simply supported on the part Γ_s ⊂ ∂Ω and free on Γ_f ⊂ ∂Ω. A transverse load F = Gt^3f is applied, where t is the thickness of the plate and G the shear modulus for the material.

In the sequel, we indicate with V the set of all the corner points in Γ_f corresponding to an angle of the boundary Γ_f . Moreover, n and s represent the unit outward normal and the unit counterclockwise tangent to the boundary. Finally, for corner points c ∈ V, we introduce the following notation. We indicate with n_1 and s_1 the unit vectors corresponding respectively to n and s on one of the two edges which form the boundary angle at c; we indicate with n_2 and s_2 the ones corresponding to the other edge. Note that which of the two edges correspond to the subscript 1 or 2 is not relevant.

Then, following the Kirchhoff plate bending model and assuming that the load is sufficiently regular, the deflection w of the plate can be found as the solution of the following well known biharmonic problem:

DΔ^2w = Gf in Ω

w = 0 ,^{∂w}_{∂n} = 0 on Γ_c

w = 0 , n^T Mn = 0 on Γ_s

n^T Mn = 0 ,^∂_{∂s} s^T Mn + (div M) · n = 0 on Γ_f

s^T_1 Mn_1(c) = s^T_2 Mn_2(c) ∀c ∈ V ,

(2.1)

where the scaled bending modulus and the bending moment are D = E 12(1 − ν^2)

, M = G 6 ( ε(∇w) + ν 1 − ν div ∇wI ) , (2.2)

with E, ν the Young modulus and the Poisson ratio for the material. Note that it holds G =^E_{2(1+ν)} , respectively.

Due to the presence of the fourth order elliptic operator Δ^2 in (2.1), the natural space for the variational formulation of the problem (2.1) is the Sobolev space H^2(Ω). As a consequence, conforming finite element methods based on such a formulation need the C^1 regularity conditions. In order to keep minimal flexibility of the discrete space used, the C^1 regularity condition in turn requires a high order polynomial space, which may be preferable to avoid.

On the other hand, in the case of clamped and simply supported boundary conditions, the Kirchhoff problem can be treated similarly to a Reissner– Mindlin plate bending problem with the thickness t set to zero in the formulation. As a consequence, the following equivalent mixed variational formulation is obtained.

Next we introduce, respectively, the space for the deflection, rotation and for the ”shear stress” Lagrange multiplier W = { v ∈ H^1(Ω) | v = 0 on Γ_c ∪ Γ_s } , (2.3) V = { η ∈ [H^1(Ω)]^2 | η = 0 on Γ_c , η · s = 0 on Γ_s } , (2.4) H = {v ∈ L^2(Ω) | rotv ∈ L^2(Ω) , v · s = 0 in Γ_c ∪ Γ_s} , (2.5) Q = H^′ . (2.6)

Now the mixed variational formulation reads:

Find (w, β, q) ∈ W × V × Q such that

a(β, η) + κ⟨q, ∇v − η⟩ = (f, v) ∀(v, η) ∈ W × V ,

⟨∇w − β, r⟩ = 0 ∀r ∈ Q ,

(2.7) where κ is the shear correction factor and a is the bilinear form

a(ϕ, η) = 1 6 ( (ε(ϕ), ε(η)) + ν 1 − ν

(div ϕ, div η) ) ∀ϕ ∈ V , η ∈ V . (2.8)

Note that the brackets ⟨·, ·⟩ above indicate the duality product between functions of H and Q.

The problem above could be equivalently rewritten setting W in H^2 and H in H^1. The advantage of formulation (2.7) is that, in the case of clamped or simply supported boundary conditions, a non conforming Kirchhoff element (i.e. which uses globally C^0 deflections) can be obtained using any locking free Reissner–Mindlin element [2, 4, 5, 7, 11, 12, 17, 18, 6, 13, 19]. The discrete deflection will converge to the continuous one at least in the H^1 norm.

However, this cannot be done in the case of the free boundary conditions. Introducing the rotation β and the shear stress q, it is easy to check that the problem (2.1) is equivalent to

Lβ + q = 0 in Ω

−div q = f in Ω

∇w − β = 0 in Ω

w = 0 , β = 0 on Γ_c

w = 0 , β · s = 0 , n^T M n = 0 on Γ_s

β · s −^{∂w}_{∂s} = 0 , n^T M n = 0 ,^∂_{∂s} s^T Mn − q · n = 0 on Γ_f

s^T_1 Mn_1(c) = s^T_2 Mn_2(c) ∀c ∈ V ,

(2.9)

where now the scaled bending moment

M(ϕ) = 1 6 ( ε(ϕ) + ν 1 − ν div ϕ I ) (2.10)

and the operator L is defined as

Lϕ = div M (ϕ) . (2.11)

On the other hand, the strong form related to the variational formulation (2.7) reads exactly identical to (2.9) apart the boundary condition on Γ_f which must be substituted with

n^T M n = 0 , s^T M n = 0 , q · n = 0 on Γ_f (2.12)

and the vertex condition which is no longer valid.

Therefore, if Γ_f ≠ ∅, the two formulations are not equivalent. This point is in general under-estimated or simply ignored in the literature, where typically only the ”classical” clamped plate case is addressed. A direct correction to this nonequivalence could be done by substituting the space (W, V , Q) in (2.7) with the space

{(v, η, r) ∈ W × V × Q | η · s − ∂v ∂s = 0 on Γ_f } . (2.13)

Then, as noted in [15, 16, 9, 8], one would obtain a problem which is completely equivalent to (2.9). On the other hand, such a choice is not directly viable at the discrete level because a condition of (2.13) type generates an additional boundary locking effect. In the sequel we will present a family of low order finite elements for Kirchhoff plates which avoids this difficulty; in particular, its rate of convergence to the Kirchhoff problem solution does not deteriorate in the presence of the free boundary conditions.

Remark 2.1. As is well known, in the presence of the free boundary conditions the solution of the Reissner–Mindlin plate bending problem is strongly non-regular even if the load and domain boundaries are smooth (see [3]). This may lead to a very slow convergence of Reissner–Mindlin finite element methods. Therefore, it is exactly in the case of the free boundary conditions that the Kirchhoff plate model is particularly valuable.

3 Finite element formulation

In this section we introduce the numerical method, which is an extension of the method presented in [25]. In order to neglect plate rigid movements and the related technicalities, in the sequel we will assume that the onedimensional measure meas(Γ_c ∪ Γ_s) > 0 . (3.1)

3.1 The new finite element method

Let a regular family of triangular meshes on Ω be given. Given an integer k ≥ 1, we then define the discrete spaces

W_h = {v ∈ W | v_{|K} ∈ P_{k+1}(K) ∀K ∈ C_h} , (3.2) V_h = {η ∈ V | η_{|K} ∈ [P_k(K)]^2 ∀K ∈ C_h} , (3.3)

where C_h represents the set of all triangles K of the mesh and P_k(K) is the space of polynomials of degree k on K. In the sequel, we will indicate with h_K the diameter of each element K, while h will indicate the maximum size of all the elements in the mesh. Also, we will indicate with e a general edge of the triangulation and with h_e the length of e.

Before introducing the method, we state the following result which follows trivially from classical scaling arguments and the coercivity of the form a.

Lemma 3.1. Given any triangulation C_h, let T_h indicate the set of all the triangle edges, and Γ_{f,h} the set of the triangle edges in Γ_f . Then, there exist positive constants C_I and C^′_I such that, for all meshes C_h, C_I ∑ K∈C_h

h^2_K ‖Lϕ‖^2_{0,K} ≤ a(ϕ, ϕ) ∀ϕ ∈ V_h , (3.4)

C^′_I ∑ e∈Γ_{f,h}

h_e ‖M_{ns}(ϕ)‖^2_{0,e} ≤ a(ϕ, ϕ) ∀ϕ ∈ V_h , (3.5)

where the operator M_{ns}(η) = s^T M(η) n with n, s unit outward normal and unit counterclockwise tangent to the edge e, and with M defined in (2.10).

Let two real numbers γ and α be assigned, γ > 2/C^′_I and 0 < α < C_I /4. Then, the discrete problem reads:

Method 3.1. Find (w_h, β_h) ∈ W_h × V_h, such that A_h(w_h, β_h; v, η) = (f, v) ∀(v, η) ∈ W_h × V_h , (3.6) where the form A_h is A_h(z, ϕ; v, η) = B_h(z, ϕ; v, η) + D_h(z, ϕ; v, η) , (3.7) with B_h(z, ϕ; v, η) = a(ϕ, η) − ∑ K∈C_h

αh^2_K (Lϕ, Lη)_K + ∑ K∈C_h 1 αh^2_K

(∇z − ϕ − αh^2_K Lϕ, ∇v − η − αh^2_K Lη)_K (3.8) and D_h(z, ϕ; v, η) = ∑ e∈Γ_{f,h} ( (M_{ns}(ϕ), [∇v − η] · s)_e

+([∇z − ϕ] · s, M_{ns}(η))_e + γ h_e

([∇z − ϕ] · s, [∇v − η] · s)_e ) (3.9) for all (z, ϕ) ∈ W_h × V_h, (v, η) ∈ W_h × V_h.

The bilinear form B_h constitutes essentially the original method of [25] with the thickness t set equal to zero, while the added form D_h is introduced to avoid the convergence deterioration in the presence of free boundaries.

Note that, instead of a global constant α, for stability reasons in practical implementation it may be preferable to use local constants α_K defined by 1 α_K

= ρ^{−1} max

ϕ∈P_k(K),a_K (ϕ,ϕ)≠0

h^2_K ‖Lϕ‖^2_{0,K} a_K (ϕ, ϕ)

, (3.10)

where a_K represents the form a restricted to K and where 0 < ρ <^1_4 is a fixed value. Similarly, instead of using a global constant γ, local constants γ_e can be derived calculating the elementwise value of C^′_I in Lemma 3.1.

We also introduce the discrete shear stress

q_{h|K} = 1 αh^2_K

(∇w_h − β_h − αh^2_K Lβ_h)_{|K} ∀K ∈ C_h . (3.11)

Noting that, due to the first and third equation of (2.9), it holds

q_{|K} = 1 αh^2_K

(∇w − β − αh^2_K Lβ)_{|K} ∀K ∈ C_h , (3.12)

and it follows that the definition (3.11) is consistent with the exact ”shear stress”.

3.2 Boundary inconsistency of the original method

If the original method of [25] without the additional form D_h is employed, in the presence of a free boundary an inconsistency term arises. In other words,

B_h(w, β; v, η) = (f, v) + ∑ e∈Γ_{f,h}

(M_{ns}(β), [∇v − η] · s)_e (3.13)

∀(v, η) ∈ W_h × V_h, and therefore the additional inconsistency term − ∑ e∈Γ_{f,h}

(M_{ns}(β), [∇v − η] · s)_e (3.14)

arises, hindering severely the convergence of the method.

Regardless of the solution regularity and the polynomial degree k, the term in (3.14) can only be bounded with the order O(h^{1/2}). As well known (see for example [24]), the inconsistency error is a lower bound for the error of finite element methods. As a consequence, the original Kirchhoff method (i.e. without the additional correction D_h) is not expected to converge with a rate better than h^{1/2} if Γ_f ≠ ∅. This observation is also confirmed by the numerical tests shown in [10]. See also [14] for other numerical tests regarding this issue.

Note also that this boundary inconsistency term is connected not only to the formulation in [25] but is common to any other Kirchhoff method which follows a ”Reissner–Mindlin limit” approach.

4 A-priori error estimates

For (v, η) ∈ W_h × V_h, we introduce the following mesh dependent norms:

|(v, η)|^2_h = ∑ K∈C_h

h^{−2}_K ‖∇v − η‖^2_{0,K} , (4.1)

‖v‖^2_{,h} = ‖v‖^2_1 + ∑ K∈C_h

|v|^2_{,K} + ∑ e∈T_h

h^{−1}_K ‖ � ∂v ∂n � ‖^2_{0,e} , (4.2)

‖|(v, η)‖|_h = ‖η‖_1 + ‖v‖_{2,h} + |(v, η)|_h , (4.3) and for r ∈ L^2(Ω)

‖r‖_{−1,h} = ( ∑ K∈C_h

h^2_K ‖r‖^2_{0,K}

)_{1/2}

. (4.4)

Given the space

V_∗ = { η ∈ [H^1(Ω)]^2 | η = 0 on Γ_c, η · s = 0 on Γ_f ∪ Γ_s } (4.5)

we also introduce the norm

‖r‖_{−1,∗} = sup_{η∈V ∗}

⟨r, η⟩ ‖η‖_1

. (4.6)

Note that the norm ‖ · ‖_{−1,∗} bounds from above the classical norm ‖ · ‖_{−1}.

In [23] the following lemma is proved:

Lemma 4.1. There exists a positive constant C such that

‖v‖_{2,h} ≤ C ( ‖η‖_1 + ‖v‖_1 + |(v, η)|_h ) ∀(v, η) ∈ (W_h × V_h) . (4.7)

Using the Poincaré inequality and the previous lemma, the following equivalence follows easily:

Lemma 4.2. There is a positive constant C such that

C‖|(v, η)‖|_h ≤ ‖η‖_1 + |(v, η)|_h ≤ ‖|(v, η)‖|_h ∀(v, η) ∈ W_h × V_h . (4.8)

The convergence of the method to the solution of the problem (2.9) is stated in Theorem 4.3 below. We need some preliminary results; the following theorem states the stability of the discrete formulation (3.6):

Theorem 4.1. Let 0 < α < C_I /4 and γ > 2/C^′_I . Then there exists a positive constant C such that

A_h(v, η; v, η) ≥ C‖|(v, η)‖|^2_h ∀(v, η) ∈ W_h × V_h . (4.9)

Proof. Using the inverse estimate of Lemma 3.1 we easily get

B_h(v, η; v, η)

= a(η, η) − ∑ K∈C_h

αh^2_K ‖Lη‖^2_{0,K} + ∑ K∈C_h 1 αh^2_K

‖∇v − η − αh^2_K Lη‖^2_{0,K} ≥ ( 1 − α C_I ) a(η, η) + ∑ K∈C_h 1 αh^2_K

‖∇v − η − αh^2_K Lη‖^2_{0,K} . (4.10)

First using locally the arithmetic-geometric mean inequality with constant γ/h_e, then the second inverse inequality of Lemma 3.1, we get

D_h(v, η; v, η) = ∑ e∈Γ_{f,h}

2(M_{ns}(η), [∇v − η] · s)_e + γ h_e

‖[∇v − η] · s‖^2_{0,e}) ≥ ∑ e∈Γ_{f,h} ( − γ h_e

‖[∇v − η] · s‖^2_{0,e} − γ^{−1}h_e ‖M_{ns}(η)‖^2_{0,e} + γ h_e

‖[∇v − η] · s‖^2_{0,e} )

= − ∑ e∈Γ_{f,h}

γ^{−1}h_e ‖M_{ns}(η)‖^2_{0,e}

≥ − γ^{−1} C^′_I a(η, η) ≥ − 1 2 a(η, η) . (4.11)

Joining (4.10) with (4.11) and using Korn’s inequality we then obtain

B_h(v, η; v, η) + D_h(v, η; v, η) ≥ (1 2 − α C_I ) a(η, η) + ∑ K∈C_h 1 αh^2_K

‖∇v − η − αh^2_K Lη‖^2_{0,K} ≥ C ( ‖η‖^2_1 + ∑ K∈C_h 1 αh^2_K

‖∇v − η − αh^2_K Lη‖^2_{0,K} ) . (4.12)

From the triangle inequality, again the inverse estimate of Lemma 3.1 and the boundedness of the bilinear form a it follows ∑ K∈C_h 1 αh^2_K

‖∇v − η‖^2_{0,K} ≤ 2 ( ∑ K∈C_h 1 αh^2_K

‖∇v − η − αh^2_K Lη‖^2_{0,K} + ∑ K∈C_h 1 αh^2_K

‖αh^2_K Lη‖^2_{0,K} )

≤ 2 ( ∑ K∈C_h 1 αh^2_K

‖∇v − η − αh^2_K Lη‖^2_{0,K} + ∑ K∈C_h

αh^2_K ‖Lη‖^2_{0,K} )

≤ C ( ∑ K∈C_h 1 αh^2_K

‖∇v − η − αh^2_K Lη‖^2_{0,K} + a(η, η) )

≤ C ( ∑ K∈C_h 1 αh^2_K

‖∇v − η − αh^2_K Lη‖^2_{0,K} + ‖η‖^2_1 ) , (4.13)

which combined with (4.12) gives

A_h(v, η; v, η) ≥ C ( ‖η‖_1 + |(v, η)|_h ) . (4.14)

The result then follows from Lemma 4.2.

The following result states the consistency of the method. For simplicity, in the rest of this section we assume that w, the solution of the problem (2.1), or equivalently (2.9), is in H^3(Ω); this is a very reasonable assumption, as discussed at the end of this section. Note also that, with some additional technical work involving the appropriate Sobolev spaces and their duals, such assumption could be probably avoided.

Theorem 4.2. The solution (w, β) of the problem (2.9) satisfies

A_h(w, β; v, η) = (f, v) ∀(v, η) ∈ W_h × V_h . (4.15)

Proof. The definition of the bilinear forms in Method 3.1, recalling (2.9) and the expression (3.12), we obtain

B_h(w, β; v, η) = a(β, η) − ∑ K∈C_h

αh^2_K (Lβ, Lη)_K + ∑ K∈C_h 1 αh^2_K

(∇w − β − αh^2_K Lβ, ∇v − η − αh^2_K Lη)_K

= a(β, η) + ∑ K∈C_h

αh^2_K (q, Lη)_K + ∑ K∈C_h

(q, ∇v − η − αh^2_K Lη)_K

= a(β, η) + (q, ∇v − η) . (4.16)

First by the definition, then integrating by parts on each triangle, finally using the regularity of the functions involved and the boundary conditions of (2.9) on Γ_c, Γ_s, we get

a(β, η) + (q, ∇v − η) = ∑ K∈C_h ( (M(β), ε(η))_K + (q, ∇v − η)_K )

= − ∑ K∈C_h

(Lβ + q, η)_K + ∑ e∈Γ_{f,h}

(M(β) · n, η)_e − ∑ K∈C_h

(div q, v)_K + ∑ e∈Γ_f

(q · n, v)_e . (4.17)

Recalling the first two equations in (2.9), the identity above becomes

a(β, η) + (q, ∇v − η) = (f, v) + ∑ e∈Γ_{f,h} ( (M(β) · n, η)_e + (q · n, v)_e ) ,(4.18)

while, using the boundary conditions of (2.9) on Γ_f , an integration by parts along the boundary and the last condition in (2.9), finally leads to

a(β, η) + (q, ∇v − η) = (f, v) − ∑ e∈Γ_{f,h}

(M_{ns}(β), [∇v − η] · s)_e . (4.19)

Again, due to (2.9) and the definition of the bilinear forms in Method 3.1, we now get

D_h(w, β; v, η) = ∑ e∈Γ_{f,h} ( (M_{ns}(β), [∇v − η] · s)_e + ([∇w − β] · s, M_{ns}(η))_e + γ h_e

([∇w − β] · s, [∇v − η] · s)_e )

= ∑ e∈Γ_{f,h}

(M_{ns}(β), [∇v − η] · s)_e . (4.20)

The result directly follows from (4.16), (4.19) and (4.20).

We can now derive the error estimates for the method.

Theorem 4.3. Let 0 < α < C_I /4 and γ > 2/C^′_I . Let (w, β) be the solution of the problem (2.9) and (w_h, β_h) the solution obtained with Method 3.1. Then it holds ‖|(w − w_h, β − β_h)‖|_h ≤ Ch^s‖w‖_{s+2} (4.21) for all 1 ≤ s ≤ k.

Proof. Step 1. Let (w_I , β_I ) ∈ W_h × V_h be the usual Lagrange interpolants to w and β, respectively. Using first the stability result of Theorem 4.1 and then the consistency result of Theorem 4.2 one has the existence of a pair (v, η) ∈ W_h × V_h , ‖|(v, η)‖|_h ≤ C , (4.22) such that

‖|(w_h − w_I , β_h − β_I )‖|_h ≤ A_h(w_h − w_I , β_h − β_I ; v, η) = A_h(w − w_I , β − β_I ; v, η) , (4.23) where A_h = B_h + D_h.

Step 2. For the B_h-part we have

B_h(w − w_I , β − β_I ; v, η) = a(β − β_I , η) − ∑ K∈C_h

αh^2_K (L(β − β_I ), Lη)_K + ∑ K∈C_h 1 αh^2_K

(∇(w − w_I ) − (β − β_I ) − αh^2_K L(β − β_I ), ∇v − η − αh^2_K Lη)_K . (4.24) Due to the first inverse inequality of Lemma 3.1 we get ( ∑ K∈C_h

h^2_K ‖Lη‖^2_{0,K}

)_{1/2}

≤ C‖|(v, η)‖|_h (4.25) and ( ∑ K∈C_h 1 αh^2_K

‖∇v − η − αh^2_K Lη‖^2_{0,K}

)_{1/2}

≤ C‖|(v, η)‖|_h . (4.26)

Using these bounds in (4.24) and recalling (4.22) we obtain

B_h(w − w_I , β − β_I ; v, η) ≤ C ( ‖|(w − w_I , β − β_I )‖|_h + ( ∑ K∈C_h

h^2_K |β − β_I |^2_{,K}

)_{1/2}) . (4.27)

Substituting the definition of the norm (4.3) in (4.27), using the triangle inequality, and finally applying the classical interpolation estimates it easily follows

B_h(w − w_I , β − β_I ; v, η) ≤ Ch^s ( ‖w‖_{s+2} + ‖β‖_{s+1} ) . (4.28) Step 3. For the D_h-part in (4.23) we have, by the definition, D_h(w − w_I , β − β_I ; v, η) = ∑ e∈Γ_{f,h} ( (M_{ns}(β − β_I ), [∇v − η] · s)_e

+([∇(w − w_I ) − (β − β_I )] · s, M_{ns}(η))_e + γ h_e

([∇(w − w_I ) − (β − β_I )] · s, [∇v − η] · s)_e ) =: T_1 + T_2 + T_3 . (4.29) Note that the Agmon inequality (see [1])

‖v‖_{0,e} ≤ C ( h^{−1/2}_K ‖v‖_{0,K} + h^{1/2}_K ‖v‖_{1,K} ) ∀v ∈ P_k(K) , (4.30) combined with the classical inverse estimate |∇ϕ|_{0,K} ≤ Ch^{−1}_K ‖ϕ‖_{0,K} ∀ϕ ∈ [P_k(K)]^2 , (4.31) gives

‖[∇v − η] · s‖^2_{0,e} ≤ ‖∇v − η‖^2_{0,e} ≤ h^{−1}_{Ke} ‖∇v − η‖^2_{0,Ke} (4.32) for all e ∈ Γ_{f,h}, where K_e is the only triangle pertaining to the boundary edge e. Following the same steps we also get ‖M_{ns}(η)‖^2_{0,e} ≤ h^{−1}_{Ke} ‖η‖^2_{1,Ke} ∀e ∈ Γ_{f,h} . (4.33) The l^2-Cauchy–Schwartz inequality, the bound (4.32) and the norm definition (4.3) now give

T_1 ≤ ( ∑ e∈Γ_{f,h}

h_{Ke} ‖M_{ns}(β − β_I )‖^2_{0,e}

)_{1/2}( ∑

e∈Γ_{f,h}

h^{−1}_{Ke} ‖[∇v − η] · s‖^2_{0,e}

)_{1/2}

≤ ( ∑ e∈Γ_{f,h}

h_{Ke} ‖M_{ns}(β − β_I )‖^2_{0,e}

)_{1/2}

‖|(v, η)‖|_h . (4.34)

Recalling the bound (4.22), using the Agmon inequality and finally applying the classical polynomial interpolation properties, it follows

T_1 ≤ C ( ∑ e∈Γ_{f,h}

‖M(β − β_I )‖^2_{0,Ke} + h^2_{Ke} ‖M(β − β_I )‖^2_{1,Ke}

)_{1/2}

≤ Ch^s‖β‖_{s+1} . (4.35) The l^2-Cauchy–Schwartz inequality, the bound (4.33) and the norm definition (4.3) now give T_2 ≤ ( ∑ e∈Γ_{f,h}

h^{−1}_{Ke} ‖∇(w − w_I ) − (β − β_I )‖^2_{0,e}

)_{1/2}( ∑

e∈Γ_{f,h}

h_{Ke} ‖M_{ns}(η)‖^2_{0,e}

)_{1/2}

≤ ( ∑ e∈Γ_{f,h}

h^{−1}_{Ke} ‖∇(w − w_I ) − (β − β_I )‖^2_{0,e}

)_{1/2}

‖|(v, η)‖|_h . (4.36)

Again recalling the bound (4.22), using the Agmon inequality, applying the triangle inequality and the classical polynomial interpolation properties, it follows T_2 ≤ ( ∑ e∈Γ_{f,h}

h^{−2}_{Ke} ‖∇(w − w_I ) − (β − β_I )‖^2_{0,Ke}

+ ‖∇(w − w_I ) − (β − β_I )‖^2_{1,Ke}

)_{1/2}

≤ Ch^s ( ‖β‖_{s+1} + ‖w‖_{s+2} ) . (4.37) The bound for T_3 follows combining the same techniques used for T_1 and T_2; we get T_3 ≤ Ch^s ( ‖β‖_{s+1} + ‖w‖_{s+2} ) . (4.38) Now, joining all the bounds (4.23), (4.28), (4.29), (4.35), (4.37) and (4.38) we obtain

‖|(w_h − w_I , β_h − β_I )‖|_h ≤ Ch^s ( ‖β‖_{s+1} + ‖w‖_{s+2} ) . (4.39) The triangle inequality and the classical polynomial interpolation estimates (recalling that β = ∇w) then yield ‖|(w − w_h, β − β_h)‖|_h ≤ Ch^s ( ‖β‖_{s+1} + ‖w‖_{s+2} ) ≤ Ch^s‖w‖_{s+2} . (4.40) Note that the result holds for real values of the regularity parameter s because the interpolation results used above are valid for real values of s.

We also have the following result for the shear stress Lagrange multiplier: Lemma 4.3. It holds ‖q − q_h‖_{−1,∗} ≤ Ch^k‖w‖_{k+2} . (4.41)

Proof. The proof is essentially an application of the ”Pitkäranta–Verfürth trick” (see [22, 26]). From the definitions (3.12),(3.11), the triangle inequality, the classical interpolation and the bound (4.40) it easily follows ‖q − q_h‖_{−1,h} ≤ ‖|(w − w_h, β − β_h)‖|_h + ( ∑ K∈C h^2_K ‖Lβ − Lβ_h‖^2_{0,K}

)_{1/2}

≤ Ch^k‖w‖_{k+2} . (4.42) By the definition of the norm ‖ · ‖_{−1,∗} there exists a function η ∈ V_∗ such that ‖q − q_h‖_{−1,∗} ≤ (q − q_h, η) , ‖η‖_1 ≤ C . (4.43) Using a Clément type interpolant we can find a piecewise linear function η_I ∈ V_∗ such that, recalling also (4.43), it holds h^{s−1}_K ‖η − η_I ‖_{s,K} ≤ C‖η‖_{1,K} ≤ C^′ , s = 0, 1 (4.44) for all K ∈ C_h. Using the Cauchy–Schwartz inequality, the bound (4.44) with s = 0 and the definition (4.4) it follows (q − q_h, η) = (q − q_h, η − η_I ) + (q − q_h, η_I ) ≤ C‖q − q_h‖_{−1,h} + (q − q_h, η_I ) . (4.45) Note that η_I is both in V_h and V_∗; moreover Lη_I = 0 on each single element K of C_h. As a consequence, using (3.6),(3.11),(3.12) and Theorem 4.2, it follows (q − q_h, η_I ) = −a(β − β_h, η_I ) − ∑ e∈Γ_{f,h}

([∇w_h − β_h)] · s, M_{ns}(η_I ))_e =: T_1 + T_2 . (4.46) Due to the continuity of the bilinear form and using bound (4.44) with s = 1 it immediately follows T_1 ≤ C‖β − β_h‖_1 ≤ C‖|(w − w_h, β − β_h)‖|_h . (4.47) Using first the Cauchy–Schwartz inequality, then the Agmon inequality, finally the bound (4.44) with s = 1, Lemma 3.1 and the definition (4.3), we get T_2 ≤ ( ∑ e∈Γ_{f,h}

h^{−1}_e ‖∇w_h − β_h)‖^2_{0,e}

)_{1/2}( ∑

e∈Γ_{f,h}

h_e‖M_{ns}(η_I )‖^2_{0,e}

)_{1/2}

≤ ( ∑ K∈C_h

h^{−2}_K ‖∇w_h − β_h)‖^2_{0,K}

)_{1/2}

‖η_I ‖_1 ≤ C‖|(w − w_h, β − β_h)‖|_h , (4.48) where in the last inequality we implicitly used the relation ∇w − β = 0. Combining (4.43), (4.45) with (4.46), (4.47) and (4.48) it follows ‖q − q_h‖_{−1,∗} ≤ C ( ‖q − q_h‖_{−1,h} + ‖|(w − w_h, β − β_h)‖|_h ) . (4.49) Joining (4.49), (4.42) and using Theorem 4.3 the proposition immediately follows.

Combining Theorem 4.3 and Lemma 4.3 with the regularity of the solution w finally grants the convergence of the method.

The regularity of the solution of the Kirchhoff plate problems for convex polygonal domains, with all the three main types of boundary conditions, is very case dependent. We refer for example to the work [21] where a rather complete study is accomplished. Note that, if f ∈ H^{−1}(Ω), in most cases of interest the regularity condition w ∈ H^3(Ω) is indeed achieved.

Note that with classical duality arguments and technical calculations it is also possible to derive the error bound ‖w − w_h‖_0 ≤ Ch^{k+1}‖w‖_{k+1} , (4.50) if the regularity estimate ‖w‖_3 ≤ C‖f‖_0 (4.51) holds, and ‖w − w_h‖_1 ≤ Ch^{k+1}‖w‖_{k+1} , (4.52) with the regularity estimate ‖w‖_3 ≤ C‖f‖_{−1} . (4.53) Moreover, if k ≥ 2 and the regularity estimate ‖w‖_4 ≤ C‖f‖_0 (4.54) is satisfied, then the improved estimate holds: ‖w − w_h‖_0 ≤ Ch^{k+2}‖w‖_{k+2} . (4.55)

5 A-posteriori error estimates

In this section we prove the reliability and the efficiency for an a-posteriori error estimator for our method. To this end, we introduce η̃^2_K := h^4_K ‖f_h + div q_h‖^2_{0,K} + h^{−2}_K ‖∇w_h − β_h‖^2_{0,K} , (5.1) η^2_e := h^3_e‖�q_h · n�‖^2_{0,e} + h_e‖�M(β_h)n�‖^2_{0,e} , (5.2) η^2_{s,e} := h_e‖M_{nn}(β_h)‖^2_{0,e} , (5.3) η^2_{f,e} := h_e‖M_{nn}(β_h)‖^2_{0,e} + h^3_e‖ ∂ ∂s M_{ns}(β_h) − q_h · n‖^2_{0,e} , (5.4) where f_h is some approximation of the load f, h_e denotes the length of the edge e and �·� represents the jump operator (which is assumed to be equal to the function value on boundary edges). Here the normal unit vector n is fixed for each edge e.

Given any element K ∈ C_h, let the local error indicator be

η_K := ( η̃^2_K + 1 2 ∑ e∈Γ_{i,h}∩∂K

η^2_e + ∑ e∈Γ_{s,h}∩∂K

η^2_{s,e} + ∑ e∈Γ_{f,h}∩∂K

η^2_{f,e}

)_{1/2}

, (5.5)

where Γ_{i,h} represents the set of all the internal edges, while Γ_{c,h}, Γ_{s,h} and Γ_{f,h} represent the sets of all the boundary edges in Γ_c, Γ_s and Γ_f , respectively.

Finally, the global error indicator is defined as

η := ( ∑ K∈C_h

η^2_K

)_{1/2}

. (5.6)

5.1 Upper bounds

In order to derive the reliability of the method we need the following saturation assumption.

Assumption 5.1. Given a mesh C_h, let C_{h/2} be the mesh obtained by splitting each triangle K ∈ C_h into four triangles connecting the edge midpoints. Let (w_{h/2}, β_{h/2}, q_{h/2}) be the discrete solution corresponding to the mesh C_{h/2}. We assume that there exists a constant ρ, 0 < ρ < 1, such that

‖|(w − w_{h/2}, β − β_{h/2})‖|_{h/2} + ‖q − q_{h/2}‖_{−1,∗} ≤ ρ ( ‖|(w − w_h, β − β_h)‖|_h + ‖q − q_h‖_{−1,∗} ) , (5.7)

where by ‖| · ‖|_{h/2} we indicate the ‖| · ‖|_h norm with respect to the new mesh C_{h/2}.

In the sequel we will also need the following lemma:

Lemma 5.1. Let, for v ∈ W_{h/2}, the local seminorm be

|v|_{2,h/2,K} = ( ∑ K^′∈C_{h/2}∩K

|v|^2_{,K}′

)_{1/2} . (5.8)

Then, there is a positive constant C such that for all v ∈ W_{h/2} there exists v_I ∈ W_h such that

‖v − v_I ‖_{0,K} ≤ Ch^2_K |v|_{2,h/2,K} ∀K ∈ C_h . (5.9)

Moreover, v_I interpolates v at all the vertices of the triangulation C_{h/2}.

Proof. We choose v_I as the only function in H^1(Ω) such that v_I |_K ∈ P_2(K) ∀K ∈ C_h , v_I (N) = v(N) ∀N ∈ V_{h/2} , (5.10) where V_{h/2} represents the set of all the vertices of C_{h/2}. Note that it is trivial to check that v_I ∈ W_h for all k ≥ 1. Observing that

|v|_{2,h/2,K} + ∑ N∈V_{h/2}∩K

|v(N)| , v ∈ W_{h/2} , K ∈ C_h , (5.11)

is indeed a norm on the finite dimensional space of the functions v ∈ W_{h/2} restricted to K, the result follows applying the classical scaling argument.

For simplicity, in the sequel we will treat the case Γ_s = ∅, the general case following with identical arguments as the ones that follow. We have the following preliminary result: Theorem 5.1. It holds

‖|(w_{h/2} − w_h, β_{h/2} − β_h)‖|_{h/2} ≤ C ( ∑ K∈C_h

η^2_K + h^4_K ‖f − f_h‖^2_{0,K}

)_{1/2} . (5.12)

Proof. Step 1. Due to the stability of the discrete formulation, proved in Theorem 4.1, there exists a couple (v, η) ∈ W_{h/2} × V_{h/2} such that ‖|(v, η)‖|_{h/2} ≤ C (5.13) and ‖|(w_{h/2} − w_h, β_{h/2} − β_h)‖|_{h/2} ≤ A_{h/2}(w_{h/2} − w_h, β_{h/2} − β_h; v, η) . (5.14) We also have A_{h/2}(w_{h/2}, β_{h/2}; v, η) = (f, v) . (5.15) Simple calculations and the definition (3.11) give

B_{h/2}(w_h, β_h; v, η) = a(β_h, η) − ∑ K∈C_{h/2}

αh^2_K (Lβ_h, Lη)_K

+ ∑ K∈C_{h/2} 1 αh^2_K

(∇w_h − β_h − αh^2_K Lβ_h, ∇v − η − αh^2_K Lη)_K = a(β_h, η) − ∑ K∈C_{h/2}

(∇w_h − β_h, Lη)_K + ∑ K∈C_{h/2}

(q_h, ∇v − η)_K +R(w_h, β_h; v, η) = B_h(w_h, β_h; v, η) + R(w_h, β_h; v, η) , (5.16) where q_h is defined as in (3.11), i.e. based on the coarser mesh, and

R(w_h, β_h; v, η) = ∑ K∈C_{h/2} 1 αh^2_K

(∇w_h − β_h, ∇v − η)_K

− ∑ K∈C_h 1 αh^2_K

(∇w_h − β_h, ∇v − η)_K . (5.17)

Note that the last term on the right hand side is well defined since ∇v − η is piecewise L^2.

Let now T_h, T_{h/2} indicate respectively the set of all the edges of C_h and C_{h/2}, while Γ_{f,h}, Γ_{f,h/2} represent the subset of all the edges on Γ_f . Adding and subtracting the difference between the two forms it then follows

D_{h/2}(w_h, β_h; v, η) = D_h(w_h, β_h; v, η) + R^′(w_h, β_h; v, η) , (5.18)

where

R^′(w_h, β_h; v, η) = ∑ e∈Γ_{f,h/2} γ h_e

([∇w_h − β_h] · s, [∇v − η] · s)_e − ∑ e∈Γ_{f,h} γ h_e

([∇w_h − β_h] · s, [∇v − η] · s)_e , (5.19)

and where the first member on the right hand side is indeed well defined because of the piecewise regularity of (v, η).

Step 2. Finally, let v_I ∈ W_h be the interpolant of v described in Lemma 5.1, and η_I ∈ V_h the classical piecewise linear node interpolant of η for the mesh C_h. Joining (5.15), (5.16), (5.18) and using

B_h(w_h, β_h; v_I , η_I ) + D_h(w_h, β_h; v_I , η_I ) = A_h(w_h, β_h; v_I , η_I ) = (f, v_I ) , (5.20)

some simple algebra gives

A_{h/2}(w_{h/2} − w_h, β_{h/2} − β_h; v, η) = (f, v − v_I ) − B_h(w_h, β_h; v − v_I , η − η_I ) −D_h(w_h, β_h; v − v_I , η − η_I ) − R(w_h, β_h; v, η) −R^′(w_h, β_h; v, η) . (5.21)

From the definitions (3.8), (2.8), (3.11), (2.10) and (2.11), integrating by parts on each element K ∈ C_h and rearranging the terms we obtain

(f, v − v_I ) − B_h(w_h, β_h; v − v_I , η − η_I ) = (f, v − v_I ) − a(β_h, η − η_I ) + ∑ K∈C_h

(∇w_h − β_h, L(η − η_I ))_K − ∑ K∈C_h

(q_h, ∇(v − v_I ) − (η − η_I ))_K = ∑ K∈C_h ( (f + div q_h, v − v_I )_K + (q_h + Lβ_h, η − η_I )_K

−(∇w_h − β_h, L(η − η_I ))_K )

+ ∑ e∈Γ_{i,h} ( (�M(β_h)n�, η − η_I )_e + (�q_h · n�, v − v_I )_e )

+ ∑ e∈Γ_{f,h} ( (q_h · n, v − v_I )_e + (M(β_h)n, η − η_I )_e ) . (5.22)

In order to treat the boundary pieces we need two observations. First, note that integration by parts along the boundary edges gives ∑ e∈Γ_{f,h}

(M_{ns}(β_h), ∇(v − v_I ) · s)_e = − ∑ e∈Γ_{f,h} ( ∂ ∂s M_{ns}(β_h), v − v_I ) , (5.23)

where there are no additional terms because v_I (N) = v(N) for all the vertices N of C_h. Second, note that the last term in (5.22) can be splitted as ∑ e∈Γ_{f,h}

(M(β_h)n, η − η_I )_e = ∑ e∈Γ_{f,h} ( (M_{nn}(β_h), (η − η_I ) · n)_e + (M_{ns}(β_h), (η − η_I ) · s)_e ) .(5.24)

As a consequence, applying (5.23) and (5.24) we obtain ∑ e∈Γ_{f,h} ( (M(β_h)n, η − η_I )_e + (q_h · n, v − v_I )_e ) + D_h(w_h, β_h; v − v_I , η − η_I ) = ∑ e∈Γ_{f,h} ( (M_{nn}(β_h), (η − η_I ) · n)_e − ( ∂ ∂s M_{ns}(β_h) − q_h · n, v − v_I )_e

+([∇w_h − β_h] · s, M_{ns}(η − η_I ))_e + γ h_e

([∇w_h − β_h] · s, [∇(v − v_I ) − (η − η_I )] · s)_e ) . (5.25)

Combining (5.21), (5.22) and (5.25) we have

A_{h/2}(w_{h/2} − w_h, β_{h/2} − β_h; v, η) = ∑ K∈C_h ( (f + div q_h, v − v_I )_K + (q_h + Lβ_h, η − η_I )_K

−(∇w_h − β_h, L(η − η_I ))_K )

+ ∑ e∈Γ_{i,h} ( (�M(β_h)n�, η − η_I )_e + (�q_h · n�, v − v_I )_e )

+ ∑ e∈Γ_{f,h} ( (M_{nn}(β_h), (η − η_I ) · n)_e −( ∂ ∂s M_{ns}(β_h) − q_h · n, v − v_I )_e + ([∇w_h − β_h] · s, M_{ns}(η − η_I ))_e + γ h_e

([∇w_h − β_h] · s, [∇(v − v_I ) − (η − η_I )] · s)_e ) −R(w_h, β_h; v, η) − R^′(w_h, β_h; v, η) . (5.26)

Step 3. Finally, we have to bound all the terms above. We first treat the last two addenda (see (5.17) and (5.19) for the definitions). First recalling that C_{h/2} is a subdivision of C_h, then from the Hölder inequality and finally from (4.3),(5.13) it follows

|R(w_h, β_h; v, η)| ≤ 2| ∑ K∈C_{h/2} 1 αh^2_K

(∇w_h − β_h, ∇v − η)_K |

≤ C ( ∑ K∈C_{h/2} 1 h^2_K

‖∇w_h − β_h‖^2_{0,K}

)_{1/2}( ∑

K∈C_{h/2} 1 h^2_K

‖∇v − η‖^2_{0,K}

)_{1/2}

≤ C ( ∑ K∈C_{h/2} 1 h^2_K

‖∇w_h − β_h‖^2_{0,K}

)_{1/2}

. (5.27)

Using the Agmon inequality with arguments similar to those already adopted in (5.27) it can be checked that

|R^′(w_h, β_h; v, η)| ≤ ( ∑ K∈C_{h/2} 1 h^2_K

‖∇w_h − β_h‖^2_{0,K}

)_{1/2}

. (5.28)

Combining (5.27) and (5.28) we get

| − R(w_h, β_h; v, η) − R^′(w_h, β_h; v, η)| ≤ C ( ∑ K∈C_h

η̃^2_K

)_{1/2} . (5.29)

For the other terms in (5.26), we show in detail only a couple of examples, because the remaining cases easily follow applying the same arguments. We start by observing that from the definitions (5.8), (4.2), (4.3) and the bound (5.13) it follows immediately that ∑ K∈C_h

|v|^2_{,h/2,K} ≤ C‖|(v, η)‖|_{h/2} ≤ C^′ . (5.30)

We have ∑ K∈C_h

(f + div q_h, v − v_I )_K = ∑ K∈C_h

(f_h + div q_h, v − v_I )_K + (f − f_h, v − v_I )_K . (5.31)

Recalling Lemma 5.1 and using (5.30) we get ∑ K∈C_h

(f_h + div q_h, v − v_I )_K ≤ ( ∑ K∈C_h

h^4_K ‖f_h + div q_h‖^2_{0,K}

)_{1/2}( ∑

K∈C_h

h^{−4}_K ‖v − v_I ‖^2_{0,K}

)_{1/2}

≤ C ( ∑ K∈C_h

h^4_K ‖f_h + div q_h‖_{0,K}

)_{1/2}( ∑

K∈C_h

|v|^2_{,h/2,K}

)_{1/2}

≤ C ( ∑ K∈C_h

η̃^2_K

)_{1/2} . (5.32)

The same argument gives ∑ K∈C_h

(f − f_h, v − v_I )_K ≤ ( ∑ K∈C_h

h^4_K ‖f − f_h‖^2_{0,K}

)_{1/2}

, (5.33)

which, joined with (5.31) and (5.32), bounds the first term in (5.26).

First using the Agmon and the inverse inequality, then again applying Lemma 5.1 and (5.30), we have ∑ e∈Γ_{f,h} ( ∂ ∂s M_{ns}(β_h) − q_h · n, v − v_I )_e

≤ ( ∑ e∈Γ_{f,h}

h^3_e‖ ∂ ∂s M_{ns}(β_h) − q_h · n‖^2_{0,e}

)_{1/2}( ∑

e∈Γ_{f,h}

h^{−3}_e ‖v − v_I ‖^2_{0,e}

)_{1/2}

≤ C ( ∑ e∈Γ_{f,h}

η^2_{f,e}

)_{1/2}( ∑

K∈C_h

h^{−4}_e ‖v − v_I ‖^2_{0,K}

)_{1/2}

≤ C ( ∑ e∈Γ_{f,h}

η^2_{f,e}

)_{1/2}

. (5.34)

The remaining terms are bounded using the same techniques.

It is worth noting that, by the definition (3.11),

(q_h + Lβ_h)_{|K} = 1 αh^2_k

(∇w_h − β_h)_{|K} ∀K ∈ C_h , (5.35)

which is the reason why there appears no terms of the kind ‖q_h + Lβ_h‖_{0,K} in the error estimator. Note also that the Agmon and the inverse inequality easily give ∑ e∈Γ_{f,h}

h^{−1}_e ‖∇w_h − β_h‖^2_{0,e} ≤ C ∑ K∈C_h

h^{−2}_K ‖∇w_h − β_h‖^2_{0,K} , (5.36) which is the reason why there appears no boundary terms of the kind ‖∇w_h − β_h‖_{0,e}. We finally get

A_{h/2}(w_{h/2} − w_h, β_{h/2} − β_h; v, η) ≤ C ( η^2_K + h^4_K ‖f − f_h‖^2_{0,K}

)_{1/2}

, (5.37) which combined with (5.14) proves the proposition.

We also have the following lemma for the shear stress: Lemma 5.2. It holds

‖q_{h/2} − q_h‖^2_{−1,∗} ≤ C ( ‖|(w_{h/2} − w_h, β_{h/2} − β_h)‖|^2_{h/2} + ∑ K∈C_h

η̃^2_K ) . (5.38)

Proof. We start observing that, referring to the definition (3.11) and its ”h/2” counterpart, q_h and q_{h/2} are defined on different meshes and therefore with different h^2_K coefficients. However, recalling that the size ratio between the two meshes is bounded, it is easy to check that an opportune splitting and the triangle inequality give

‖q_{h/2} − q_h‖^2_{−1,h} ≤ C ( ∑ K∈C_{h/2}

‖∇(w_{h/2} − w_h) − (β_{h/2} − β_h)‖^2_{0,K} + ∑ K∈C_h

‖∇w_h − β_h‖^2_{0,K} + ∑ K∈C_{h/2}

h^2_K ‖Lβ_{h/2} − Lβ_h‖^2_{0,K} ) . (5.39)

The first and the last term in (5.39) can be bounded in terms of the ‖| · ‖|_{h/2} norm, simply using the definition (4.3) and the inverse inequality h^2_K ‖Lβ_{h/2} − Lβ_h‖^2_{0,K} ≤ C‖β_{h/2} − β_h‖^2_{1,K} . (5.40) Therefore, recalling the definition (5.1), we get

‖q_{h/2} − q_h‖^2_{−1,h} ≤ C‖|(w_{h/2} − w_h, β_{h/2} − β_h)‖|^2_{h/2} + ∑ K∈C_h

η̃^2_K .(5.41)

The transition from the ‖q_{h/2} − q_h‖_{−1,h} norm to the ‖q_{h/2} − q_h‖_{−1,∗} norm is done using the ”Pitkäranta-Verfürth trick” with steps almost identical to those used in Lemma 4.3, therefore omitted.

Joining Theorem 5.1 and Lemma 5.2 gives the following a-posteriori upper bound for the method: Theorem 5.2. It holds ‖|(w − w_h, β − β_h)‖|_h + ‖q − q_h‖_{−1,∗} ≤ C ( ∑ K∈C_h

η^2_K + h^4_K ‖f − f_h‖^2_{0,K}

)_{1/2}

.(5.42)

Proof. Theorem 5.1 combined with Lemma 5.2 trivially gives ‖|(w_{h/2} − w_h, β_{h/2} − β_h)‖|_{h/2} + ‖q_{h/2} − q_h‖_{−1,∗} ≤ C ( ∑ K∈C_h

η^2_K + h^4_K ‖f − f_h‖^2_{0,K}

)_{1/2} , (5.43)

which, by recalling the saturation assumption, proves the theorem.

5.2 Lower bounds

In this section we prove the efficiency of the error estimator. Given any edge e of the triangulation, we define ω_e as the set of all the triangles K ∈ C_h that have e as an edge. Given any K ∈ C_h, we define ω_K as the set of all the triangles K ∈ C_h that share an edge with K. We then have the following lemma [20]:

Lemma 5.3. Given any edge e of the triangulation C_h, let P_k(e) be the space of polynomials of degree at most k on e. There exists a linear operator Π_e : P_k(e) −→ H^2_0 (ω_e) (5.44) such that for all p_k ∈ P_k(e) it holds C_1‖p_k‖^2_{0,e} ≤ (p_k, Π_e(p_k))_e ≤ ‖p_k‖^2_{0,e} , (5.45) ‖Π_e(p_k)‖_{0,ωe} ≤ C_2h^{1/2}_e ‖p_k‖_{0,e} , (5.46) where the positive constants C_i above depend only on k and the minimum angle of the triangles in C_h.

We have the following efficiency result: Theorem 5.3. It holds

η_K ≤ ‖|(w − w_h, β − β_h)‖|_{h,ωK} + ‖q − q_h‖_{−1,∗,ωK} + h^2_K ‖f − f_h‖_{0,ωK} ,(5.47) where ‖| · ‖|_{h,ωK} , ‖ · ‖_{−1,∗,ωK} , ‖ · ‖_{0,ωK} represent respectively the norms ‖| · ‖|_h, ‖ · ‖_{−1,∗}, ‖ · ‖_0 restricted to the domain ω_K .

Proof. Step 1. The proof consists of bounding separately all the addenda in η_K . First we bound the terms of η̃^2_K in (5.1). Given any K ∈ C_h, let b_K indicate the standard third order polynomial bubble on K, scaled such that ‖b_K ‖_L∞_{(K)} = 1. Given K ∈ C_h, let now φ_K ∈ H^2_0 (K) be defined as φ_K = (f_h + div q_h) b^2_K . (5.48) The standard scaling arguments then easily show that ‖f_h + div q_h‖^2_{0,K} ≤ C(f_h + div q_h, φ_K )_K , (5.49) ‖φ_K ‖_{0,K} ≤ C‖f_h + div q_h‖_{0,K} . (5.50) Recalling (2.9), integration by parts gives h^2_K ‖f_h + div q_h‖^2_{0,K} ≤ Ch^2_K (f_h + div q_h, φ_K )_K = Ch^2_K ( (f + div q_h, φ_K )_K + (f_h − f, φ_K )_K ) = Ch^2_K ( (−div q + div q_h, φ_K )_K + (f_h − f, φ_K )_K ) ≤ Ch^2_K ( (q_h − q, ∇φ_K )_K + (f_h − f, φ_K )_K ) . (5.51)

Note that in particular ∇φ_K ∈ V_∗ (see the definition (4.5)). Therefore the duality inequality and the Cauchy–Schwartz inequality, followed by the inverse inequality and the bound (5.50) lead to the estimate

Ch^2_K ( (q_h − q, ∇φ_K )_K + (f_h − f, φ_K ) ) ≤ C‖q − q_h‖_{−1,∗,K} h^2_K ‖∇φ_K ‖_{1,K} + Ch^2_K ‖f − f_h‖_{0,K} ‖φ_K ‖_{0,K} ≤ C ( ‖q − q_h‖_{−1,∗,K} + h^2_K ‖f − f_h‖_{0,K} ) ‖f_h + div q_h‖_{0,K} . (5.52) Combining (5.51) with (5.52) finally gives

h^2_K ‖f_h + div q_h‖_{0,K} ≤ C ( ‖q − q_h‖_{−1,∗,K} + h^2_K ‖f − f_h‖_{0,K} ) . (5.53) The second term in (5.1) can be bounded directly using (2.9)_3 h^{−1}_K ‖∇w_h − β_h‖_{0,K} = h^{−1}_K ‖∇(w − w_h) − (β − β_h)‖^2_{0,K} ≤ ‖|(w − w_h, β − β_h)‖|_{h,K} . (5.54) Step 2. Second we bound the terms of η^2_e in (5.2). Given now e in the set Γ_{i,h} of the internal edges of C_h, let φ_e = Π_e(�M(β_h)n�) , (5.55) where, with a little abuse of notation, the operator Π_e is intended as applied on each single component. Then, from (5.45) and with integration by parts, it follows h^{1/2}_e ‖�M(β_h)n�‖^2_{0,e} ≤ Ch^{1/2}_e (�M(β_h)n�, φ_e)_e = Ch^{1/2}_e ( (Lβ_h, φ_e)_{ωe} + (M(β_h), ∇φ_e)_{ωe} ) , (5.56) where we recall that ω_e was defined at the start of this section. Integration by parts and the first identity in (2.9) immediately yield (M(β), ∇φ_e)_{ωe} = −(Lβ, φ_e)_{ωe} = (q, φ_e)_{ωe} , (5.57) which, used in (5.56), gives h^{1/2}_e ‖�M(β_h)n�‖^2_{0,e} ≤ Ch^{1/2}_e ( (Lβ_h + q, φ_e)_{ωe} + (M(β_h) − M(β), ∇φ_e)_{ωe} ) = Ch^{1/2}_e ( (Lβ_h + q_h, φ_e)_{ωe} + (q − q_h, φ_e)_{ωe} +(M(β_h) − M (β), ∇φ_e)_{ωe} ) . (5.58) We now bound the three terms on the right hand side of (5.58). The identity (5.35), the Cauchy–Schwartz inequality, the definition (5.55) and the bound (5.46) give h^{1/2}_e (Lβ_h + q_h, φ_e)_{ωe} ≤ C ( ∑ K∈C_h∩ω_e

h^{−2}_K ‖∇w_h − β_h‖^2_{0,K}

)_{1/2} ‖�M (β_h)n�‖_{0,e}

≤ C ‖|(w − w_h, β − β_h)‖|_{h,ωe} ‖�M(β_h)n�‖_{0,e} . (5.59)

Note that in particular φ_e ∈ V_∗ (see the definition (4.5)). Therefore, first the duality inequality, then the definition (5.55) combined with the bound (5.46) and the inverse inequality give

h^{1/2}_e (q − q_h, φ_e)_{ωe} ≤ h^{1/2}_e ‖q − q_h‖_{−1,∗,ωe} ‖φ_e‖_{1,ωe} ≤ C‖q − q_h‖_{−1,∗,ωe} ‖�M(β_h)n�‖_{0,e} . (5.60)

Now again the Cauchy–Schwartz inequality, then the inverse inequality and finally (5.55) combined with the bound (5.46) lead to the estimate

h^{1/2}_e (M(β_h) − M (β), ∇φ_e)_{ωe} ≤ C‖β − β_h‖_{1,ωe} h^{−1/2}_K ‖φ_e‖_{0,ωe} ≤ C‖β − β_h‖_{1,ωe} ‖�M(β_h)n�‖_{0,e} . (5.61)

Combining (5.59),(5.60) and (5.61) with (5.58) it follows

h^{1/2}_e ‖�M(β_h)n�‖_{0,e} ≤ C ( ‖|(w − w_h, β − β_h)‖|_{h,ωe} + ‖q − q_h‖_{−1,∗,ωe} ) ,(5.62)

while the remaining term in (5.2) is bounded with similar arguments:

h^{3/2}_e ‖�q_h · n�‖_{0,e} ≤ C ( ‖q − q_h‖_{−1,∗,K} + h^2_K ‖f − f_h‖_{0,K} ) . (5.63)

Step 3. Third we bound the only term of η^2_{s,e} in (5.3) which appears also in (5.4). Given now a triangulation edge e in Γ_{f,h} ∪ Γ_{s,h}, let

φ_e = Π_e(M_{nn}(β_h)) . (5.64)

Due to (5.45) and (2.9)_6 integration by parts gives

h^{1/2}_e ‖M_{nn}(β_h)‖^2_{0,e} ≤ h^{1/2}_e (M_{nn}(β_h − β), φ_e)_e = h^{1/2}_e (M_n(β_h − β), φ_en)_e = h^{1/2}_e ( (M(β_h − β), ∇(φ_en))_{ωe} + (L(β_h − β), φ_en)_{ωe} ) , (5.65)

where n is, as usual, the chosen normal unit vector to e. Using the Cauchy– Schwartz inequality, then the inverse inequality and finally the bound (5.46) we easily get

h^{1/2}_e (M(β_h − β), ∇(φ_en))_{ωe} ≤ h^{1/2}_e ‖β − β_h‖_{1,ωe} ‖∇(φ_en)‖_{0,ωe} ≤ C‖β − β_h‖_{1,ωe} ‖M_{nn}(β_h)‖_{0,e} . (5.66)

Recalling (2.9)_1, for the second term in (5.65), we have

h^{1/2}_e (L(β_h − β), φ_en)_{ωe} = h^{1/2}_e (Lβ_h + q_h, φ_en)_{ωe} + h^{1/2}_e (q − q_h, φ_en)_{ωe} . (5.67)

Observing that φ_en ∈ V_∗, the two terms on the right hand side of (5.67) can be bounded with the same arguments used respectively in (5.59) and (5.60). Omitting the details, we therefore get

h^{1/2}_e (L(β_h − β), φ_en)_{ωe} ≤ C ( ‖|(w − w_h, β − β_h)‖|_{h,ωe} +‖q − q_h‖_{−1,∗,ωe} ) ‖M_{nn}(β_h)‖_{0,e} . (5.68)

From (5.65), (5.66) and (5.68) we get

h^{1/2}_e ‖M_{nn}(β_h)‖_{0,e} ≤ C ( ‖|(w − w_h, β − β_h)‖|_{h,ωe} + ‖q − q_h‖_{−1,∗,ωe} ) . (5.69)

Step 4. Finally we bound the last term of η^2_{f,e} in (5.4). Given again a triangulation edge e in Γ_{f,h}, let

φ_e = Π_e( ∂ ∂s M_{ns}(β_h) − q_h · n) . (5.70)

Using (5.45) and recalling (2.9)_6 we obtain

h^{3/2}_e ‖ ∂ ∂s M_{ns}(β_h) − q_h · n‖^2_{0,e}

≤ h^{3/2}_e ( ( ∂ ∂s M_{ns}(β_h − β), φ_e)_e + ((q − q_h) · n, φ_e)_e ) . (5.71)

For the first term, integration by parts on the edge and simple algebra give

h^{3/2}_e ( ∂ ∂s M_{ns}(β_h − β), φ_e)_e = h^{3/2}_e (M_{ns}(β − β_h), ∇φ_e · s)_e

= h^{3/2}_e ( (M(β − β_h)n, ∇φ_e)_e − (M_{nn}(β − β_h), ∇φ_e · n)_e ) . (5.72)

Using again integration by parts, the first term in (5.72) can be written as

h^{3/2}_e (M(β − β_h)n, ∇φ_e)_e = h^{3/2}_e ( (L(β − β_h), ∇φ_e)_{ωe} + (M(β − β_h), ∇∇φ_e)_{ωe} ) . (5.73)

The second term in (5.71), again due to integration by parts and also recalling (2.9)_2, is instead equivalent to

h^{3/2}_e ((q − q_h) · n, φ_e)_e = h^{3/2}_e ( (q − q_h, ∇φ_e)_{ωe} −(f_h + div q_h, φ_e)_{ωe} − (f − f_h, φ_e)_{ωe} ) . (5.74)

For the first term, due to (2.9)_1 and (3.11), we now have

h^{3/2}_e (q − q_h, ∇φ_e)_{ωe}

= h^{3/2}_e ( (Lβ_h − Lβ, ∇φ_e)_{ωe} − 1 αh^2_{ωe}

(∇w_h − β_h, ∇φ_e)_{ωe} ) , (5.75)

where h_{ωe} is the size of the triangle ω_e. Combining all the identities from (5.71) to (5.75) it follows that

h^{3/2}_e ‖ ∂ ∂s M_{ns}(β_h) − q_h · n‖^2_{0,e}

≤ h^{3/2}_e ( (M(β − β_h), ∇∇φ_e)_{ωe} − (M_{nn}(β − β_h), ∇φ_e · n)_e − 1 αh^2_{ωe}

(∇w_h − β_h, ∇φ_e)_{ωe} − (f_h + div q_h, φ_e)_{ωe}

−(f − f_h, φ_e)_{ωe} ) . (5.76)

For the second term on the right hand side of (5.76), recalling (2.9)_6, using the Cauchy–Schwartz inequality and due to the bound (5.69) we have

h^{3/2}_e (M_{nn}(β − β_h), ∇φ_e · n)_e ≤ h^{1/2}_e ‖M_{nn}(β_h)‖_{0,e}h_e‖∇φ_e‖_{0,e} ≤ C ( ‖|(w − w_h, β − β_h)‖|_{h,ωe} + ‖q − q_h‖_{−1,∗,ωe} ) h_e‖∇φ_e‖_{0,e} ,(5.77)

which, using the inverse inequality and the bound (5.46) gives

h^{3/2}_e (M_{nn}(β − β_h), ∇φ_e · n)_e ≤ C ( ‖|(w − w_h, β − β_h)‖|_{h,ωe}

+‖q − q_h‖_{−1,∗,ωe} ) ‖ ∂ ∂s M_{ns}(β_h) − q_h · n‖_{0,e} . (5.78)

The remaining terms on the right hand side of (5.76) can all be bounded using the Cauchy–Schwartz inequality, the inverse inequality and the bounds (5.53), (5.46) as already shown for the similar previous cases. Without showing all the details, we finally get

h^{3/2}_e ‖ ∂ ∂s M_{ns}(β_h) − q_h · n‖^2_{0,e} ≤ C ( ‖|(w − w_h, β − β_h)‖|_{h,ωe} + ‖q − q_h‖_{−1,h,ωe}

+h^2_K ‖f − f_h‖_{0,K} ) ‖|_{h,ωe} ‖ ∂ ∂s M_{ns}(β_h) − q_h · n‖_{0,e} , (5.79)

or, trivially,

h^{3/2}_e ‖ ∂ ∂s M_{ns}(β_h) − q_h · n‖_{0,e} ≤ C ( ‖|(w − w_h, β − β_h)‖|_{h,ωe} + ‖q − q_h‖_{−1,h,ωe} +h^2_K ‖f − f_h‖_{0,K} ) . (5.80)

The proposition is now proved.

References

[1] S. Agmon, Lectures on Elliptic Boundary Value Problems, Van Nostrand, Princeton, NJ, 1965.

[2] D. N. Arnold and R. S. Falk, A uniformly accurate finite element method for the Reissner–Mindlin Plate, SIAM. J. Numer. Anal., 26 (1989), pp. 1276–1290.

[3] D. N. Arnold and R. S. Falk, Asymptotic analysis of the boundary layer for the Reissner-Mindlin plate model, SIAM. J. Math. Anal., 27 (1996), pp. 486–514.

[4] F. Auricchio and C. Lovadina, Partial selective reduced integration methods and kinematically linked interpolations for plate bending problems, Math. Models and Meth. Appl. Sci., 9 (1999), pp. 693-722.

[5] F. Auricchio and C. Lovadina, Analysis of kinematic linked interpolation methods for Reissner–Mindlin plate problems, Comput. Methods Appl. Mech. Engrg., 190 (2001), pp. 2465–2482.

[6] K. J. Bathe, Finite Element Procedures, Prentice Hall, 1996.

[7] K. J. Bathe, F. Brezzi and M. Fortin, Mixed-interpolated elements for the Reissner-Mindlin plates, Int. J. Num. Meth. Engrg., 28 (1989), pp. 1787–1801.

[8] L. Beirão da Veiga, Finite elements for a modified Reissner–Mindlin free plate model, Siam. J. Numer. Anal. 42 (2004), pp. 1572–1591.

[9] L. Beirão da Veiga and F. Brezzi, Reissner–Mindlin plates with free boundary conditions, Atti dei Convegni Lincei, 210 (2004).

[10] L. Beirão da Veiga, J. Niiranen and R. Stenberg, A family of C^0 finite elements for Kirchhoff plates: numerical results, to appear.

[11] F. Brezzi, M. Fortin and R. Stenberg, Error analysis of mixedinterpolated elements for Reissner–Mindlin plates, Math. Mod. Meth. Appl. Sci., 1 (1991), pp. 125–151.

[12] F. Brezzi and M. Fortin, Numerical Approximation of Mindlin– Reissner Plates, Math. Comp., 47 (1986), pp. 151–158.

[13] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods, Springer-Verlag, New York, 1991.

[14] C. Chinosi, PSRI elements for the Reissner–Mindlin free plate, Comp.

Struct., 83 (2005), pp. 2559–2572.

[15] P. Destuynder and T. Nevers, Une modification du modèle de Mindlin pour les plaques minces en flexion présentant un bord libre, RAIRO Modél. Math. Anal. Numér., 22 (1988), pp. 217–242.

[16] P. Destuynder and M. Salaun, Mathematical Analysis of Thin Plate Models, Springer-Verlag, Berlin Heidelberg, 1996.

[17] R. Duran and E. Liberman, On mixed finite element methods for the Reissner–Mindlin plate model, Math. Comp., 58 (1992), pp. 561–573.

[18] L. P. Franca and R. Stenberg, A modification of a low order Reissner–Mindlin plate bending element, in J.R.Whiteman, editor, The Mathematics of Finite Elements and Applications VII, MAFELAP 1990, pp. 425-436, Academic Press, 1991.

[19] T. J. R. Hughes, The finite element method. Linear static and dynamic finite element analysis, Prentice Hall, Inc., Englewood Cliffs, NJ, 1987.

[20] C. Lovadina and R. Stenberg, A posteriori error analysis of the linked interpolation technique for plate bending problems, submitted.

[21] H. Melzer and R. Rannacher, Spannungskonzentrationen in Eckpunkten der vertikal belasteten Kirchhoffschen platte, Bauingenieur, 55 (1980), pp. 181–189.

[22] J. Pitkäranta, Boundary subspaces for the finite element method with Lagrange multipliers, Numer. Math., 33 (1979), pp. 273–289.

[23] J. Pitkäranta, Analysis of some low-order finite element schemes for Mindlin–Reissner and Kirchhoff plates, Numer. Math., 53 (1988), pp. 237–254.

[24] J. Pitkäranta and M. Suri, Design principles and error analysis for reduced-shear plate-bending elements, Numer. Math., 75 (1996), pp. 223– 266.

[25] R. Stenberg, A new finite element formulation for the plate bending problem, in P. G. Ciarlet, L. Trabucho, and M. Viaño, (ed) Asymptotic Methods for Elastic Structures, Proceedings of the International Conference, Lisbon, October 4-8, 1993, Walter de Gruyter & Co., Berlin New-York, 1995, pp. 209–221.

[26] R. Verfürth, Error estimates for a mixed finite element approximation of the Stokes equations, RAIRO Anal. Numer., 18 (1984), pp. 175– 182.

(continued from the back cover)

A486 Hanna Pikkarainen

A Mathematical Model for Electrical Impedance Process Tomography April 2005

A485 Sampsa Pursiainen

Bayesian approach to detection of anomalies in electrical impedance tomogra- phy April 2005

A484 Visa Latvala , Niko Marola , Mikko Pere Harnack’s inequality for a nonlinear eigenvalue problem on metric spaces March 2005

A482 Mikko Lyly , Jarkko Niiranen , Rolf Stenberg A refined error analysis of MITC plate elements April 2005

A481 Dario Gasbarra , Tommi Sottinen , Esko Valkeila Gaussia Bridges December 2004

A480 Ville Havu , Jarmo Malinen

Approximation of the Laplace transform by the Cayley transform December 2004

A479 Jarmo Malinen

Conservativity of Time-Flow Invertible and Boundary Control Systems December 2004

A478 Niko Marola

Moser’s Method for minimizers on metric measure spaces October 2004

A477 Tuomo T. Kuusi

Moser’s Method for a Nonlinear Parabolic Equation October 2004

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A492 Beirao da Veiga Lourenco , Jarkko Niiranen , Rolf Stenberg A posteriori error estimates for the plate bending Morley element February 2006

A491 Lasse Leskelä

Methods for Performance Analysis of Stochastic Networks December 2005

A490 Anders Björn , Niko Marola

Moser iteration for (quasi)minimizers on metric spaces September 2005

A489 Sampsa Pursiainen

A coarse-to-fine strategy for maximum a posteriori estimation in limited-angle computerized tomography September 2005

A487 Ville Turunen

Differentiability in locally compact metric spaces May 2005

ISBN 951-22-7538-4 ISSN 0784-3143