Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2005 A484

HARNACK’S INEQUALITY FOR A NONLINEAR EIGENVALUE PROBLEM ON METRIC SPACES

Visa Latvala Niko Marola Mikko Pere

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2005 A484

HARNACK’S INEQUALITY FOR A NONLINEAR EIGENVALUE PROBLEM ON METRIC SPACES

Visa Latvala Niko Marola Mikko Pere

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Visa Latvala, Niko Marola, Mikko Pere: Harnack’s inequality for a nonlinear eigenvalue problem on metric spaces; Helsinki University of Technology, Institute of Mathematics, Research Reports A484 (2005).

Abstract: We prove Harnack’s inequality for first eigenfunctions of the p-Laplacian in metric measure spaces. The proof is based on the famous Moser iteration method, which has the advantage that it only requires the (1, p)-Poincaré inequality. As a by-product we obtain the continuity and the fact that first eigenfunctions do not change sign in bounded domains.

AMS subject classifications: 35P30, 35J20

Keywords: Sobolev space, Newtonian space, Caccioppoli estimate, Harnack’s inequality, First eigenvalue, First eigenfunction, Rayleigh quotient, p-Dirichlet integral, Moser iteration

Correspondence

Visa Latvala Department of Mathematics, University of Joensuu, P.O. Box 111 FI-80101 Joensuu, Finland; visa.latvala@joensuu.fi

Niko Marola Institute of Mathematics, Helsinki University of Technology, P.O. Box 1100 FI-02015 Helsinki University of Technology, Finland ; nmarola@math.hut.fi

Mikko Pere Department of Mathematics and Statistics, University of Helsinki, P.O. Box 68 FI-00014 University of Helsinki, Finland ; mikko.pere@helsinki.fi

ISBN 951-22-7599-6 ISSN 0784-3143

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

1 Introduction

The eigenvalue problem of the p-Laplacian is to find functions u ∈ W^{1,p}_0 (Ω) that satisfy the equation −div(|∇u|^{p−2}∇u) = λ|u|^{p−2}u, 1 < p < ∞, (1.1) for some λ ≠ 0 in an open set Ω ⊂ R^n. This problem was apparently first studied by Thelin in [26]. The first eigenvalue is defined as the least real number λ for which the equation (1.1) has a non-trivial solution u. In defining eigenvalues we shall interpret equation (1.1) in the weak sense. The first eigenvalue λ_1 = λ_1(Ω) is obtained by minimizing the Rayleigh quotient

λ_1 = inf_u ∫ Ω |∇u|^p dx ∫ Ω |u|^p dx (1.2)

with u ∈ W^{1,p}_0 (Ω), u ≢ 0. The minimization problem (1.2) is equivalent to the corresponding Euler-Lagrange equation (1.1) with λ = λ_1.

In this note we consider first eigenfunctions, that is, solutions u of the eigenvalueproblem (1.2) on a metric measure space X by replacing the standard Sobolev space W^{1,p}_0 (Ω) with the Newtonian space N^{1,p}_0 (Ω). Since differential equations are problematic in metric measure spaces, we use only the variational approach. This has been previously studied in Pere [22], where the author proves that first eigenfunctions always exist in our setting and they have a locally Hölder continuous representative. The proof of the Hölder continuity in [22] is based on the famous De Giorgi method (see De Giorgi [2], Giaquinta [5] and Giusti [6]).

We continue the study of [22] by proving that first eigenfunctions are bounded and non-negative first eigenfunctions satisfy Harnack’s inequality. Our methods require that Ω ⊂ X is bounded. The proof of the boundedness is based on a method by Ladyzhenskaya and Uraltseva [17]. The proof of the Harnack’s inequality uses the Moser iteration technique (see Moser [20] and [21]), which was adapted to the metric setting in Marola [19]. More general functionals of the calculus of variations are studied in Giusti [6]. However, we obtain different Harnack’s inequality than in [6] when we confine Giusti’s setting to our case, see Theorem 7.10 in [6] and Theorem 5.5 in Section 5. We also give a simple proof for the continuity of eigenfunctions by combining the weak Harnack estimates of the two different methods. Observe here that continuity does not easily follow from Harnack’s inequality since the sum of an eigenfunction and a constant is not an eigenfunction in general.

The advantage of our methods is that they work under weaker assumptions than those of Pere [22]. The difference is that we only require the weak (1, p)-Poincare inequality instead of a weak (1, q)-Poincaré inequality for some 1 < q < p. The latter inequality appears as a basic assumption on several papers dealing with nonlinear potential theory in metric spaces. In fact, the weak (1, q)-Poincaré inequality is crucial for the latter part of the De Giorgi method which builds up the local Hölder continuity.

The work is organized as follows. In the preliminary section we focus on notation, definitions and concepts which appear in this work. In the third section we prove that first eigenfunctions are bounded. The main results of this paper are included in Section 4, where we establish a Caccioppoli type estimate and weak Harnack estimates. The final section 5 discusses Harnack’s inequality and continuity.

2 Preliminaries

We assume that X is a metric measure space equipped with a Borel regular measure μ. We assume that the measure of every nonempty open set is positive and that the measure of every bounded set is finite. The further requirements on the space and the measure are included in the end of this section. Throughout, B_r := B(z, r) refers to an open ball with the center z and radius r > 0. Constants are usually labeled as c, and their values may change even in a single line. If A is a subset of X, then χ_A denotes the characteristic function of A. We let f_+ = max{f, 0} and f_− = − min{f, 0}. If not otherwise stated, p is a real number satisfying 1 < p < ∞.

By a path in X we mean any continuous mapping γ : [a, b] → X, where [a, b], a < b, is an interval in R. Its image will be denoted by |γ| = γ([a, b]) and l(γ) denotes the length of γ. We say that the curve is rectifiable if l(γ) < ∞. The collection of all non-constant rectifiable paths γ : [a, b] → X is denoted by Γ_{rect}. Throughout the paper we will assume that every path is nonconstant, compact and rectifiable. A path can thus be parametrized by its arc length. See Heinonen [10], Heinonen–Koskela [11] and Väisälä [27] for the discussion of rectifiable paths and path integration.

The p-modulus of a family of paths Γ in X is the number

Mod_p(Γ) = inf_ρ ∫ X ρ^p dμ, where the infinum is taken over all non-negative Borel measurable functions ρ so that ∫ γ ρ ds ≥ 1 for all rectifiable paths γ belonging to Γ. It is well-known that the p-modulus is an outer measure on the collection of all paths in X. From the above definition it is clear that the p-modulus of the family of all non-rectifiable paths is zero, thus non-rectifiable paths are not interesting in this study. See Fuglede [3], [10] and [27] for additional information on p-modulus.

In a metric measure space an upper gradient is a counterpart for the Sobolev gradient.

Definition 2.1. Let u be an extended real-valued function on X. We say that a non-negative Borel measurable function g is an upper gradient of u if for all rectifiable paths γ joining points x and y in X we have |u(x) − u(y)| ≤ ∫ γ g ds. (2.2) See Cheeger [1], [10], [11] and Shanmugalingam [24] for a discussion on upper gradients. A property is said to hold for p-almost all paths, if the set of paths for which the property fails is of zero p-modulus. If (2.2) holds for p-almost all paths γ, then g is said to be a p-weak upper gradient of u. It is known that if 1 < p < ∞ and u has a p-weak upper gradient in L^p(X) then u has the least p-weak upper gradient g_u in L^p(X). It is the smallest in the sense that if g is another p-weak upper gradient in L^p(X) of u then g ≥ g_u μ-almost everywhere. This fact has been proved in Shanmugalingam [23]. An alternative proof is given in [1].

Newtonian spaces

Here we introduce the notion of Sobolev spaces on a metric measure space based on the concept of upper gradients. Following Shanmugalingam [24] we define the space ~N^{1,p}(X) to be the collection of all real-valued p-integrable functions u on X that have a p-integrable p-weak upper gradient g_u. We equip this space with a seminorm ‖u‖_{~N} 1,p_{(X)} = ( ‖u‖^p_{Lp(X)} + ‖g_u‖^p_{Lp(X)} )_{1/p} , and say that u and v belong to the same equivalence class, write u ∼ v, if ‖u − v‖_{~N 1,p(X)} = 0. The Newtonian space N^{1,p}(X) is defined to be the space ~N 1,p(X)/ ∼ with the norm ‖u‖_N 1,p_{(X)} = ‖u‖_{~N} 1,p_{(X)}. For basic properties of Newtonian space we refer to [24].

Definition 2.3. Let u : X → R be a given function and γ ∈ Γ_{rect} arc-length parametrized path in X. We say that

(i) u is absolutely continuous along a path γ if u∘γ is absolutely continuous on [0, l(γ)],

(ii) u is absolutely continuous on p-almost every curve, or simply ACC_p, if for p-almost every γ, u ∘ γ is absolutely continuous.

It is very useful to know that if u is a function in ~N^{1,p}(X), then u is ACC_p. See [24] for the proof.

The p-capacity of a set E ⊂ X with respect to the space N^{1,p}(X) is defined by Cap_p(E) = inf_u ‖u‖^p_{N 1,p(X)},

where the infinum is taken over all functions u ∈ ~N^{1,p}(X) whose restriction to E is bounded below by 1. Sets of zero capacity are also of measure zero, but the converse is not true. See Kinnunen–Martio [16] for more properties of the capacity in the metric setting.

In order to give a definition of first eigenfunctions we need a counterpart of the Sobolev functions with zero boundary values in a metric measure space. Let Ω ⊂ X. Following the method of Kilpeläinen–Kinnunen–Martio [12], we define the space ~N^{1,p}_0 (Ω) to be the set of functions ~u ∈ ~N^{1,p}(X) for which

Cap_p ({x ∈ X \ Ω : ~u(x) ≠ 0}) = 0.

The Newtonian space with zero boundary values N^{1,p}_0 (Ω) is then ~N^{1,p}_0 (Ω)/ ∼ equipped with the norm ‖u‖_N 1,p_{0 (Ω)} = ‖~u‖_{~N} 1,p_{(X)}. The norm on N^{1,p}_0 (Ω) is unambiguously defined by Shanmugalingam [25] and the obtained space is a Banach space. Note also that if Cap_p(X \ Ω) = 0, then N^{1,p}_0 (Ω) = N^{1,p}(X). In what follows, we usually identify the equivalence class with its representative.

The inequalities of Poincaré and Sobolev

We will impose some further requirements on the space and the measure. Namely, the measure μ is said to be doubling if there is a constant c_μ ≥ 1, called the doubling constant of μ, so that μ(B(z, 2r)) ≤ c_μμ(B(z, r)) (2.4) for every open ball B(z, r) in X. By the doubling property, if B(y, R) is a ball in X, z ∈ B(y, R) and 0 < r ≤ R < ∞, then μ(B(z, r)) μ(B(y, R)) ≥ c ( r R )_Q (2.5)

for c = c(c_μ) > 0 and Q = log_2 c_μ. The exponent Q serves as a counterpart of dimension related to the measure. A metric space X is said to be doubling if there exists a constant c < ∞ such that every ball B(z, r) can be covered by at most c balls with the radius r/2. If X is equipped with a doubling measure, then X is doubling.

Let 1 < p < ∞. The space X is said to support a weak (1, p)-Poincaré inequality if there are constants c > 0 and τ ≥ 1 such that ∫ B(z,r) |u − u_{B(z,r)}| dμ ≤ cr ( ∫ B(z,τ r) g^p_u dμ )_{1/p} (2.6)

for all balls B(z, r) in X, for all integrable functions u in B(z, r) and for all p-weak upper gradients g_u of u. If τ = 1, the space is said to support a (1, p)-Poincaré inequality. A result in Hajłasz–Koskela [7] (see also Hajłasz– Koskela [8]) shows that in a doubling measure space a weak (1, p)-Poincaré inequality implies a Sobolev-Poincaré inequality. More precisely, there is c = c(p, κ, c_μ) > 0 such that ( ∫ B(z,r) |u − u_{B(z,r)}|^{κp} dμ )_{1/κp} ≤ cr ( ∫ B(z,5τ r) g^p_u dμ )_{1/p} , (2.7)

where 1 ≤ κ ≤ Q/(Q − p) if 1 < p < Q and κ = 2 if p ≥ Q, for all balls B(z, r) in X, for all integrable functions u in B(z, r) and for all pweak upper gradients g_u of u. We will also need an inequality for Newtonian functions with zero boundary values. If u ∈ N^{1,p}_0 ((B(z, r)), then there exists c = c(p, c_μ) > 0 such that ( ∫ B(z,r) |u|^{κp} dμ )_{1/κp} ≤ cr ( ∫ B(z,r) g^p_u dμ )_{1/p} , (2.8)

where 0 < 2r < diam(X). For this result we refer to Kinnunen–Shanmugalingam [13]. In [13] the space was assumed to support a weak (1, q)-Poincaré inequality for some q with 1 < q < p. However, this assumption is not needed in the proof of (2.8).

Minimizers and superminimizers

We next introduce the concept of p-(super)minimizer of the p-energy integral by following Kinnunen–Martio [14].

Definition 2.9. A function u ∈ N^{1,p}_{loc} (Ω) is a p-minimizer of the p-energy integral in Ω if ∫

Ω^′ g^p_u dμ ≤ ∫ Ω^′

g^p_v dμ (2.10)

holds for all open Ω^′ ⋐ Ω for every v ∈ N^{1,p}(Ω^′) such that v − u ∈ N^{1,p}_0 (Ω^′). A function u ∈ N^{1,p}_{loc} (Ω) is called a p-superminimizer in Ω if (2.10) holds for all open Ω^′ ⋐ Ω for every v ∈ N^{1,p}(Ω^′) such that v − u ∈ N^{1,p}_0 (Ω^′) and v ≥ u μ-almost everywhere. A function is called a p-subminimizer if −u is a p-superminimizer.

A function is a p-minimizer in Ω if, and only if, both u and −u are psuperminimizer or it is both a p-superminimizer and p-subminimizer in Ω. Clearly if u is a p-superminimizer, then αu + β is a p-superminimizer when α ≥ 0 and β ∈ R. Check Kinnunen–Martio [14, 15] for (super)minimizers in metric measure spaces.

Eigenfunctions

We define a first eigenfunction of the p-Laplacian using the variational approach. In the Euclidean space this definition is equivalent to equation (1.1) with λ = λ_1.

Definition 2.11. Let Ω ⊂ X be a bounded domain with Cap_p(X\Ω) > 0 and 1 < p < ∞. If u ∈ N^{1,p}_0 (Ω), u ≠ 0, minimizes the functional J : N^{1,p}_0 (Ω) → R, J(v) = ∫ Ω g^p_v dμ ∫ Ω |v|^p dμ , in N^{1,p}_0 (Ω), then u is called a first eigenfunction of the p-Laplacian and λ_1 = J(u) > 0 is the corresponding first eigenvalue. In what follows we drop the subscript 1 from λ_1.

Remark 2.12. Observe that N^{1,p}_0 (Ω) = N^{1,p}(X) if Cap_p(X \ Ω) = 0. If, in addition, μ(X) < ∞, constant functions minimize the functional J and λ = 0 is the corresponding eigenvalue. Hence we have excluded this trivial case in Definition 2.11. If Cap_p(X \ Ω) > 0, we have an explicit lower bound for λ. Indeed, the Sobolev inequality (2.8) implies λ ≥ 1 c^p diam(Ω)^p , where c = c(p, c_μ) > 0 is the same constant as in (2.8).

The existence of first eigenfunctions is proved in Pere [22]. Note that the minimizers of the Rayleigh quotient also minimize the following functional, see [22].

Lemma 2.13. Let u ∈ N^{1,p}_0 (Ω) be a first eigenfunction of the p-Laplacian in Ω, and let λ be the corresponding eigenvalue. Then u minimizes the integral

Ĵ(v) = ∫ Ω (g^p_v − λ|v|^p) dμ in the set N^{1,p}_0 (Ω).

We enclose this preliminary section by a simple lemma, which states that the absolute value of a first eigenfunction is a first eigenfunction.

Lemma 2.14. Let u ∈ N^{1,p}_0 (Ω) be a first eigenfunction of the p-Laplacian in Ω. Then |u| is a first eigenfunction of the p-Laplacian in Ω.

Proof. It is obvious that |u| ∈ N^{1,p}_0 (Ω). Note also that in Definition 2.9 we could replace the integral of the minimal upper gradient g_v with inf ∫ Ω g^p dμ, where the infimum is taken over all upper gradients of v. Let u be a first eigenfunction of the p-Laplacian, and let g be an upper gradient of u. Then | ||u(x)| − |u(y)| | | ≤ |u(x) − u(y)| ≤ ∫ γ g ds for any x, y ∈ Ω and for any rectifiable path γ joining x and y in Ω. Therefore g is also an upper gradient of |u|. Since this holds for any upper gradient g of u, we have ∫ Ω g^p_{|u|} dμ ≤ ∫ Ω g^p_u dμ. Therefore |u| minimizes the functional J. □

General setup

From now on we assume that the complete metric measure space X is equipped with a doubling Borel regular measure for which the measure of every nonempty open set is positive and the measure of every bounded set is finite. Furthermore we assume that the space supports a weak (1, p)-Poincaré inequality.

3 Boundedness

Let us first show that first eigenfunctions are bounded whenever Ω ⊂ X is bounded. The proof uses the method in Ladyzhenskaya–Ural’tseva [17, Lemma 5.1, p.71], see also Lindqvist [18]. Throughout this section, we fix a radius R > 0 such that 0 < 2R < diam(X) and Ω ⊂ B_R ⊂ X.

Theorem 3.1. Let u be a first eigenfunction of the p-Laplacian in a bounded open set Ω ⊂ X. Then u is bounded and satisfies the inequality ess sup_Ω |u| ≤ cλ^{κ/κ−1} ∫ Ω |u| dμ. The constant c depends only on p, κ, c_μ, the measure of the ball B_R and the radius R.

Proof. Since |u| is a first eigenfunction as well, we are free to assume that u ≥ 0. We may also assume that u is not identically zero in Ω. Set A_k = {x ∈ Ω : u(x) > k} , k ≥ 0, and denote v = u − max{u − k, 0} = u − (u − k)_+.

Since u ∈ N^{1,p}_0 (Ω) is a first eigenfunction the inequality ∫ Ω (g^p_u − λ|u|^p) dμ ≤ ∫ Ω (g^p_w − λ|w|^p) dμ (3.2) holds for all w ∈ N^{1,p}_0 (Ω). If we plug in the chosen v and (3.2), we have ∫ A_k g^p_u dμ ≤ λ ∫ A_k (u^p − k^p) dμ. (3.3)

By the elementary inequality we have that u^p ≤ k^p + p(u − k)u^{p−1}. Hence ∫ A_k g^p_u dμ ≤ pλ ∫ A_k (u − k)u^{p−1} dμ (3.4) ≤ p2^{p−1}λ ∫ A_k (u − k)^p dμ + p2^{p−1}k^{p−1}λ ∫ A_k (u − k) dμ, where we used (u − k)u^{p−1} ≤ 2^{p−1}(u − k)^p + 2^{p−1}k^{p−1}(u − k) to obtain the second inequality. Since (u − k)_+ ∈ N^{1,p}_0 (B(z, R)), Sobolev inequality (2.8) can be restated as ( ∫ B_R (u − k)^{κp}_+ dμ )_{1/κp} ≤ c ( ∫ B_R g^p_{(u−k)+} dμ )_{1/p} , where c = c(p, κ, c_μ, R, μ(B_R)) > 0. It follows that ( ∫ A_k (u − k)^{κp} dμ )_{1/κp} ≤ c ( ∫ A_k g^p_u dμ )_{1/p} (3.5)

with the same constant c as above. Inequality (3.5) yields ∫ A_k (u − k)^p dμ ≤ cμ(A_k)^{(κ−1)/κ} ∫ A_k g^p_u dμ, (3.6)

where c = c(p, κ, c_μ, R, μ(B_R)) > 0. If we plug in (3.6) and (3.4) we have ( 1 − c2^{p−1}λμ(A_k)^{(κ−1)/κ} ) ∫ A_k (u − k)^p dμ ≤ c(2k)^{p−1}λ · μ(A_k)^{(κ−1)/κ} ∫ A_k (u − k) dμ. Clearly we have that kμ(A_k) ≤ ‖u‖_L1_{(Ω)}. Therefore in the first factor on the left-hand side c2^{p−1}λμ(A_k)^{(κ−1)/κ} ≤ 1 2 , when k ≥ k_0 = (c2^pλ)^{κ/κ−1}‖u‖_L1_{(Ω)}. Using this and Hölder’s inequality we obtain for k ≥ k_0 μ(A_k)^{1−p} ( ∫ A_k (u − k) dμ )_p ≤ c2^pk^{p−1}λμ(A_k)^{(κ−1)/κ} ∫ A_k (u − k) dμ, from which we finally obtain ∫ A_k (u − k) dμ ≤ (c2^pλ)^{1/(p−1)}kμ(A_k)^{(κp−1)/κ(p−1)} (3.7) when k ≥ k_0. We need inequality (3.7) to bound u, see [17, Lemma 5.1, p.71]. The rest of the proof resembles somehow De Giorgi’s argument. Writing f(k) = ∫ A_k (u − k) dμ = ∫ Ω (u − k)_+ dμ = ∫_∞ k μ(A_t) dt, we have f^′(k) = −μ(A_k) μ-almost everywhere and hence (3.7) can be written as f(k) ≤ (c2^pλ)^{1/(p−1)}k(−f^′(k))^{(κp−1)/κ(p−1)} μ-almost everywhere when k ≥ k_0. If f is positive on the interval [k_0, k] and we integrate the differential inequality from k_0 to k, we obtain

k^α − k^α_0 ≤ (c2^pλ)^{κ/(κp−1)} (f(k_0)^α − f(k)^α) ,

where α = (κ−1)/(κp−1). This bounds k, since 0 ≤ f(k) ≤ f(k_0) ≤ f(0) = ‖u‖_L1_{(Ω)} on the right-hand side. Therefore, f(k) is zero sooner or later. The quantitative bound is k ≤ c2^{(2κp−1)/(κ−1)}λ^{κ/(κ−1)} ∫ Ω |u| dμ, where c = c(p, κ, c_μ, R, μ(B_R)) > 0. This means that f(k) is zero outside the given bound which implies u ≤ cλ^{κ/(κ−1)} ∫ Ω |u| dμ (3.8) μ-almost everywhere on Ω. Taking the essential supremum in (3.8) we get the desired result. If we consider the function −u, we get the bound for ess inf u. □

4 Caccioppoli estimate and weak Harnack inequalities

In this section we prove weak Harnack’s inequalities for non-negative first eigenfunctions. For this purpose we first establish a Caccioppoli type estimate and then apply Moser’s iteration technique to obtain the upper weak Harnack inequality. The lower weak Harnack estimate follows from the results of Marola [19] together with the fact that non-negative first eigenfunctions are p-superminimizers of the p-energy integral, see Definition 2.9

Throughout this section we assume that Ω ⊂ X is bounded and we denote by R the radius of the ball B_R for which Ω ⊂ B_R ⊂ X and 0 < 2R < diam(X).

Let us start by proving a suitable Caccioppoli type inequality.

Lemma 4.1. Suppose that u is a non-negative first eigenfunction of the p- Laplacian in Ω and let ε ≥ 1. Let η be a compactly supported Lipschitz continuous function in Ω such that 0 ≤ η ≤ 1 and g_η ≤ C/r. Then ∫ supp(η) g^p_uu^{ε−1}η^p dμ ≤ c r^p ∫ supp(η) u^{p+ε−1} dμ, (4.2) where c = ((p/ε)^pC^p + (p/ε)λR^p) > 0.

Proof. Let η be a Lipschitz continuous function in Ω such that supp(η) ⋐ Ω and 0 ≤ η ≤ 1. Since u is bounded due to Theorem 3.1, there is 0 < α < ∞ so that εα^εu^{ε−1} ≤ 1. Choosing w = u − η^p(αu)^ε, we have w ≤ u. Let Γ_{rect} denote the family of all rectifiable paths γ : [0, 1] → X. Let the family Γ ⊂ Γ_{rect} be such that Mod_p(Γ) = 0 and γ be the arc-length parametrization of the path in Γ_{rect} \ Γ on which the function u is absolutely continuous. Since η is Lipschitz continuous, it is absolutely continuous on γ. We define h : [0, l(γ)] → [0, ∞), h(s) = (u ∘ γ)(s) − (η ∘ γ)(s)^p(αu ∘ γ)(s)^ε. Then h is absolutely continuous and for L^1-almost every s ∈ [0, l(γ)] we have h^′(s) = (u ∘ γ)^′(s) − p(η ∘ γ)(s)^{p−1}(η ∘ γ)^′(s)(αu ∘ γ)(s)^ε − ε(η ∘ γ)(s)^p(αu ∘ γ)(s)^{ε−1}α(u ∘ γ)^′(s) = ( 1 − εα(η ∘ γ)(s)^p(αu ∘ γ)(s)^{ε−1} ) (u ∘ γ)^′(s) − p(η ∘ γ)(s)^{p−1}(η ∘ γ)^′(s)(αu ∘ γ)(s)^ε. Since |(u ∘ γ)^′(s)| ≤ g_u(γ(s)) and |(η ∘ γ)^′(s)| ≤ g_η(γ(s)) for L^1-almost every s ∈ [0, l(γ)], we obtain |(w ∘ γ)^′(s)| = |h^′(s)| ≤ ( 1 − εαη(γ(s))^p(αu(γ(s)))^{ε−1} ) g_u(γ(s)) + pη(γ(s))^{p−1}(αu(γ(s)))^εg_η(γ(s)) for L^1-almost every s ∈ [0, l(γ)]. Thus we have g_w ≤ ( 1 − εα^εη^pu^{ε−1} ) g_u + pη^{p−1}(αu)^εg_η μ-almost everywhere in Ω. Since 0 ≤ εα^εη^pu^{ε−1} ≤ 1, we may exploit the convexity of the function t → t^p. We obtain g^p_w ≤ ( 1 − εα^εη^pu^{ε−1} ) g^p_u + ε^{1−p}p^pα^εu^{p+ε−1}g^p_η . By the minimizing property of u, we have ∫ Ω g^p_u dμ ≤ ∫ Ω g^p_w dμ + λ ∫ Ω (u^p − w^p) dμ ≤ ∫ Ω g^p_u dμ − εα^ε ∫ Ω η^pu^{ε−1}g^p_u dμ + ε^{1−p}α^εp^p ∫ Ω u^{p+ε−1}g^p_η dμ + λ ∫ Ω (u^p − w^p) dμ, which implies ∫ supp(η) η^pu^{ε−1}g^p_u dμ ≤ (p ε )_p ∫ supp(η) u^{p+ε−1}g^p_η dμ+ λ εα^ε ∫ Ω (u^p −w^p) dμ. (4.3)

If we consider the last term on the right-hand side in more detail, we may write u = w + η^p(αu)^ε and use the elementary inequality (a + b)^p ≤ a^p + pb(a + b)^{p−1} to obtain ∫ Ω (u^p − w^p) dμ = ∫ Ω ((w + η^p(αu)^ε)^p − w^p) dμ (4.4) ≤ ∫ Ω ( w^p + pη^p(αu)^εu^{p−1} − w^p ) dμ = ∫ supp(η) pη^pα^εu^{p+ε−1} dμ. If we plug in (4.4) and (4.3) and use the fact that g_η ≤ C/r we have ∫ supp(η) η^pu^{ε−1}g^p_u dμ ≤ ((p ε )_p C^p + p ε λR^p ) 1 r^p ∫ supp(η) u^{p+ε−1} dμ, which is the desired estimate. □ Remark 4.5. The estimate of Lemma 4.1 actually holds also for 0 < ε < 1. In fact, the proof above works in verbatim once we have shown that the function u is stricly positive and continuous, see Theorem 5.1 and Corollary 5.6 below. The point is that we may then choose a constant α > 0 such that 0 ≤ εα^εu^{ε−1} ≤ 1. Moser’s iteration argument yields the following weak Harnack inequality. Theorem 4.6. Suppose that u is a non-negative first eigenfunction of the p-Laplacian in Ω. Then for every ball B(z, r) with B(z, 2r) ⊂ Ω and any q > 0 we have

ess sup B(z,r) u ≤ c ( ∫ B(z,2r) u^q dμ )_{1/q} , (4.7) where 0 < c = c(p, q, κ, c_μ, λ, R) < ∞. Proof. First we assume that q ≥ p. Write B_l = B(z, r_l), r_l = (1 + 2^{−l})r for l = 0, 1, 2, . . ., thus, B(z, 2r) = B_0 ⊃ B_1 ⊃ B_2 ⊃ . . . Let η_l be a Lipschitz continuous function such that 0 ≤ η_l ≤ 1, η_l = 1 on B_{l+1}, η_l = 0 in X \B_l and g_{ηl} ≤ 4 · 2^l/r (choose, e.g., η_l(x) = min(max((r_l − d(x, z))/(r_l − r_{l+1}))_+, 1)). Fix 1 ≤ t < ∞ and let w_l = η_lu^{1+(t−1)/p} = η_lu^{τ /p}, where τ := p + t − 1. As in the proof of Lemma 4.1 for μ-almost everywhere in Ω we have g_{wl} ≤ g_{ηl} u^{τ /p} + τ p u^{(t−1)/p}g_uη_l and consequently

g^p_{wl} ≤ 2^{p−1}g^p_{ηl} u^τ + 2^{p−1} ( τ p )_p u^{t−1}g^p_uη^p_l μ-almost everywhere in Ω. By using the Caccioppoli estimate, Lemma 4.1, with ε = t and g_{ηl} ≤ 4 · 2^l/r we obtain ( ∫ B_l g^p_{wl} dμ )_{1/p} ≤ 2^{(p−1)/p} ( ∫ B_l ( g^p_{ηl} u^τ + ( τ p )_p u^{t−1}g^p_uη^p_l ) dμ )_{1/p}

≤ 2(1 + λR^p)τ

4 · 2^l r (∫ B_l u^τ dμ )_{1/p} . The Sobolev inequality (2.8) implies ( ∫ B_l w^{κp}_l dμ )_{1/κp} ≤ c(p, c_μ)r_l ( ∫ B_l g^p_{wl} dμ )_{1/p}

≤ c(p, c_μ)(1 + λR^p)τ(1 + 2^{−l})r

2^l r ( ∫ B_l u^τ dμ )_{1/p}

≤ c(p, c_μ, λ, R)τ2^l ( ∫ B_l u^τ dμ )_{1/p}

Since w_l = u^{τ /p} on B_{l+1}, by the doubling property of μ we obtain ( ∫ B_{l+1} u^{κτ} dμ )_{1/κτ} ≤ ( c(p, c_μ, λ, R)τ2^l )_{p/τ} ( ∫ B_l u^τ dμ )_{1/τ} . This estimate holds for all τ ≥ p. We apply the estimate with τ = qκ^l for all l = 0, 1, 2, . . ., we have ( ∫ B_{l+1} u^{qκl+1} dμ )_{1/qκ}l+1 ≤ ( c(p, c_μ, λ, R)(qκ^l)2^l )_{p/qκ}l ( ∫ B_l u^{qκl} dμ )_{1/qκ}l . By iterating we obtain the desired estimate

ess sup B(z,r) u ≤ ( c(p, c_μ, λ, R)^{∑∞i=0 κ−i} ∞∏ i=0 2^{iκ−i} ∞∏ i=0 (qκ^i)^{κ−i} )_{p/q}( ∫ B(z,2r) u^q dμ )_{1/q}

≤ ( (c(p, c_μ, λ, R)q)^{κ/(κ−1)}(2κ)^{κ/(κ−1)2} )_{p/q}( ∫ B(z,2r) u^q dμ )_{1/q}

≤ c(p, q, κ, c_μ, λ, R) ( ∫ B(z,2r) u^q dμ )_{1/q} . (4.8)

The theorem is proved for q ≥ p.

By the doubling property of the measure and (2.5), it is easy to see that (4.8) can be reformulated in a bit different manner. Namely, if 0 ≤ ρ < ~r ≤ 2r, then

ess sup B(z,ρ) u ≤ c (1 − ρ/~r)^{Q/q} ( ∫ B(z,~r) u^q dμ )_{1/q} , (4.9)

where 0 < c = c(p, q, κ, c_μ, λ, R) < ∞. See Remark 4.4 in Kinnunen– Shanmugalingam [13].

If 0 < q < p we want to prove that there is a postive constant c so that

ess sup B(z,ρ) u ≤ c (1 − ρ/2r)^{Q/q} ( ∫ B(z,2r) u^q dμ )_{1/q} , when 0 ≤ ρ < 2r < ∞. Now suppose that 0 < q < p and let 0 ≤ ρ < ~r ≤ 2r. We choose q = p in (4.9), then

ess sup B(z,ρ) u ≤ c (1 − ρ/~r)^{Q/p} ( ∫ B(z,r̃) u^qu^{p−q} dμ )_{1/p}

≤ c (1 − ρ/r̃)^{Q/p} ( ess sup B(z,~r) u )_{1−q/p} (∫ B(z,~r) u^q dμ )_{1/p}

By Young’s inequality

ess sup B(z,ρ) u ≤ p − q p ess sup B(z,~r) u + c (1 − ρ/~r)^{Q/q} ( ∫ B(z,~r) u^q dμ )_{1/q}

≤ p − q p ess sup B(z,~r) u + c (~r − ρ)^{Q/q} ( (2r)^Q ∫ B(z,2r) u^q dμ )_{1/q} , where the doubling property (2.5) was used to obtain the last inequality. We need to get rid of the first term on the right-hand side. By applying a technical lemma, see Giaquinta [4, Lemma 3.1, p. 161], we obtain

ess sup B(z,ρ) u ≤ c (1 − ρ/2r)^{Q/q} ( ∫ B(z,2r) u^q dμ )_{1/q}

for all 0 ≤ ρ < 2r, where 0 < c = c(p, q, κ, c_μ, λ, R) < ∞. If we set ρ = r, we obtain (4.8) for every 0 < q < p and the proof is complete. □ Remark 4.10. The statement of Theorem 4.6 was originally proved in Marola [19] for minimizers of the p-energy integral. However, the subminimizing property is not really needed. As our proof shows, it is enough to have a Caccioppoli type estimate in the spirit of (4.2).

The following lemma states that non-negative first eigenfunctions are psuperminimizers in the sense of Definition 2.9.

Lemma 4.11. Let u be a non-negative first eigenfunction of the p-Laplacian in Ω. Then u is a p-superminimizer in Ω.

Proof. Let Ω^′ ⋐ Ω be open and let v ∈ N^{1,p}(Ω) such that v − u ∈ N^{1,p}_0 (Ω^′) and v ≥ u μ-almost everywhere in Ω^′. Define ψ = { v, μ-a.e. in Ω^′ u, μ-a.e. in Ω \ Ω^′

Since u ∈ N^{1,p}_0 (Ω), we have ψ ∈ N^{1,p}_0 (Ω). Moreover, ∫ Ω ψ^p dμ ≥ ∫ Ω u^p dμ. By the minimizing property of u ∫ Ω\Ω^′ g^p_u dμ + ∫ Ω^′ g^p_u dμ = ∫ Ω g^p_u dμ ≤ ( ∫ Ω g^p_ψ dμ )( ∫ Ω ψ^p dμ )_{−1}( ∫ Ω u^p dμ ) ≤ ∫ Ω g^p_ψ dμ = ∫ Ω\Ω^′ g^p_u dμ + ∫ Ω^′ g^p_v dμ. Hence ∫

Ω^′ g^p_u dμ ≤ ∫ Ω^′ g^p_v dμ, and we are done. □

Lemma 4.11 yields together with results of [19] the following weak Harnack inequality.

Theorem 4.12. Let u be a non-negative first eigenfunction of the p-Laplacian in Ω. Then there are q > 0 and c = c(p, q, κ, c_μ) > 0 such that (∫ B(z,2r) u^q dμ )_{1/q} ≤ c ess inf B(z,r) u (4.13)

for every ball B(z, r) such that B(z, 10τr) ⊂ Ω.

Proof. By Lemma 4.11, u is a p-superminimizer in Ω. It is evident that u + β is a p-superminimizer in Ω for all constants β > 0. Hence we may apply [19, Theorem 5.19] to obtain that (∫ B(z,2r) (u + β)^q dμ )_{1/q} ≤ c ess inf_{B(z,r)} (u + β)

for all β > 0 and for every ball B(z, r) such that B(z, 10τr) ⊂ Ω. The claim follows by letting β → 0+. □

The constant τ ≥ 1 comes from the weak (1, p)-Poincaré inequality (2.6).

5 Continuity and Harnack’s inequality

We first give a simple proof for the continuity of u by combining the upper weak Harnack estimate of the De Giorgi method together with the lower weak Harnack estimate (4.13). Observe here that only (1, p)-Poincare inequality is needed for the estimate in Pere [22, Theorem 5.18, p. 15]. Next, for a function u we let ess lim inf_{x→z} u(x) = lim_{r→0} ess inf_{B(z,r)} u.

Theorem 5.1. The first eigenfunction u is continuous in Ω.

Proof. By Lemma 2.14, we are free to assume that u is non-negative. Let z ∈ Ω and let m_r = ess inf_{B(z,r)} u for sufficiently small radii r. The same argumentation as in Heinonen–Kilpeläinen–Martio [9, pp. 76–77] yields that

lim_{r→0} ∫ B(z,r) (u − m_r) dμ = 0 (5.2)

and that ess lim inf_{x→z} u(x) = lim_{r→0} ∫ B(z,r) u dμ. (5.3) Define u pointwise by (5.3). Then u is lower semicontinuous, u − m_r is non-negative in B_r, and ∫ B(z,r) |u − u(z)| dμ = ∫ B(z,r) |u − m_r| dμ + ∫ B(z,r) |m_r − u(z)| dμ. By (5.2) and (5.3), both terms on the right hand side tend to zero as r → 0. Hence we conclude that u has Lebesgue points everywhere in Ω. Since u is bounded, we get lim_{r→0} ∫ B(z,r) |u − u(z)|^p dμ = 0 (5.4)

by using the trivial estimate ∫ B(z,r) |u − u(z)|^p dμ ≤ ( sup_{B(z,r)} u )_{p−1} ∫ B(z,r) |u − u(z)| dμ for small radii. Next, we recall the estimate

ess sup B(z,r/2) u ≤ k_0(1 + r) + c ( ∫ B(z,r) ((u − k_0)^+)^p dμ )_{1/p} ( μ(A(k_0, r)) μ(B(z, r) )_{α/p}

from [22, p. 15]. Here k_0 is any non-negative number and A(k_0, r) = B(z, r)∩ { u > k_0}. Now it is enough to choose k_0 = u(z), let r → 0, and use (5.4) to conclude that ess lim sup_{x→z} u(x) ≤ u(z).

Hence u is also upper semicontinuous and the claim follows. □

Combining Theorem 4.6 and Theorem 4.12 we obtain immediately Harnack’s inequality.

Theorem 5.5. Let u be a non-negative first eigenfunction of the p-Laplacian in Ω. Then there exists a constant c = c(p, q, κ, c_μ, λ, R) > 0 so that sup_{B(z,r)} u ≤ c inf_{B(z,r)} u for every ball B(z, r) for which B(z, 10τr) ⊂ Ω. The constant c is independent of the ball B(z, r) and the function u. The constant τ ≥ 1 comes from the weak (1, p)-Poincaré inequality.

Observe here that continuity does not follow easily from Harnack’s inequality since the sum of an eigenfunction and a constant is not an eigenfunction in general.

By continuity and Harnack’s inequality we obtain that first eigenfunctions do not change sign in any bounded domain.

Corollary 5.6. Let u be a non-negative first eigenfunction in a bounded domain Ω ⊂ X. Then u is strictly positive in Ω.

Proof. Denote U_1 = { z ∈ Ω : u(z) > 0 }, U_2 = { z ∈ Ω : u(z) = 0 }, and assume that U_1 and U_2 are both non-empty. By connectedness, we are free to assume that at least one of the sets U_1 and U_2 is not open. If U_1 is not open, there is z ∈ U_1 which does not belong to the interior of U_1. Hence, for some r > 0, we may apply the Harnack’s inequality to conclude that

sup_{B(z,r)} u ≤ c inf_{B(z,r)} u = 0.

This contradicts the fact that x ∈ U_1. The case that U_2 is not open is treated similarly. □

Corollary 5.7. Let u be a first eigenfunction in a bounded domain Ω ⊂ X. Then u does not change sign in Ω.

Proof. Since |u| is a non-negative first eigenfunction in Ω, Corollary 5.6 implies that Ω = { u > 0 } ∩ { u < 0 }. By continuity, both { u > 0 } and { u < 0 } is open. The assumption that both level sets are non-empty contradicts the connectedness. □

Acknowledgements

The authors are grateful to Juha Kinnunen for the support and helpful discussions on the topic. The second author acknowledges the Finnish Academy of Science and Letters, Vilho, Yrjö and Kalle Väisälä Foundation.

References

[1] J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom. Funct. Anal. 9, 428–517, 1999.

[2] E. De Giorgi, Sulla differenziabilità e l’analiticà delle estremali degli integrali multipli regolari, Mem. Accad. Sci. Torino Cl. Sci. Fis. Mat. 3, 25–43, 1957.

[3] B. Fuglede, Extremal length and functional completion, Acta Math. 98, 171–218, 1957.

[4] M. Giaquinta, Multiple integrals in the calculus of variations and nonlinear elliptic systems, Princeton University Press, Princeton, New Jersey, 1983.

[5] M. Giaquinta, Introduction to regularity theory for nonlinear elliptic systems, Birkhäuser Verlag, Zürich, 1993.

[6] E. Giusti, Direct methods in the calculus of variations, World Scientific, 2003.

[7] P. Hajłasz and P. Koskela, Sobolev meets Poincaré, C. R. Acad. Sci.

Paris 320, 1211–1215, 1995.

[8] P. Hajłasz and P. Koskela, Sobolev met Poincaré, Mem. Amer. Math.

Soc. 145, 2000.

[9] J. Heinonen, T. Kilpeläinen and O. Martio, Nonlinear potential theory of degenerate elliptic equations, Oxford Mathematical monographs, 1993.

[10] J. Heinonen, Lectures on analysis on metric spaces, Springer, 2001.

[11] J. Heinonen and P. Koskela, Quasiconformal maps in metric spaces with controlled geometry, Acta Math. 181, 1-61, 1998.

[12] T. Kilpeläinen, J. Kinnunen and O. Martio, Sobolev spaces with zero boundary values on metric spaces, Potential Anal. 12, 233–247, 2000.

[13] J. Kinnunen and N. Shanmugalingam, Regularity of quasi-minimizers on metric spaces, Manuscripta Math. 105, 401–423, 2001.

[14] J. Kinnunen and O. Martio, Nonlinear potential theory on metric spaces, Illinois Journal of Mathematics 46, Number 3, 857–883, 2002.

[15] J. Kinnunen and O. Martio, Sobolev space properties of superharmonic functions on metric spaces, Results of Math. 44, 114–129, 2003.

[16] J. Kinnunen and O. Martio, The Sobolev capacity on metric spaces, Ann. Acad. Sci. Fenn. 21, 367–382, 1996.

[17] O. Ladyzhenskaya and N. Ural’tseva, Linear and quasilinear elliptic equations, Academic Press, New York, 1968.

[18] P. Lindqvist, On a nonlinear eigenvalue problem (in Fall School Analysis, Jyväskylä 1994, Ed. T. Kilpeläinen). Bericht 68, Universität Jyväskylä, Mathematisches Institut 1995.

[19] N. Marola, Moser’s method for minimizers on metric measure spaces, report A478, http://www.math.hut.fi/reports/, Helsinki University of Technology, Institute of Mathematics, 2004.

[20] J. Moser, A new proof of de Giorgi’s theorem concerning the regularity problem for elliptic differential equations, Comm. Pure Appl. Math. 13, 457–468, 1960.

[21] J. Moser, On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl. Math. 14, 577–591, 1961.

[22] M. Pere, The eigenvalue problem of the p-Laplacian in metric spaces, Ph.D. Thesis, University of Helsinki, 2004.

[23] N. Shanmugalingam, Newtonian spaces: An extension of Sobolev spaces to metric measure spaces, Ph.D. Thesis, University of Michigan, 1999.

[24] N. Shanmugalingam, Newtonian spaces: An extension of Sobolev spaces to metric measure spaces, Revista Mat. Iberoamericana 16, 243–279, 2000.

[25] N. Shanmugalingam, Harmonic functions on metric spaces, Illinois J.

Math. 45, 1021–1050, 2001.

[26] F. de Thelin, Quelques résultats d’existence et de non-existence pour une E.D.P. elliptique non linéaire, C.R. Acad. Sc. Paris, Série I 299, 911–914, 1984.

[27] J. Väisälä, Lectures on n-dimensional quasiconformal mapping, Lecture Notes in Mathematics 229 Springer-Verlag, Heidelberg, 1971.

(continued from the back cover)

A470 Lasse Leskelä

Stabilization of an overloaded queueing network using measurement-based admission control March 2004

A469 Jarmo Malinen

A remark on the Hille–Yoshida generator theorem May 2004

A468 Jarmo Malinen , Olavi Nevanlinna , Zhijian Yuan

On a tauberian condition for bounded linear operators May 2004

A467 Jarmo Malinen , Olavi Nevanlinna , Ville Turunen , Zhijian Yuan A lower bound for the differences of powers of linear operators May 2004

A466 Timo Salin

Quenching and blowup for reaction diffusion equations March 2004

A465 Ville Turunen

Function Hopf algebra and pseudodifferential operators on compact Lie groups June 2004

A464 Ville Turunen

Sampling at equiangular grids on the 2-sphere and estimates for Sobolev space interpolation November 2003

A463 Marko Huhtanen , Jan von Pfaler

The real linear eigenvalue problem in C^n November 2003

A462 Ville Turunen

Pseudodifferential calculus on the 2-sphere October 2003

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A477 Tuomo T. Kuusi

Moser’s Method for a Nonlinear Parabolic Equation October 2004

A476 Dario Gasbarra , Esko Valkeila , Lioudmila Vostrikova

Enlargement of filtration and additional information in pricing models: a Bayesian approach October 2004

A473 Carlo Lovadina , Rolf Stenberg

Energy norm a posteriori error estimates for mixed finite element methods October 2004

A472 Carlo Lovadina , Rolf Stenberg

A posteriori error analysis of the linked interpolation technique for plate bending problems September 2004

A471 Nuutti Hyvönen

Diffusive tomography methods: Special boundary conditions and characterization of inclusions April 2004

ISBN 951-22-7599-6 ISSN 0784-3143