Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2006 A499

GLOBAL HIGHER INTEGRABILITY FOR PARABOLIC QUASI- MINIMIZERS IN NONSMOOTH DOMAINS

Mikko Parviainen

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2006 A499

GLOBAL HIGHER INTEGRABILITY FOR PARABOLIC QUASI- MINIMIZERS IN NONSMOOTH DOMAINS

Mikko Parviainen

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Mikko Parviainen: Global higher integrability for parabolic quasiminimizers in nonsmooth domains; Helsinki University of Technology, Institute of Mathematics, Research Reports A499 (2006).

Abstract: We study the global higher integrability of the gradient of a parabolic quasiminimizer with quadratic growth conditions. Our objective is to show that the gradient belongs to a higher Sobolev space than assumed a priori if the lateral boundary satisfies a capacity density condition and boundary values are smooth enough. We derive estimates near the lateral and the initial boundary.

AMS subject classifications: Primary: 35K60; Secondary: 35K15, 35K55, 49N60

Keywords: nonlinear parabolic system, heat equation, capacity density, initial value problem, reverse Hölder inequality

Correspondence

Mikko.Parviainen@tkk.fi

ISBN 951-22-8192-9 ISSN 0784-3143

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

1 Introduction

Let Ω ⊂ R^n, n ≥ 2, be a bounded open set, K ≥ 1. A function u ∈ L^2_{loc}(0, T ; W^{1,2}_{loc} (Ω)) is a parabolic quasiminimizer if − � spt ϕ u ∂ϕ ∂t dx dt + � spt ϕ

|∇u|^2 2 dx dt ≤ K � spt ϕ

|∇(u − ϕ)|^2 2 dx dt

for all functions ϕ ∈ C^∞_0 (Ω × (0, T )), see [Wie87]. A 1-minimizer, called a minimizer, is a weak solution of the heat equation ∂u ∂t = Δu.

Being a weak solution to a partial differential equation is a local property, but being a quasiminimizer is not. Quasiminimizers do not provide a unique solution to the Dirichlet problem, and they do not obey the comparison principle. These facts indicate that the theory for quasiminimizers differs from the theory for minimizers, and unexpected phenomena occur. On the other hand, quasiminimizers provide a unifying approach in the calculus of variations, since the quasiminimizing condition applies to the whole class of variational integrals at the same time.

Our objective is to show that quasiminimizers belong to a slightly higher Sobolev space than assumed a priori and, in particular, that the gradient of a quasiminimizer satisfies a reverse Hölder inequality. This is always true locally, that is, in the interior of a domain as shown by Wieser in [Wie87], but here we study the question globally, that is, up to the boundary. In our case the regularity of the boundary and the regularity of boundary values play a role. We assume that the complement of a domain satisfies a capacity density condition. This condition is essentially sharp for our main results, but we point out that the results of this paper are interesting and new, as far as we know, already for smooth domains. The results are true also for systems of quasiminimizers, but we consider the scalar case for simplicity.

We derive a reverse Hölder inequality for the gradient near the lateral and the initial boundary. These cases are essentially different and therefore they are considered separately. Moreover, we obtain stronger results at the initial boundary. The proofs for the estimates are based on Caccioppoli and Poincaré type inequalities and the self-improving property of a reverse Hölder inequality. Higher integrability estimates play a decisive role in studying regularity questions, see [GM79], [GS82] and [Str80].

Elliptic quasiminimizers were first studied by Giaquinta and Giusti, see [GG82] and [GG84]. The concept of a quasiminimizer was extended to the parabolic case by Wieser in [Wie87]. Later the definition of a parabolic quasiminimizer and some of the local regularity results have been extended to a wider class of variational integrals by Zhou, see [Zho93] and [Zho94].

The local higher integrability of the gradient for nonlinear elliptic systems was observed by Elcrat and Meyers in [EM75] and for systems of parabolic equations with quadratic growth conditions by Giaquinta and Struwe in [GS82]. Recently Kinnunen and Lewis proved in [KL00] the local higher integrability for parabolic systems with more general growth conditions.

Granlund considered in [Gra82] the global higher integrability of the gradient in the elliptic case, when the complement of a domain satisfies a measure density condition, and later Kilpeläinen and Koskela generalized the elliptic results for the uniform capacity density condition in [KK94]. Arkhipova has studied the regularity of systems of parabolic partial differential equations for example in [Ark89], [Ark92] and [Ark95].

This work is organized as follows: In Section 2 we introduce the problem and the basic notation. In Section 3 we recall the concept of capacity and derive estimates near the lateral boundary. These estimates are crucial in Section 4, where we prove the integrability of the gradient to a higher power near the lateral boundary. Section 5 is devoted to estimates near the initial boundary. In the last section we prove the self-improving property for a modified reverse Hölder inequality and then complete the paper by proving the higher integrability of the gradient of a quasiminimizer near the initial boundary.

2 Preliminaries

Let Ω be a bounded open set in R^n, n ≥ 2, u : Ω × (0, T ) → R and K ≥ 1. A function u belonging to the parabolic space L^2_{loc}(0, T ; W^{1,2}_{loc} (Ω)) is a parabolic quasiminimizer if − � spt ϕ u ∂ϕ ∂t dx dt + � spt ϕ

E(u) dx dt ≤ K � spt ϕ

E(u − ϕ) dx dt, (2.1)

for every ϕ ∈ C^∞_0 (Ω × (0, T )), E(u) = F (x, t, ∇u) and F : Ω × (0, T ) × R^n → R satisfies the following assumptions:

1. x → F (x, t, ξ) and t → F (x, t, ξ) are measurable for every ξ,

2. ξ → F (x, t, ξ) is continuous for every (x, t),

3. there exist 0 < α ≤ β < ∞ such that

α |ξ|^2 ≤ F (x, t, ξ) ≤ β |ξ|^2 . (2.2)

There is a well-recognized difficulty in proving useful estimates for variational integrals: one often needs a test function depending on a solution u itself, but u is not admissible. For example the time derivative of the test function contains ∂u ∂t which does not necessarily exist as a function. There are two ways to treat this difficulty: the first option is to use the Steklov averages like for example in [DiB93] on pages 18 and 25, and the second option is to use a mollification of u in the time direction. Here we use the latter approach and have − � spt(ϕ)

u_ε ∂ϕ ∂t dx dt + � spt(ϕ̃)

E(u) − KE(u − ϕ̃) dx dt ≤ 0, (2.3)

for every ϕ ∈ C^∞_0 (Ω × (0, T )), where ϕ̃ is a standard mollification of ϕ and u_ε a standard mollification of u in the time direction.

We finish this section with the notation used throughout the paper. Let Ω ⊂ R^n, n ≥ 2, be a bounded open set and D = Ω × (0, T ) a space-time domain. We denote the points of the domain by z = (x, t) and use a shorthand notation dz = dx dt. Given z_0 = (x_0, t_0) ∈ D and ρ > 0, let B_ρ(x_0) = { x ∈ R^n : |x − x_0| < ρ }, denote an open ball in R^n, and let

Λ_ρ(t_0) = (t_0 − 1 2 ρ^2, t_0 + 1 2 ρ^2),

denote an open interval in R. A space-time cylinder in R^{n+1} is denoted by Q_ρ(z_0) = Q_ρ = B_ρ(x_0) × Λ_ρ(t_0).

If |B_ρ| denotes the Lebesgue measure of B_ρ, then the integral average of u is denoted by u_ρ(t) = � B_ρ

u(x, t) dx = 1 |B_ρ| � B_ρ

u(x, t) dx.

Finally, the time derivative of ϕ is denoted by ϕ^′ or^{∂ϕ}_{∂t} .

3 Estimates near the lateral boundary

In the following two sections we consider the higher integrability of the gradient of a quasiminimizer near the lateral boundary. The proof for the higher integrability contains the following intermediate stages: we derive a pre-Caccioppoli type estimate near the lateral boundary which implies Caccioppoli’s estimate and parabolic Poincaré’s inequality. Then we combine these estimates and apply the self-improving property of a reverse Hölder inequality together with capacity estimates.

We say that u is a global quasiminimizer if u ∈ L^2(0, T ; W^{1,2}(Ω)) satisfies (2.1) and the initial and boundary conditions u(•, t) − φ(•, t) ∈ W^{1,2}_0 (Ω) and 1 h �_h 0 � Ω |u − φ|^2 dx dt → 0 as h → 0,

(3.1) for a given φ ∈ W^{1,2}(0, T ; W^{1,2}(Ω)).

The next lemma is a pre-Caccioppoli type inequality.

Lemma 1 Let u be a global quasiminizer with the boundary and initial conditions (3.1). Suppose that 0 < ρ < σ < M for some M > 0, and let Q_ρ ⊂ Q_σ ⊂ R^{n+1} be concentric cylinders. Then there exists a positive constant c = c(n, M, α, β, K) such that � Q_ρ∩D

|∇u|^2 dz + ess sup

t∈Λ_ρ∩(0,T ) � B_ρ∩Ω

|u − φ|^2 dx ≤ c � (Q_σ \Q_ρ)∩D

|∇u|^2 dz + c (σ − ρ)^2 � Q_σ∩D

|u − φ|^2 dz + c � Q_σ∩D � |φ^′|^2 + |∇φ|^2 � dz, where D = Ω × (0, T ).

Proof: We may assume that Q_ρ ∩ D ≠ ∅ since otherwise the claim is trivial. Let χ^h_{0,t1} (t) ∈ C_0(0, T ) be a piecewise linear approximation of a characteristic function such that χ^h_{0,t1} (t) = 1, when t ∈ (h, t_1 − h), and � (χ^h_{0,t1} (t))^′ � ≤ c/h. We denote by χ^{h,ε}_{0,t1} (t), u_ε and φ_ε the standard mollifications in the time direction and extend u(•, t) − φ(•, t) ∈ W^{1,2}_0 (Ω) by zero outside Ω. Then we choose a test function

ϕ_ε(x, t) = η^2(x, t)(u(x, t) − φ(x, t))_εχ^{h,ε}_{0,t1} (t), t_1 ∈ Λ_ρ ∩ (0, T ),

where η ∈ C^∞_0 (Q_σ), 0 ≤ η ≤ 1, is a cut-off function such that η(x, t) = 1 in Q_ρ, and (σ − ρ) |∇η| + (σ − ρ)^2 � � �∂η ∂t � � � ≤ c. (3.2)

Let us insert this test function into (2.3) and consider the first term. We add and subtract φ_εϕ^′_ε, integrate by parts and apply the initial condition. For almost all t_1, we obtain − � D u_εϕ^′_ε dz → − � Ω×(0,t_1)

|u − φ|^2ηη^′ dz + 1 2 � Ω |u(x, t_1) − φ(x, t_1)|^2η^2(x, t_1) dx + � Ω×(0,t_1)

φ^′η^2(u − φ) dz,

as first ε → 0 and then h → 0. Next, denote by ϕ̃_ε the mollification of ϕ_ε and ϕ = η^2(u − φ)χ_{0,t1} . For the second term of (2.3), we obtain � spt(ϕ̃_ε) � E(u) − KE(u − ϕ̃_ε) � dz → � spt(ϕ) � E(u) − KE(u − η^2(u − φ)) � dz = � spt(ϕ)

E(u) dz − K � spt(ϕ)\Q_ρ

E(u − η^2(u − φ)) dz − K � spt(ϕ)∩Q_ρ

E(φ) dz,

(3.3)

as first ε → 0 and then h → 0. Collecting the facts, we arrive at � spt(ϕ)

E(u) dz + 1 2 � Ω |u(x, t_1) − φ(x, t_1)|^2η^2(x, t_1) dx ≤ K � spt(ϕ)\Q_ρ

E(u − η^2(u − φ)) dz + K � spt(ϕ)∩Q_ρ

E(φ) dz + � Ω×(0,t_1 )

|φ|^′ η^2 |u − φ| dz + � Ω×(0,t_1)

|u − φ|^2η |η^′| dz.

(3.4)

Since σ < M, by Young’s inequality there exists a positive constant c = c(M, ε) such that � Ω×(0,t_1 )

|φ^′| η^2 |u − φ| dz ≤ ε � Ω×(0,t_1)

η^2 |φ^′|^2 dz + c (σ − ρ)^2 � D η^2 |u − φ|^2 dz.

Then we choose t_1 ∈ Λ_ρ ∩ (0, T ) such that 1 2 ess sup

t∈Λ_ρ∩(0,T ) � B_ρ∩Ω

|u − φ|^2 dx ≤ � B_ρ∩Ω

|u(x, t_1) − φ(x, t_1)|^2 η^2(x, t_1) dx.

These estimates together with (2.2) and (3.4) imply the result. □

The next lemma is Caccioppoli’s inequality. In the proof we use an iteration technique to get rid of the term containing |∇u|^2 on the right hand side in Lemma 1.

Lemma 2 (Caccioppoli) Let u be a global quasiminizer with the boundary and initial conditions (3.1). Suppose that 0 < ρ < M for some M > 0, and let Q_ρ ⊂ R^{n+1}. Then there exists a positive constant c = c(n, α, β, M, K) such that � Q_ρ∩D

|∇u|^2 dz ≤ c ρ^2 � Q_{2ρ}∩D

|u − φ|^2 dz + c � Q_{2ρ}∩D

(|φ^′|^2 + |∇φ|^2) dz.

Proof: We start with Lemma 1 and denote the constant of the first term on the right by ^c. We add ^c � Q_ρ∩D |∇u|

2 dz on both sides, divide by ^c + 1 and obtain � Q_ρ∩D

|∇u|^2 dz ≤ ^c 1 + ^c � Q_σ∩D

|∇u|^2 dz + c (1 + ^c)(σ − ρ)^2 � Q_σ∩D

|u − φ|^2 dz + c 1 + ^c � Q_σ ∩D � |φ^′|^2 + |∇φ|^2 � dz. Then we choose

ρ_0 = ρ, ρ_{i+1} − ρ_i = (1 − λ)λ^iρ, i = 0, 1, . . . , where λ^2 ∈ ( ^c 1 + ^c

, 1),

replace ρ by ρ_i and σ by ρ_{i+1}, and iterate to obtain � Q_ρ∩D

|∇u|^2 dz ≤ � ^c 1 + ^c

�_{k+1} �

Q_{ρk+1} ∩D

|∇u|^2 dz+ k� i=0 � ^c 1 + ^c

�_i c ^c + 1 � 1 (ρ_{i+1} − ρ_i)^2 � Q_{ρk+1} ∩D

|u − φ|^2 dz

+ � Q_{ρk+1} ∩D � |φ^′|^2 + |∇φ|^2 � dz � . Letting k → ∞, we obtain the result. □

We have not considered the regularity of the lateral boundary so far. Examples show that inward cusps are troublesome and that the boundary must satisfy some regularity conditions. Here we assume that the complement of a domain satisfies a uniform capacity density condition.

Next we recall how to calculate capacities in terms of quasicontinuous representatives. Let 1 < p < ∞. We call u ∈ W^{1,p}(Ω) p-quasicontinuous if for each ε > 0 there exists an open set V ⊂ R^n such that

cap_p(V, R^n) ≤ ε and u|_{Ω\V} is continuous.

The p-quasicontinuous functions are intimately related to the Sobolev space W^{1,p}(Ω). It is known, for example, that if u ∈ W^{1,p}(Ω), then u has a p-quasicontinuous representative.

Now, the variational p-capacity of a set E ⊂ B_ρ(x) ⊂ R^n can be written in the form

cap_p(E, B_{2ρ}) = inf_u � B_{2ρ}

|∇u|^p dx, (3.5)

where u ∈ W^{1,p}_0 (B_{2ρ}) is p-quasicontinuous and u ≥ 1 in E except on a set of p-capacity zero.

For a ball we obtain that there exists a positive constant c = c(n, p) such that cap_p(B_ρ, B_{2ρ}) = cρ^{n−p}.

For the basic properties of the capacity we refer to Chapter 2 of [HKM93].

Next we introduce a capacity density condition which we later impose on the complement of a domain. For the higher integrability results this condition is essentially sharp as pointed out in Remark 3.3 of [KK94] in the elliptic case.

Definition 3 Let 1 < p < ∞. A set E ⊂ R^n is uniformly p-thick if there exist constants μ, ρ_0 > 0 such that

cap_p(E ∩ B_ρ(x), B_{2ρ}(x)) ≥ μ cap_p(B_ρ(x), B_{2ρ}(x))

for all x ∈ E and for all 0 < ρ < ρ_0.

If we replace the capacities with the Lebesgue measure, we obtain a measure density condition. A set E satisfying the measure density condition is uniformly p-thick for all p > 1. If p > n, then every nonempty set is uniformly p-thick.

The following lemma is sometimes useful when applying the capacity density condition. The result is based on capacity estimates Theorem 2.2 and Lemma 2.16 of [HKM93], but details are left for the reader.

Lemma 4 Let Ω be a bounded open set, and suppose that R^n \ Ω is uniformly p-thick. Choose y ∈ Ω such that B 4_{3 ρ}(y) \ Ω ≠ ∅. Then there exists a positive constant μ̃ = μ̃(μ, ρ_0, n, p) such that

cap_p(B_{2ρ}(y) \ Ω, B_{4ρ}(y)) ≥ μ̃ cap_p(B_{2ρ}(y), B_{4ρ}(y)).

A uniformly p-thick domain satisfies a deep self-improving property. This result is due to Lewis, see [Lew88]. See also page 52 of [Mik96] and [Anc86].

Theorem 5 Let 1 < p ≤ n. If a set E is uniformly p-thick, then there exists q such that 1 < q < p for which E is uniformly q-thick.

A uniformly q-thick set is also uniformly p-thick for all p ≥ q. This is a simple consequence of Hölder’s inequality.

Next we establish a well-known version of the Sobolev-Poincaré inequality. In this version the estimate depends on the capacity of a set in which the function equals zero. Later we use this estimate together with the boundary regularity condition. For a proof, see for example Lemma 3.1 of [KK94] or Lemma 8.11 of [Mik96].

Lemma 6 Suppose that u ∈ W^{1,q}(B_{2ρ}) is q-quasicontinuous, where q ∈ [2^∗, 2], 2^∗ = 2n/(n + 2), n ≥ 2. Denote N_{Bρ} (u) = { x ∈ B_ρ : u(x) = 0}. Then there exists a positive constant c = c(n) such that � B_{2ρ}

|u|^2 dx

�_{1/2} ≤ � c cap_q(N_{Bρ} (u), B_{2ρ}) � B_{2ρ}

|∇u|^q dx

�_{1/q} . Next we prove parabolic Poincaré’s inequality near the lateral boundary. The proof relies on the previous lemma and the pre-Caccioppoli type inequality.

Lemma 7 (parabolic Poincaré) Let u be a global quasiminizer with the boundary and initial conditions (3.1). Let Q_ρ = Q_ρ(x_0, t_0) ⊂ R^{n+1}, suppose that R^n \Ω is uniformly 2-thick and that B 4_{3 ρ}(x_0) \ Ω ≠ ∅. Suppose that ρ < M for some M > 0. Then there exists a positive constant c = c(n, M, μ, ρ_0, α, β, K) such that

ess sup

t∈Λ_{2ρ}∩(0,T ) � B_{2ρ}∩Ω

|u − φ|^2 dx ≤ c � Q_{4ρ}∩D

|∇u|^2 dz + c � Q_{4ρ}∩D � |φ^′|^2 + |∇φ|^2 � dz. Proof: By Lemma 1, we conclude that

ess sup

t∈Λ_{2ρ}∩(0,T ) � B_{2ρ}∩Ω

|u − φ|^2 dx ≤ c � Q_{4ρ}∩D

|∇u|^2 dz + c ρ^2 � Q_{4ρ}∩D

|u − φ|^2 dz + c � Q_{4ρ}∩D � |φ^′|^2 + |∇φ|^2 � dz. (3.6)

We extend u(•, t) − φ(•, t) ∈ W^{1,2}_0 (Ω) by zero outside Ω. Then by Lemma 4 and the capacity of a ball, we obtain

cap_2(N_{B2ρ} (u − φ), B_{4ρ}(x_0)) ≥ μ̃ cap_2(B_{2ρ}(x_0), B_{4ρ}(x_0)) = cρ^{n−2}. We estimate the second term on the right side of (3.6) by using Lemma 6 with q = 2 and the previous capacity estimate. We obtain c ρ^2 � Q_{4ρ}∩D

|u − φ|^2 dz ≤ � Λ_{4ρ}∩(0,T )

cρ^n ρ^2 cap_2(N_{B2ρ} (u − φ), B_{4ρ}) � B_{2ρ}

|∇ (u − φ) |^2 dx dt ≤ c � Q_{4ρ}∩D

|∇ (u − φ) |^2 dx dt, and the result follows. □

4 Reverse Hölder inequalities near the lateral boundary

In this section we prove that the gradient of a quasiminimizer is integrable to a higher power than assumed a priori. First we derive a reverse Hölder inequality and then apply the self-improving property.

Lemma 8 (Giaquinta-Modica type inequality) Let u be a global quasiminizer with the boundary and initial conditions (3.1). Let Q_ρ = Q_ρ(x_0, t_0), suppose that R^n \ Ω is uniformly 2-thick and that B 4_{3 ρ}(x_0) \ Ω ≠ ∅. Suppose ρ < M for some M > 0 and choose ε > 0. Then there exists a positive constant c = c(n, M, δ, μ, ρ_0, α, β, K, ε) and q < 2 such that � Q_{2ρ}∩D

|∇u|^2 dz

≤ ε |Q_{4ρ}| � Q_{4ρ}∩D

|∇u|^2 dz + � c |Q_{4ρ}| � Q_{4ρ}∩D

|∇u|^q dz

�_{2/q}

+ c |Q_{4ρ}| � Q_{4ρ}∩D � |φ^′|^2 + |∇φ|^2 � dz. Proof: Again, we extend u(•, t) − φ(•, t) ∈ W^{1,2}_0 (Ω) by zero outside Ω. Then we use Lemma 2 and divide the first term on the right into two parts c ρ^2 |Q_{2ρ}| � Q_{2ρ}∩D

|u − φ|^2 dz

≤ c ρ^4 � Λ_{2ρ}∩(0,T ) � B_{2ρ}

|u − φ|^2 dx

�_{1−q/2} �

B_{2ρ}

|u − φ|^2 dx

�_{q/2} dt, (4.1)

where q ∈ [2n/(n + 2), 2) is fixed later. Then Lemma 6 and Lemma 7 imply 1 ρ^2 |Q_{2ρ}| � Q_{2ρ}∩D

|u − φ|^2 dz ≤ c ρ^2 � ρ^2 |Q_{4ρ}| � Q_{4ρ}∩D

|∇ (u − φ)|^2 dz

+ ρ^2 |Q_{4ρ}| � Q_{4ρ}∩D � |∇φ|^2 + |φ^′|^2 � dz �_{1−q/2}

· 1 ρ^2 � Λ_{2ρ}∩(0,T ) 1 cap_q(N_{B2ρ} (u − φ), B_{4ρ}) � B_{4ρ}∩D

|∇ (u − φ) |^q dx dt.

(4.2)

Next we would like to use the uniform capacity density condition, but this is not possible straight away since q < 2, and we assumed that the complement of a domain is uniformly 2-thick. However, the density condition satisfies the selfimproving property as stated in Theorem 5. This together with Lemma 4 implies

cap_q(N_{B2ρ} (u − φ), B_{4ρ}) ≥ μ̃ cap_q(B_{2ρ}, B_{4ρ}) = cρ^{n−q}

for large enough q < 2. We apply this and Young’s inequality in (4.2) to obtain 1 ρ^2 |Q_{2ρ}| � Q_{2ρ}∩D

|u − φ|^2 dz ≤ ε |Q_{4ρ}| � Q_{4ρ}∩D

|∇ (u − φ)|^2 dz + ε |Q_{4ρ}| � Q_{4ρ}∩D � |∇φ|^2 + |φ^′|^2 � dz

+ � c |Q_{4ρ}| � Q_{4ρ}∩D

|∇ (u − φ)|^q dz

�_{2/q} . Lemma 8 follows now easily. □

Now we have all the tools to prove the higher integrability of the gradient of a quasiminimizer near the lateral boundary. The next theorem is one of our main results.

Theorem 9 Let u ∈ L^2(0, T ; W^{1,2}(Ω)) be a global quasiminimizer, and suppose that φ ∈ W^{1,2+δ}(0, T ; W^{1,2+δ}(Ω)) is a boundary function such that

u(•, t) − φ(•, t) ∈ W^{1,2}_0 (Ω) and 1 h �_h 0 � Ω |u − φ|^2 dx dt → 0 as h → 0.

Suppose that R^n \ Ω is uniformly 2-thick, let Q_ρ ⊂ R^{n+1}, and suppose that ρ < M for some M > 0. Then there exist positive constants ε_0 = ε_0(n, M, δ, μ, ρ_0, α, β, K), c = c(n, M, δ, μ, ρ_0, α, β, K) such that for all 0 ≤ ε < ε_0, we have � 1 |Q_ρ| � Q_ρ∩D

|∇u|^{2+ε} dz

�_{1/(2+ε)}

≤ � c |Q_{4ρ}| � Q_{4ρ}∩D

|∇u|^2 dz

�_{1/2}

+ � c |Q_{4ρ}| � Q_{4ρ}∩D

|∇φ|^{2+ε} + |φ^′|^{2+ε} dz

�_{1/(2+ε)} ,

where D = Ω × (0, T ).

Proof: We use the well-known Giaquinta-Modica lemma, see [GM79] or for example page 122 of [Gia83] or page 187 of [CW98]. See also [Geh73]. The Giaquinta-Modica lemma is formulated in the elliptic setting, but it extends to the parabolic case as pointed out in [GS82]. Later we prove a modification of this lemma, so for the proof we refer to Theorem 15.

We define

g(x, t) = � |∇u(x, t)|^q , (x, t) ∈ Ω × (0, T ), 0, otherwise ,

f(x, t) = � |∇φ(x, t)|^q + |φ^′(x, t)|^q , (x, t) ∈ Ω × (0, T ), 0, otherwise .

and p = 2/q. If Ω \ B 4_{3 ρ} ≠ ∅, Lemma 8 holds and if Ω \ B 4_{3 ρ} = ∅, a modification of the local result, see [Wie87], holds. The conditions of the Giaquinta-Modica lemma are satisfied. □

5 Estimates near the initial boundary

In this section we study the higher integrability near the initial boundary t = 0. Here the regularity of the lateral boundary does not play a role, and weaker assumptions are used.

We start by deriving Caccioppoli type inequalities and parabolic Poincaré’s inequality. These estimates are applied in the next section where we prove a reverse Hölder inequality near the initial boundary, and then show that it satisfies the self-improving property.

Let us denote 2^∗ = 2n/(n + 2). We say that u is a quasiminimizer for an initial value problem if u ∈ L^2(0, T ; W^{1,2}_{loc} (Ω)) satisfies (2.1) and the given initial condition 1 h �_h 0 � C |u(x, t) − φ(x)|^2 dx dt → 0 as h → 0, (5.1)

for all compact C ⊂ Ω and for a given φ ∈ W^{1,2∗} (Ω). In the proof we apply the weighted mean

u^η_σ(t) = � B_σ

η^2(x, t)u(x, t) dx � � B_σ

η^2(x, t) dx

instead of a standard mean u_σ(t). The weighted mean is applied in the local case for example in [GS82] or [Cho93]. The weighted mean should approximate the standard mean, and therefore the weight η is defined to be a cut-off function such that η ∈ C^∞_0 (Q_σ), 0 ≤ η ≤ 1, η = 1 in Q_ρ, where 0 < ρ < σ < ∞, and

sup_{x∈Bσ} η(x, t) ≤ c̃ � B_σ

η(x, t) dx, t ∈ Λ_σ, (5.2) where Λ_σ = Λ_σ(t_0) = (t_0 −^1_2 σ^2, t_0 +^1_2 σ^2).

The following lemma gives a detailed description of approximation properties of the weighted mean. The first inequality in the lemma is obtained easily by adding and subtracting u^η_σ(t). The latter inequality is obtained by adding and subtracting u_σ(t) and using Hölder’s inequality together with (5.2). We omit the details.

Lemma 10 Let u(•, t) ∈ L^2(Ω) and η, u^η_σ(t), u_σ(t) be as above. Then there exists a positive constant c = c(p, c̃) such that � B_σ

|u − u_σ(t)|^2 dx ≤ c � B_σ

|u − u^η_σ(t)|^2 dx ≤ c^2 � B_σ

|u − u_σ(t)|^2 dx.

Here c̃ is the constant in (5.2).

From now on we assume that the cut-off function η also satisfies � � � ∂η ∂t � � � + |∇η|^2 ≤ c (σ − ρ)^2 . Lemma 11 Let u be a quasiminimizer to an initial value problem with the initial condition (5.1). Let 0 < ρ < σ < ∞, and let Q_ρ ⊂ Q_σ = Q_σ(x_0, t_0) ⊂ R^{n+1} be concentric cylinders such that dist{B_σ(x_0), ∂Ω} > a > 0 and 0 ∈ Λ_ρ(t_0). Then there exists a positive constant c = c(n, α, β, c̃, K, a) such that � Q_ρ∩D

|∇u|^2 dz + ess sup

t∈Λ_ρ∩(0,T ) � B_ρ

|u − u^η_σ(t)|^2 dx ≤ c � (Q_σ\Q_ρ)∩D

|∇u|^2 dz + c (σ − ρ)^2 � Q_σ∩D

|u − u^η_σ(t)|^2 dz + c � B_σ

|∇φ|^{2∗} dx

�_{2/2}∗ . Here c̃ is the constant in (5.2) and 2^∗ = 2n/(n + 2).

Proof: We may assume that Q_ρ ∩ D ≠ ∅ since otherwise the claim is trivial. We choose a test function

ϕ_ε(x, t) = η^2(x, t)(u_ε(x, t) − u^η_{σ,ε}(t))χ^{h,ε}_{0,t1} (t), t_1 ∈ Λ_ρ ∩ (0, T ),

where u^η_{σ,ε}(t) is the weighted average of u_ε(x, t) and otherwise the notation is the same as in Lemma 1. Now, let us consider the first term of (2.3). We insert the test function, add and subtract u^η_{σ,ε}(t)ϕ^′_ε and have − � R^{n+1}

u_εϕ^′_ε dz = − � R^{n+1}

(u_ε − u^η_{σ,ε}(t))ϕ^′_ε dz − � R^{n+1}

u^η_{σ,ε}(t)ϕ^′_ε dz.

Integrating by parts and using the definition of u^η_{σ,ε}(t), we notice that the last term vanishes − � R^{n+1}

u^η_{σ,ε}(t)ϕ^′_ε dz = �_∞ −∞ χ^{h,ε}_{0,t1} (t) � B_σ

u_εη^2 dx − � B_σ η

2 dx � B_σ η

2u_ε dx � B_σ η

2 dx � (u^η_{2ρ,ε}(t))^′ dt = 0.

Then we integrate the rest by parts, take limits, apply the initial condition and conclude that − � R^{n+1}

u_εϕ^′_ε dz → − � Ω×(0,t_1)

|u − u^η_σ(t)|^2ηη^′ dz + 1 2 � B_σ

|u(x, t_1) − u^η_σ(t_1)|^2 η^2(x, t_1) dx − 1 2 � B_σ

|φ − φ^η_σ|^2 η^2(x, 0) dx,

(5.3)

as first ε → 0 and then h → 0. Next we apply Lemma 10 together with Poincaré’s inequality and conclude that � B_σ

|φ − φ^η_σ|^2 dx ≤ c � B_σ

|∇φ| dx

�_{2/2}∗ . The rest of the proof is almost similar to the proof of Lemma 1 from (3.3) onwards, and we omit the details. □

Next we derive Caccioppoli’s inequality by using the hole filling iteration.

Lemma 12 (Caccioppoli) Let u be a quasiminimizer to an initial value problem with the initial condition (5.1). Let 0 < ρ < ∞, and let Q_ρ = Q_ρ(x_0, t_0) ⊂ R^{n+1} such that dist{B_{2ρ}(x_0), ∂Ω} > a > 0 and 0 ∈ Λ_ρ(t_0). Then there exists a positive constant c = c(n, α, β, c̃, K, a) such that � Q_ρ∩D

|∇u|^2 dz ≤ c ρ^2 sup bρ∈[ρ,2ρ] � Q_{bρ}∩D

|u − u_{bρ}(t)|^2 dz

+ c � B_{2ρ}

|∇φ|^{2∗} dx

�_{2/2}∗ . Here c̃ is the constant in (5.2) and 2^∗ = 2n/(n + 2).

Proof: We start with Lemma 11, denote the constant of the first term on the right by ^c, add ^c � Q_ρ∩D |∇u|

2 dz on both sides, divide by ^c + 1, apply Lemma 10 and obtain � Q_ρ∩D

|∇u|^2 dz ≤ ^c ^c + 1 � Q_σ∩D

|∇u|^2 dz + c (^c + 1)(σ − ρ)^2 � Q_σ∩D

|u − u_σ(t)|^2 dz + c ^c + 1 � B_σ

|∇φ|^{2∗} dx

�_{2/2}∗ . Then we choose ρ_i similarly as in Lemma 2 replace ρ by ρ_i and σ by ρ_{i+1} and iterate to obtain the result. □ The next estimate is a parabolic Poincaré type inequality.

Lemma 13 (parabolic Poincaré) Let u be a quasiminimizer to an initial value problem with the initial condition (5.1). Let 0 < ρ < ∞, and let Q_ρ = Q_ρ(x_0, t_0) ⊂ R^{n+1} such that dist{B_{2ρ}(x_0), ∂Ω} > a > 0 and 0 ∈ Λ_ρ(t_0). Then there exists a positive constant c = c(n, α, β, c̃, K, a) such that

ess sup

t∈Λ_ρ∩(0,T ) � B_ρ

|u − u^η_{2ρ}(t)|^2 dx

≤ cρ^2 � � 1 |Q_{2ρ}| � Q_{2ρ}∩D

|∇u|^2 dz + � B_{2ρ}

|∇φ|^{2∗} dx

�_{2/2}∗ � � .

Here c̃ is the constant in (5.2) and 2^∗ = 2n/(n + 2). Proof: By Lemma 11, we have

ess sup

t∈Λ_ρ∩(0,T ) � B_ρ

|u − u^η_σ(t)|^2 dx ≤ c � Q_{2ρ}∩D

|∇u|^2 dz + c ρ^2 � Q_{2ρ}∩D

|u − u^η_{2ρ}(t)|^2 dz

+ c � B_{2ρ}

|∇φ|^{2∗} dx

�_{2/2}∗ . Then Lemma 10 and Poincaré’s inequality imply c ρ^2 � Q_{2ρ}∩D

|u − u^η_{2ρ}(t)|^2 dz ≤ c � Q_{2ρ}∩D

|∇u|^2 dz.

The result follows by combining these estimates. □ Now we prove a reverse Hölder inequality for the gradient of a quasiminimizer.

Lemma 14 (Giaquinta-Modica type inequality) Let u be a quasiminimizer to an initial value problem with the initial condition (5.1). Let 0 < ρ < ∞ and let Q_ρ = Q_ρ(x_0, t_0) ⊂ R^{n+1} such that dist{B_{2ρ}(x_0), ∂Ω} > a > 0 and 0 ∈ Λ_ρ(t_0). Choose ε > 0. Then there exists a positive constant c = c(n, α, β, c̃, K, ε, a) such that 1 |Q_ρ| � Q_ρ∩D

|∇u|^2 dz

≤ ε |Q_{4ρ}| � Q_{4ρ}∩D

|∇u|^2 dz + � c |Q_{4ρ}| � Q_{4ρ}∩D

|∇u|^{2∗} dz

�_{2/2}∗

+ c � B_{4ρ}

|∇φ|^{2∗} dx

�_{2/2}∗ , where 2^∗ = 2n/(n + 2) and c̃ is the constant in (5.2). Proof: We start with Lemma 12 and choose ρ_0 ∈ [ρ, 2ρ] such that � Q_{ρ0} ∩D

|u − u_{ρ0} (t)|^2 dz = sup_{bρ∈[ρ,2ρ]} � Q_{bρ}∩D

|u − u_{bρ}(t)|^2 dz, (5.4)

and a cut-off function η ∈ C^∞_0 (Q_{2ρ0} ), 0 ≤ η ≤ 1, η = 1 in Q_{ρ0} , satisfying (5.2). By Lemma 10 (lemma is valid also for u^η_{2ρ0} (t)), we have � Q_{ρ0} ∩D

|u − u_{ρ0} (t)|^2 dz ≤ c � Q_{ρ0} ∩D

|u − u^η_{2ρ0} (t)|^2 dz, (5.5)

and thus � Q_ρ∩D

|∇u|^2 dz ≤ c ρ^2 � Q_{ρ0} ∩D

|u − u^η_{2ρ0} (t)|^2 dz

+ c � B_{2ρ}

|∇φ(x)|^{2∗} dx

�_{2/2}∗ . Then we divide the first term on the right into two parts, estimate the first part by essential supremum and apply Lemma 10 to the latter. We obtain 1 ρ^2 |Q_{ρ0} | � Q_{ρ0} ∩D

|u − u^η_{2ρ0} (t)|^2 dz

≤ c ρ^2 ess sup

t∈Λ_{ρ0} ∩(0,T ) � B_{ρ0}

|u − u^η_{2ρ0} (t)|^2 dx

�_{1−2}∗_{/2}

1 ρ^2_0 � Λ_{ρ0} ∩(0,T ) � B_{2ρ0}

|u − u_{2ρ0} (t)|^2 dx

�_2∗_{/2} dt.

Then we apply Lemma 13 to the first part, Poincaré’s inequality to the latter part, and have 1 ρ^2 |Q_{ρ0} | � Q_{ρ0} ∩D

|u − u^η_{2ρ0} (t)|^2 dz

≤ c � � 1 |Q_{4ρ}| � Q_{4ρ}∩D

|∇u|^2 dz + � B_{4ρ}

|∇φ|^{2∗} dx

�_{2/2}∗ � � 1−2^∗/2

· 1 |Q_{4ρ}| � Q_{4ρ}∩D

|∇u|^{2∗} dz

Finally, the result is obtained by using Young’s inequality. □

6 Reverse Hölder inequalities near the initial boundary

The previous lemma makes sense if the gradient of the initial value function is integrable to the power 2n/(n + 2) instead of 2. Next we show that the reverse Hölder inequality has the self-improving property also in this setting.

Theorem 15 Let D = Ω × (0, T ), p > 1, q = pn/(n + 2) and γ > 0. Choose ε̃ > 0 and denote δ_{Λ4ρ(}~_{t0)} = 1 if 0 ∈ Λ_{4ρ}(t̃_0) and δ_{Λ4ρ(}~_{t0)} = 0 otherwise. Suppose that g ≥ 0, g ∈ L^p(Q_{4ρ}(x̃_0, t̃_0)∩D), f ≥ 0, f ∈ L^{q+γ} (Q_{4ρ}(x̃_0, t̃_0)∩D) and suppose that there exists a positive constant b = b(ε̃) such that 1 |Q_ρ| � Q_ρ∩D

g^p dz ≤ ε̃ |Q_{4ρ}| � Q_{4ρ}∩D

g^p dz

+ b � 1 |Q_{4ρ}| � Q_{4ρ}∩D

g^q dz

�_{p/q}

+ bδ_{Λ4ρ(}~_{t0)} � B_{4ρ}

f^q dx

�_{p/q} ,

(6.1)

for all bounded cylinders Q_{4ρ} = Q_{4ρ}(x̃_0, t̃_0) ⊂ R^{n+1} such that dist{B_{4ρ}(x̃_0), ∂Ω} > a > 0. Then there exist positive constants ε_0 = ε_0(b, γ, n, p, a) and c = c(b, γ, n, p, a) such that for all 0 ≤ ε < ε_0, we have � 1 |Q_R| � Q_R∩D

g^{p+ε} dz

�_{1/(p+ε)}

≤ c � 1 |Q_{4R}| � Q_{4R}∩D

g^p dz

�_{1/p} + cδ_{Λ4R} � B_{4R}

f^{q+ε} dx

�_{1/q+ε} , for all bounded cylinders Q_{4R} = Q_{4R}(x_0, t_0) ⊂ R^{n+1} such that dist{B_{4R}(x_0), ∂Ω} > a > 0.

Proof: The proof consists of several steps. First we divide the space-time cylinder into smaller Whitney-type cylinders. In each Whitney-type cylinder we are able to derive estimates with constants that are independent of the place. Then we divide the space-time cylinder into a good set and a bad set. In the good set the function g^p is bounded, and in the bad set we can estimate the average of the function. The Calderón-Zygmund decomposition is usually applied for this, but here we use a different strategy which seems to work better in the parabolic case also with more general growth conditions. Finally, we obtain the higher integrability by using Fubini’s theorem.

We denote Q_0 = Q_{4R}(z_0) = Q_{4R}(x_0, t_0) and divide Q_0 into the Whitney-type cylinders (see for example page 15 of [Ste93])

Q_i = Q_{ri} (z_i), i = 1, 2, . . . ,

where r_i is comparable to the parabolic distance of Q_i to ∂Q_0. The parabolic distance is defined to be

dist_p {E, F } = inf_{E,F} � |x − x| + |t − t|^{1/2} � , where the infimum is taken taken over the sets E and F , that is, (x, t) ∈ E, (x, t) ∈ F . In addition, the cylinders Q_i are of bounded overlap (meaning that every z belongs at the most to a fixed finite number of cylinders), and

Q_{5ri} ⊂ Q_0.

We choose λ_0 = � 1 |Q_0| � Q_0∩D

g^p dz

�_{1/p} and λ > λ_0.

For (x, t) ∈ Q_0 ∩ D, we define

h(x, t) = 1 ^c |Q_0|^{1/p} min{|Q_i|^{1/p} : (x, t) ∈ Q_i}g(x, t),

where ^c ≥ 1 is fixed later. Suppose that we have (^x, ^t) ∈ Q_i such that h(^x, ^t) > λ, and define α = |Q_0| |Q_i| . Then for r, r_i/20 ≤ r ≤ r_i, we have 1 |Q_r| � Q_r∩D

g^p dz ≤ c |Q_0| |Q_i| 1 |Q_0| � Q_0∩D

g^p dz ≤ ^c^pαλ^p, where ^c is chosen to be large enough. By Lebesgue’s theorem

lim_{r→0} 1 � �Q_r(^x, ^t) � � � Q_r(bx,bt)∩D

g^p dz=g^p(^x, ^t) > ^c^pαλ^p

for almost all (^x, ^t). By these two estimates and continuity of the integral there exists ρ, 0 < ρ ≤ r_i/20 and c(n, p) ≥ 1 such that

c^{−1}αλ^p ≤ 1 |Q_ρ| � Q_ρ∩D

g^p dz ≤ c |Q_{20ρ}| � Q_{20ρ}∩D

g^p dz ≤ c^2αλ^p. (6.2)

First, this chain of inequalities implies that we can absorb the first term on the right side of (6.1) into the left by choosing ε̃ > 0 small enough, and thus we have 1 |Q_ρ| � Q_ρ∩D

g^p dz ≤ c � 1 |Q_{4ρ}| � Q_{4ρ}∩D

g^q dz

�_{p/q}

+ cδ_{Λ4ρ} � B_{4ρ}

f^q dx

�_{p/q} . Together with properties of the Whitney decomposition, (6.2) also implies that there exists c ≥ 1 such that

c^{−1}λ^p ≤ 1 |Q_ρ| � Q_ρ∩D

h^p dz ≤ c |Q_{20ρ}| � Q_{20ρ}∩D

h^p dz ≤ c^2λ^p. (6.3)

We have α^{−p/q} ≤ (|Q_i| / |Q_0|)^{p/q} ≤ 1 and thus by the previous estimates, we obtain 1 |Q_{20ρ}| � Q_{20ρ}∩D

h^p dz ≤ c � 1 |Q_{4ρ}| � Q_{4ρ}∩D

h^q dz

�_{p/q}

+ cδ_{Λ4ρ} � B_{4ρ}

f^q dx

�_{p/q} . (6.4)

We define the level sets

G(λ) = {(x, t) ∈ Q_0 ∩ D : h(x, t) > λ}, G̃(λ) = {x ∈ B_0 : f(x) > λ},

where B_0 = B_{4R}(x_0). Next we use (6.4) and the level sets to calculate 1 |Q_{20ρ}| � Q_{20ρ}∩D

h^p dz ≤cη^pλ^p + � |Q_{4ρ}|^{−1} � Q_{4ρ}∩G(ηλ)

h^q dz

�_{p/q}

+ cδ_{Λ4ρ} � |B_{4ρ}|^{−1} � B_{4ρ}∩G̃(ηλ)

f^q dx

�_{p/q} . (6.5)

By Hölder’s inequality and (6.3), there exists c ≥ 1 such that � 1 |Q_{4ρ}| � Q_{4ρ}∩D

h^q dz

�_{(p−q)/q} ≤ cλ^{p−q}. (6.6)

Then we choose η > 0 small enough and use (6.3) to absorb the first term on the right of (6.5) into the left. Next we apply (6.6) and arrive at 1 |Q_{20ρ}| � Q_{20ρ}∩D

h^p dz ≤c |Q_{4ρ}|^{−1} λ^{p−q} � Q_{4ρ}∩G(ηλ)

h^q dz

+ cδ_{Λ4ρ} � |B_{4ρ}|^{−1} � B_{4ρ}∩G̃(ηλ)

f^q dx

�_{p/q} . (6.7)

By Vitali’s covering theorem, we have a disjoint set of cylinders {Q_{4ρi} (z̃_i)}^∞_{i=1}, z̃_i ∈ G(λ) such that almost everywhere G(λ) ⊂ ∪^∞_{i=1}Q_{20ρi} (z̃_i) ⊂ Q_0, and (6.7) holds in every cylinder. Multiplying (6.7) by |Q_{4ρ}| remembering q = pn/(2 + n) to get rid of |B_{4ρ}|^{−1} and summing over i, we obtain � G(λ)

h^p dz ≤ ∞� i=1 � Q_{20ρi} ∩D

h^p dz

≤ cλ^{p−q} � G(ηλ)

h^q dz + cδ_{Λ4R(t0 )} � G̃(ηλ)

f^q dx

�_{p/q} . (6.8)

By integrating, using Fubini’s theorem and (6.8), we have � G(λ_0)

h^{p+ε} dz = � G(λ_0)

�_h

λ_0

(λ^ε)^′ dλ + (λ_0)^ε � h^p dz = ε �_∞

λ_0

λ^{ε−1} � G(λ)

h^p dz dλ + (λ_0)^ε � G(λ_0 )

h^p dz ≤ c �_∞

λ_0

ελ^{ε−1+p−q} � G(ηλ)

h^q dz dλ

+ cελ^{ε−1}δ_{Λ4R(t0 )}

�_∞

λ_0 � G̃(ηλ)

f^q dx

�_{p/q} dλ + (λ_0)^ε � G(λ_0)

h^p dz.

We estimate this integral in two parts. First, by Fubini’s theorem, we see that ε �_∞

λ_0

λ^{ε−1+p−q} � G(ηλ)

h^q dz dλ + (λ_0)^ε � G(λ_0)

h^p dz

= cε � G(ηλ_0 )

�_{h/η}

λ_0

λ^{ε−1+p−q} dλ � h^q dz + (λ_0)^ε � G(λ_0)

h^p dz ≤ cε ε + p − q � G(λ_0 )

h^{ε+p} dz + c(λ_0)^ε � G(ηλ_0 )

h^p dz.

Then we divide the boundary term into two parts. By Fubini’s theorem and Hölder’s inequality, we have ε �_∞

λ_0

λ^{ε−1} � G̃(ηλ)

f^q dx

�_{p/q} dλ ≤ � G̃(ηλ_0 )

f^q dx

�_{p/q−1} �

G̃(ηλ_0 )

�_{f/η}

λ_0

ελ^{ε−1}f^q dλ dx

≤ cR^{2ε/(q+ε)} � G̃(ηλ_0 )

f^{q+ε} dx

�_{(p+ε)/(q+ε)} . We collect the estimates, choose ε > 0 small enough to absorb the term containing h^{p+ε} into the left and conclude that � G(λ_0 )

h^{p+ε} dz ≤ c(λ_0)^ε � G(ηλ_0 )

h^p dz

+ cδ_{Λ4R} R^{2ε/(q+ε)} � G̃(ηλ_0 )

f^{q+ε} dx

�_{(p+ε)/(q+ε)} . Notice that if the term we would like to absorb is infinite, we can replace h by min{h, k}, k > λ_0, for which (6.8) continues to hold, and finally let k → ∞. We remember that q = pn/(n + 2) and easily obtain 1 |Q_R| � Q_R∩D

h^{p+ε} dz ≤ c(λ_0)^ε |Q_{4R}| � Q_{4R}∩D

h^p dz

+ cδ_{Λ4R} � B_{4R}

f^{q+ε} dx

�_{(p+ε)/(q+ε)} . Since we are far away from the boundary of Q_{4R} on the left side, the definition of h(z) and λ_0 implies the result. □

The next theorem is the higher integrability for the gradient of a quasimimizer near the initial boundary.

Theorem 16 Let u be a quasiminimizer to an initial value problem with the initial condition (5.1). Let 0 < R < ∞ and let Q_R = Q_R(x_0, t_0) ⊂ R^{n+1} such that dist{B_{4R}(x_0), ∂Ω} > a > 0 and 0 ∈ Λ_R(t_0). Then there exist positive constants ε_0 = ε_0(n, δ, α, β, c̃, K, a) and c = c(n, δ, α, β, c̃, K, a) such that for every 0 ≤ ε < ε_0, we have � 1 |Q_R| � Q_R∩D

|∇u|^{2+ε} dz

�_{1/(2+ε)}

≤ c � 1 |Q_{4R}| � Q_{4R}∩D

|∇u|^2 dz

�_{1/2} + c � B_{4R}

|∇φ|^{2∗+ε} dx

�_{1/(2}∗_{+ε)} , where 2^∗ = 2n/(2 + n) and c̃ is the constant in (5.2).

Proof: We choose

g = |∇u| , p = 2, q = 2n/(2 + n), f = |∇φ(x)|

and use Theorem 15. If we are near the initial boundary Lemma 14 holds and if we are far away from the initial boundary, we can use the local result, see [Wie87], to satisfy the condition of Theorem 15. □

References

[Anc86] A. Ancona. On strong barriers and an inequality of Hardy for domains in R^n. J. London Math. Soc. (2), 34(2):274–290, 1986.

[Ark89] A. A. Arkhipova. Reverse Hölder inequalities with the surface integrals and L^p-estimates in Neumann-type problems (Russian). Embedding Theorems and Their Applications to Problems of Mathematical Physics, pages 3–17, 1989.

[Ark92] A. A. Arkhipova. L^p-estimates for the gradients of solutions of initial boundary value problems to quasilinear parabolic systems (Russian). Problems of Math. Analysis, 13:5–18, 1992.

[Ark95] A. A. Arkhipova. Reverse Hölder inequalities with boundary integrals and L^p-estimates for solutions of nonlinear elliptic and parabolic boundary-value problems. Amer. Math. Soc. Transl. Ser. 2, 164:15–42, 1995.

[Cho93] H. J. Choe. On the regularity of parabolic equations and obstacle problems with quadratic growth. J. Differential Equations, 102(1):101– 118, 1993.

[CW98] Y.-Z. Chen and L.-C. Wu. Second Order Elliptic Equations and Elliptic Systems, volume 174 of Translations of Mathematical Monographs. American Mathematical Society, 1998.

[DiB93] E. DiBenedetto. Degenerate Parabolic Equations. Springer-Verlag, Berlin, 1993.

[EM75] A. Elcrat and N.G. Meyers. Some results on regularity for solutions of non-linear elliptic systems and quasi-regular functions. Duke Math. J., 42:121–136, 1975.

[Geh73] F. W. Gehring. The L^p-integrability of the partial derivatives of a quasiconformal mapping. Acta Math., 130:265–277, 1973.

[GG82] M. Giaquinta and E. Giusti. On the regularity of the minima of variational integrals. Acta Mathematica, 148:31–46, 1982.

[GG84] M. Giaquinta and E. Giusti. Quasi-minima. Ann. Inst. H. Poincaré Anal. Non Linéaire, 1:79–107, 1984.

[Gia83] M. Giaquinta. Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic Systems. Princeton University Press, 1983.

[GM79] M. Giaquinta and G. Modica. Regularity results for some classes of higher order non linear elliptic systems. J. Reine Angew. Math., 311/312:145–169, 1979.

[Gra82] S. Granlund. An L^p-estimate for the gradient of extremals. Math.

Scand., 50(1):66–72, 1982.

[GS82] M. Giaquinta and M. Struwe. On the partial regularity of weak solutions of nonlinear parabolic systems. Math. Z., 179(4):437–451, 1982.

[HKM93] J. Heinonen, T. Kilpeläinen, and O. Martio. Nonlinear Potential Theory of Degenerate Elliptic Equations. Oxford University Press, Oxford, 1993.

[KK94] T. Kilpeläinen and P. Koskela. Global integrability of the gradients of solutions to partial differential equations. Nonlinear Anal., 23(7):899– 909, 1994.

[KL00] J. Kinnunen and J. L. Lewis. Higher integrability for parabolic systems of p-Laplacian type. Duke Math. J., 102(2):253–271, 2000.

[Lew88] J. L. Lewis. Uniformly fat sets. Trans. Amer. Math. Soc., 308(1):177– 196, 1988.

[Mik96] P. Mikkonen. On the Wolff potential and quasilinear elliptic equations involving measures. Ann. Acad. Sci. Fenn. Math. Diss., 104, 1996.

[Ste93] E. M. Stein. Harmonic Analysis: Real-Variable Methods, Orthogonality and Oscillatory Integrals. Princeton University Press, 1993.

[Str80] E.W. Stredulinsky. Higher integrability from reverse Hölder inequalities. Indiana Univ. Math. J., 29:407–413, 1980.

[Wie87] W. Wieser. Parabolic Q-minima and minimal solutions to variational flows. Manuscripta Math., 59(1):63–107, 1987.

[Zho93] S. Zhou. On the local behaviour of parabolic Q-minima. J. Partial Differential Equations, 6(3):255–272, 1993.

[Zho94] S. Zhou. Parabolic Q-minima and their application. J. Partial Differential Equations, 7(4):289–322, 1994.

(continued from the back cover)

A493 Giovanni Formica , Stefania Fortino , Mikko Lyly A vartheta method–based numerical simulation of crack growth in linear elastic fracture February 2006

A492 Beirao da Veiga Lourenco , Jarkko Niiranen , Rolf Stenberg A posteriori error estimates for the plate bending Morley element February 2006

A491 Lasse Leskelä

Comparison and Scaling Methods for Performance Analysis of Stochastic Networks December 2005

A490 Anders Björn , Niko Marola

Moser iteration for (quasi)minimizers on metric spaces September 2005

A489 Sampsa Pursiainen

A coarse-to-fine strategy for maximum a posteriori estimation in limited-angle computerized tomography September 2005

A487 Ville Turunen

Differentiability in locally compact metric spaces May 2005

A486 Hanna Pikkarainen

A Mathematical Model for Electrical Impedance Process Tomography April 2005

A485 Sampsa Pursiainen

Bayesian approach to detection of anomalies in electrical impedance tomogra- phy April 2005

A484 Visa Latvala , Niko Marola , Mikko Pere

Harnack’s inequality for a nonlinear eigenvalue problem on metric spaces March 2005

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A498 Marcus Ruter , Sergey Korotov , Christian Steenbock

Goal-oriented Error Estimates based on Different FE-Spaces for the Primal and the Dual Problem with Applications to Fracture Mechanics March 2006

A497 Outi Elina Maasalo

Gehring Lemma in Metric Spaces March 2006

A496 Jan Brandts , Sergey Korotov , Michal Krizek

Dissection of the path-simplex in R^n into n path-subsimplices March 2006

A495 Sergey Korotov

A posteriori error estimation for linear elliptic problems with mixed boundary conditions March 2006

A494 Antti Hannukainen , Sergey Korotov

Computational Technologies for Reliable Control of Global and Local Errors for Linear Elliptic Type Boundary Value Problems February 2006

ISBN 951-22-8192-9 ISSN 0784-3143