Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2006 A500

STABILITY OF QUASIMINIMIZERS OF THE p–DIRICHLET INTEGRAL WITH VARYING p ON METRIC SPACES

Outi Elina Maasalo Anna Zatorska–Goldstein

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2006 A500

STABILITY OF QUASIMINIMIZERS OF THE p–DIRICHLET INTEGRAL WITH VARYING p ON METRIC SPACES

Outi Elina Maasalo Anna Zatorska–Goldstein

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Outi Elina Maasalo, Anna Zatorska–Goldstein: Stability of quasiminimizers of the p–Dirichlet integral with varying p on metric spaces; Helsinki University of Technology, Institute of Mathematics, Research Reports A500 (2006).

Abstract: We prove a stability result, with respect to the varying exponent p, for a family of quasiminimizers of the p–Dirichlet energy functional on a doubling metric measure space. In addition we prove global higher integrability for upper gradients of quasiminimizers with fixed boundary data, provided the boundary data belongs to a slightly better Newtonian space.

AMS subject classifications: Primary: 49Q20, Secondary: 31C45, 49N60

Keywords: Caccioppoli inequality, capacity, doubling measure, Gehring lemma, metric space, Newtonian space, p–fatness, Poincaré inequality, quasiminimizer, stability

Correspondence

Outi Elina Maasalo Institute of Mathematics, Helsinki University of Technology P.O. Box 1100 FI–02015 Helsinki University of Technology, Finland outi.elina.maasalo@hut.fi

Anna Zatorska–Goldstein Institute of Applied Mathematics and Mechanics, University of Warsaw Banacha 2 PL–02–097 Warsaw, Poland azator@mimuw.edu.pl

ISBN 951-22-8193-7 ISSN 0784-3143

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

1 Introduction

One of the most important elliptic variational problems studied in Euclidean spaces is to minimize the p–energy functional. This is equivalent to solving the p–harmonic equation. In a general metric measure space it is not clear what the counterpart for the p–harmonic equation is. However, in such a space, the variational approach to p–harmonic functions is available; it is possible to define p-harmonic functions as minimizers of the Dirichlet integral. The basic reason is that the Sobolev spaces on a metric measure space can be defined without the notion of partial derivatives; see e.g. [8], [22]. Direct methods in the calculus of variations are also available and one can prove existence results for the Dirichlet problem; see e.g. [2], [23].

A class of functions closely related to p–harmonic functions are quasiminimizers. A function u is called a quasiminimizer if it minimizes the Dirichlet functional up to some multiplicative constant K, that is � |Du|^pdx ≤ K � |Dv|^pdx

among all functions v which have the same boundary values. The notion of quasiminimizers was introduced by Giaquinta and Giusti in [7] as a tool for unified treatment of variational integrals, elliptic equations and systems, obstacle problems and quasiregular mappings. In the setting of metric spaces, the approach via quasiminimizers is particularly useful, as the Euler equation for the p–Dirichlet energy integral does not need to exist.

In recent years several papers have been published considering quasiminimizers in the setting of doubling metric measure spaces supporting a Poincaré inequality, see e.g. [4], [16], [17], [3]. All notions of metric measure spaces that appear here are explained in section 2 below. (Local) Hölder continuity for quasiminimizers has been proved by Kinnunen and Shanmugalingam [17]. In [16], Kinnunen and Martio studied nonlinear potential theory for quasiminimizers. Boundary continuity for quasiminimizers on a bounded set Ω with fixed boundary data was examined by J. Björn [4].

In the Euclidean setting different stability questions of the p–Dirichlet integral have been studied. Li and Martio examined a quasilinear elliptic operator and proved in [18] a convergence result for solutions of an obstacle problem with varying p in a bounded subset Ω of R^n. Later they proved a similar result for a double obstacle problem, see [19]. Both cases require a measure or a capacity thickness condition on the complement of Ω.

Lindqvist considered stability of solutions to div(|∇u|^{p−2}∇u) = f, i.e. minimizers to the corresponding variational problem with varying p. The problem is solved for a bounded subset of R^n in [20]. In [21] Lindqvist studies stability with respect to p of the p–harmonic eigenvalue problem. Here a question on regularity of the set Ω raises.

Assume (X, μ, d) to be a complete, locally linearly convex, doubling metric measure space that supports a weak (1, p)–Poincaré inequality for some p > 1. Our main result is the following:

Theorem 1.1. Let Ω be an open and bounded subset of X such that X \ Ω is of positive p–capacity and uniformly p–fat. Let w ∈ N^{1,s}(Ω) for some s > p. Assume p = lim_{i→∞} p_i and let (u_i)^∞_{i=1} be a sequence of K–quasiminimizers of the p_i–energy in Ω with boundary data w. If

u_i → u μ–a.e. in Ω

then u is a K–quasiminimizer of the p–energy integral in Ω with boundary data w.

Note that since quasiminimizers do not provide unique solutions to the Dirichlet problem, in general, even if p does not vary, they may not converge. In was shown by Kinnunen and Martio that the class of (local) quasiminimizers, for p fixed, is closed under monotone convergence, provided that the limit function is bounded.

Stability requires usually some sort of higher integrability result such as the Gehring lemma. In the setting of Theorem 1.1 we prove the global higher integrability of upper gradients of quasiminimizers.

Theorem 1.2. Let Ω be an open and bounded subset of X such that X \ Ω is of positive p–capacity and uniformly p–fat. Let w ∈ N^{1,s}(Ω) for some s > p.

If u ∈ N^{1,p}(Ω) is a quasiminimizer of the p–energy integral in Ω with boundary data w, then there exists 0 < δ_0 = δ_0(p) ≤ s − p such that g_u ∈ L^{p+δ}(Ω) for all 0 < δ < δ_0 and � � Ω g^{p+δ}_u dμ

�_{1/(p+δ)} ≤ c � � Ω g^p_u dμ

�_{1/p} + � � Ω g^{p+δ}_w dμ

�_{1/(p+δ)}� , where c depends only on p and on the constants related to the space and to the domain Ω.

One standard, yet non–trivial, assumption in the metric setting is that the space satisfies a weak (1, q)–Poincaré inequality for some q < p, where p is the natural exponent associated with the studied problem. However, as shown by Keith and Zhong [12] the Poincaré inequality is a self improving property. In quite general spaces a weak (1, p)–Poincaré implies a weak (1, q)–Poincaré for some q < p. The same holds also for a p–fatness condition, that is a capacity thickness property of a set. We refer the reader to sections 2.1.2 and 2.1.7 respectively.

The paper is organized as follows: in section 2 we fix the general setup and we present basic facts about analytic tools used in metric setting. Most of the results are stated without proofs, in some cases we add the proof for the reader’s convenience. Since there does not exist one sufficient reference, we decided to collect all needed definitions in subsection 2.1. For more details we refer to [2], [4], [5], [8], [9], [11], [13], [16], [17], [22] and [23]. The reader familiar with metric measure spaces may omit this part. Section 3 contains the proof of Theorem 1.2 and section 4 the proof of the stability result.

Acknowledgment

The results were partly obtained when the second author visited Helsinki University of Technology in January 2006. The authors would like to thank Professor Juha Kinnunen for proposing the problem and useful discussions.

The second author is partially supported by MEiN grant no 1PO3A 005 29 and by Alexander von Humboldt Foundation.

2 Preliminaries

Our notation is standard. We assume that a ball comes always with a centre and a radius, i.e. B = B(x, r) = {y ∈ X : d(x, y) < r} with 0 < r < ∞. We denote u_B = � B udμ = 1 μ(B) � B udμ,

and when there is no possibility for confusion, we denote with λB a ball with the same center as B but λ times its radius.

Throughout the paper we assume (X, μ, d) to be a complete metric space equipped with a Borel regular measure μ satisfying 0 < μ(B) < ∞ for all balls B of X. We will assume that the measure is doubling, i.e. there exists a constant c_d > 0 such that for every ball B in X

μ(2B) ≤ c_dμ(B).

We refer to this property calling (X, d, μ) or briefly X a doubling metric measure space. A doubling metric measure space that is complete is always proper, that is its closed and bounded subsets are compact. In addition we will assume that X is a locally linearly convex space (LLC).

If not otherwise mentioned, all constants depend only on the constants of the space X, i.e. the doubling constant and the constant of the Poincaré inequality. We allow dependence on the domain Ω and on its characteristical constants that are clear in each context. Constants may also depend on the quasiminimality constant K.

2.1 Basic definitions

2.1.1 Upper gradients

Let u be a real valued function on X. A non–negative Borel measurable function g on X is said to be an upper gradient of u if for all rectifiable paths γ joining points x and y in X we have

|u(x) − u(y)| ≤ � γ gds. (2.1)

If the above property fails only for a set of paths that is of zero p–modulus (see e.g. [11, Section 2.3] for the definition of the p–modulus of a family of paths), then g is said to be a p–weak upper gradient of u. We recall that if 1 < p < ∞, every function u that has a p–integrable p–weak upper gradient has a minimal p–integrable p–weak upper gradient denoted g_u.

It is important to notice that for every c ∈ R the minimal p–weak upper gradient satisfies g_u = 0 μ–almost everywhere on the set {x ∈ X : u(x) = c}.

2.1.2 Poincaré inequality

We say that the space supports a weak (1, q)–Poincaré inequality if there exist c > 0 and τ ≥ 1 such that � B |u − u_B| dμ ≤ cr � τ B g^q dμ

�_{1/q}

for all balls B(x, r) in X and all pairs {u, g} where u is a locally integrable function on X and g is a q–weak upper gradient of u. A result of [9] shows that in a doubling measure space a weak (1, q)–Poincaré inequality implies a weak (t, q)–Poincaré inequality for some t > q and possibly a new τ i.e. there exist c^′ > 0 and τ^′ ≥ 1 such that � B |u − u_B|^t dμ

�_{1/t} ≤ c^′r � τ^′B

g^q dμ

�_{1/q} , (2.2)

where � 1 ≤ t ≤ Qq/(Q − q) if q < Q, 1 ≤ t if q ≥ Q,

for all balls B in X, and Q = log_2 c_d.

Let 1 < p < ∞. We assume that X supports a weak (1, p)–Poincaré inequality. In a complete doubling metric measure space supporting a weak (1, p)–Poincaré inequality, there exists 1 < q < p such that the space admits a weak (1, q)–Poincaré inequality by a result in [12]. Increasing q if necessary we may additionally assume that p ∈ (q, q^∗), where q^∗ = qQ/(Q − q) < ∞.

2.1.3 Newtonian Spaces

Let 1 ≤ p < ∞. We define the space ~N^{1,p}(X) to be the collection of all p– integrable functions u on X that have a p–integrable p–weak upper gradient g on X. This space is equipped with the seminorm

||u||_{eN} 1,p_{(X)} = ||u||_Lp_{(X)} + inf ||g||_Lp_{(X)},

where the infimum is taken over all p–weak upper gradients of u. We define the equivalence relation in ~N^{1,p}(X) by saying that u ∼ v if

||u − v||~_N 1,p_{(X)} = 0.

The Newtonian space N^{1,p}(X) is then defined to be the space Ñ^{1,p}(X)/ ∼ with the norm ||u||_N 1,p_{(X)} = ||u||_{eN 1,p(X)}.

2.1.4 Capacity

The p–capacity of a set E ⊂ X is defined by

C_p(E) = inf_u ‖u‖^p_{N 1,p(X)},

where the infimum is taken over all u ∈ N^{1,p}(X) such that u ≥ 1 on E. We say that a property holds p–quasieverywhere (p–q.e.) if the set of points for which the property fails it is of zero p–capacity.

Let Ω be a bounded subset of X and let E ⊂⊂ Ω, i.e. E is compactly contained in Ω. We define the relative p–capacity of E with respect to Ω by

cap_p(E, Ω) = inf_u � Ω g^p_u dμ,

where the infimum is taken over all u ∈ N^{1,p}(Ω) such that u ≥ 1 on E and u = 0 on X \ Ω p–quasieverywhere. Lemma 2.2 in section 2.2 shows that in a doubling metric measure space admitting a weak Poincaré inequality, the measure and the capacities are comparable.

2.1.5 Newtonian spaces with zero boundary values

Let Ω be an arbitrary subset of X. We define N^{1,p}_0 (Ω) to be the set of functions u ∈ N^{1,p}(Ω) that are zero on X \ Ω p–quasieverywhere. The space N^{1,p}_0 (Ω) is equipped with the norm

||u||_N 1,p_{0 (Ω)} = ||u||_N 1,p_{(Ω)}.

There are several approaches to define Newtonian spaces with zero boundary values. In general these approaches imply different spaces but it can be shown that for a wide class of metric spaces the definitions agree. Let us present two other definitions based on Lipschitz functions.

Define Lip^{1,p}_0 (Ω) to be the collection of all Lipschitz functions in N^{1,p}(X) that vanish on X \ Ω and let Lip^{1,p}_{C,0}(Ω) be the collection of functions in Lip^{1,p}_0 (Ω) that have compact support in Ω. Let H^{1,p}_0 (Ω) be the closure of Lip^{1,p}_0 (Ω) in the norm of N^{1,p}(X) and H^{1,p}_{C,0}(Ω) be the closure of Lip^{1,p}_{C,0}(Ω) in the norm of N^{1,p}(X). If X is proper, doubling metric measure space supporting a (1, p)–Poincaré inequality and Ω an open subset of X, then

H^{1,p}_{C,0}(Ω) = H^{1,p}_0 (Ω) = N^{1,p}_0 (Ω).

The subject is discussed and the equality is proved in [23].

2.1.6 Quasiminimizers

Let Ω be an open subset of X. Let w ∈ N^{1,p}(Ω). We say that u ∈ N^{1,p}(Ω) is a quasiminimizer of the p–energy integral in Ω with boundary data w, if u − w ∈ N^{1,p}_0 (Ω) and there exists a constant K > 0 such that for all open Ω^′ ⊂⊂ Ω and all ϕ ∈ N^{1,p}_0 (Ω^′) we have � Ω^′

g^p_u dμ ≤ K � Ω^′

g^p_{u+ϕ} dμ . (2.3)

Quasiminimizers can be defined in several different ways. For example the integral can be taken just over Ω^′ instead of its closure. Also requiring that Ω^′ is compactly contained in Ω is not necessary. As for test functions, it is possible to use compactly supported Lipschitz functions or ϕ ∈ N^{1,p}(Ω) such that supp ϕ ⊂⊂ Ω instead of N^{1,p}_0 (Ω)–functions. Also, in these cases the integral in (2.3) can be taken over the support of ϕ or the set {ϕ ≠ 0}. All these definitions are equivalent. For further discussion and the equivalence proof see [1].

2.1.7 LLC property and p–fatness

The local linear convexity i.e. LCC–property of X means that there exist constants C > 0 and r_0 > 0 such that for all balls B in X with radius at most r_0, every pair of points in the annulus 2B \ B can be connected by a curve lying in the annulus 2CB \ C^{−1}B.

We say that the set E ⊂ X is uniformly p–fat if there exist constants c_f > 0 and r_0 > 0 such that for all x ∈ E and 0 < r < r_0

cap_p(E ∩ B(x, r); B(x, 2r)) ≥ c_f cap_p(B(x, r); B(x, 2r)).

If X is a proper, LLC, doubling metric measure space supporting a (1, q)– Poincaré inequality for some 1 < q < p and Ω is an open and bounded subset of X such that cap_p(X \ Ω) > 0 and X \ Ω is uniformly p–fat, then Theorem 1.2 in [5] says that X \ Ω is also uniformly p_0–fat for some p_0 < p.

2.2 Preliminary results

Here we collect some basic facts concerning properties of capacity, Newtonian spaces and Sobolev–Poincaré type inequalities in the metric setting.

We start with an upper gradient lemma. Its proof follows the same way as the proof of Lemma 2.4. in [16].

Lemma 2.1. Suppose that u, v ∈ N^{1,p}(X) and that η is a Lipschitz continuous function in X with 0 ≤ η ≤ 1. Let g_u, g_v and g_η be the p–weak upper gradients of u, v and η, respectively. Define w = u + η(v − u). Then

g_w ≤ (1 − η)g_u + ηg_v + |v − u|g_η

μ–almost everywhere in X.

The next lemma provides an estimate for the capacity of a ball and shows that capacities cap_p and C_p are essentially equivalent. For the proof see [4].

Lemma 2.2. Let X be a doubling metric measure space admitting a weak (1, q)–Poincaré inequality and let E ⊂ B = B(x_0, r) with 0 < r < diam X/6. There exists c > 0 such that μ(E) cr^q

≤ cap_q(E, 2B) ≤ cμ(B) r^q

(2.4) and C_q(E) c(1 + r^q)

≤ cap_q(E, 2B) ≤ 2^{q−1} � 1 + 1 r^q � C_q(E).

The following proposition is a capacity version of the Sobolev–Poincaré inequality. The proof is a straightforward generalization of the Euclidean case, nevertheless we present it here for the reader’s convenience. One can also see [4] for a proof of the appropriate Poincaré inequality. Proposition 2.3. Let X be a doubling metric measure space admitting a weak (1, q)–Poincaré inequality and u ∈ N^{1,q}(X) be q–quasicontinuous. Then there exists c > 0 such that for all balls B in X and S = {x ∈^1_2 B : u(x) = 0} the inequality � B |u|^t dμ

�_{1/t} ≤ � c cap_q(S, B) � τ^′B

g^q dμ

�_{1/q} (2.5)

holds for t and τ^′ are as in (2.2).

Proof. If u_B = 0 then the assertion follows from the (t, q)–Poincaré inequality (2.2) and (2.4). We may thus assume that u_B = 1. Take a Lipschitz cut–off function η such that 0 ≤ η ≤ 1, η ≡ 1 on^1_2 B, supp η ⊂ B and g_η ≤^c_r . Then ϕ = −η(u − u_B) ∈ N^{1,p}_0 (B) and ϕ = 1 on S. Therefore

cap_q(S, B) ≤ � B g^q_ϕ dμ .

Since g_ϕ ≤ |u − u_B|g_η + ηg_u, we have

cap_q(S, B) ≤ c r^q � B |u − u_B|^q dμ +c � B g^q_u dμ .

The space X admits the (q, q)–Poincaré inequality, so we obtain

cap_q(S, B) ≤ c � τ^′B

g^q_u dμ,

and therefore 1 = u_B ≤ � c cap_q(S, B) � τ^′B

g^q_u dμ

�_{1/q} . We can now estimate � B |u|^t dμ

�_{1/t} ≤ c � B |u − u_B|^t dμ

�_{1/t}

+ cu_B ≤ � c cap_q(S, B) � τ^′B

g^q_u dμ

�_{1/q} , by the (t, q)–Poincaré inequality and (2.4).

The next lemma is a Sobolev type inequality for Newtonian functions with zero boundary values. For a proof see [4] or [17].

Lemma 2.4. Let 1 < p < ∞ and X be a doubling metric measure space supporting a weak (1, q)–Poincaré inequality for some 1 < q < p. Moreover, let u ∈ N^{1,p}_0 (B) and the radius r of B at most diam X/3. Then � B |u|^tdμ

�_{1/t}

≤ cr � B g^q_udμ

�_{1/q} , where t and τ^′ are as in (2.2).

Next we present some useful results concerning Newtonian spaces with zero boundary values. Proposition 2.5 provides a characterisation for N^{1,p}_0 – functions by means of the Hardy inequality. Lemma 2.6 gives a sufficient condition for a sequence of N^{1,p}_0 –functions to converge to a N^{1,p}_0 –function. Finally, Lemma 2.7 shows that N^{1,p}_0 can be presented as an intersection of N^{1,p} and of zero Newtonian spaces with a lower exponent. For a proof of the following proposition, see [5].

Proposition 2.5. Let X be a proper, doubling, LLC metric measure space supporting a weak (1, q)–Poincaré inequality for some 1 < q < p and suppose that Ω is a bounded domain in X such that X \ Ω is uniformly p–fat. Then there is a constant c(Ω, p) > 0 such that a function u ∈ N^{1,p}(X) is in N^{1,p}_0 (Ω) if and only if � Ω � |u(x)| dist(x, X \ Ω)

�_p

dμ ≤ c � Ω g_u(x)^p dμ . (2.6)

Remark that the constant c in the above proposition formally depends on p. However, if p varies inside a bounded interval, the arguments in the proof of Proposition 2.5 show that the appropriate constants are uniformly bounded. For this reason, since in our case all exponents vary inside a bounded interval (q, q^∗) we omit the dependence of the constant on p.

Lemma 2.6. In the setting of Proposition 2.5, let (u_i)^∞_{i=1} be a bounded sequence in N^{1,p}_0 (Ω). If u_i → u μ–a.e., then u ∈ N^{1,p}_0 (Ω).

Lemma 2.6 is formulated in [13] for (X, d, μ) doubling without further requirements and for Ω open such that X \ Ω satisfies a measure thickness assumption. In general a measure thickness condition is stronger than a fatness assumption. However, the lemma follows also from Proposition 2.5 and the fact that u ∈ N^{1,p}(Ω) is in N^{1,p}_0 (Ω) if

|u(x)| dist(x, X \ Ω)

is in L^p(Ω) for an open Ω and 1 < p < ∞. See [5] and [13].

The assertion of the next proposition is not trivial but depends on the set Ω. Even in R^n some type of thickness assumption on the domain is needed, see [10]. Li and Martio show in [18] that for example p–fatness of R^n \ Ω suffices to (2.7) to hold. The same result exists in the metric case and the proof follows from Proposition 2.5.

Proposition 2.7. Let X be a proper, doubling, LLC metric measure space supporting a weak (1, q)–Poincaré inequality for some 1 < q < p and suppose that Ω is a bounded domain in X such that X \ Ω is uniformly p–fat. Then

N^{1,p}_0 (Ω) = N^{1,p}(Ω) ∩ � s<p N^{1,s}_0 (Ω). (2.7)

Proof. The inclusion ”⊃” in (2.7) in clear as Ω is bounded. It remains to prove the case ”⊂”.

Since X \ Ω is uniformly p–fat, it is also (p − ε)–fat for all ε > 0 small enough as discussed in section 2.1.7. Consequently, � Ω � |u| dist(z, X \ Ω)

�_{p−ε}

dμ ≤ c � Ω g^{p−ε}_u dμ (2.8)

for all ε > 0 small enough, by Proposition 2.5. We show now that (2.6) holds also for p. Indeed, � Ω � |u| dist(z, X \ Ω)

�_p

dμ = lim_{ε→0} � Ω � |u| dist(z, X \ Ω)

�_{p−ε} dμ ≤ lim_{ε→0} c � Ω g^{p−ε}_u dμ = c � Ω g^p_u dμ,

and the assertion follows by Proposition 2.5.

3 Quasiminima – higher integrability of upper gradients

The local regularity of quasiminimizers (i.e. Hölder continuity) was studied by Kinnunen and Shanmugalingam in [17]. In particular they proved the following Caccioppoli type inequality.

Theorem 3.1 (Caccioppoli inequality). Let Ω be an open subset of X. If u ∈ N^{1,p}(Ω) is a quasiminimizer of the p–energy integral in Ω then there exists c > 0 such that for all x ∈ Ω and 0 < r < R so that B(x, R) ⊂ Ω � B(x,r)

g^p_u dμ ≤ c (R − r)^p � B(x,R)

|u − u_{B(x,R)}|^p dμ . (3.9)

We prove the global higher intergrability of upper gradients of quasiminimizers. The proof follows similar way as the Euclidean proof of Kilpeläinen and Koskela in [14] for solutions of p–harmonic type equations. The growth of integrability is achieved in a standard way by application of the Gehring lemma (its proof in the metric setting may be found for example in [24]). Remark, that the lemma holds in all doubling metric measure spaces.

Theorem 3.2 (Gehring lemma). Let s ∈ [s_0, s_1], where s_0, s_1 > 1 are fixed. Let g ∈ L^s_{loc}(X) and f ∈ L^{s1}_{loc}(X) be non–negative functions. Assume that there exists constant b > 1 such that for every ball B ⊂ σB ⊂ X the following inequality � B g^s dμ ≤ b � σB g dμ

�_s + � σB f^s dμ �

holds for some σ > 1. Then there exists ε_0 = ε_0(s_0, s_1, c_d, σ, b) > 0 such that g ∈ L^{s̃}_{loc}(X, μ) for s̃ ∈ [s, s + ε_0) and moreover � B g^{s̃} dμ

�_{1/s̃} ≤ c � σB g^s dμ

�_{1/s} + � σB f^{s̃} dμ

�_{1/s̃}�

for c = c(s_0, s_1, c_d, σ, b).

Proof of Theorem 1.2. Recall that X is a locally linearly convex space that supports a weak (1, q)–Poincaré inequality for some 1 < q < p. Since p ∈ (q, q^∗), the space supports also a weak (p, q)–Poincaré inequality (see 2.1.2). Remember also that X \ Ω is uniformly p–fat.

As mentioned in section 2.1.7, if X \ Ω is uniformly p–fat, then X \ Ω is also uniformly p_0–fat for some p_0 < p. If p_0 < q, we can increase it in order to have q = p_0 and to be able to use the (p, p_0)–Poincaré inequality. If p_0 ≥ q then the (p, p_0)–Poincaré inequality follows from the Hölder inequality.

Choose a ball B_0 in X such that Ω ⊂⊂ B_0 ⊂ 2B_0. Fix r > 0 and let B = B(x_0, r) be a ball such that 4λB ⊂ 2B_0, where λ is the multiplicative coefficient of radius in the (p, p_0)–Poincaré inequality.

If 2λB ⊂ Ω then by the Caccioppoli estimate (3.9), doubling condition and (p, p_0)–Poincaré inequality we have � B g^p_u dμ

�_{1/p} ≤ c r � 2B |u − u_{2B} |^p dμ

�_{1/p}

≤ c � 2λB g^{p0}_u dμ

�_{1/p0} . (3.10)

Assume thus that 2λB \ Ω ≠ ∅. Choose a Lipschitz cut–off function η such that 0 ≤ η ≤ 1, η ≡ 1 on B, supp η ⊂ 2B and g_η ≤^c_r . Then η(u − w) ∈ N^{1,p}_0 (2B ∩ Ω) and we may use it as a test function in (2.3). Hence � 2B∩Ω

g^p_u dμ ≤ K � 2B∩Ω

g^p_v dμ,

where v = u − η(u − w) and g_v ≤ |u − w|g_η + (1 − η)(g_u + g_w) + g_w. Therefore we obtain � B∩Ω g^p_u dμ ≤ c � (2B\B)∩Ω

(1 − η)^pg^p_u dμ + c � 2B∩Ω

|u − w|^pg^p_η dμ +c � 2B∩Ω

(2 − η)^pg^p_w dμ .

Adding c � B∩Ω g^p_u dμ to the both sides of the inequality and dividing by (1+c) implies � B∩Ω g^p_u dμ ≤ θ � 2B∩Ω

g^p_u dμ + θ r^p � 2B∩Ω

|u − w|^p dμ +θ � 2B∩Ω

g^p_w dμ,

where θ = c/(1 + c) < 1. Applying a standard technical iteration lemma (see [6, lemma 3.1, ch. V]) we obtain � B∩Ω g^p_u dμ ≤ c r^p � 2B∩Ω

|u − w|^p dμ +c � 2B∩Ω

g^p_w dμ . (3.11)

We will consider the integrals on the right–hand side on the larger ball 4B. We estimate the first integral on the right–hand side using Proposition 2.3 with q = p_0. This gives � c r^p � 4B |u − w|^p dμ

�_{1/p} ≤ c r � 1 cap_{p0} (S, 4B) � 4λB g^{p0}_{u−w} dμ

�_{1/p0}

≤ c � μ(2B)r^{−p0} cap_{p0} (S, 4B) � 4λB g^{p0}_{u−w} dμ

�_{1/p0}

by the doubling condition. Here the set S = {x ∈ 2B : u(x) = w(x)}. Since u = w p–q.e. (and thus p_0–q.e.) in X \ Ω and the set X \ Ω is uniformly p_0–fat, we have

cap_{p0} (S, 4B) ≥ cap_{p0} (2B \ Ω; 4B) ≥ c_f cap_{p0} (2B; 4B) ≥ cμ(2B)r^{−p0} .

Hence, � c r^p � 4B |u − w|^p dμ

�_{1/p} ≤ c � 4λB g^{p0}_{u−w} dμ

�_{1/p0}

= c � 1 μ(4λB) � 4λB∩Ω

g^{p0}_{u−w} dμ

�_{1/p0} , because u − w = 0 p–q.e. and thus μ–a.e. in X \ Ω and therefore g_{u−w} = 0 μ–a.e. in X \ Ω. A simple estimation gives now � c r^p � 4B |u − w|^p dμ

�_{1/p} ≤ c � 1 μ(4λB) � 4λB∩Ω

g^{p0}_u dμ

�_{1/p0}

+ c � 1 μ(4λB) � 4λB∩Ω

g^{p0}_w dμ

�_{1/p0} . (3.12)

By the Hölder inequality � 1 μ(4λB) � 4λB∩Ω

g^{p0}_w dμ

�_{1/p0} = � 4λB g^{p0}_w χ_{4λB∩Ω} dμ

�_{1/p0}

≤ � 4λB g^p_wχ_{4λB∩Ω} dμ

�_{1/p} = � 1 μ(4λB) � 4λB∩Ω

g^p_w dμ

�_{1/p} , (3.13) so that combining (3.11), (3.13), (3.12) and using the doubling property we obtain the inequality � 1 μ(B) � B∩Ω g^p_u dμ

�_{1/p} ≤ b � 1 μ(4λB) � 4λB∩Ω

g^{p0}_u dμ

�_{1/p0}

+ c � 1 μ(4λB) � 4λB∩Ω

g^p_w dμ

�_{1/p} . (3.14)

Here the constants b and c depend only on p, Ω and on the constants associated to the structure of the space.

Set now

g(x) = � g^{p0}_u if x ∈ Ω, 0 otherwise,

f(x) = � g^{p0}_w if x ∈ Ω, 0 otherwise

and s = p/p_0. The inequalities (3.10) and (3.14) imply that whenever 4λB ⊂ 2B_0, the following reverse Hölder inequality � B g^s dμ ≤ b � 4λB g dμ

�_s + c � 4λB f^s dμ

holds for s > 1 (p is strictly greater than p_0) and with b = b(p). Applying now the Gehring lemma we obtain better integrability of g and the inequality � B g^{s̃} dμ

�_{1/s̃} ≤ c � 4λB g^s dμ

�_{1/s} + � 4λB f^{s̃} dμ

�_{1/s̃}� (3.15)

for c = c(b, c_d, λ) and s̃ ∈ [s, s + ε_0), where ε_0 = ε_0(b, c_d, λ). Since the diameter of Ω is finite we may choose a finite number of balls B(x_j , r_j), j = 1, 2, . . . , N, such that

B(x_j , 2λr_j) ⊂ B_0 and Ω ⊂ N� j=1 B(x_j , r_j)

with fixed λ. The statement now follows by multiplying (3.15) by μ(4λB)^{1/s̃} and summing over B(x_j , r_j). This may require changing the constant c a bit, but the change will depend only on the doubling constant c_d and on the domain Ω. Remark that with λ and c_d fixed, the constant c will depend essentially only on p.

4 Proof of the stability result

By a remark in section 2.1.7 we can assume that X \ Ω is uniformly p_0–fat. Since p = lim_{i→∞} p_i we can assume also that p_i ∈ (q, q^∗).

Functions u_i are supposed to be not equal to the boundary data w, i.e. we assume that there is a set of positive measure where u_i ≠ w μ–a.e., otherwise the result is trivial.

We start with a lemma concerning uniform higher integrability of u_i and u. Lemma 4.1. Let u_i and u be as in Theorem 1.1. Then there exists ε_0 > 0 such that

u_i, u ∈ L^{p+ε0} (Ω) g_{ui} , g_u ∈ L^{p+ε0} (Ω)

and there is a subsequence such that

g_{ui} ⇀ g_u weakly in L^{p+ε0} (Ω).

Proof. By Theorem 1.2 for every p_i there exists δ_i = δ_i(p_i) such that the minimal p_i–weak upper gradient g_{ui} belongs to the space L^{pi+δi} (Ω) and � � Ω g^{pi+δi}_{ui} dμ

�_{1/(pi+δi)}

≤ c_i � � Ω g^{pi}_{ui} dμ

�_{1/pi} + c_i � � Ω g^{pi+δi}_w dμ

�_{1/(pi+δi)} . (4.16)

Since u_i is a quasiminimizer of the p_i–energy functional in Ω with boundary data w and thus u_i − w ∈ N^{1,pi}_0 (Ω), we have � Ω g^{pi}_{ui} dμ ≤ K � Ω g^{pi}_w dμ

≤ K(μ(Ω))^{δi/(pi+δi)} � � Ω g^{pi+δi}_w dμ

�_{pi/(pi+δi)} , and therefore � � Ω g^{pi+δi}_{ui} dμ

�_{1/(pi+δi)} ≤ c_i � � Ω g^{pi+δi}_w dμ

�_{1/(pi+δi)} . (4.17)

Now remark that when p_i ∈ (q, q^∗) and p_i → p we have

δ_i ≥ δ_0 = δ_0(p) and c_i ≤ c = c(p).

Indeed, in order to prove (4.16) we first show that a reverse Hölder inequality � 1 μ(B) � B∩Ω g^{pi}_{ui} dμ

�_{1/pi}

≤ b_i � 1 μ(σB) � σB∩Ω

g^{p0}_{ui} dμ

�_{1/p0}

+ c_i � 1 μ(σB) � σB∩Ω

g^{pi}_w dμ

�_{1/pi}

(4.18) holds for some σ > 1 and then we apply the Gehring lemma. The constant b_i in (4.18) depends on p_i. However, when p_i ∈ (q, q^∗), it may be chosen independently on p_i i.e. b_i ≤ b for some b = b(p). The bound will depend on p due to the fact, that we apply the (1, p_0)–Poincaré inequality and p_0 is chosen to be sufficiently close to p. The assertion follows because of the fact that in (4.16) δ_i is inverse proportional to b_i and c_i is comparable to b_i (see e.g. [24]).

For i sufficiently large we may assume

p + ε_0 ≤ p_i + δ_0 ≤ p_i + δ_i ≤ s,

where ε_0 = δ_0/2. By this assumption and the uniform bound for c_i, applying the Hölder inequality and (4.17) we obtain � � Ω g^{p+ε0}_{ui} dμ

�_{1/p+ε0} ≤ c � � Ω g^{pi+δi}_{ui} dμ

�_{1/(pi+δi)}

≤ c � � Ω g^s_w dμ

�_{1/s}

< ∞.

Since � � Ω g^{p+ε0}_{ui−w} dμ

�_{1/p+ε0} ≤ � � Ω g^{p+ε0}_{ui} dμ

�_{1/p+ε0} + � � Ω g^{p+ε0}_w dμ

�_{1/p+ε0}

≤ c � � Ω g^s_w dμ

�_{1/s} , it follows that sup_i ‖g_{ui−w}‖_Lp+ε_{0 (Ω)} < ∞. (4.19)

Using Proposition 2.3 we are able to find a uniform L^{p+ε0} –bound for the sequence (u_i − w) as well. Observe, that decreasing ε_0 if necessary, we may additionally assume that p + ε_0 < q^∗. So choose t = p + ε_0, q = p + ε_0 in Proposition 2.3 and fix B_0 = B(x_0, r_0) such that Ω ⊂ B_0. We note again that the minimal p_i–weak upper gradient of u_i − w satisfies g_{ui−w} = 0 μa.e. on the set S = {x ∈ B_0 : u(x) = w(x)}. On the other hand u_i − w is zero p_i–quasieverywhere on X \ Ω and thus μ–almost everywhere on X \ Ω. In addition, observe that p–fatness always implies p + ε_0–fatness, so that cap_{p+ε0} (S, 2B_0) ≥ cμ(B_0)r^{p+ε0} . It follows that � � Ω |u_i − w|^{p+ε0} dμ

�_{1/p+ε0} ≤ c � 2B_0

|u_i − w|^{p+ε0} dμ

�_{1/p+ε0}

≤ � c cap_{p+ε0} (S, 2B_0) � 2τ^′B_0

g^{p+ε0}_{ui−w} dμ

�_{1/p+ε0}

≤ cr_0 � � Ω g^{p+ε0}_{ui−w} dμ

�_{1/p+ε0}

≤ c � � Ω g^s_w dμ

�_{1/s} , by the Hölder inequality. Together with (4.19) this implies sup_i ‖u_i − w‖_N 1,p+ε_{0 (Ω)} < ∞.

So the sequence (u_i −w) is uniformly bounded in N^{1,p+ε0} (Ω) and it follows that there exist ũ ∈ N^{1,p+ε0} (Ω) and a subsequence (that we continue denoting (u_i − w)) such that u_i − w → ũ − w in L^{p+ε0} (Ω) g_{ui} ⇀ g_ũ weakly in L^{p+ε0} (Ω).

Since u_i → u μ–a.e. it follows that ũ = u μ–a.e. and equally g_ũ = g_u μ–a.e.

Let D ⊂ Ω be a compact set and for t > 0 write D(t) = {x ∈ Ω: dist(x, D) < t}.

Then D(t) ⊂⊂ Ω for t ∈ (0, t_0) where t_0 = dist(D, X \ Ω). We reformulate a lemma by Kinnunen and Martio [16] so that it corrensponds to the present case.

Lemma 4.2. Let u_i, u be as in Theorem 1.1. Then for almost every t ∈ (0, t_0) we have lim sup i→∞ � D(t)

g^{pi}_{ui} dμ ≤ c � D(t)

g^p_u dμ,

where the constant c depends only on K and p.

Proof. Let 0 < t^′ < t < t_0. Choose a Lipschitz cut–off function η such that 0 ≤ η ≤ 1 and η = 1 on D(t^′), η = 0 on Ω \ D(t).

Define a function ϕ_i = η(u − u_i).

For i large enough p_i < p + ε_0. Then, since u_i and u belong to N^{1,p+ε0} (Ω) it follows that ϕ_i ∈ N^{1,pi}_0 (D(t)). Therefore by the quasiminimizing property of u_i we have � D(t^′)

g^{pi}_{ui} dμ ≤ � D(t)

g^{pi}_{ui} dμ ≤ K � D(t)

g^{pi}_{ui+ϕi} dμ .

Lemma 2.1 implies g_{ui+ϕi} ≤ (1 − η)g_{ui} + g_η|u − u_i| + ηg_u, and hence � D(t^′)

g^{pi}_{ui} dμ ≤ c � � D(t)

(1 − η)^{pi} g^{pi}_{ui} dμ + � D(t)

g^{pi}_η |u − u_i|^{pi} dμ + � D(t)

η^{pi} g^{pi}_u dμ � with c depending only on D and p_i. Observing that η ≡ 1 on D(t^′) we add c � D(t^′) g p_i u_i dμ to the both sides of the inequality and obtain

(1 + c) � D(t^′)

g^{pi}_{ui} dμ ≤ c � � D(t)

(1 − η)^{pi} g^{pi}_{ui} dμ + � D(t)

g^{pi}_η |u − u_i|^{pi} dμ + � D(t)

η^{pi} g^{pi}_u dμ � . Define now on (0, t_0) a function

Ψ(t) = lim sup_{i→∞} � D(t)

g^{pi}_{ui} dμ .

By definition Ψ is a nondecreasing function of t and by the uniform higher integrability of u_i it is finite for every t ∈ (0, t_0). Therefore its set of points of discontinuity is at most countable. Let t be a point of continuity of Ψ. Taking limes superior on both sides of the last inequality we obtain

(1 + c)Ψ(t^′) ≤ cΨ(t) + c lim sup_{i→∞} � D(t)

|u − u_i|^{pi} dμ +c � D(t)

g^p_u dμ .

The second term on the right hand side tends to zero. To see this, apply first the Hölder inequality and then the Lebesgue monotone convergence theorem. Hence, since t is a point of continuity of Ψ we obtain

(1 + c)Ψ(t) ≤ cΨ(t) + c � D(t)

g^p_u dμ,

and furthermore Ψ(t) ≤ c � D(t)

g^p_u dμ .

Proof of Theorem 1.1 . In order to show that u is a quasiminimizer of the p–energy integral with boundary data w, we need to show first that u − w ∈ N^{1,p}_0 (Ω). This does not follow immediately from the compactness argument used to extract the convergent subsequence.

We proceed as follows. For every ε > 0 and for i sufficiently large p_i > p−ε so that u_i − w ∈ N^{1,p−ε}_0 (Ω). By the Sobolev inequality (Lemma 2.4) we get

||u_i − w||_N 1,p−ε_{0 (Ω)} ≤ c||g_{ui−w}||_Lp−ε_{(Ω)} ≤ c||g_{ui−w}||_Lp_{(Ω)},

i.e. the norms of (u_i − w) are uniformly bounded in N^{1,p−ε}_0 (Ω).

As X \ Ω is uniformly p_0–fat, it is also uniformly (p − ε)–fat for ε small enough. In addition, u_i → u μ–a.e., so by Lemma 2.6

u − w ∈ N^{1,p−ε}_0 (Ω) for all ε > 0 such that p_0 < p − ε. Hence, by Proposition 2.7, the p–fatness of X \ Ω implies also u − w ∈ N^{1,p}_0 (Ω).

It remains to show that for every open Ω^′ ⊂⊂ Ω and every ϕ ∈ N^{1,p}_0 (Ω^′) � Ω^′

g^p_u dμ ≤ K � Ω^′

g^p_{u+ϕ} dμ . (4.20) Let ε > 0 be arbitrary. For i sufficiently large p_i > p − ε. Since (g_{ui} ) converges weakly to g_u, for every μ–measurable subset E of Ω we have � E g^{p−ε}_u dμ ≤ lim inf_i � E g^{p−ε}_{ui} dμ

≤ lim inf_i � � E g^{pi}_{ui} dμ

�_{(p−ε)/pi}

μ(E)^{1−(p−ε)/pi}

≤ lim inf_i � � E g^{pi}_{ui} dμ

�_{(p−ε)/p}

μ(E)^{ε/p}, where we use the Hölder inequality. Passing to zero with ε we conclude that � E g^p_u dμ ≤ lim inf_i � E g^{pi}_{ui} dμ . (4.21) We will first show that the inequality (4.20) holds for every Lipschitz function compactly supported in Ω^′, i.e. for ϕ ∈ Lip_C (Ω^′). Fix ε > 0 and choose open sets Ω^{′′} and Ω_0 such that Ω^′ ⊂⊂ Ω^{′′} ⊂⊂ Ω_0 ⊂⊂ Ω and �

Ω_0\Ω^′

g^p_u dμ < ε.

Let η be a Lipschitz cut–off function such that 0 ≤ η ≤ 1, η = 1 in a neighbourhood of Ω^′, and η = 0 in Ω \ Ω^{′′}. Define a function ϕ_i as ϕ_i = ϕ + η(u − u_i).

Since ϕ ∈ Lip_C (Ω^′) and both u_i, u ∈ N^{1,p+ε0} (Ω) it follows that ϕ_i ∈ N^{1,pi}_0 (Ω^{′′}). Hence by the quasiminimizing property of u_i we get � Ω^{′′}

g^{pi}_{ui} dμ ≤ K � Ω^{′′}

g^{pi}_{ui+ϕi} dμ = K � Ω^′

g^{pi}_{ui+ϕi} dμ + � Ω^{′′}\Ω^′

g^{pi}_{ui+ϕi} dμ .

(4.22)

Since η ≡ 1 in a neighbourhood of Ω^′ it follows that u_i + ϕ_i = u + ϕ in a neighbourhood of Ω^′. (4.23)

On the other hand, in Ω^{′′} \ Ω^′ we have ϕ ≡ 0, and therefore u_i + ϕ_i = u_i + η(u − u_i).

Now Lemma 2.1 implies that g_{ui+ϕi} ≤ (1 − η)g_{ui} + ηg_u + g_η|u − u_i|.

Therefore � Ω^{′′}\Ω^′

g^{pi}_{ui+ϕi} dμ ≤ c � Ω^{′′}\Ω^′

(1 − η)^{pi} g^{pi}_{ui} dμ + c � Ω^{′′}\Ω^′

η^{pi} g^{pi}_u dμ +c � Ω^{′′}\Ω^′

g^{pi}_η |u − u_i|^{pi} dμ . (4.24) We estimate the integrals on the right–hand side separately.

Since η ≡ 1 on a neighbourhood of Ω^′, there exists a compact set D ⊂ Ω^{′′} such that D ∩ Ω^′ = ∅ and � Ω^{′′}\Ω^′

(1 − η)^{pi} g^{pi}_{ui} dμ ≤ � D g^{pi}_{ui} dμ .

For t sufficiently small we have D(t) ⊂ Ω_0 \ Ω^′. So we choose t such that we may apply lemma 4.2, in other words lim sup i→∞ � D(t)

g^{pi}_{ui} dμ ≤ c � D(t)

g^p_u dμ .

Consequently

lim sup i→∞ � Ω^{′′}\Ω^′

(1 − η)^{pi} g^{pi}_{ui} dμ ≤ lim sup_{i→∞} � D g^{pi}_{ui} dμ ≤ lim sup i→∞ � D(t)

g^{pi}_{ui} dμ ≤ c � D(t)

g^p_u dμ ≤ cε,

(4.25)

by the choice of Ω_0.

Also the second integral is arbitrarily small. Again by the choice of Ω_0 we have

lim sup i→∞ � Ω^{′′}\Ω^′

η^{pi} g^{pi}_u dμ ≤ � Ω^{′′}\Ω^′

g^p_u dμ ≤ � Ω_0\Ω^′

g^p_u dμ ≤ ε. (4.26) Observe, that for a Lipschitz function its minimal p–weak upper gradient is bounded by its Lipschitz constant μ–almost everywhere. This allows us to conclude that

lim sup i→∞ � Ω^{′′}\Ω^′

g^{pi}_η |u − u_i|^{pi} dμ ≤ c lim sup_{i→∞} � Ω^{′′}\Ω^′

|u − u_i|^{pi} dμ

≤ c lim sup i→∞ � � Ω^{′′}\Ω^′

|u − u_i|^{p+ε0} dμ

�^pi_{p+ε0} = 0,

(4.27) by the Lebesgue monotone convergence theorem.

By the estimates (4.25), (4.26) and (4.27) we obtain from (4.24)

lim sup i→∞ � Ω^{′′}\Ω^′

g^{pi}_{ui+ϕi} dμ ≤ cε. (4.28)

Finally by (4.21), (4.22), (4.23) and (4.28) we have � Ω^′

g^p_u dμ ≤ lim inf_{i→∞} � Ω^{′′}

g^{pi}_{ui} dμ

≤ K lim inf_{i→∞} � Ω^{′′}

g^{pi}_{ui+ϕi} dμ

≤ K lim inf_{i→∞} � Ω^′

g^{pi}_{u+ϕ} dμ +K lim inf_{i→∞} � Ω^{′′}\Ω^′

g^{pi}_{ui+ϕi} dμ ≤ K � Ω^′

g^p_{u+ϕ} dμ +cε

(4.29)

Passing to zero with ε we obtain the desired inequality for any ϕ ∈ Lip_C (Ω^′).

The result for ϕ ∈ N^{1,p}_0 (Ω^′) follows by approximation, i.e. if ϕ ∈ N^{1,p}_0 (Ω^′) then for any ε > 0 we may find a function ϕ_ε ∈ Lip_C (Ω^′) such that

‖ϕ_ε − ϕ‖_N 1,p_{(Ω}′_) < ε.

References

[1] A. Björn. A weak Kellogg property for quasiminimizers. Preprint, Linköping, 2004.

[2] A. Björn, J. Björn, and N. Shanmugalingam. The Dirichlet problem for p–harmonic functions on metric spaces. J. Reine Angew. Math., 556:173–203, 2003.

[3] A. Björn and N. Marola. Moser iteration for (quasi)minimizers on metric spaces. Preprint, Helsinki University of Technology, 2005.

[4] J. Björn. Boundary continuity for quasiminimizers on metric spaces.

Illinois J. Math., 46(2):383–403, 2002.

[5] J. Björn, P. MacManus, and N. Shanmugalingam. Fat sets and pointwise boundary estimates for p–harmonic functions in metric spaces. J. Analyse Math., 85:339–369, 2001.

[6] M. Giaquinta. Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic Systems. Princeton University Press, 1983.

[7] M. Giaquinta and E. Giusti. Quasiminima. Ann. Inst. Henri Poincaré, Anal. Non Linéaire, 1:79—107, 1984.

[8] P. Hajłasz. Sobolev spaces on an arbitrary metric space. Potential Anal., 5(4):403–415, 1996.

[9] P. Hajłasz and P. Koskela. Sobolev met Poincaré. Mem. Amer. Math.

Soc., 688, 2000.

[10] L. I. Hedberg and T. Kilpeläinen. On the stability of Sobolev spaces with zero boundary values. Math. Scand., 85:245–258, 1999.

[11] J. Heinonen and P. Koskela. Quasiconformal maps in metric spaces with controlled geometry. Acta Math., 181:1–61, 1998.

[12] S. Keith and X. Zhong. The Poincaré inequality is an open ended condition. Preprint, University of Jyväskylä, 2003.

[13] T. Kilpeläinen, J. Kinnunen, and O. Martio. Sobolev spaces with zero boundary values on metric spaces. Potential Anal., 12(3):233–247, 2000.

[14] T. Kilpeläinen and P. Koskela. Global integrability of the gradients of solutions to partial differential equations. Nonlinear Anal., 23(7):899– 909, 1994.

[15] J. Kinnunen and O. Martio. Nonlinear potential theory on metric spaces.

Illinois J. Math., 46(3):857–883, 2002.

[16] J. Kinnunen and O. Martio. Potential theory of quasiminimizers. Ann.

Acad. Sci. Fenn. Math., 28(2):459–490, 2003.

[17] J. Kinnunen and N. Shanmugalingam. Regularity of quasi–minimizers on metric spaces. Manuscripta Math., 105:401–423, 2001.

[18] G. Li and O. Martio. Stability of solutions of varying degenerate elliptic equations. Indiana Univ. Math. J., 47(3):873–891, 1998.

[19] G. Li and O. Martio. Stability and higher integrability of derivatives of solutions in double obstacle problem. J. Math. Anal. Appl., 272(1):19– 29, 2002.

[20] P. Lindqvist. Stability for the solutions of div (|∇u|^{p−2}∇u) = f with varying p. J. Math. Anal. Appl., 127(1):93–102, 102 1987.

[21] P. Lindqvist. On nonlinear Rayleigh quotients. Potential Anal., 2(3):199–218, 1993.

[22] N. Shanmugalingam. Newtonian spaces: An extension of Sobolev spaces to metric measure spaces. Rev. Mat. Iberoamericana, 16(2):243–279, 2000.

[23] N. Shanmugalingam. Harmonic functions on metric spaces. Illinois J.

Math., 45(3):1021–1050, 2001.

[24] A. Zatorska-Goldstein. Very weak solutions of nonlinear subelliptic equations. Ann. Acad. Sci. Fenn. Math., 30(2):407–436, 2005.

(continued from the back cover)

A495 Sergey Korotov

A posteriori error estimation for linear elliptic problems with mixed boundary conditions March 2006

A494 Antti Hannukainen , Sergey Korotov

Computational Technologies for Reliable Control of Global and Local Errors for Linear Elliptic Type Boundary Value Problems February 2006

A493 Giovanni Formica , Stefania Fortino , Mikko Lyly A vartheta method–based numerical simulation of crack growth in linear elastic fracture February 2006

A492 Beirao da Veiga Lourenco , Jarkko Niiranen , Rolf Stenberg A posteriori error estimates for the plate bending Morley element February 2006

A491 Lasse Leskelä

Comparison and Scaling Methods for Performance Analysis of Stochastic Networks December 2005

A490 Anders Björn , Niko Marola

Moser iteration for (quasi)minimizers on metric spaces September 2005

A489 Sampsa Pursiainen

A coarse-to-fine strategy for maximum a posteriori estimation in limited-angle computerized tomography September 2005

A487 Ville Turunen

Differentiability in locally compact metric spaces May 2005

A486 Hanna Pikkarainen

A Mathematical Model for Electrical Impedance Process Tomography April 2005

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A500 Outi Elina Maasalo , Anna Zatorska-Goldstein

Stability of quasiminimizers of the p–Dirichlet integral with varying p on metric spaces April 2005

A499 Mikko Parviainen

Global higher integrability for parabolic quasiminimizers in nonsmooth domains April 2005

A498 Marcus Ruter , Sergey Korotov , Christian Steenbock

Goal-oriented Error Estimates based on Different FE-Spaces for the Primal and the Dual Problem with Applications to Fracture Mechanics March 2006

A497 Outi Elina Maasalo

Gehring Lemma in Metric Spaces March 2006

A496 Jan Brandts , Sergey Korotov , Michal Krizek

Dissection of the path-simplex in R^n into n path-subsimplices March 2006

ISBN 951-22-8193-7 ISSN 0784-3143