Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2006 A506

Error control in terms of linear functionals based on gradient averaging techniques

Sergey Korotov

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2006 A506

Error control in terms of linear functionals based on gradient averaging techniques

Sergey Korotov

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Sergey Korotov: Error control in terms of linear functionals based on gradient averaging techniques; Helsinki University of Technology, Institute of Mathematics, Research Reports A506 (2006).

Abstract:

The work is devoted to a recent trend in a posteriori error estimation which is based on the concept of computational error control in terms of linear (goaloriented) functionals in addition to the classical error control in global energy norms.

AMS subject classifications: 65N15, 65N30, 65N50

Keywords: a posteriori error estimation, quantity of interest, finite element method, differential equation of elliptic type, linear elasticity, superconvergence.

Correspondence

sergey.korotov@hut.fi

ISBN 951-22-8316-6 ISSN 0784-3143

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

1 Introduction

The work is devoted to a recent trend in a posteriori error estimation which is based on the concept of computational error control in terms of linear (goaloriented) functionals in addition to the classical error control in global energy norms (see, e.g., [1], [2], [3], [9], [10], [12], [13], [14] and references therein). Error estimates of such a type are strongly motivated by practical needs, in which analysts are often interested not in the value of the overall error, but in errors over certain parts of the solution domain or relative to some interesting characteristics (“quantities of interest”). One way for estimating such errors is to introduce a linear functional ℓ associated with a particular subdomain of interest (or a quantity of interest) and to obtain an estimate for < ℓ, u − ū >, where u is the exact solution and ū is the approximate one. In the paper we show that popular gradient averaging procedures can be effectively used (even for strongly inhomogeneous meshes and without any additional regularity of the exact solutions) for such type of error estimation for linear elliptic problems and demonstrate the effectivity of the proposed estimators in several numerical tests.

2 General scheme

In this section we present in a compact form a general scheme (cf. [9]) for obtaining the required estimates. Let Y be Hilbert space with a scalar product (·, ·) and a norm ‖y‖_Y = (y, y)^{1/2}, V be Banach space with a norm ‖ · ‖_V , Λ ∈ L(V, Y ), A ∈ L(Y, Y ) and

c_1‖y‖^2_Y ≤ (Ay, y) ≤ c_2‖y‖^2_Y ∀y ∈ Y, c_3‖w‖_V ≤ ‖Λw‖_Y ∀w ∈ V_0, (1)

where V_0 is a subspace of V and c_1, c_2, c_3 are positive constants. Given f ∈ V^∗_0 , consider the following problem.

Primal Problem (P): Find u ∈ V_0 such that

(AΛu, Λw) = < f, w > ∀w ∈ V_0, (2)

where < ·, · > denotes the duality pairing of the spaces V_0 and V^∗_0 .

Let ℓ be another element of V^∗_0 . We want to effectively estimate the quantity < ℓ, u − ū > for an arbitrary element ū ∈ V_0 viewed as an approximation of u. For this purpose one usually emploies the so-called adjoint problem (cf. [1], [3], [11], [13]):

Adjoint Problem (P_a): Find v ∈ V_0 such that

(A^∗Λv, Λw) = < ℓ, w > ∀w ∈ V_0, (3)

where A^∗ is the operator adjoint to A.

Remark 1: In the case of a selfadjoint operator (A ≡ A^∗) both above problems are associated with a functional of the type J(w) =^1_2 (AΛw, Λw) + < μ, w >, which is known to have a unique minimizer in V_0 for any μ ∈ V^∗_0 in view of conditions (1).

Proposition 1: Let u and v be solutions of problems (P) and (P_a), respectively. Then for ū, v̄ ∈ V_0 we have

< ℓ, u − ū > = E_0(ū, v̄) + E_1(ū, v̄), (4)

where

E_0(ū, v̄) = < f, v̄ > − (AΛū, Λv̄), E_1(ū, v̄) = (AΛ(u−ū), Λ(v −v̄)). (5)

For the proof see [9, p. 36].

The error decomposition (4) is valid for any elements ū and v̄ from V_0. The term E_0(ū, v̄) is explicitly computable, whereas E_1(ū, v̄) contains unknown solutions of problems (P) and (P_a). It is obvious that the term E_0(ū, v̄) is dominating if v̄ is “sufficiently close” to v, i.e., in such a case E_0(ū, v̄) can serve as a directly computable estimator for the quantity < ℓ, u − ū >. This situation can happen in concrete real-life problems if we have enough computer resources (time, memory) to compute the element v̄ (later on always called as an approximation to v) be sufficiently accurate, i.e., close to v. Another situation is when one has certain limits for computing v̄. In this case, it seems that a more natural way is to use an approximate solution of (P_a) having approximately the same quality as the approximate solution of (P) (i.e., the element ū) and to try to recover the unknown Λu and Λv in the term E_1 by suitable post-processing techniques. We note also that the same approximation v̄ can be used for different approximations for the primal problem, and even for another primal problems (e.g., with different f). To be more precise, let V_h and V_τ be two finite-dimensional subspaces of V_0, and let ū = u_h, v̄ = v_τ , where u_h and v_τ are solutions of the following problems

(AΛu_h, Λw_h)=< f, w_h > ∀w_h ∈ V_h, (A^∗Λv_τ , Λw_τ )=< ℓ, w_τ > ∀w_τ ∈ V_τ . (6) In a particular case of V_h ≡ V_τ , the term E_0(u_h, v_τ ) vanishes due to the orthogonality condition in (6). To the contrary, using non-coinciding subspaces V_h and V_τ one gets the estimate that has both terms presented. Further, let G_h and G_τ be suitable post-processing operators defined on V_h and V_τ , respectively. We replace E_1(u_h, v_τ ) by the directly computable functional Ẽ(u_h, v_τ ) := E_0(u_h, v_τ ) + Ẽ_1(u_h, v_τ ), where

Ẽ_1(u_h, v_τ ) := (A(G_h(Λu_h) − Λu_h), G_τ (Λv_τ ) − Λv_τ ). (7)

If the operators G_h and G_τ properly recover unknown elements Λu and Λv, then one can expect that the difference between E_1(u_h, v_τ ) and Ẽ_1(u_h, v_τ ) is reasonably small, and, thus, the latter quantity can succesfully be used instead of E_1.

3 Examples

In this section, the general error estimation scheme presented in Section 2, is used for a construction of reliable estimators for the error < ℓ, u − u_h > for two concrete model problems – scalar linear elliptic equation and linear elasticity problem. In addition, the constructed estimators are of the integral form and naturally suggest convenient mesh adaptivity procedures, which are shown to be quite effective for both types of problems.

3.1 Linear elliptic equation of the second order

Problem Formulation: Let Ω be a bounded domain in R^d (d = 1, 2, ...) with a Lipschitz continuous boundary ∂Ω. We set

Y = L_2(Ω, R^d), V = H^1(Ω), V_0 = H^1_0 (Ω), V^∗_0 = H^{−1}(Ω),

define Λ as ∇ = (^∂_{∂x1} , . . . ,^∂_{∂xd} )^T , and consider the problem: Find u such that

−div(A∇u) = f in Ω, u = 0 on ∂Ω, (8)

where f ∈ L_2(Ω), the matrix A = {a_{ij}(x)}^d_{i,j=1} is symmetric and is such that

a_{ij} (x) ∈ L_∞(Ω), A(x)ξ · ξ ≥ c_4 ‖ξ‖^2 ∀ξ ∈ R^d ∀x ∈ Ω. (9)

Problem (P) consists of finding u ∈ V_0 such that � Ω A∇u · ∇w dx = � Ω fw dx ∀w ∈ V_0. (10)

Let u_h ∈ V_0 be a continuous piecewise affine finite element approximation of u computed on the primal mesh T_h. For simplicity, we consider the following linear functional

< ℓ, u − u_h > := � Ω φ(u − u_h) dx, where supp φ := ω ⊆ Ω, (11)

estimation of which gives a certain information about (local) behaviour of the error u − u_h in subdomain ω.

Adjoint Problem (P_a) consists of finding v ∈ V_0 such that � Ω A∇v · ∇w dx = < ℓ, w > ∀w ∈ V_0. (12)

If, in (11), the function φ ∈ L_2(Ω), then the adjoint problem (12) has a unique solution.

Construction of Estimator: Let v_τ ∈ V_0 be a continuous piecewise affine finite element approximation of v computed on the adjoint mesh T_τ . Then value (11) is estimated by Ẽ(u_h, v_τ ) = E_0(u_h, v_τ ) + Ẽ_1(u_h, v_τ ), with

E_0 = � Ω fv_τ dx − � Ω A∇v_τ · ∇u_h dx, (13a)

Ẽ_1 = � Ω A(G_τ (∇v_τ ) − ∇v_τ ) · (G_h(∇u_h) − ∇u_h) dx, (13b)

where the post-processing operator (usually called gradient averaging) G_h (or G_τ ): L_∞(Ω, R^d) → H^1(Ω, R^d) defines a vector-valued piecewise affine function by setting each nodal values as, e.g., the mean (or weighted mean) of values ∇u_h (or ∇v_τ ) on all elements incident with the corresponding nodal point (cf. [6] and references therein).

Remark 2: In the above we consider problem (8) with a homogeneous Dirichlet boundary condition only for simplicity. A more general problem with nonhomogeneous mixed boundary conditions can be treated in the same way.

Remark 3: For averaging procedures in higher dimensions we refer to [4]. The scheme proposed above is also valid for approximations obtained via finite elements of higher orders, the relevant averagings in this case are given, e.g., in [5] (and in references therein).

Remark 4: Successful replacement of unknown solutions by the averaged gradients is actually based on the phenomenon of the superconvergence [4, 5, 14], which is mathematically proved only in the presence of sufficient smoothness of the exact solutions and sufficient regularity of the meshes used in computations. The performance of the estimator for such special cases was demonstrated, e.g., in some tests in [9, 8]. However, the estimator surprisingly works very well even if we have no additional regularity of the solution and use in computations strongly inhomogeneous meshes. This is clearly shown in all below tests (also for the linear elasticity) in which we consider the solution domains with reentrant corners. In all the tests of the present paper we define averaged gradients using weighted mean of relevant values of gradients with respect to areas of triangles in each patch. This choice of averaging is used mainly due to the fact that triangles in meshes used can be of quite different sizes in what follows and, thus, simple mean does not seem to be reasonable. However, the tests performed showed that another averaging procedures give very similar results.

Test 1a. Let Ω be a planar (i.e., d = 2) L-shaped domain with re-entrant corner at (0, 0) obtained from a square (−1, 1) × (−1, 1), ω := (−0.2, 0) × (−0.2, 0) (see Fig. 1 (left)), let φ ≡ 1 in ω and vanish outside of ω, A be the unit matrix, f ≡ 10 in Ω. The finite element solution u_h is calculated on T_h with 88 nodes, the error < ℓ, u − u_h >= 0.005346.

The results of performance of the estimator for various choices of adjoint meshes (having 31, 42, . . . , 2077 nodes, see Figure 1 (right)) are presented in Figure 2. The behaviour of the estimator Ẽ and its terms, E_0 and Ẽ_1, demonstrated there is very typical for all other tests for this type of problems. To evaluate the quality of the estimator we use the so-called effectivity index

I_{eff} :=

Ẽ(u_h, v_τ ) < ℓ, u − u_h > , and clearly observe that: a) estimator gives reasonably good results (0.72 ≤ I_{eff} ≤ 0.93) for adjoint meshes which are considerably coarser than the primal meshes (in this case both terms in the estimator are quite comparable); b) estimator is asymptotically correct (I_{eff} → 1 as τ → 0) (in this case, Ẽ_1 → 0 and Ẽ converges to the exact error). In this case, only the first term E_0 can be used, in fact, for the estimation.

Figure 1: Ω, ω, T_h (88 nodes), u_h, and typical T_τ (31 and 247 nodes) for Test 1a

Figure 2: Behaviour of estimator Ẽ and its parts, E_0 and Ẽ_1, for various choices of adjoint meshes in Test 1a. Mesh T_h has 88 nodes in all computations

Test 1b (adaptivity). The estimator Ẽ is, in fact, an integral over Ω, i.e.,

Ẽ(u_h, v_τ ) := � T ∈T^{(i)}_h

I_T , (14)

where each contribution I_T is a value of the integral taken over a particular element T of the current primal mesh T^{(i)}_h . To construct the next primal mesh T^{(i+1)}_h in order to decrease the value (11), we propose the following adaptive procedure. First, we find the maximum among all modulus |I_T |’s and, secondly, mark up those elements T ’s which have their contributions larger than the “user-given threshold” θ (θ ∈ [0, 1]) times that maximum value. Refining the marked elements (and making the mesh conforming), we get T^{(i+1)}_h .

This procedure has been tested for the same problem as in Test 1a, with initial T^{(0)}_h having 59 nodes and with T_τ taken the same (42 nodes) for all 4 refinements steps (threshold θ := 0.7 in all the steps for simplicity). The results are reported in Table 1.

We observe that the exact error (6-th column in Table 1) and the corresponding estimator values (5-th column in Table 1) monotonically decrease. The values of I_{eff} are very close to 1 in all computations, also in the case when the primal mesh is, e.g., 4.5 times more dense than the corresponding adjoint mesh (see the last raw in Table 1). Several corresponding meshes are presented in Figure 3.

Table 1: The results for adaptivity in Test 1b

Prim Adj E_0 Ẽ_1 Ẽ � ω φ (u − u_h) dx I_{eff}

T^{(0)}_h (59) 42 0.000785 0.003433 0.004218 0.005428 0.78 T^{(1)}_h (72) 42 0.000586 0.001774 0.002360 0.002739 0.86 T^{(2)}_h (90) 42 0.000582 0.001217 0.001799 0.001804 0.99 T^{(3)}_h (149) 42 0.000470 0.000939 0.001409 0.001540 0.91 T^{(4)}_h (186) 42 0.000420 0.000824 0.001244 0.001338 0.93

Figure 3: Meshes T^{(0)}_h (59 nodes), T_τ (42 nodes), T^{(1)}_h (72 nodes) and T^{(4)}_h (186 nodes) for Test 1b

3.2 The linear elasticity problem

Problem Formulation: The classical formulation consists of finding the displacement u and the stress σ in a bounded elastic body Ω ⊂ R^d such that

divσ + f = 0 in Ω , σ = L ϵ, ϵ(u) = 1 2 � ∇u + (∇u)^T � , (15)

u = u^0 on Γ_1 , σ n = g on Γ_2 , (16) where n is the unit outward normal to the boundary ∂Ω = Γ_1 ∪ Γ_2, f and g are the given volume and surface loads, and u^0 prescribes the displacement on Γ_1.

In the above, L = L(x) = (L_{ijkl}(x))^d_{i,j,k,l=1} denotes the fourth order tensor of the elastic coefficients, which satisfy the symmetry condition L_{jikl} = L_{ijkl} = L_{klij} , i, j, k, l = 1, . . . , d, (17) and the condition that there exists a positive constant c_5 such that L(x) τ : τ ≥ c_5|τ|^2 ∀τ ∈ M^{d×d}_s . (18) In the above, M^{d×d}_s denotes the space of symmetric tensors of the second order and the symbol “:” stands for the scalar product of symmetric tensors, i.e.,

τ : κ := d� i,j=1

τ_{ij}κ_{ij} , Lτ : κ := d� i,j,k,l=1

L_{ijkl}τ_{ij} κ_{kl}, |τ|^2 := τ : τ,

for τ, κ ∈ M^{d×d}_s .

Further, let L_{ijkl} ∈ L_∞(Ω), f ∈ L_2(Ω, R^d), g ∈ L_2(Γ_2, R^d), u^0 ∈ H^1(Ω, R^d), (19) and let (17)–(18) hold almost everywhere in Ω. In what follows we set Y = L_2(Ω, M^{d×d}_s ), V = H^1(Ω, R^d), V_0 = {v ∈ H^1(Ω, R^d) | v = 0 on Γ_1} , identify Λv with ϵ(v) and apply the scheme proposed in Section 2. Problem (P) reads: Find u ∈ V_0 + u^0 such that � Ω Lϵ(u) : ϵ(w) dx = � Ω f · w dx + � Γ_2

g · w ds ∀w ∈ V_0. (20)

Let u_h ∈ V_0 + u^0 be a continuous piecewise affine finite element approximation of u computed on (primal) mesh T_h. Similarly to Section 3.1, we can wish to estimate the quantity

< ℓ, u − u_h >:= � Ω Φ · (u − u_h) dx, where suppΦ := ω ⊆ Ω, (21)

providing with information on the error u − u_h in (local) subdomain ω. Corresponding Problem (P_a): Find v ∈ V_0 such that � Ω Lϵ(v) : ϵ(w) dx = < ℓ, w > ∀w ∈ V_0. (22)

Problem (22) is uniquely solvable provided Φ ∈ L_2(Ω, R^d).

Construction of Estimator: Let v_τ ∈ V_0 be a continuous piecewise affine finite element approximation of v computed on (adjoint) mesh T_τ . The value (21) is evaluated then by ~E(u_h, v_τ ) = E_0(u_h, v_τ ) + ~E_1(u_h, v_τ ), where

E_0(u_h, v_τ ) = � Ω f · v_τ dx + � Γ_2

g · v_τ ds − � Ω L ϵ(u_h) : ϵ(v_τ ) dx, (23a)

~E_1(u_h, v_τ ) = � Ω L (G_h(ϵ(u_h)) − ϵ(u_h)) : (G_τ (ϵ(v_τ )) − ϵ(v_τ )) dx , (23b)

G_h(ϵ(u_h)) := 1 2 � G_h(∇u_h) + (G_h(∇u_h))^T � , (24a)

G_τ (ϵ(v_τ )) := 1 2 � G_τ (∇v_τ ) + (G_τ (∇v_τ ))^T � . (24b)

In (23)–(24), the gradient averaging operators G_h and G_τ are similar to those used in Section 3.1 (cf. [6]).

Test 2a. We solve the plane stress problem (i.e., d = 2) in domain Ω with re-entrant corner at (0, 0) obtained from a square (−1, 1) × (−1, 1), ω := (−0.2, 0.0) × (−0.1, 0.1) (see Fig. 4 (left)). The Young modulus E = 10^6, Poisson ratio ν = 0.3, f ≡ (0, 0), the Dirichlet boundary condition u^0 = (0, ±1) is prescribed on the upper and lower parts of ∂Ω, respectively. In the remaining portions of ∂Ω the homogeneous Neumann condition is imposed. The finite element solution u_h is calculated on T_h with 120 nodes, the error < ℓ, u − u_h >= 0.002067 for Φ = (1, 1) in ω and Φ = (0, 0) outside of ω. The results of computations for various choices of adjoint meshes are presented in Figure 5.

As in Test 1a, we see that the estimator gives reasonably good values (0.61 ≤ I_{eff} ≤ 0.79) for the case when adjoint meshes are coarser than the primal ones. Similarly to a scalar elliptic problem, we clearly observe the asymptotic convergence of the estimator as the adjoint meshes used are becoming more and more dense.

Figure 4: Ω, ω, T_h (120 nodes), Von Mises stress distribution, and typical T_τ (75 and 435 nodes) for Test 2a

Test 2b (adaptivity). The adaptivity procedure is performed as proposed in Test 1b with the threshold θ = 0.6 in all 4 refinement steps. The results are presented in Table 2. Similarly to Test 1b, we observe that the estimator values and the corresponding exact error values monotonically decrease. Several corresponding meshes are presented in Figure 6.

Figure 5: Behaviour of estimator Ẽ and its parts, E_0 and Ẽ_1, for various choices of adjoint meshes in Test 2a. Mesh T_h has 120 nodes in all computations

Figure 6: The meshes T^{(0)}_h (61 nodes), T_τ (62 nodes), T^{(1)}_h (70 nodes) and T^{(4)}_h (111 nodes) for Test 2b

Table 2: The results for adaptivity in Test 2b

Prim Adj E_0 Ẽ_1 Ẽ � ω Φ · (u − u_h)dx I_{eff}

T^{(0)}_h (61) 62 0.001448 0.000543 0.001991 0.002898 0.69 T^{(1)}_h (70) 62 0.001417 0.000482 0.001899 0.002644 0.72 T^{(2)}_h (90) 62 0.001222 0.000531 0.001753 0.002433 0.72 T^{(3)}_h (103) 62 0.001147 0.000514 0.001661 0.002334 0.71 T^{(4)}_h (111) 62 0.001006 0.000498 0.001504 0.002211 0.68

4 Final Comments

1. Our approach is different from those proposed in [1, 3], where it is assumed that the primal and adjoint problems are always solved in the same space. Using our technique one can obtain reliable estimates also for the case when the number of nodes in the adjoint mesh is considerably smaller than the number of nodes in the primal mesh. The estimator still works very well even if we have no additional regularity of the solution and use in computations strongly inhomogeneous meshes.

2. The effectivity of the proposed technique, strongly increases when one is interested not in a single solution of the primal problem for a concrete data, but analyzes a series of approximate solutions for a certain set of boundary conditions and various right-hand sides (which is typical in the engineering design when it is necessary to model the behavior of a construction for various working regimes). In this case, the adjoint problem can be solved only once for each linear functional (e.g., on a very dense adjoint mesh), and this solution can be further used in testing the accuracy of approximate solutions of various primal problems.

3. Our tests demonstrate the high effectivity of the adaptive procedure proposed in the paper, see also [8].

4. Estimates for the error measured in terms of specially constructed linear functionals can also be used for reliable evaluating local integral norms of the error, see [7] and [9] for details.

5. The approach proposed in this paper has been recently successfully tested for evaluating the nonlinear J-integral (see [12] for definitions), which serves as a fracture criterion in linear elastic fracture mechanics, in the work [11].

6. It seems to be possible to use the same ideology also for approximations obtained, e.g., by the hp-FEMs.

Acknowledgment

The author was supported by the Academy Research Fellowship no. 208628 from the Academy of Finland.

References

[1] M. Ainsworth and J. T. Oden, A Posteriori Error Estimation in Finite Element Analysis, John Wiley & Sons, Inc., 2000.

[2] I. Babuška and T. Strouboulis, The Finite Element Method and Its Reliability, Oxford University Press Inc., New York, 2001.

[3] W. Bangerth and R. Rannacher, Adaptive Finite Element Methods for Differential Equations, Lectures in Mathematics ETH Zürich. Birkhäuser Verlag, Basel, 2003.

[4] J. Brandts and M. Křížek, Gradient superconvergence on uniform simplicial partitions of polytopes, IMA Journal of Numerical Analysis 23 489–505 (2003).

[5] J. Brandts and M. Křížek, Superconvergence of quadratic tetrahedral elements, Journal of Computational Mathematics 23 27–36 (2005).

[6] I. Hlaváček and M. Křížek, On a superconvergent finite element scheme for elliptic systems. I, II, III, Aplikace Matematiky 32 131–154, 200–213, 276–289 (1987).

[7] S. Korotov, New technologies for control of local errors in engineering computations by FEM, Rakenteiden Mekaniikka (Journal of Structure Mechanics) 38 117–120 (2005).

[8] S. Korotov, A posteriori error estimation of goal-oriented quantities for elliptic type BVPs, Journal of Computational and Applied Mathematics 191 216–227 (2006).

[9] S. Korotov, P. Neittaanmäki and S. Repin, A posteriori error estimation of goal-oriented quantities by the superconvergence patch recovery, Journal of Numerical Mathematics 11 33–59 (2003).

[10] P. Neittaanmäki and S. Repin, Reliable Methods for Computer Simulation. Error Control and A Posteriori Estimates, Studies in Mathematics and its Applications, 33, Elsevier Science B.V., Amsterdam, 2004.

[11] M. Rüter, S. Korotov and Ch. Steenbock, Goal-oriented error estimates based on different FE-solution spaces for the primal and the dual problem with application to linear elastic fracture mechanics, Computational Mechanics 1–10 (in press).

[12] M. Rüter and E. Stein, Adaptive finite element analysis of crack propagation in elastic fracture mechanics based on averaging techniques, Computational Materials Science, 31 247–257 (2004).

[13] P. Šolín and L. Demkowicz, Goal-oriented hp-adaptivity for elliptic problems, Computer Methods in Applied Mechanics and Engineering, 193 449–468 (2004).

[14] R. Verfürth, A Review of A Posteriori Error Estimation and Adaptive Mesh-Refinement Techniques, Wiley-Teubner, 1996.

(continued from the back cover)

A501 Marina Sirviö

On an inverse subordinator storage June 2006

A500 Outi Elina Maasalo , Anna Zatorska-Goldstein Stability of quasiminimizers of the p–Dirichlet integral with varying p on metric spaces April 2006

A499 Mikko Parviainen

Global higher integrability for parabolic quasiminimizers in nonsmooth domains April 2005

A498 Marcus Ruter , Sergey Korotov , Christian Steenbock Goal-oriented Error Estimates based on Different FE-Spaces for the Primal and the Dual Problem with Applications to Fracture Mechanics March 2006

A497 Outi Elina Maasalo

Gehring Lemma in Metric Spaces March 2006

A496 Jan Brandts , Sergey Korotov , Michal Krizek Dissection of the path-simplex in R^n into n path-subsimplices March 2006

A495 Sergey Korotov

A posteriori error estimation for linear elliptic problems with mixed boundary conditions March 2006

A494 Antti Hannukainen , Sergey Korotov

Computational Technologies for Reliable Control of Global and Local Errors for Linear Elliptic Type Boundary Value Problems February 2006

A493 Giovanni Formica , Stefania Fortino , Mikko Lyly A vartheta method–based numerical simulation of crack growth in linear elastic fracture February 2006

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A506 Sergey Korotov

Error control in terms of linear functionals based on gradient averaging techniques July 2006

A505 Jan Brandts , Sergey Korotov , Michal Krizek

On the equivalence of regularity criteria for triangular and tetrahedral finite element partitions July 2006

A504 Janos Karatson , Sergey Korotov , Michal Krizek

On discrete maximum principles for nonlinear elliptic problems July 2006

A503 Jan Brandts , Sergey Korotov , Michal Krizek , Jakub Solc On acute and nonobtuse simplicial partitions July 2006

A502 Vladimir M. Miklyukov , Antti Rasila , Matti Vuorinen

Three sphres theorem for p-harmonic functions June 2006

ISBN 951-22-8316-6 ISSN 0784-3143