Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2006 A513

ON A STOCHASTIC PARABOLIC INTEGRAL EQUATION

Wolfgang Desch Stig-Olof Londen

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2006 A513

ON A STOCHASTIC PARABOLIC INTEGRAL EQUATION

Wolfgang Desch Stig-Olof Londen

To the memory of Günter Lumer

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Wolfgang Desch and Stig-Olof Londen: On a Stochastic Parabolic Integral Equation; Helsinki University of Technology, Institute of Mathematics, Research Reports A513 (2006).

Abstract: In this article we analyze the stochastic parabolic integral equation u(t, x, ω) = c_αt^{−1+α} ∗ Δu + ∞∑ k=1 ∫_t 0 g^k(s, x, ω) dw^k_s ,

where t ≥ 0, x ∈ R^d, α ∈ (^1_2 , 1) and ω ∈ Ω. We take {w^k_t | k = 1, 2, ....} to be a family of independent F_t-adapted Wiener processes defined on a probability space (Ω, F, P ). Here F_t ⊂ F and F_t an increasing filtration. By applying and modifying the method of Krylov we obtain existence and regularity results in L_p-spaces, p ≥ 2.

AMS subject classifications: 60H20 45R05

Keywords: Stochastic integral equations, Krylovs method

Correspondence Wolfgang Desch email Georg.Desch@uni-graz.at Institut für Mathematik Universität Graz Heinrichstrasse 36 A-8010 Graz, Austria

Stig-Olof Londen email Stig-Olof.Londen@tkk.fi Institute of Mathematics Helsinki University of Technology 02150 Espoo, Finland

ISBN-10 951-22-8457-X ISBN-13 978-951-22-8457-3

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

1 Introduction

Let (Ω, F, P ) be a probability space, with {F_t}_{t≥0} an increasing filtration of σ-algebras satisfying F_t ⊂ F. Let P denote the predictable σ-algebra on R_+ × Ω generated by {F_t}_{t≥0}, and assume {w^k_t | k = 1, 2, ....} is a family of independent one-dimensional F_t-adapted Wiener processes defined on (Ω, F, P ).

In this setting, we consider the stochastic parabolic integral equation

u(t, x, ω) =

∫_t 0 k(t − s)Δu(s, x, ω) ds + ∞∑ k=1 ∫_t 0 g^k(s, x, ω) dw^k_s , (1)

where the variables satisfy t ≥ 0, x ∈ R^d, ω ∈ Ω, and k(t) = c_αt^{−1+α}, with c_α, α given constants; α ∈ (^1_2 , 1); and g^k given functions. The infinite series of stochastic integrals on the right side of (1) converges in a weak sense made precise below. By modifying the analytic approach of Krylov [7], developed for stochastic parabolic partial differential equations, we obtain an existence and uniqueness result on (1). As in [7], the setting is L_p, with p ≥ 2, thus a Hilbert space framework is not needed.

Before outlining the paper, we make some brief comments on the range of α-values.

With α = 1, the equation (1) is a (much studied) parabolic stochastic partial differential equation. See, e.g., [7], for further references. Our proofs require k ∈ L_2(0, 1), thus α >^1_2 . For small α one may however formally argue as follows.

The equation (1) can be inverted to give

D^α_t u = Δu + F, (2)

where D^α_t u^{def}=^1_{Γ(1−α)}^d_{dt} (t^{−α} ∗u), t > 0, is the fractional time derivative of order α of u (with u(0) = 0), and where F =^d_{dt} (t^{−α} ∗ G), with G = ∑ k ∫_t 0 g^k dw^k_s .

Suppose that, in some sense, G ∈ C^δ; then F ∈ C^{δ−α}. Assume that δ−α > 0. Equations of this type have been treated in Bessel potential spaces in [10], [11], and in Hölder spaces in [3] and [4].

The case α ∈ (1, 2) will be included in future work.

Equations of type (1) have been considered in Hilbert spaces in [1] and [2] by applying methods of [5]. In particular, certain regularity results on the stochastic convolution associated with (1) were obtained in [1].

Stochastic integral equations of type (1) or (2) occur in models of anomalous diffusion.

In Section 2, we introduce the necessary machinery and show how the stochastic Banach spaces developed in [7] can be modified in order to apply to the equations we consider.

In Section 3 we state and prove an existence result on (1). The fact that α < 1 allows us to obtain additional time-regularity on the solution as compared to the case α = 1. This we do in Section 4.

We will develop the present approach further in forthcoming work.

2 The Stochastic Machinery

Below, everywhere, p ≥ 2.

Let n ∈ R, and let H^n_p (R^d) be the Bessel potential space of distributions u such that (1 − Δ)^n2 u ∈ L_p(R^d), with norm

‖u‖_{n,p}^{def}= ‖(1 − Δ)^{n2} u‖_p.

Denote by l_2 the set of real-valued sequences g = {g^k | k = 1, 2, ....} with norm |g|^2_{l2} = ∑ k|g^k|^2, and, for a function g : R^d → l_2, ‖g‖_p^{def}= ‖|g|_{l2} ‖_p;

‖g‖_{n,p}^{def}= ‖|(1 − Δ)^n2 g|_{l2} ‖_p.

For τ a bounded stopping time, write

(0, τ]]^{def}= {(ω, t) | 0 < t ≤ τ(ω)},

H^n_p (τ)^{def}= L_p((0, τ]], P, H^n_p ),

H^n_p (τ, l_2)^{def}= L_p((0, τ]], P, H^n_p (R^d; l_2)).

The stochastic solution spaces Ĥ^n_p (τ) of (1) are then defined as follows.

Definition 1 Let u ∈ ∩_{T >0}H^n_p (τ ∧ T ). Then u ∈ Ĥ^n_p (τ) if u_{xx} ∈ H^{n−2}_p (τ), and there exist f ∈ H^{n−2}_p (τ), g ∈ H^{n−1}_p (τ, l_2) such that for any ϕ ∈ C^∞_0 (R^d), the equality

(u(t, ·), ϕ(·)) =

∫_t 0 k(t − s)(f(s, ·), ϕ(·)) ds + ∞∑ k=1 ∫_t 0 (g^k(s, ·), ϕ(·)) dw^k_s , (3)

holds for all t ≤ τ, a.s. The norm in the solution space is

‖u‖_Ĥn_{p (τ )}^{def}= ‖u_{xx}‖_Hn−2_{p (τ )} + ‖f‖_Hn−2_{p (τ )} + ‖g‖_Hn−1_{p (τ,l2)}.

In (3), for v ∈ H^n_p , ϕ ∈ C^∞_0 ,

(v, ϕ)^{def}= ( (1 − Δ)^{n2} v, (1 − Δ)^{− n2} ϕ ) = ∫ R^d ( (1 − Δ)^{n2} v(x) )( (1 − Δ)^{− n2} ϕ(x) ) dx. By the assumption on g, the series of stochastic integrals in (3) does converge (uniformly in t) in probability on [0, τ ∧ T ], T < ∞.

Thus, if u ∈ Ĥ^n_p (τ), then u can be represented as the sum (in the weak sense (3)), of a Lebesgue convolution integral and a series of stochastic integrals. (For simplicity, we take u(t = 0) = 0).

An obvious question is whether this representation is unique. For α = 1 the wellknown answer is yes. Below, in Lemma 2, we show that uniqueness holds also for α ∈ (^1_2 , 1).

Lemma 2 Take T > 0, α ∈ (^1_2 , 1). Let f, {g^k} satisfy f ∈ L_2((0, T ) × Ω), {g^k} ∈ L_2((0, T ) × Ω, l_2), and let both be adapted to {F_t}_{t≥0}. Suppose that for t ∈ [0, T ], ∫_t 0 (t − s)^{α−1}f(s, ω) ds = ∑ k ∫_t 0 g^k(s, ω) dw^k_s ,

a.s. Then f = g^k = 0 a.s.

Proof of Lemma 2. Both ‖f(t, ·)‖^2_{L2(Ω)} and ‖g(t, ·)‖^2_{L2(Ω;l2)} are integrable over (0, T ). Let t_0 be a Lebesgue point of both functions. Consider the orthogonal projection P in L_2(Ω) : P u = u − E(u | F_{t0} ).

If f_1(s, ·)^{def}= P f(s, ·), then P (∫^t 0 (t − s)^{α−1}f(s) ds ) = ∫_t 0 (t − s)^{α−1}f_1(s) ds =

∫_t

t_0

(t − s)^{α−1}f_1(s) ds, where we used the fact that since f is adapted to F_t, f(t) = E ( f(t) | F_{t0} ) , t ≤ t_0.

The series ∑ k ∫_t 0 g^k(s) dw^k_s has the martingale property: E (∑ k ∫_t 0 g(s) dw^k_s | F_{t0} ) = ∑ k ∫_{t0} 0 g^k(s) dw^k_s , t ≥ t_0.

We conclude that P (∑ k ∫_t 0 g^k(s) dw^k_s ) = ∑ k ∫_t

t_0

g^k(s) dw^k_s , t ≥ t_0,

and therefore, a.s.,

∫_t

t_0

(t − s)^{α−1}f_1(s) ds = ∑ k ∫_t

t_0

g^k(s) dw^k_s , t ∈ [t_0, T ]. (4)

Use Hölder and the fact that P is an orthogonal projection in L_2(Ω), to estimate the L_2-norms: ‖ ∫_t

t_0

(t − s)^{α−1}f_1(s) ds‖^2_{L2(Ω)} ≤ (∫ t t_0

(t − s)^{2α−2} ds )(∫ t t_0

‖f_1(s)‖^2_{L2(Ω)} ds )

≤ M(t − t_0)^{2α−1}

∫_t

t_0

‖f(s)‖^2_{L2(Ω)} ds ≤ M(t − t_0)^{2α}, (5) where the last inequality follows from t_0 being a Lebesgue point. By Itos identity, ‖ ∑ k ∫_t

t_0

g^k(s) dw^k_s ‖_{L2(Ω)} =

∫_t

t_0 ∑ k ‖g^k(s)‖^2_{L2(Ω)} ds. (6)

Combine (4), (5) and (6), and use the fact that t_0 is a Lebesgue point of ∑ k‖g^k(s)‖^2_{L2(Ω)}, to get

‖g(t_0)‖^2_{L2(Ω;l2)} = lim_{t→t0}(t − t_0)^{−1}

∫_t

t_0

‖g(s)‖^2_{L2(Ω;l2)} ds ≤ lim_{t→t0}(t − t_0)^{−1}M(t − t_0)^{2α} = 0,

where 2α > 1 was used. Lemma 2 follows.

To show that Ĥ^n_p (τ) is a Banach space, proceed as in [7], Theorem 3.7, and use k ∈ L_2(0, 1). We also recall the density result proved in [7], Theorem 3.10: If g ∈ H^n_p (l_2), then there exist g_j ∈ H^n_p (l_2); j = 1, 2, ....; such that ‖g − g_j ‖_Hn_{p (l2)} → 0, as j → ∞, and such that

g^k_j = j∑ i=1 I_{(τ} j_{i−1 ,τ} j_{i ]}g^{ik}_j (x), k ≤ j, (7)

and g^k_j = 0, for k > j. Here g^{ik}_j ∈ C^∞_0 (R^d).

3 Existence of Solutions

Our goal is now to prove the existence result Theorem 4, formulated at the end of this Section.

Take n = 1 in the definition of Ĥ^n_p (τ). Thus g ∈ L_p = H^0_p(τ, l_2). Consider (1) with finitely many stochastic terms, each g^k being of the simple structure (7):

u(t, x, ω) =

∫_t 0 k(t − s)Δu(s, x, ω) ds + m∑ k=1 ∫_t 0 g^k(s, x, ω) dw^k_s . (8)

Define u(t, x, ω)^{def}= m∑ k=1 ∫_t 0 S(t − s)g^k(s, x, ω) dw^k_s . (9)

The resolvent S(t) ⊂ B(X) (take, e.g., X = L_p(R^d)) satisfies

S(t)y = y +

∫_t 0 k(t − s)ΔS(s)y ds, y ∈ D(Δ), t ≥ 0. (10)

In fact, see [9], one has a kernel representation for S, such that S(t − s)g^k(x) is bounded in x ∈ R^d, t ∈ [0, T ]. Hence u is welldefined. By the stochastic Fubini theorem, see, e.g., p. 159 of [8], and by (10), it follows that u as defined in (9) satisfies (8) a.s., t ≥ 0.

Our next purpose is to obtain apriori bounds on u. In the case α = 1, these are implied by the key result of [6]. This result is not immediately applicable in the case α < 1, and so, to prove the needed estimates, we proceed differently.

Lemma 3 Let α ∈ (^1_2 , 1), g ∈ L_p([0, T ] × R^d; l_2). Then ∫ R^d

∫_T 0 (∫ t 0 |∇S(t − s)g(s, x)|^2_{l2} ds

) p_2

dt dx ≤ c ∫ R^d

∫_T 0 |g(t, x)|^p_{l2} dt dx, (11)

where c = c(d, p, α, T ). . Proof of Lemma 3. Take the subadditive map g → (∫ t 0 |∇S(t − s)g(s, x)|^2_{l2} ds

) 1_2 . If this is shown to map

L_∞((0, T ) × R^d; l_2) → L_∞((0, T ) × R^d; R), (12) and L_2((0, T ) × R^d; l_2) → L_2((0, T ) × R^d; R); (13)

then, by the Marcinkiewicz interpolation theorem, (11) follows.

To prove (12), one argues as follows.

Suppose we can show that for any h^k ∈ L^∞(R^d; l_2), and for i = 1, ...d;

sup_{x∈Rd} | | ∂ ∂x_i

S(t)h^k(x) | |^2_{l2} ≤ ct^{−α} sup

x∈R^d

|h^k(x)|^2_{l2} , (14)

with c = c(α, d). Replace t by t − s in (14), and integrate in s over [0, t]. This gives sup x∈R^d,0≤t≤T

∫_t 0 |∇S(t − s)g(s, x)|^2_{l2} ds ≤ c sup_{x∈Rd,0≤t≤T} |g(t, x)|^2_{l2} , (15)

which is (12).

To prove (14), take Laplace transforms in t in the resolvent equation, solve for the transform of S(t)h^k(x), and invert. This results in

S(t)h^k(x) = (2πi)^{−1} ∫ Γ_{1,ψ}

e^{λt}[I − λ^{−α}Δ]^{−1}λ^{−1}h^k(x) dλ, (16)

where

Γ_{1,ψ} = {e^{it} | |t| ≤ ψ} ∪ {ρe^{iψ} | 1 < ρ < ∞} ∪ {ρe^{−iψ} | 1 < ρ < ∞}, and ψ ∈ (^π_2 , π). In (16), use analyticity, change variables and apply^∂_{∂xi} . This gives ∂ ∂x_i

S(t)h^k(x) = (2πi)^{−1}t^{−α} ∫ Γ_{1,ψ}

e^ss^{α−1} ∂ ∂x_i

(μ − Δ)^{−1}h^k(x) ds, (17)

where μ = (^s_t )^α is complex-valued. Consequently,^∂_{∂xi} (μ − Δ)^{−1}h^k(x) needs to be evaluated. One obtains, after some calculations,

(μ − Δ)^{−1}h^k(x) = c(d)

(μ^ν_2

r^ν

K_ν (μ^{12} r) ∗ h^k ) (x), (18)

where ν =^d_2 − 1, r^2 =

∑_d i=1 x^2_i , and where K_ν (z) is the modified Bessel function of second kind of order ν.

For infinite rays Γ_τ originating at the origin one has

|τ|^ν K_ν (τ) ∈ L_1(Γ_τ ); |τ|^{ν+1}K^′_ν (τ) ∈ L_1(Γ_τ ), (19)

uniformly in |arg Γ_τ | ≤ θ <^π_2 .

Now use (18) and (19) in (17), recall Hölders inequality, estimate, and sum in k. The relation (14) follows - hence also (12).

To obtain (13) one argues in much the same way. Lemma 3 is proved.

To proceed, observe that Burkholder-Davis-Gundys inequality can be applied to the martingale

∇u = m∑ k=1 ∫_t 0 ∇S(t − s)g^k(s, x, ω) dw^k_s .

This yields, when combined with (11), E ∫ R^d

∫_T 0 sup_{0≤s≤t}|∇u|^p(t, x) dt dx ≤ c(p, α, d, T )E ∫ R^d

∫_T 0 |g(s, x, ω)|^p_{l2} ds dx.

The solution u can be estimated in an analogous fashion, using modified Bessel functions, to obtain E ∫ R^d

sup_{0≤s≤t}|u|^p dx ≤ c(p, α, d, t)E ∫ R^d

∫_t 0 |g(s, x, ω)|^p_{l2} ds dx. (20)

In addition, observe that ‖u_{xx}‖^p_{H−1p} ≤ c‖u_x‖^p_{Lp} , and so the right side (20) dominates ‖u_{xx}‖^p_{H−1p} .

Finally take an arbitrary g ∈ H^1_p(l_2), and approximate this g in the manner above by simpler functions g_j . Each g_j gives a solution u_j, and by the convergence of {g_j} in L_p(Ω × (0, T ) × R^d, l_2), one has that {u_j} is a Cauchysequence in Ĥ^1_p. By completeness, there exists u to which {u_j} converges. Some additional analysis yields that u solves (1) in the sense (3). One has proved:

Theorem 4 Let α ∈ (^1_2 , 1); p ≥ 2. Assume that

g ∈ L_p ( (0, T ) × Ω, P, L_p(R^d; l_2) ) . Then there exists a unique u ∈ Ĥ^1_p such that E ∫ R^d sup 0≤s≤T

|u|^p dx + E

∫_T 0 ∫ R^d

sup_{0≤s≤t}|∇u|^p dx dt

+‖u_{xx}‖^p_{H−1p} ≤ cE

∫_T 0 ∫ R^d

|g(t, x, ω)|^p_{l2} dx dt,

and such that, for ϕ ∈ C^∞_0 (R^d), ( u(t, ·), ϕ(·) ) = ∫_t 0 k(t − s) ( Δu(s, ·), ϕ(·) ) ds + ∞∑ k=1 ∫_t 0 ( g^k(s, ·), ϕ(·) ) dw^k_s ,

a.s. for all t ∈ [0, T ].

4 Additional Time-regularity

It is not difficult to observe that some time-regularity is lacking in Theorem 4 above. To see this, argue as follows. In (1), a time-derivative of order α corresponds to a second order derivative in space. The stochastic series in (1) is, roughly, C^12 (L_p). But, by Theorem 4, Δu ∈ H^{−1}_p and the smoothing out (in time) by the kernel t^{−1+α} is not enough to give the deterministic integral the same degree of smoothness as the stochastic series. One therefore conjectures that Δu has some additional time-regularity. This is, in fact, the case:

Theorem 5 Let p, α, g be as in the assumptions of Theorem 4. Let u be the solution given by Theorem 4. Take ϵ > 0 arbitrary, but such that^1_2 − ϵ ≠^1_p , 1 2 −^α_2 − ϵ ≠^1_p . Then

(i) u ∈ L_p ( Ω; H^{12 −ϵ}p ( [0, T ]; L_p(R^d) )) ,

(ii) u ∈ L_p ( Ω; H^{12 − α2 −ϵ} p ( [0, T ]; H^1_p (R^d) )) , (iii) u ∈ L_p ( Ω; H^{12 −α−ϵ} p ( [0, T ]; H^2_p (R^d) )) . The norm of u in the respective space is bounded by (a constant times) the norm of g in L_p ( (0, T ) × Ω × R^d; l_2 ) . An interpolation between (ii) and (iii) yields

u ∈ L_p ( Ω; L_p([0, T ]; H^{1α −ϵ}p ) ) , 1 2 < α < 1.

For α = 1 (the stochastic heat equation) the result obtained in [7] is u ∈ L_p ( Ω; L_p([0, T ]; H^1_p ) ) . In forthcoming work we will analyze the apparent loss of regularity when moving from the stochastic heat equation to the stochastic integral equation.

Outline of proof of Theorem 5 (ii). Let ϵ > 0 be such that^1_2 −^α_2 − ϵ > 0. We claim that, for fixed ω, u_x ∈ H^{12 − α2 −ϵ}p ( [0, T ]; L_p(R^d) ) . By [10], p.29, this amounts to showing that

v^{def}= ( d dt ) 1_{2 −} α_{2 −ϵ} u_x = d dt ( t^{− 12 + α2 +ϵ} ∗ S ∗ g_x ) ∈ L_p ( (0, T ) × R^d ) with ‖v‖_{Lp((0,T )×R}d_) being equivalent to ‖u_x‖_H 1_{2 −} α_{2 −ϵp ([0,T ];Lp(Rd))}.

Write v = F ∗ g_x, where F (t)^{def}=^d_{dt} ( t^{− 1}2^{+ α}2^{+ϵ} ∗ S ) . The convolution F ∗ g_x is welldefined as an Ito integral, since E

{ ∫_t 0 |F (t − s)g_x(s)|^2_{l2} ds } < ∞.

Computing the Laplace transform of F (t) gives

F̃ (t) = λ^{− 1}2^{− α}2^{−ϵ}(I − λ^{−α}Δ)^{−1},

and so

F (t)h^k(x) = (2πi)^{−1} ∫ Γ_{1,ψ}

exp s ( st^{−1}

)_− 1_{2 +} α_{2 −ϵ}

(μ − Δ)^{−1}h^k(x)t^{−1} ds,

where, as in the proof of Theorem 4, μ = ( st^{−1}

)_α

. Representing (μ − Δ)^{−1} with Bessel functions, and estimating, results in ∑ k | ∂ ∂x_i

F (t)h^k(x)|^2 ≤ ct^{−1+2ϵ} sup_x ∑ k |h^k(x)|^2,

and so

sup_{x∈Rd} (∫^t 0 | ∂ ∂x_i

F (t − s)g(s, x)|^2_{l2} ds

) 1_2 ≤ ct^ϵ‖g(s, x)‖_{L∞((0,t)×R}d_{;l2)}.

L_2-estimates are obtained in an analogous way.

Hence, by the Burkholder-Davis-Gundy inequality and after applying the Marcinkiewicz interpolation theorem,

E‖u_x‖^p_{H 12 − α2 −ϵp ([0,T ];Lp(Rd))} ≤ cE ∫ R^d

∫_T 0 |v|^p dt dx = c ∫ R^d

∫_T 0 E (∑ k ∫_t 0 ∇F (t − s)g^k(s, x, ω) dw^k_s

)_p

dt dx ≤c ∫ R^d

∫_T 0 E (∫^t 0 |∇F (t − s)g(s, x, ω)|^2_{l2} ds

) p_2

dt dx =cE ∫ R^d

∫_T 0 (∫^t 0 |∇F (t − s)g(s, x, ω)|^2_{l2} ds

) p_2

dt dx ≤cE ∫ R^d

∫_T 0 |g(t, x, ω)|^p_{l2} dt dx, which is (ii).

The relations (i), (iii) are proved in much the same fashion. Theorem 5 follows.

We finally remark that the statements (i)-(iii) of Theorem 5 can be slightly strengthened as follows. Take, e.g., (i), which states that

D^{12 −ϵ}_t S ∗ g ∈ L_p ( (0, T ) × Ω × R^d ) . An examination of the proof reveals that one in fact has somewhat more, namely ( M(t)

)_{−1} D^{12}_t S ∗ g ∈ L_p((0, T ) × Ω × R^d),

where M(t) > 0 is any function such that

∫_1 0 (tM^2(t))^{−1} dt < ∞.

References

[1] Ph. Clément and G. Da Prato, Some results on stochastic convolutions arising in Volterra equations perturbed by noise, Rend.Mat.Acc.Lincei, ser. IX, vol.VII (1996), 147–153.

[2] Ph. Clément, G. Da Prato and J. Prüss, White noise perturbation of the equations of linear parabolic viscoelasticity, Rend.Istit.Mat.Univ.Trieste, XXIX, (1997), 207–220.

[3] Ph. Clément, G. Gripenberg and S-O. Londen, Schauder estimates for equations with fractional derivatives, Trans. A.M.S., 352 (2000), 2239- 2260.

[4] Ph. Clément and S-O.Londen, Regularity aspects of fractional evolution equations, Rend.Istit.Mat.Univ.Trieste, XXXI, (2000), 19–30.

[5] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions. Cambridge University Press, 1990.

[6] N. V. Krylov, A parabolic Littlewood-Paley inequality with applications to parabolic equations, Topological Methods in Nonlinear Analysis, Journal of the Juliusz Schauder Center 4 (1994), 355–364.

[7] N. V. Krylov, An analytic approach to SPDEs. In Stochastic Partial Diffferential Equations: Six Perspectives, R. A. Carmona and B. Rozovskii, eds. A.M.S. Mathematical Surveys and Monographs vol. 64 (1999), pp. 185–242.

[8] Ph. Protter, Stochastic Integration and Differential Equations, Springer- Verlag, 1990.

[9] J. Prüss, Poisson estimates and maximal regularity for evolutionary integral equations in L_p-spaces, Rend.Istit.Mat.Univ.Trieste, XXVIII, (1997), 287–321.

[10] R. Zacher, Quasilinear parabolic problems with nonlinear boundary conditions, Ph.D. thesis, Martin-Luther-Universität Halle-Wittenberg, 2003.

[11] R. Zacher, Maximal regularity of type L_p for abstract parabolic Volterra equations, J. Evol.Equ., 5 (2005), 79–103.

(continued from the back cover)

A505 Jan Brandts , Sergey Korotov , Michal Krizek On the equivalence of regularity criteria for triangular and tetrahedral finite element partitions July 2006

A504 Janos Karatson , Sergey Korotov , Michal Krizek On discrete maximum principles for nonlinear elliptic problems July 2006

A503 Jan Brandts , Sergey Korotov , Michal Krizek , Jakub Solc On acute and nonobtuse simplicial partitions July 2006

A502 Vladimir M. Miklyukov , Antti Rasila , Matti Vuorinen Three sphres theorem for p-harmonic functions June 2006

A501 Marina Sirviö

On an inverse subordinator storage June 2006

A500 Outi Elina Maasalo , Anna Zatorska-Goldstein Stability of quasiminimizers of the p–Dirichlet integral with varying p on metric spaces April 2006

A499 Mikko Parviainen

Global higher integrability for parabolic quasiminimizers in nonsmooth domains April 2005

A498 Marcus Ruter , Sergey Korotov , Christian Steenbock Goal-oriented Error Estimates based on Different FE-Spaces for the Primal and the Dual Problem with Applications to Fracture Mechanics March 2006

A497 Outi Elina Maasalo

Gehring Lemma in Metric Spaces March 2006

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A512 Joachim Schöberl , Rolf Stenberg

Multigrid methods for a stabilized Reissner-Mindlin plate formulation October 2006

A509 Jukka Tuomela , Teijo Arponen , Villesamuli Normi

On the simulation of multibody systems with holonomic constraints September 2006

A508 Teijo Arponen , Samuli Piipponen , Jukka Tuomela

Analysing singularities of a benchmark problem September 2006

A507 Pekka Alestalo , Dmitry A. Trotsenko

Bilipschitz extendability in the plane August 2006

A506 Sergey Korotov

Error control in terms of linear functionals based on gradient averaging techniques July 2006

ISBN-10 951-22-8457-X ISBN-13 978-951-22-8457-3