Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2006 A514

AN EXTENSION OF THE LÉVY CHARACTERIZATION TO FRACTIONAL BROWNIAN MOTION

Yulia Mishura Esko Valkeila

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2006 A514

AN EXTENSION OF THE LÉVY CHARACTERIZATION TO FRACTIONAL BROWNIAN MOTION

Yulia Mishura Esko Valkeila

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Yulia Mishura, Esko Valkeila: An extension of the Lévy characterization to fractional Brownian motion; Helsinki University of Technology, Institute of Mathematics, Research Reports A514 (2006).

Abstract: Assume that X is a continuous square integrable process with zero mean defined on some probability space (Ω, F, P ). The classical characterization due to P. Lévy says that X is a Brownian motion if and only if X and X^2_t − t, t ≥ 0 are martingales with respect to the intrinsic filtration IF^X . We extend this result to fractional Brownian motion.

AMS subject classifications: 60G15,60E05,60H99

Keywords: fractional Brownian motion, Lévy theorem

Correspondence

Department of Mathematics, Kiev University, Volomirska Street 64, 01033 Kiev E-mail: myus@univ.kiev.ua Institute of Mathematics, Helsinki University of Technology P.O. Box 1100, FI-02015 TKK E-mail: esko.valkeila@tkk.fi

Y.M. was partially supported by the Suomalainen Tiedeakatemia and E.V. was supported by the Academy of Finland.

ISBN-13 978-951-22-8400-9 ISBN-10 951-22-8400-6

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

1 Introduction

In the classical stochastic analysis Lévy’s characterization result for standard Brownian motion is a fundamental result. We extend Lévy’s characterization result to fractional Brownian motion giving three properties necessary and sufficient for the process X to be a fractional Brownian motion. Fractional Brownian motion is a self-similar Gaussian process with stationary increments. However, these two properties are not explicitly present in the three conditions we shall give.

Fractional Brownian motion is a popular model in applied probability, in particular in teletraffic modelling and in finance. Fractional Brownian motion is not a semimartingale and there has been lot of research how to define stochastic integrals with respect to fractional Brownian motion. Big part of the developed theory depends on the fact that fractional Brownian motion is a Gaussian process. Since we want to prove that X is a special Gaussian process, we cannot use this machinery for our proof. Lévy’s characterization result is based on Itô calculus. We cannot do computations using the process X. Instead, we use representation of the process X with respect to a certain martingale. In this way we can do computations using classical stochastic analysis.

Fractional Brownian motion

A continuous square integrable centered process X with X_0 = 0 is a fractional Brownian motion with self-similarity index H ∈ (0, 1) if it is a Gaussian process with covariance function

IE (X_sX_t) = 1 2 ( t^{2H} + s^{2H} − |t − s|^{2H} ) . (1.1)

If X is a continuous Gaussian process with covariance (1.1), then obviously X has stationary increments and X is self-similar with index H. Mandelbrot named the Gaussian process X from (1.1) as fractional Brownian motion, and proved an important representation result for fractional Brownian motion in terms of standard Brownian motion in [2]. For a history on the research concerning fractional Brownian motion before Mandelbrot we refer to [3].

Characterization of fractional Brownian motion

Throughout this paper we work with special partitions. For t > 0 we put t_k := t^k_n , k = 0, . . . , n. IF^X is the filtration generated by the process X.

Fix H ∈ (0, 1). Fractional Brownian motion has the following three properties:

(a) The sample paths of the process X are Hölder continuous with any β ∈ (0, H).

(b) For t > 0 we have

n^{2H−1} n∑ k=1 (X_{tk} − X_{tk−1} )^{2 L1(P )}−→ t^{2H} , (1.2)

as n → ∞.

(c) The process

M_t =

∫_t 0 s^{12 −H} (t − s)^{12 −H} dX_s (1.3)

is a martingale with respect to the filtration IF^X .

If the process X satisfies (a), we say that it is Hölder up to H. The property (b) is weighted quadratic variation of the process X, and the process M in (c) is the fundamental martingale of X. It follows from the property (a), that the integral (1.3) can be understood as a Riemann-Stieltjes integral (see [4] and subsection 2.2 for more details).

Fractional Brownian motion satisfies the property (a): From (1.1) we have that IE(X_t − X_s)^2 = (t − s)^{2H} .

Since the process X is a Gaussian process we obtain from Kolmogorov’s theorem [5, Theorem I.2.1, p.26] that the process X is Hölder continuous with β < H. Fractional Brownian motion satisfies also the property (b). The proof of this fact is based on the self-similarity and on the ergodicity of the fractional Gaussian noise sequence Z_k := X_k − X_{k−1}, k ≥ 1. The fact that property (c) holds for fractional Brownian motion was known to Molchan [3], and recently rediscovered by several authors (see [4] and [3]). We summarize our main result.

Theorem 1.1. Assume that X is a continuous square integrable centered process with X_0 = 0. Then the following are equivalent:

• The process X is a fractional Brownian motion with self-similarity index H ∈ (0, 1).

• The process X has properties (a), (b) and (c) with some H ∈ (0, 1).

Discussion

If H =^1_2 , then the assumption (c) means that the process X is a martingale. If X is a martingale, then the condition (b) means that X^2_t −t is a martingale. Hence we obtain the classical Lévy characterization theorem, when H =^1_2 . Note that in this case the property (a) follows from the fact that X is a standard Brownian motion.

Fractional Brownian motion X has the following property: for T > 0 n∑ k=1 |X_T k_n − X_T k−1_n |^{1H L1(P )}→ E|X_1|^{1H} T (1.4) as n → ∞. This gives another possibility to generalize the quadratic variation property of standard Brownian motion. However, it seems difficult to replace the condition (b) by the condition (1.4).

In the next section we explain the main steps in our proof. The rest of the paper is devoted to technical details of the proof, which are different for H >^1_2 and H <^1_2 .

2 The proof of Theorem 1.1

2.1 A consequence of (b)

We use the following notation:^{L1(P )}→ means convergence in the space L^1(P ), P→ (resp. a.s.→ ) means convergence in probability (resp. almost sure convergence) and B(a, b) is the beta integral B(a, b) =

∫_1 0 x^{a−1}(1 − x)^{b−1}dx, defined for a, b ≥ 0. The notation X_n ≤ Y + o_P (1) means that we can find random variables ϵ_n such that ϵ_n = o_P (1) and X_n ≤ Y + ϵ_n. If in addition X = P − lim X_n, then we also have X ≤ Y .

We fix now t and let R_t := {s ∈ [0, t] :^s_t ∈ Q}. Note that the set R_t is a dense set on the interval [0, t]. Fix now also s ∈ R_t and let ñ = ñ(s) be a subsequence such that ñ^s_t ∈ IN.

Lemma 2.1. Fix t > 0 and s ∈ R_t and ñ such that ñ^s_t ∈ IN and ñ → ∞. Then

ñ^{2H−1} ñ∑ k=ñ^s_t +1 ( X_t k_ñ − X_t k−1_ñ

)_{2 P}

−→ t^{2H−1}(t − s). (2.1)

Proof. We have that

ñ^{2H−1}

ñ^s_t∑

k=1 (ΔX_t k_ñ )^2 = ñ^{2H−1}

ñ^s_t∑

k=1 (ΔX sk_{ñ st} )^2

= ( ñ s t )_{2H−1} · ( t s )^{2H−1}

ñ^s_t∑

k=1 (ΔX sk_{ñ st} )^2

L^1(P )

→ s^{2H} · ( t s )^{2H−1} = st^{2H−1}.

Since ñ^{2H−1}

∑_ñ k=1(ΔX_t k_ñ )^{2 L1(P )}→ t^{2H} , we obtain the proof.

In what follows we shall write n pro ñ and t_k pro t^k_n .

2.2 Representation results

Throughout the paper we shall use the following notation. Put

Y_t =

∫_t 0 s^{12 −H} dX_s; (2.2) then we have X_t =

∫_t 0 s^{H− 1}2 dY_s and we can write the fundamental martingale M as M_t =

∫_t 0 (t − s)^{12 −H} dY_s. (2.3)

The equation (2.3) is a generalized Abel integral equation and the process Y can be expressed in terms of the process M:

Y_t = 1 ( H −^1_2 ) B_1

∫_t 0 (t − s)^{H− 12} dM_s (2.4)

with B_1 = B(H −^1_2 ,^3_2 − H).

We work also with the martingale W =

∫_t 0 s^{H− 1}2 dM_s. We have [W ]_t = ∫_t 0 s^{2H−1}d[M]_s and [M]_t =

∫_t 0 s^{1−2H} d[W ]_s.

Note that all the integrals, even the Wiener integrals, can be understood as pathwise Riemann-Stieltjes integrals.

For H >^1_2 we use the following representation result.

Lemma 2.2. Assume that H >^1_2 and (a) and (c). Then the process X has the representation

X_t = 1 B_1

∫_t 0 (∫_t u s^{H− 12} (s − u)^{H− 32} ds ) dM_u, (2.5)

Proof. Integration by parts in (2.4) gives:

Y_t = 1 B_1

∫_t 0 (t − s)^{H− 32} M_sds.

Next, by using integration by parts and Fubini theorem we obtain

X_t =

∫_t 0 s^{H− 12} dY_s = t^{H− 12} Y_t − (H − 1 2 ) ∫_t 0 s^{H− 32} Y_sds = t^{H− 1}2 B_1

∫_t 0 (t − s)^{H− 32} M_sds −

H −^1_2

B_1

∫_t 0 s^{H− 32}

∫_s 0 (s − u)^{H− 32} M_ududs = t^{H− 1}2 (H −^1_2 )B_1

∫_t 0 (t − s)^{H− 12} dM_s − 1 B_1

∫_t 0 s^{H− 32}

∫_s 0 (s − u)^{H− 12} dM_uds = t^{H− 1}2 (H −^1_2 )B_1

∫_t 0 (t − s)^{H− 12} dM_s − 1 B_1

∫_t 0 [∫_t u s^{H− 32} (s − u)^{H− 12} ds ] dM_u = 1 B_1

∫_t 0 [ t^{H− 1}2 H −^1_2

(t − u)^{H− 12} −

∫_t u s^{H− 32} (s − u)^{H− 12} ds ] dM_u = 1 B_1

∫_t 0 [∫_t u s^{H− 12} (s − u)^{H− 32} ds ] dM_u.

This proves claim (2.5).

For H <^1_2 we use the following representation result, which can be proved as [4, Theorem 5.2].

Lemma 2.3. Assume that H <^1_2 and (a) and (c). Then the process X has the representation

X_t =

∫_t 0 z(t, s)dW_s, (2.6)

with the kernel

z(t, s) = (s t )_{1/2−H} (t − s)^{H−1/2} + (1/2 − H)s^{1/2−H}

∫_t s u^{H−3/2}(u − s)^{H−1/2}du

2.3 The proof of the main result

We give the structure of the proof, and prove the main result. We know from Lemma 2.1

n^{2H−1} n∑ k=n^s_t +1 ( X_t k_n − X_t k−1_n

)_{2 P}

→ c_H t^{2H−1}(t − s).

We show, separately for H <^1_2 and H >^1_2 , that the following asymptotic expansion holds

n^{2H−1} n∑ k=n^s_t +1 ( X_{tk} − X_{tk−1}

)_2

= n^{2H−1} n∑ k=n^s_t +1

∫_t s ( h^t_k(u)

)_2

d[M]_u + o_P (1)

(2.7)

with a sequence of deterministic functions h^t_k, depending on H. Here o_P (1) means convergence to zero in probability.

Note that an H- fractional Brownian motion B^H also satisfies (a), (b) and (c), and hence it also satisfies the asymptotic expansion

n^{2H−1} n∑ k=n^s_t +1 ( B^H_{tk} − B^H_{tk−1}

)_2

= n^{2H−1}c_H (2 − 2H) n∑ k=n^s_t +1

∫_t s ( h^t_k(u)

)_2

s^{1−2H} ds + o_P (1)

(2.8)

with the same set of functions h^t_k.

Moreover, we show, that [W ] ∼ Leb and the density ρ^t(u) =^{d[W ]u}_{du} satisfies 0 < c ≤ ρ^t(u) ≤ C < ∞ with some constants c, C. With this information, we can finish the proof. Then

P − lim_n n^{2H−1} n∑ k=n^s_t +1

∫_t s ( h^t_k(s)

)_2

ρ^t(u)u^{1−2H} du

= P − lim_n n^{2H−1} n∑ k=n^s_t +1

∫_t s ( h^t_k(u)

)_2

d[M]_u

= t^{2H−1}(t − s)

= P − lim_n n^{2H−1} n∑ k=n^s_t +1

(B^H_{tk} − B^H_{tk−1} )^2

= P − lim n^{2H−1}c_H (2 − 2H) n∑ k=n^s_t +1

∫_t s ( h^t_k(s)

)_2 u^{1−2H} du.

Since the set R_t is a dense set on the interval [0, t] we can conclude from the above that ρ^t(u) = c_H (2 − 2H). This means that the martingale M is a Gaussian martingale with the bracket [M]_u = c_H u^{2−2H} and by the pathwise representation results in the subsection 2.2 the process X is an H-fBm.

If M is a continuous square integrable martingale, then the bracket of M is denoted by [M]. Recall that in this case we have

[M]_t = P − lim_{|πn|→0} n∑ k=1 (M_{tk} − M_{tk−1} )^2.

2.4 Auxiliary lemmas

In the proof of (2.7) we use several times the following lemmas. Let M be a continuous martingale. Put I_2(M)_t :=

∫_t 0 M_sdM_s. Two continuous martingales M, N are (strongly) orthogonal if [M, N] = 0; we write this as M ⊥ N. We use also notation (N · M) for the integral (N · M)_t =

∫_t 0 N_sdM_s.

Lemma 2.4. Assume that M^{n,k} is a double array of continuous square integrable martingales with the properties

(i) With n fixed and k ≠ l M^{n,k} and M^{n,l} are orthogonal martingales.

(ii)

∑_{kn} k=1[M^{n,k}]_t ≤ C, where C is a constant.

(iii) max_k[M^{n,k}]_t^P→ 0 as n → ∞.

Then_{kn} ∑ k=1 I_2(M^{n,k})_t^{L2(P )}→ 0 (2.9)

as k_n → ∞.

Proof. Since the martingales M^{n,k} are pairwise orthogonal, when n is fixed, the same is true for the iterated integrals I_2(M^{n,k}). Hence

E (_{kn} ∑ k=1 I_2(M^{n,k})_t

)_2 = k_n∑

k=1 E ( I_2(M^{n,k})_t

)_2 ; we can now use [1, Theorem 1, p. 354], which states that E ( I_2(M^{n,k})_t

)_2

≤ B^2_{,2}E[M^{n,k}]^2_t .

But_{kn} ∑ k=1 [M^{n,k}]^2_t ≤ max_k [M^{n,k}]_t

k_n∑

k=1 [M^{n,k}]_t^P→ 0

as n → ∞. The claim (2.9) now follows, since

∑_{kn}

k=1[M^{n,k}]^2_t ≤ C^2.

Lemma 2.5. Assume that M^{n,k} and N^{n,k} are double array of continuous square integrable martingales with the properties

(i) With fixed n and k ≠ l N^{n,l} and N^{n,k} are orthogonal martingales, if l < k, then M^{n,l} ⊥ N^{n,k}, and for i, j, k, l we have (N^{n,i} · M^{n,j} ) ⊥ (N^{n,k} · M^{n,l}).

(ii)

∑_{kn}

k=1[M^{n,k}_t ] ≤ C and

∑_{kn} k=1[N^{n,k}_t ] ≤ C.

(iii) The martingales M^{n,k} are bounded by a constant K and max_k[N^{n,k}]_t^P→ 0. (iv) [M^{n,k}N^{n,k}]_t = (( M^{n,k}

)_2

· [N^{n,k}] ) t Then_{kn} ∑ k=1 M^{n,k}_t N^{n,k}_t^{L2(P )}→ 0 (2.10)

as k_n → ∞.

Proof. By the assumption (i) we obtain

E (_{kn} ∑ k=1 M^{n,k}_t N^{n,k}_t

)_2 = k_n∑

k=1 E ( M^{n,k}_t N^{n,k}_t

)_2 (2.11)

By assumption (iv) we have E ( M^{n,k}_t N^{n,k}_t

)_2

= E[M^{n,k}_t N^{n,k}_t ] = E ( (M^{n,k}_t )^2[N^{n,k}]_t ) . By assumption (ii) the sequence ∑ k(M^{n,k}_t )^2 is tight, since it is dominated by ∑ k[M^{n,k}]_t, and since max_k[N^{n,k}]_t^P→ 0, we have that ∑ k(M^{n,k}_t )^2[N^{n,k}]_t^P→ 0.

By dominated convergence theorem we obtain the claim in (2.10).

3 The proof of Theorem 1.1: case of H >^1_2

3.1 The basic estimation

For the proof we can assume that the martingales M and W , as well as their brackets [M] and [W ] are bounded with a deterministic constant L. If this is not the case, we can always stop the processes.

We want to use expression

n^{2H−1} n∑ k=n^s_t +1 ( X_{tk} − X_{tk−1}

)_2

to obtain estimates for the increment of the bracket [M], with the help of (2.5).

Use (2.5) to obtain

X_{tk} − X_{tk−1} = 1 B_1

(∫_{tk−1} 0 f^t_k (s) dM_s +

∫_{tk}

t_{k−1}

g^t_k (s) dM_s ) , (3.1)

where we used the notation

f^t_k(s) :=

∫_{tk}

t_{k−1}

u^{H− 12} (u − s)^{H− 32} du (3.2) and g^t_k(s) :=

∫_{tk} s u^{H− 12} (u − s)^{H− 32} du.

Rewrite the increment of X as

X_{tk} − X_{tk−1} := 1 B_1 ( I^{n,1}_k + I^{n,2}_k + I^{n,3}_k )

:= 1 B_1

(∫_{tk−2} 0 f^t_k(s)dM_s +

∫_{tk−1}

t_{k−2}

f^t_k(s)dM_s +

∫_{tk}

t_{k−1}

g^t_k(s)dM_s ) . (3.3)

The random variables I^{n,j}_k are the final values of the following martingales: put m^1_v :=

∫_{tk−2∧v} 0 f^t_k(u)dM_u, m^2_v :=

∫_{tk−1∧v}

t_{k−2}∧v fk(u)dMu and m 3 v := ∫_{tk∧v}

t_{k−1}∧v g t k(u)dM_u, then I^{n,i}_k = m^i_t, i = 1, 2, 3. Hence we can use stochastic calculus and Itô formula to analyze these random variables.

Next, note the following upper estimate for the functions f^t_k:

f^t_k(s) =

∫_{tk}

t_{k−1}

u^{H− 12} (u − s)^{H− 32} du

≤ (t_k)^{H− 12} (t_{k−1} − s)^{H− 32} · (t_k − t_{k−1}) (3.4) = ( t k − 1 n − s )_{H−} 3_2 · t n · (t k n )^{H− 12}

note that this estimate is finite for s ∈ (0, t_{k−1}).

Lemma 3.1. Fix t > 0 and s ∈ R_t and ñ such that ñ^s_t ∈ IN and ñ → ∞. Then there exist two constants C_1, C_2 > 0 such that we have

C_1t^{2H−1}

∫_{t−2t/n} s u^{2H−1}d[M]_u ≤ ñ^{2H−1} ñ∑ k=ñ^s_t +2

∫_t k−2_n 0 (f^t_k(u))^2d[M]_u

≤ C_2t^{4H−2} ([M]_t − [M]_s) + R^t_n, (3.5) where R^t_n = o_P (1).

Proof. We continue to write n instead of ñ and will not take care of the constants explicitly.

Upper estimate At first we estimate i^{n,1} := n^{2H−1} n∑ k=n^s_t +2

∫_{tk−2} 0 (f^t_k(u))^2d[M]_u

from above.

From (3.4) we obtain the following estimate for i^{n,1}:

i^{n,1} ≤ n^{2H−3}t^{2H+1} n∑ k=n^s_t +2

∫_{tk−2} 0 (t_{k−1} − u)^{2H−3}d[M]_u. (3.6)

We can assume that 0 < s < t and 2 ≤ n^s_t ≤ n − 3, and rewrite

ī^{n,1} := n∑ k=n^s_t +2

k−2∑ i=1 ∫_{ti}

t_{i−1}

(t_{k−1} − u)^{2H−3}d[M]_u

= ( n^s_t∑

i=1 n∑ k=n^s_t +2 + n−2∑

i=n^s_t +1 n∑ k=i+2 ) ∫_{ti}

t_{i−1}

(t_{k−1} − u)^{2H−3}d[M]_u (3.7)

= n^s_t∑

i=1 ∫_{ti}

t_{i−1} ( n∑ k=n^s_t +2

(t_{k−1} − u)^{2H−3})d[M]_u

+ n−2∑

i=n^s_t +1

∫_{ti}

t_{i−1} ( n∑ k=i+2

(t_{k−1} − u)^{2H−3})d[M]_u.

We estimate the first term in the last equation in (3.7): 1 n ( n∑ k=n^s_t +2

(t_{k−1} − u)^{2H−3})

= t tn [ (s + t n − u)^{2H−3} + (s + 2t n − u)^{2H−3} +

+ · · · + (s + t(n − 1) n − u)^{2H−3} ]

≤ 1 t ∫_{s+t−u} s−u x^{2H−3}dx ≤ 1 t(2 − 2H)

(s − u)^{2H−2};

next we estimate the second sum in the last equation of (3.7) similarly and obtain 1 n n∑ k=i+2

(t_{k−1} − u)^{2H−3} ≤ 1 n (t_{i+1} − u)^{2H−3} + 1 (2 − 2H)t

(t_{i+1} − u)^{2H−2}.

We substitute these estimates into (3.7):

ī^{n,1} ≤ 1

2 − 2H n ns t∑ i=1 ∫_t i_n

t^{i−1}_n

(s − u)^{2H−2} 1 t d[M]_u

+ n n∑ i=^{ns}_t +1

∫_t i_n

t^{i−1}_n [ 1 n (t i + 1 n − u)^{2H−3}

+ 1 (2 − 2H)t (t i + 1 n − u)^{2H−2} ] d[M]_u ≤ 1 2 − 2H n t ∫_s 0 (s − u)^{2H−2}d[M]_u + t^{2H−3}n^{−2H+3}([M]_t − [M]_s) + n t ( t n )^{2H−2} 1 2 − 2H

([M]_t − [M]_s) ≤ 1 2 − 2H n t ∫_s 0 (s − u)^{2H−2}d[M]_u + c_H t^{2H−3}n^{3−2H} ([M]_t − [M]_s)

with c_H =^1_{2−2H} + 1.

We continue from (3.6) and have

i^{n,1} ≤ n^{2H−2} 2 − 2H t^{2H}

∫_s 0 (s − u)^{2H−2}d[M]_u + c_H t^{4H−2}([M]_t − [M]_s). (3.8)

From assumptions (a) and (c) we have that the martingale M is Hölder continuous up to^1_2 . This in turn implies that the bracket [M] is Hölder continuous up to 1, and hence the random variable

∫_s 0 (s − u)^{2H−2}d[M]_u is finite with probability one. This gives the upper bound for (3.5) with R^t_n = n^{2H−2}t^{2H}

∫_s 0 (s − u)^{2H−2}d[M]_u.

Lower bound in (3.5)

We finish the proof of Lemma 3.1 by giving the lower bound. Recall that f^t_k(u) =

∫_{tk}

t_{k−1} v

H−^1_2 (v − u)H−^3_2 dv and this gives the estimate

( f^t_k (u)

)_2

≥ (t_{k−1})^{2H−1}(t_k − u)^{2H−3} · t^2 n^2

. (3.9)

We use (3.9) to estimate the sum i^{n,1} from below:

i^{n,1} ≥ n^{2H−3}t^2 n∑ k=n^s_t +2

∫_{tk−2} 0 (t_{k−1})^{2H−1} (t_k − u)^{2H−3} d[M]_u

= n^{2H−3}t^2

n^s_t∑

i=1 ∫_{ti}

t_{i−1} ( n∑ k=n^s_t +2

(t_{k−1})^{2H−1}(t_k − u)^{2H−3})d[M]_u

+ n^{2H−3}t^2 n−2∑

i=n^s_t +1

∫_{ti}

t_{i−1} ( n∑ k=i+2

(t_{k−1})^{2H−1}(t_k − u)^{2H−3})d[M]_u

≥ n^{2H−3}t^2 n−2∑

i=n^s_t +1

∫_{ti}

t_{i−1} ( n∑ k=i+2

(t_{k−1})^{2H−1}(t_k − u)^{2H−3})d[M]_u

Next we estimate the last sum from below: 1 n n∑ k=i+2 ( t k − 1 n )_{2H−1} ( t k n − u )_{2H−3}

≥ 1 t ∫_{t−u}

t^{i+2}_n −u

x^{2H−3}(x + u − 1 n )^{2H−1}dx ≥ 1 t ( t i + 1 n )_{2H−1} ∫_{t−u}

t^{i+2}_n −u

x^{2H−3}dx

≥ t^{2H−2} ( i + 1 n )_{2H−1} ( t^{i+2}_n − u

)_{2H−2} − (t − u)^{2H−2} 2 − 2H . With this estimate we continue and obtain

i^{n,1} ≥ t^{2H} n^{2H−2} 2 − 2H · · n−2∑

i=n^s_t +1 ( i + 1 n )_{2H−1} ∫_t i_n

t^{i−1}_n [( t i + 2 n − u )_{2H−2} − (t − u)^{2H−2} ] d[M]_u.

Consider the function h(u) := ( t^{i+2}_n − u

)_{2H−2}

− (t − u)^{2H−2} and estimate it from below using the fact that u ∈ (t^{i−1}_n , t^i_n ):

h(u) ≥ ( t i + 2 n − t i − 1 n )_{2H−2} − ( t − t i n )_{2H−2}

≥ ( 3t n )_{2H−2} − ( 4t n )_{2H−2} = 3^{2H−2} − 4^{2H−2} n^{2H−2} t^{2H−2}. So, i^{n,1} ≥ (3^{2H−2} − 4^{2H−2}) t^{2H} n^{2H−2} 2 − 2H n−2∑

i=n^s_t +1

∫_t i_n

t^{i−1}_n ( i + 1 n )_{2H−1} t^{2H−2}d[M]_u

≥ C_1t^{2H−1} n−2∑

i=n^s_t +1

∫_t i_n

t^{i−1}_n

(u + 2t n )^{2H−1}d[M]_u, and this gives the lower bound in (3.5). The proof of Lemma 3.1 is now finished.

Second upper bound We estimate now the term ∫_{tk−1}

t_{k−2}

f^t_k(s)d[M]_s.

Lemma 3.2. There exists a constant C_3 > 0 such that

n^{2H−1} n∑ k=n^s_t +2

∫_{tk−1}

t_{k−2}

(f^t_k(u))^2d[M]_u ≤ C_3t^{4H−2}([M]_t − [M]_s). (3.10)

Proof. We have the following upper estimate for the function f^t_k:

f^t_k(u) ≤ t^{H− 12}_k

∫_{tk}

t_{k−1}

(v − u)^{H− 32} dv = 1 H −^1_2 t^{H− 12}_k ( (t_k − u)^{H− 12} − (t_{k−1} − u)^{H− 12} )

≤ 1 H −^1_2 t^{H− 12} ( t n )_{H−} 1_2 . This gives the claim (3.10).

The third estimation Now we shall deal with terms of the form ∫_{tk}

t_{k−1}

(g^t_k(s))^2d[M]_s.

Lemma 3.3. There exists a constant C_4 such that

n^{2H−1} n∑ k=n^s_t +1

∫_{tk}

t_{k−1}

(g^t_k(u))^2d[M]_u ≤ C_4t^{4H−2} ([M]_t − [M]_s) . (3.11)

Proof. We have that

g^t_k(z) =

∫_t k_n z v^{H− 12} (v − z)^{H− 32} dv ≤ (t k n )^{H− 12}

(t^k_n − z)^{H− 1}2 H −^1_2

≤ C(t k n )^{H− 12} ( t n )^{H− 12} ≤ Ct^{2H−1}( 1 n )^{H− 12} .

This gives the claim (3.11).

3.2 The proof for the asymptotic expansion

Recall that from (3.3) we have

X_{tk} − X_{tk−1} = 1 B_1

(∫_{tk−2} 0 f^t_k(s)dM_s +

∫_{tk−1}

t_{k−2}

f^t_k(s)dM_s +

∫_{tk}

t_{k−1}

g^t_k(s)dM_s )

=: I^{n,1}_k + I^{n,2}_k + I^{n,3}_k .

Hence ( X_{tk} − X_{tk−1}

)_2 = ( I^{n,1}_k + I^{n,2}_k + I^{n,3}_k

)_2 . Consider first the terms of the form (I^{n,j}_k )^2, j = 1, 2, 3. From the Itô formula we have that (we will drop the constant B_1 in what follows)

(I^{n,1}_k )^2 =

∫_{tk−2} 0 (f^t_k(v))^2d[M]_v + 2

∫_{tk−2} 0 f^t_k(u) (∫_u 0 f^t_k(v)dM_v ) dM_u.

We shall show that

n^{2H−1} n∑ k=n^s_t +2

∫_{tk−2} 0 f^t_k(u) (∫_u 0 f^t_k(v)dM_v ) dM_u^P→ 0, (3.12)

as n → ∞. Note first that

n^{2H−1} n∑ k=n^s_t +2

f^t_k(u)f^t_k(v) ≤ Cn^{2H−1} n∑ k=n^s_t +2

f^t_k(u) 1 n (s − v)^{H− 32}

≤ Cn^{2H−2}(s − v)^{H− 32}

∫_t s x^{H− 12} (x − u)^{H− 32} dx → 0 (3.13)

for all v < u < s. Fix u < s and write w^n(v) := n^{2H−1}

∑_n

k=n^s_t +2 f t k(u)f^t_k(v).

Then (3.13) gives that sup_{v≤u} w^n(v) → 0. We can now use [6, Theorem II.11, p.58], which says that if a predictable sequence of processes converges uniformly in probability to zero, then

sup_{u<s} |

∫_u 0 w^n(v)dM_v|^P→ 0.

for all s ≤ t. Now we can apply the same theorem again and we get (3.12).

Consider next the sums

n^{2H−1} n∑ k=n^s_t +2

∫_{tk−1}

t_{k−2}

f^t_k(u)

∫_u

t_{k−2}

f^t_k(v)dM_vdM_u and n^{2H−1} n∑ k=n^s_t +1

∫_{tk}

t_{k−1}

g^t_k(u)

∫_u

t_{k−1}

g^t_k(v)dM_vdM_u.

It is quite straightforward to check that the assumptions of the Lemma 2.4 are satisfied with martingales

N^{n,k}_v := n^{H− 12}

∫_{tk−1∧v}

t_{k−2}∧v

f^t_k(u)dM_u and Ñ^{n,k}_v := n^{H− 1}2

∫_{tk∧v}

t_{k−1}∧v

g^t_k(u)dM_u.

Hence both sums are of the order o_P (1).

Similarly, one can show that the cross product sums with i ≠ j satisfy n^{2H−1} ∑ k I^{n,i}_t I^{n,j}_t = o_P (1). Indeed, define the martingales M^{n,k} by

M^{n,k}_v := n^{H− 12}

∫_{tk−2∧v} 0 f^t_k(u)dM_u.

Note also that integration by parts gives

sup_{s≤t} |M^{n,k}_s | ≤ 2Lt^{2H−2}n^{12 −H} n^{H− 12} ≤ 2Lt^{2H−2}.

One can now use Lemma 2.5 to check that n^{2H−1} ∑ k(I^{n,1}_k I^{n,2}_k ) = ∑ k M^{n,k}_t N^{n,k}_t and n^{2H−1} ∑ k(I^{n,1}_k I^{n,3}_k ) = ∑ k M^{n,k}_t Ñ^{n,k}_k are of the order o_P (1) Finally, for the sum n^{2H−1} ∑ k(I^{n,2}_k I^{n,3}_k ) = ∑ k N^{n,k}_t Ñ^{n,k}_t one can check again by integration by parts that sup_{s≤t} |N^{n,k}_s | ≤ 4Lt^{2H−1} and this sum is also of the order o_P (1) by Lemma 2.5.

All this shows that we have the asymptotic expansion 2.7, and from the estimates (3.5), (3.10) and (3.11) we obtain the following inequality

C_1t^{2H−1}

∫_t s u^{2H−1}d[M]_u ≤ c_H t^{2H−1}(t − s) ≤ C_2t^{4H−2}([M]_t − [M]_s).

This in turn implies that [W ] ∼ Leb on [0, t], and the proof of Theorem 1.1 is finished with H >^1_2 .

4 The case of H <^1_2

4.1 Starting point

The proof is similar to the case of H >^1_2 . It is more convenient to work with the martingale W =

∫_t 0 s^{H− 1}2 dM_s. We shall indicate the main estimates in the proof. After this one can repeat the arguments of the proof of the case H >^1_2 to finish the proof. Put

p^t_k(z) =

∫_{tk}

t_{k−1} ( z u )^{12 −H} (u − z)^{H− 32} du for z < u; and we have the estimate

p^t_k(z) ≤ (t_{k−1} − z)^{H− 32} t n . (4.1)

Note also that we have

p^t_k(z) = z^{12 −H} f^t_k(z) (4.2)

with f^t_k from (3.2).

Using Lemma 2.3 we can now write the increment of X as

X_{tk} − X_{tk−1} = ( 1 2 − H ) ∫_{tk−2} 0 p^t_k(s)dW_s + ( 1 2 − H ) ∫_{tk−1}

t_{k−2}

p^t_k(s)dW_s + ∫_{tk}

t_{k−1} ( s t_k

)_{1/2−H}

(t_k − s)^{H−1/2} dW_s + ( 1 2 − H ) ∫_{tk}

t_{k−1}

s^{1/2−H}

∫_{tk} s u^{H−3/2}(u − s)^{H−1/2}dudW_s

=: J^{n,1}_k + J^{n,2}_k + J^{n,3}_k + J^{n,4}_k .

We prove the asymptotic expansion using these four terms.

4.2 Upper estimate for the sum n^{2H−1}

∑_n

k=^{ns}_t +2

∫_{tk−2} 0 (p^t_k(z))^2 d[W ]_z Put j^{n,1} = n^{2H−1} n∑ k=^{ns}_t +2

∫_{tk−2} 0 ( p^t_k(z)

)_2

d[W ]_z.

We decompose this sum as in the case of the proof H >^1_2 :

j^{n,1} := n^{2H−1}

n^s_t∑

i=1 n∑ k=n^s_t +2 + n−2∑

i=n^s_t +1 n∑ k=i+2

∫_{ti}

t_{i−1} ( p^t_k(u)

)_2 d[W ]_u

=: j̃^{n,1} + j̄^{n,2}.

We continue first with using the estimate (4.1) for j̃^{n,1}, and then replacing the sum over the index k by integral:

j̃^{n,1} ≤ n^{2H−1}

n^s_t∑

i=1 ∫_{ti}

t_{i−1} n∑ k=n^s_t +2

(t_{k−1} − u)^{2H−3} t^2 n^2 d[W ]_u

≤ n^{2H−1}

n^s_t∑

i=1 ∫_{ti}

t_{i−1} [ t (2 − 2H)n · (( s + t n − u )_{2H−2} +

+ ( s + t n − u )_{2H−3}

t^2 n^2 )] d[W ]_u

≤ tn^{2H−2} 2 − 2H

∫_s 0 ( s + t n − u )_{2H−2} d[W ]_u

+ t^2n^{2H−3}

∫_s 0 ( s + t n − u )_{2H−3}

d[W ]_u

According to the [4, Lemma 2.1] the martingale W is Hölder up to^1_2 , and so [W ] is Hölder up to 1. Integration by parts gives the estimate | | | | ∫_s 0 ( s + t n − u )_{2H−2} d[W ]_u | | | | ≤ C(ω) ( t n )_{2H−2+α} , for any α < 1. Hence the expression tn^{2H−2}

∫_s 0 ( s +^t_n − u

)_{2H−2} d[W ]_u → 0 as n → ∞ P -a.s. The same arguments apply to the integral

n^{2H−3}

∫_s 0 ( s + t n − u )_{2H−3}

d[W ]_u

and we obtain j̃^{n,1} = o_P (1) and we can put Q^t_n := j̃^{n,1}.

Using first the estimate (4.1) and then replacement of the sum by the integral we have

j̄^{n,2} ≤ t^2

n^2 n^{2H−1} n−2∑

i=^{ns}_t +1

∫_{ti}

t_{i−1} n∑ k=i+2

(t_{k−1} − u)^{2H−3} d[W ]_u

≤ n^{2H−1} n−2∑

i=^{ns}_t +1

∫_{ti}

t_{i−1} [ t^2 n ( 1 n (t_{i+1} − u)^{2H−3} +

+ 1 2 − 2H 1 t (t_{i+1} − u)^{2H−2} )] d[W ]_u

≤ t^2n^{2H−3} ( t n )_{2H−3 n−2}∑

i=^{ns}_t +1

∫_{ti}

t_{i−1}

d[W ]_u +

+ t 2 − 2H ( t n )_{2H−2} n^{2H−2} n−2∑

i=^{ns}_t +1

∫_{ti}

t_{i−1}

d[W ]_u

≤ t^{2H−1}C ([W ]_t − [W ]_s) , where we also used the estimate (t_{i+1} − u)^α ≤ (^t_n )^α for α < 0 and u ≤ t_i.

We have shown the following upper bound

j^{n,1} ≤ Ct^{2H−1}([W ]_t − [W ]_s) + Q^t_n. (4.3)

4.3 Lower estimate for the sum n^{2H−1}

∑_n

k=^{ns}_t +2

∫_{tk−2} 0 (p^t_k(z))^2 d[W ]_z

Note first that by (4.2) and the definition of W we have

n^{2H−1} n∑ k=^{ns}_t +2

∫_{tk−2} 0 ( p^t_k(z)

)_2

d[W ]_z = n^{2H−1} n∑ k=^{ns}_t +2

∫_{tk−2} 0 ( f^t_k(z)

)_2 d[M]_z .

Hence

j^{n,1} ≥ t^2n^{2H−3} n∑ k=^{ns}_t +2

(t_k)^{2H−1}

∫_{tk−2} 0 (t_k − z)^{2H−3} d[M]_z

= t^2n^{2H−3}

n^s_t −1∑

i=1 n∑ k=^{ns}_t +2 + n−2∑

i=^{ns}_t +1 n∑ k=i+2 ( tk n )_{2H−1} ·

· ∫_t i_n

t^{i−1}_n ( t k n − z )_{2H−3}

d[M]_z

≥ t^{2H−1}t^2n^{2H−2} n−2∑

i=^{ns}_t +1

∫_t i_n

t^{i−1}_n 1 n n∑ k=i+2 ( t k n − z )_{2H−3} d[M]_z

≥ t^{2H+1}n^{2H−2} n−2∑

i=^{ns}_t +1

∫_t i_n

t^{i−1}_n

∫_1 i+2 n (tx − z)^{2H−3} dxd[M]_z

= Ct^{2H+1}n^{2H−2} n−2∑

i=^{ns}_t +1

∫_t i_n

t^{i−1}_n 1 t (( t i + 2 n − z )_{2H−2} − (t − z)^{2H−2} ) d[M]_z . Put O^t_n := n^{2H−2}t^{2H} n−2∑

i=^{ns}_t +1

∫_t i_n

t^{i−1}_n

(t − z)^{2H−2}d[M]_z

= n^{2H−2}t^{2H}

∫_{t−2/n} s (t − z)^{2H−2}d[M]_z .

One can show using integration by parts that O^t_n → 0 P -a.s. as n → ∞. Next, we estimate the sum

ĵ^{n,1} := n^{2H−2}t^{2H+1} n−2∑

i=^{ns}_t +1

∫_t i_n

t^{i−1}_n 1 t ( t i + 2 n − z )_{2H−2} d[M]_z from below using the inequality ( t^{i+2}_n − z

)_{2H−2} ≥ (_{3t} n )_{2H−2} , valid for z ∈ (t_{i−1}, t_i):

ĵ^{n,1} ≥ t^{2H−3+1+2H} 3^{2H−2}n^{2H−2}n^{2−2H} ([M]_{t−t 2n} − [M]_s).

Combine this with the upper estimate from (4.3) and we have

Ct^{4H−2}([M]_{t−t} 2_n − [M]_s) − O^t_n ≤ j^{n,1} ≤ Ct^{2H−1}([W ]_t − [W ]_s) + Q^t_n. (4.4)

4.4 Auxiliary estimates

We know that [W ] is Hölder up to 1. In order to obtain further upper estimates we must prove that [W ] is Hölder continuous with index = 1.

Recall that we have

n^{2H−1} n∑ k=n^s_t +1

(X_{tk} − X_{tk−1} )^2 → c_H t^{2H−1}(t − s).

On the other hand we know that

n^{2H−1} n∑ k=n^s_t +1

(X_{tk} − X_{tk−1} )^2

= n^{2H−1} ∑ k ( J^{n,1}_k

)_2

+ n^{2H−1} ∑ k ( J^{n,2}_k + J^{n,3}_k + J^{n,4}_k

)_2

+n^{2H−1} ∑ k J^{n,1}_k ( J^{n,2}_k + J^{n,3}_k + J^{n,4}_k ) (4.5)

≥ j^{n,1} + n^{2H−1} ∑ k ∫_{tk−2} 0 p^t_k(u) (∫_u 0 p^t_k(s)dW_s ) dW_u − O^t_n

+ n^{2H−1} ∑ k J^{n,1}_k ( J^{n,2}_k + J^{n,3}_k + J^{n,4}_k ) . We will show that as n → ∞ we have

n^{2H−1} ∑ k ∫_{tk−2} 0 p^t_k(u) (∫_u 0 p^t_k(s)dW_s ) dW_u^P→ 0 (4.6) and n^{2H−1} ∑ k J^{n,1}_k ( J^{n,2}_k + J^{n,3}_k + J^{n,4}_k

)_P → 0. (4.7)

Let n → ∞ and use (4.6), (4.7) in (4.5) to obtain ∫_t s u^{1−2H} d[W ]_u ≤ C_H t^{1−2H} (t − s). (4.8)

Integration by parts gives that

∫_t s u^{1−2H} d[W ]_u

= t^{1−2H} ([W ]_t − [W ]_s) + (1 − 2H)

∫_t s u^{−2H} ([W ]_s − [W ]_u) du.

Use the Hölder continuity of [W ] to obtain the following estimate [W ]_u − [W ]_s ≤ K(u − s)^{2H} we can continue the estimation (4.8) and obtain

t^{1−2H} ([W ]_t − [W ]_s) ≤ C_H t^{1−2H} (t − s) + K

∫_t s u^{−2H} (u − s)^{2H} du

≤ (C_H t^{1−2H} + K)(t − s).

Hence [W ] is Hölder continuous with index = 1.

First we prove (4.6). Note that we can show that for arbitrary r ∈ IN

n^{2H−1} nr∑ k=3 ∫_{tk−2} 0 p^t_k(z) (∫_z 0 p^t_k(u)dW_u ) dW_z^P→ 0

as n → ∞, since

∑_n

k=n^s_t +2 =

∑_n k=3 −

∑_n^s_{t +1} k=3 .

We have nr∑ k=3 ∫_{tk−2} 0 p^t_k(z) (∫_z 0 p^t_k(u)dW_u ) dW_z

= nr∑ k=3 k−2∑ i=1 ∫_{ti}

t_{i−1}

p^t_k(z) (∫_z 0 p^t_k(u)dW_u ) dW_z

= nr−2∑

i=1 nr∑ k=i+3

∫_{ti}

t_{i−1}

p^t_k(z) (∫_z 0 p^t_k(u)dW_u ) dW_z.

To prove (4.6) it is now sufficient to show that

n^{2H−1} nr∑ k=i+3

p^t_k(u)p^t_k(z) → 0

for all fixed 0 < u < z, since then we can use again [6, Theorem II.1,p.58] and argue as in the proof for the case H >^1_2 . We have

n^{2H−1} nr∑ k=i+3

p^t_k(u)p^t_k(z)

≤ n^{2H−1} nr∑ k=i+3

∫_{tk}

t_{k−1}

(v − u)^{H−3/2}dv

∫_{tk}

t_{k−1}

(v − z)^{H−3/2}dv

≤ n^{2H−1} nr∑ k=i+3

(t_{k−1} − u)^{H−3/2} 1 n ∫_{tk}

t_{k−1}

(v − z)^{H−3/2}dv

≤ n^{2H−2} (t_{i+2} − u)^{H−3/2}

∫_{tr}

t_{i+2}

(v − z)^{H−3/2}dv

≤ Cn^{2H−2} · (z − u)^{H−3/2} (t_{i+2} − z)^{H−1/2}

≤ Cn^{2H−2}(z − u)^{H−3/2} ( t n )_{H−1/2}

= Cn^{H−3/2}(z − u)^{H−3/2} → 0, n → ∞

For the proof of (4.7) note that n^{2H−1}

∑_n

k=n^s_t +1(J n,1 k )^2 is tight by (4.3) and (4.6). For k ≠ l we also have E ( J^{n,1}_k J^{n,2}_k J^{n,1}_l J^{n,2}_l ) = 0;

hence for

n^{2H−1} n∑ k=n^s_t +1

J^{n,1}_k J^{n,2}_k^P→ 0 (4.9)

it is sufficient to show that

n^{4H−2} n∑ k=n^s_t +1 ( J^{n,1}J^{n,2}_k

)_{2 P} → 0 (4.10)

as n → ∞.

We have that J^{n,2}_k =

∫_{tk−1}

t_{k−2} p t k(s)dW_s. Note first that

p^t_k(s) ≤ ( 1 2 − H ) (t_{k−1} − s)^{H− 12} (4.11)

and that W is Hölder up to^1_2 . Take 0 < A < 1 and integration by parts gives ∫_{Atk−1}

t_{k−2}

p^t_k(u)dW_u

= p^t_k(At_{k−1})W_{Atk−1} − p^t_k(t_{k−2})W_{tk−2} −

∫_{Atk−1}

t_{k−2}

W_udp^t_k(u)

= p^t_k(At_{k−1}) ( W_{Atk−1} − W_{tk−1} ) + p^t_k(t_{k−2}) ( W_{tk−1} − W_{tk−2} ) − ∫_{Atk−1}

t_{k−2} ( W_{tk−1} − W_u ) dp^t_k(u).

Now by (4.11) and Hölder continuity of W we have that for any α < 1

|p^t_k(At_{k−1}) ( W_{Atk−1} − W_{tk−1} ) | ≤ K ((1 − A) t_{k−1})^{H− 12 + α2} ,

and the same argument gives

|p^t_k(t_{k−2}) ( W_{tk−1} − W_{tk−2} ) | ≤ K ( t n )_{H−} 1_{2 +} α_2 . Finally one can use integration by parts to check that | | | | ∫_{Atk−1}

t_{k−2} ( W_{tk−1} − W_u ) dp^t_k(u) | | | | ≤ K ( ((1 − A) t_{k−1})^{H− 12 + α2} + ( t n )_{H−} 1_{2 +} α_2 ) .

Finally, let A → 1 and we have

n^{2H−1} max_k (J^{n,2}_k )^2 ≤ Cn^{2H−1} ( t n )_{2H−1+α} ; this proves (4.10) and also (4.9). We can repeat the arguments to conclude that n^{2H−1} n∑ k=n^s_t +1

J^{n,1}_k J^{n,3}_k^P→ 0 (4.12)

as n → 0. The last sum in (4.7) can be treated analogously, since

∫_{tk} s u^{H− 3}2 (u− s)^{H− 1}2 ≤ c_H s^{H− 3}2 (t_k − s)^{H+ 1}2 , and this gives the estimate

|J^{n,4}_k | = | | | | ∫_{tk}

t_{k−1}

s^{1/2−H}

∫_{tk} s u^{H−3/2}(u − s)^{H−1/2}du dW_s | | | | ≤ Ct^{H− 12 +γ} n^{−H+ 12 −γ}

with 0 < γ <^1_2 .

We finally obtain, letting n → ∞ in (4.5), that

Ct^{4H−2}([M]_t − [M]_s) ≤ t^{2H−1}(t − s);

this means that the bracket [M] is absolutely continuous with respect to Lebesgue measure, and since [M]_t =

∫_t 0 s^{1−2H} d[W ]_s the same holds true for the bracket [W ] and we have

[W ]_t − [W ]_s ≤ K(t − s) (4.13)

with some constant K = K(t, ω, H).

4.5 Other estimates

Next we estimate the sums

j^{n,2} := n^{2H−1} n∑ k=n^s_t +1

∫_{tk−1}

t_{k−2} ( p^t_k (u)

)_2

d[W ]_u

and j^{n,3} := n^{2H−1} n∑ k=n^s_t +1

∫_{tk}

t_{k−1} (( s t_k

) 1_{2 −H}

(t_k − s)^{H− 12}

)_2

d[W ]_s (4.14)

from above.

The estimate (4.11) gives

j^{n,2} ≤ C_H n^{2H−1} n∑ k=n^s_t +1

∫_{tk−1}

t_{k−2}

(t_{k−1} − s)^{2H−1}d[W ]_s. (4.15)

Lemma 4.1. For a fixed A ∈ (0, 1) we have the estimate ∫_{tk−1}

t_{k−2}

(t_{k−1} − s)^{2H−1}d[W ]_s ≤ ( A t n )_{2H−1} ( [W ]_{tk−1} − [W ]_{tk−2} ) + C ( A t n )_{2H} . (4.16)

Proof. Take A ∈ (0, 1) and use (4.16) ∫_{tk−1}

t_{k−2}

(t_{k−1} − s)^{2H−1} d[W ]_s ≤ ∫_{tk−1−A} t_n

t_{k−2} + ∫_{tk−1}

t_{k−1}−A^t_n

(t_{k−1} − s)^{2H−1} d[W ]_s ≤ ( A t n )_{2H−1} ( [W ]_{tk−1} − [W ]_{tk−2} ) + C ( A t n )_{2H} .

We can now estimate the sums. For the estimate in (4.15) we obtain, using the inequality (4.16)

j^{n,2} ≤ C(At)^{2H−1} ([W ]_t − [W ]_s) + KA^{2H} t^{2H−1}(t − s). (4.17)

Note that this estimate gives in the same way as in the case of H >^1_2 that

Q^t_n := n^{2H−1} n∑ k=n^s_t

∫_{tk−1}

t_{k−2}

p^t_k(u)

∫_u

t_{k−2}

p^t_k(s)dW_sdW_u

satisfies Q^t_n = o_P (1).

It is now quite obvious that for the sum (4.14) we have similar upper bound to (4.17):

j^{n,3} ≤ C(At)^{2H−1} ([W ]_t − [W ]_s) + KA^{2H} t^{2H−1}(t − s). (4.18)

We can again repeat the arguments for iterated stochastic integrals and obtain

n^{2H−1} n∑ k=n^s_t +1

(J^{n,3}_k )^2

≤ C(At)^{2H−1} ([W ]_t − [W ]_s) + KA^{2H} t^{2H−1}(t − s) + S^t_n

with S^t_n = o_P (1).

We shall work with

j^{n,4} := n^{2H−1} n∑ k=n^s_t +1

∫_{tk}

t_{k−1}

v^{1−2H}

(∫_{tk} v u^{H− 32} (u − v)^{H− 12} du

)_2 d[W ]_v.

With Schwartz inequality we obtain

j^{n,4} ≤ n^{2H−1} n∑ k=n^s_t +1

∫_{tk}

t_{k−1}

v^{1−2H}

∫_{tk} v u^{2H−3}du

∫_{tk} v (u − v)^{2H−1}du d[W ]_v

≤ C t n n∑ k=n^s_t +1

∫_{tk}

t_{k−1}

(v^{2H−2} − t^{2H−2}_k )d[W ]_v

≤ CK t n n∑ k=n^s_t +1

∫_{tk}

t_{k−1}

(t^{2H−2}_{k−1} − t^{2H−2}_k )dv

= CK ( t n )_2 ( s^{2H} − t^{2H} ) . This shows that j^4_n = o_p(1), and hence also n^{2H−1}

∑_n

k=n^s_t (J n,4 k )^2 = o_P (1);

we see this by repeating the iterated integral arguments.

In order the asymptotic expansion to hold, we need to check that

n^{2H−1} n∑ k=n^s_t +1

J^{n,2}_k J^{n,3}_k = o_P (1).

We leave this to the reader.

References

[1] Carlen, P. and Krée, P. (1991), L^p estimates on iterated stochastic integrals. Annals of Probability, 19, 354-368.

[2] Mandelbrot, B. and Van Ness, J. (1968), Fractional Brownian motions, fractional noises and applications. SIAM Review, 10, 422 -437.

[3] Molchan, G. (2002), Linear problems for a fractional Brownian motion:

Group approach. Theory of Probability and its Applications, 47, 69-78.

[4] Norros, I., Valkeila, E. and Virtamo, J. (1999), An elementary approach to a Girsanov formula and other analytical results on fractional Brownian motions. Bernoulli, 5, 571-587.

[5] Revuz, D. and Yor M. (1999) Continuous martingales and Brownian motion. Springer, New York.

[6] Protter, P. (2004), Stochastic Integration and Differential Equations, Seond Edition. Springer, Berlin.

(continued from the back cover)

A506 Sergey Korotov

Error control in terms of linear functionals based on gradient averaging techniques July 2006

A505 Jan Brandts , Sergey Korotov , Michal Krizek On the equivalence of regularity criteria for triangular and tetrahedral finite element partitions July 2006

A504 Janos Karatson , Sergey Korotov , Michal Krizek On discrete maximum principles for nonlinear elliptic problems July 2006

A503 Jan Brandts , Sergey Korotov , Michal Krizek , Jakub Solc On acute and nonobtuse simplicial partitions July 2006

A502 Vladimir M. Miklyukov , Antti Rasila , Matti Vuorinen Three sphres theorem for p-harmonic functions June 2006

A501 Marina Sirviö

On an inverse subordinator storage June 2006

A500 Outi Elina Maasalo , Anna Zatorska-Goldstein Stability of quasiminimizers of the p–Dirichlet integral with varying p on metric spaces April 2006

A499 Mikko Parviainen

Global higher integrability for parabolic quasiminimizers in nonsmooth domains April 2005

A498 Marcus Ruter , Sergey Korotov , Christian Steenbock Goal-oriented Error Estimates based on Different FE-Spaces for the Primal and the Dual Problem with Applications to Fracture Mechanics March 2006

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://www.math.hut.fi/reports/ .

A513 Wolfgang Desch , Stig-Olof Londen

On a Stochastic Parabolic Integral Equation October 2006

A512 Joachim Schöberl , Rolf Stenberg

Multigrid methods for a stabilized Reissner-Mindlin plate formulation October 2006

A509 Jukka Tuomela , Teijo Arponen , Villesamuli Normi

On the simulation of multibody systems with holonomic constraints September 2006

A508 Teijo Arponen , Samuli Piipponen , Jukka Tuomela

Analysing singularities of a benchmark problem September 2006

A507 Pekka Alestalo , Dmitry A. Trotsenko

Bilipschitz extendability in the plane August 2006

ISBN-13 978-951-22-8400-9 ISBN-10 951-22-8400-6