Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2007 A518

REGULARITY AND CONVERGENCE RESULTS IN THE CALCU- LUS OF VARIATIONS ON METRIC SPACES

Niko Marola

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2007 A518

REGULARITY AND CONVERGENCE RESULTS IN THE CALCU- LUS OF VARIATIONS ON METRIC SPACES

Niko Marola

Dissertation for the Degree of Doctor of Science in Technology to be presented, with due permission of the Department of Engineering Physics and Mathematics, for public examination and debate in Auditorium E at Helsinki University of Technology (Espoo, Finland) on the 2nd of March, 2007, at 12 noon.

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Niko Marola Institute of Mathematics, Helsinki University of Technology, P.O. Box 1100, FI-02015 TKK, Finland. E-mail: nmarola@math.hut.fi

ISBN 978-951-22-8596-9 (printed) ISBN 978-951-22-8597-6 (pdf) ISSN 0784-3143 Printed by Otamedia Oy, Espoo 2007

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, FI-02015 TKK, Finland email:math@tkk.fi http://www.math.tkk.fi/

Niko Marola: Regularity and convergence results in the calculus of variations on metric spaces; Helsinki University of Technology, Institute of Mathematics, Research Reports A518 (2007); Article dissertation (summary + original articles).

Abstract: This dissertation studies regularity, convergence and stability properties for minimizers of variational integrals on metric measure spaces. The treatise consists of four articles in which the Moser iteration, Harnack’s inequality and Harnack’s convergence principle are considered in connection with quasiminimizers of the p-Dirichlet integral. In addition, we study a nonlinear eigenvalue problem in this setting. This is done in metric spaces equipped with a doubling measure and supporting a weak (1, p)-Poincaré inequality.

AMS subject classifications (2000): 35J20, 35J60, 35P30, 49J27, 49J52, 49N60

Keywords: Caccioppoli inequality, doubling measure, Harnack covergence theorem, Harnack inequality, metric space, minimizer, Moser iteration, Newtonian space, nonlinear eigenvalue problem, p-Dirichlet integral, p-Laplace equation, Poincaré inequality, quasiminimizer, quasisubminimizer, quasisuperminimizer, Rayleigh quotient, Sobolev space, subminimizer, superminimizer.

Niko Marola: Variaatiolaskennan säännöllisyys- ja suppenemistuloksia metrisessä avaruudessa; Teknillinen korkeakoulu, Matematiikan laitos, Tutkimusraportti A518 (2007); Yhdistelmäväitöskirja.

Tiivistelmä: Väitöskirjassa tutkitaan säännöllisyys-, suppenemis- ja stabiilisuusominaisuuksia variaatio-ongelmien ratkaisuille metrisessä avaruudessa. Työ koostuu neljästä artikkelista, jotka käsittelevät muun muassa Moserin menetelmää, Harnackin epäyhtälöä ja Harnackin suppenemisperiaatetta p-Dirichlet-integraalin kvasiminimoijille. Lisäksi tarkastelemme niin sanottua epälineaarista ominaisarvoongelmaa. Työssä tutkitaan metristä avaruutta, jonka mitta on tuplaava ja jossa on voimassa heikko (1, p)-Poincarén epäyhtälö.

Asiasanat: Caccioppolin epäyhtälö, epälineaarinen ominaisarvo-ongelma, Harnackin suppenemisperiaate, Harnackin epäyhtälö, kvasiminimoija, kvasisubminimoija, kvasisuperminimoija, metrinen avaruus, minimoija, Moserin iteraatio, Newtonin avaruus, p-Dirichlet-integraali, p-Laplacen yhtälö, Poincarén epäyhtälö, Rayleigh-osamäärä, Sobolevin avaruus, subminimoija, superminimoija, tuplaava mitta.

Preface

This dissertation has been mainly carried out at the Institute of Mathematics of Helsinki University of Technology during 2004–2006. It consists of this overview, a research report, and three articles in international journals with a referee practice. The aim of the overview is to introduce readers to the framework of the dissertation, that is to metric measure spaces equipped with a doubling measure and supporting a Poincaré inequality. A short introduction to Sobolev space theories in this setting is given in each of the included articles, therefore omitted in the overview.

Next, I would like to acknowledge those who have helped me during this project:

First and foremost, I would like to thank my instructor Juha Kinnunen, from the University of Oulu, for introducing me to the subject of this work. His interest and support during my research has been highly appreciated.

I express my gratitude to Olavi Nevanlinna, head of the institute, for supervising this work and for providing me a friendly research environment.

I am grateful to Ilkka Holopainen and Xiao Zhong for pre-examining and reviewing the manuscript.

To my friends in particular and to all my other fellow workers at the Institute of Mathematics and Helsinki University of Technology, I wish to express my appreciation.

In addition, I thank my collaborators Anders Björn, Visa Latvala, Olli Martio and Mikko Pere for their contribution to the articles listed overleaf. Further thanks go to Jana Björn, Petteri Harjulehto and Nageswari Shanmugalingam for their interest, much-appreciated suggestions and comments on several versions of the manuscripts.

For the financial support during 2004 and 2005, I wish to express my appreciation to the Finnish Academy of Science and Letters, Vilho, Yrjö and Kalle Väisälä Foundation.

A big thank you to my parents and siblings for their constant encouragement and support. Finally, I especially want to mention Jenni, and thank Her for just being there.

Espoo, November, 2006 Niko Marola

List of included articles

This dissertation consists of this overview and the following publications:

[I] Marola, N., Moser’s method for minimizers on metric measure spaces, Report A478, Helsinki University of Technology, Institute of Mathematics, 2004.

[II] Latvala, V., Marola, N. and Pere, M., Harnack’s inequality for a nonlinear eigenvalue problem on metric spaces, Journal of Mathematical Analysis and Applications 321 (2006), 793–810.

[III] Björn, A. and Marola, N., Moser iteration for (quasi)minimizers on metric spaces, Manuscripta Mathematica 121 (2006), 339–366.

[IV] Kinnunen, J., Marola, N. and Martio, O., Harnack’s principle for quasiminimizers, to appear in Ricerche di Matematica.

Throughout the overview these articles are referred to by their Roman numerals.

Article [II] is copyright Elsevier Inc. (2005); Article [III] is copyright Springer Science and Business Media (2006), and article [IV] is a preprint of an article copyright Springer Science and Business Media.

Author’s contribution

The work presented in this dissertation has been mainly carried out at the Institute of Mathematics of Helsinki University of Technology during 2004– 2006. The writing and analysis of [III] was in part done while the author was visiting Linköping University in February 2005.

The author has had a central role in all aspects of the work reported in this dissertation. In [I] the author’s independent research is reported, while, in [II]–[IV], the author is responsible for the substantial part of the writing and analysis.

Some of the results both in [II] and [III] were reported previously in [I]. In [III] the first author, Anders Björn, is mainly responsible for the work concerning analysis of noncomplete metric spaces (Sections 4 and 6).

The thread of the proof of Lemma 4.1 and Theorem 4.3 in [IV] is based on the proof of Theorem 6.1 in Kinnunen–Martio [45].

In addition, the author has presented the results of [I]–[IV] in analysis seminars and colloquiums held at universities including those of Linköping, Helsinki, Joensuu and Oulu and Helsinki University of Technology.

Regularity and convergence results in the calculus of variations on metric spaces

Niko Marola

1. Introduction

This dissertation is about the calculus of variations on metric measure spaces. More precisely, we discuss regularity, stability and convergence of minimizers of variational integrals in the metric setting; Harnack’s inequality and Harnack’s convergence principle for quasiminimizers of the p-Dirichlet integral are studied. This section is devoted to giving a short overview of metric spaces equipped with a doubling measure and supporting a weak Poincaré inequality which is the framework of this treatise. It has been next to impossible, as well as unnecessary, to include all the relevant material here, hence, some additional results related to the topic are only appropriately cited.

1.1. Doubling metric spaces with a Poincaré inequality

Analysis in abstract metric spaces with no a priori smooth structure has been developed in recent years. In particular, abstract Sobolev space theories have been studied extensively. A short list, far from being exhaustive, includes the papers by Cheeger [14], Heinonen–Koskela [35], Hajłasz [28], Hajłasz– Koskela [30], Franchi et al. [20], Shanmugalingam [62, 63], Semmes [61], and the books by Ambrosio–Tilli [1], Hajłasz–Koskela [31] and Heinonen [33]. More references will be given in the course of the overview.

Motivation for such an abstract formulation comes from applications to Carnot–Carathéodory spaces and analysis on fractals, to mention only a few. One of the advantages of the metric space setting is that a wide variety of cases, such as manifolds, graphs, vector fields and groups, can be dealt with using the same universal method. Moreover, methods used in this general setup seem to open a new point of view in the Euclidean case also. By brushing aside everything that is not really needed in arguments, it is easier to see the essential phenomena behind the results and also obtain new results.

Tools required in these theories are a notion of first-order Sobolev space, a doubling measure and a suitably formulated Poincaré inequality for elements of such a space. The classical theory of Sobolev spaces is based on the notion of distributional derivatives. More precisely, distributional derivatives are defined in terms of an action on smooth functions via integration by parts. Hence, in general metric spaces, an alternative way of defining Sobolev spaces

1 is needed. In cases where this mechanism can be defined, one can reasonably consider, for example, variational problems, partial differential equations and potential theory.

There are various approaches to the development of Sobolev-type spaces on metric spaces. We apply a geometric approach via the notion of upper gradients. (Cheeger [14] and Hajłasz [28] introduce alternative definitions of Sobolev spaces on metric spaces. These definitions, however, lead to the same space, see Shanmugalingam [62]. For a good survey of Sobolev-type spaces on metric spaces, see Hajłasz [29].)

Definition 1.1. A nonnegative Borel-measurable function g is an upper gradient of an extended real-valued function f on X if for all rectifiable paths γ : [a, b] → X,

|f(γ(b)) − f(γ(a))| ≤ ∫ γ g ds

whenever both f(γ(a)) and f(γ(b)) are finite, and ∫ γ g ds = ∞ otherwise.

A path (or a curve) in X is a continuous mapping from a compact interval, moreover, a path is rectifiable if its length is finite. A path can thus be parameterized by arc length.

In, e.g., Heinonen–Koskela [35] and Koskela–MacManus [48] upper gradients have been studied. However, this concept has recently been collected together independently by Cheeger [14] and Shanmugalingam [62, 63]. This approach gives a first-order theory that allows for applications of variational methods in potential theory and partial differential equations, see, e.g., Kinnunen–Shanmugalingam [47]. Primarily, this method provides metric spaces analogs of the classical Sobolev spaces W^{1,p} for all values of p between 1 and ∞. However, there is a class of metric spaces not covered by this theory. In fact, the types of spaces for this approach that have nontrivial content are those which support sufficiently rich families of rectifiable paths. While this class includes a number of geometrically diverse examples, it nevertheless rules out possibilities such as classical self-similar fractals, the classical von Koch snowflake, for example, or other spaces lacking in rectifiable paths (except for the constant ones).

The framework is given by a metric space X = (X, d, μ) with a metric d and a positive complete Borel regular measure μ such that 0 < μ(B) < ∞ for all balls B ⊂ X, where B = B(z_0, r) := {z ∈ X : d(z, z_0) < r}. The main assumptions we make on the metric space X are:

1. the measure μ is doubling;

2. the space X supports a weak Poincaré inequality.

We want to emphasize that a notion of Sobolev space on metric spaces is also reasonable enough without the requirement of a doubling condition and a weak Poincaré inequality. With these very conditions, however, a host of properties true in the Euclidean case hold true in abstract metric spaces as well.

Let us comment these assumptions in brief.

Definition 1.2. The measure μ is said to be doubling if there exists a constant c_μ ≥ 1, called the doubling constant of μ, such that for all balls B in X, μ(2B) ≤ c_μμ(B),

where 2B = B(z_0, 2r).

By the doubling property there exists a lower bound for the density of the measure. Indeed, if B(y, R) is a ball in X, z ∈ B(y, R) and 0 < r ≤ R < ∞, then μ(B(z, r)) μ(B(y, R)) ≥ c ( r R )_s

for s = log_2 c_μ and some constant c only depending on c_μ. The exponent s serves as a counterpart of the dimension related to the measure. We point out that this is not the topological dimension of X, as it can be greater, and it depends on the measure μ and the metric d. The dimensions may change if we change the metric d.

Notice that the support of a nontrivial doubling measure is all the space X. A metric space is doubling if there exists a constant c < ∞ such that every ball B(z, r) can be covered by c balls with radii^1_2 r. It is now easy to see that every bounded set in a doubling metric space is totally bounded. Then, the notion of doubling metric space is intrinsically finite-dimensional. Moreover, a doubling metric space is proper (i.e., closed and bounded subsets are compact) if and only if it is complete. Observe that a complete metric space with a doubling measure is separable. Being proper is, furthermore, a stronger condition than being locally compact, as R^n \{0} is locally compact but not proper.

A metric space equipped with a doubling measure is doubling and, conversely, any complete doubling metric space can be equipped with a doubling measure. There are, however, noncomplete doubling metric spaces that do not carry doubling measures. See [33], pp. 82–83 and Chapter 13, for more on doubling metric spaces.

Let us introduce the weak Poincaré inequality.

Definition 1.3. We say that X supports a weak (1, p)-Poincaré inequality if there exist constants c > 0 and λ ≥ 1 such that for all balls B ⊂ X, all measurable functions f on X and for all upper gradients g of f, ∫ B |f − f_B| dμ ≤ c(diam B) (∫ λB g^p dμ

)_{1/p} , where f_B := ∫ B f dμ := ∫ B f dμ/μ(B). If λ = 1, then X supports a (1, p)- Poincaré inequality.

By the Hölder inequality, it is easy to see that, if X supports a weak (1, p)-Poincaré inequality, then it supports a weak (1, q)-Poincaré inequality for every q > p. If X is complete and μ doubling then it is shown in Keith–Zhong [42] that a weak (1, p)-Poincaré inequality implies a weak (1, q)- Poincaré inequality for some q < p. Observe that a weak (1, 1)-Poincaré inequality is the strongest inequality in that it implies the weak (1, p)-Poincaré inequality for every p > 1.

In Keith [41, Theorem 2], see also Heinonen–Koskela [36], it is shown that, if a weak Poincaré inequality holds for all compactly supported Lipschitz functions and their compactly supported Lipschitz upper gradients, then the complete metric space X with a doubling measure supports a weak Poincaré inequality.

Example 1.4. Let X = A ∪ B with A, B ⊂ R^n bounded open sets with dist(A, B) > 0 and μ(A), μ(B) > 0, d Euclidean distance and μ the Lebesgue measure. Then f = χ_A is Lipschitz continuous on X, |∇f| = 0, but 0 < ∫ X |f − f_X | dμ.

The example illustrates that a weak Poincaré inequality implies some kind of connectedness. Moreover, the Poincaré inequality implies the quasiconvexity of the complete metric space X, i.e., there exists a constant c ≥ 1 such that every pair of points x and y in the space can be joined by a path whose length is at most cd(x, y). Indeed, if the space X is doubling in measure and supports a weak Poincaré inequality, then it is quasiconvex. See, e.g., Keith [41]; the proof in [41] is based loosely on the argument of Semmes, see an exposition of Semmes’ argument in Cheeger [14, Appendix].

To outline the geometric properties of spaces dealt with in this work, it is mentioned in passing that a quasiconvex and proper metric space can be turned into a geodesic one. That is to say, such a space is bi-Lipschitz to a geodesic metric space, see pp. 70–71 in Heinonen [33]. To digress slightly, recall that metric space X is said to be geodesic if every pair of points x, y ∈ X can be joined by a path whose length is the very distance between the points.

There are a host of examples of metric spaces equipped with a doubling measure and satisfying a weak Poincaré inequality, see Ambrosio et al. [2], Björn–Björn [7], Coulhon et al. [16] and Theorem 4 in Keith [41]. We list here a few examples of such spaces.

Example 1.5.

1. Unweighted and weighted Euclidean spaces, i.e., spaces where the Lebesgue measure is replaced with a suitable absolutely continuous doubling measure, see Heinonen et al. [34].

2. This example shows that the (local) dimension of the metric space is not necessarily constant. Let X_1 = [−1, 0], X_2 = {z ∈ C : 0 ≤ Re z ≤ 1 and | arg z| ≤ π/4} and X = X_1 ∪ X_2. Further, let μ|_{X1} be the one-dimensional Lebesgue measure L^1, and dμ|_{X2} = |z|^{−1} dL^2, i.e., dμ|_{X2} = dr dθ in polar coordinates. It can be proved that μ is doubling and that X satisfies the (1, 1)-Poincaré inequality, consult A. Björn [4].

3. Complete Riemannian manifolds with nonnegative Ricci curvature are doubling and satisfy the (1, 1)-Poincaré inequality, see Buser [12] and Saloff-Coste [60].

4. Many graphs have the following two properties: the counting measure is doubling and a weak (1, p)-Poincaré inequality holds on the graph. For the potential theory on such graphs, see, e.g., Holopainen–Soardi [38], Shanmugalingam [64], Hajłasz–Koskela [31, Section 12] and the references cited therein.

5. One of the central applications of the theory of Sobolev spaces on metric spaces comes from Carnot–Carathéodory spaces and from the theory of Sobolev spaces associated with a family of vector fields. We refer the interested reader to the collection [3] of papers for a comprehensive introduction to the Carnot–Carathéodory spaces and geometry. In addition, Carnot groups are a special case of Carnot–Carathéodory spaces. An important example of Carnot groups is the first Heisenberg group H_1 = C × R with the group operation

(z, t) · (z^′, t^′) = (z + z^′, t + t^′ + 2 Im z̄z^′).

H_1 is a doubling metric space and satisfies the (1, 1)-Poincaré inequality. The proof can be found in Heinonen [33, Theorem 9.27]. For an extensive introduction to Carnot groups, see Folland–Stein [19]. See also, e.g., Garofalo–Nhieu [22], Capogna–Garofalo [13], Jerison [39], Heinonen [32], Manfredi [56] and the references therein.

6. Let us recall that a measure μ in X is called s-regular if there exist two constants c_i > 0, i = 1, 2, such that for every ball B(z, r) ⊂ X, c_1r^s ≤ μ(B(z, r)) ≤ c_2r^s. If μ is s-regular then X is called an Ahlfors s-regular space. Ahlfors s-regular spaces are particular examples of doubling metric spaces in which there is also an upper bound for the density of the measure. Moreover, there is also a control from below on the dimension of the space; hence, there is a well-defined notion of dimension that is constant on the whole space, see pp. 61–62 in Heinonen [33].

Laakso [49] showed that, for every real number s > 1 there is an Ahlfors s-regular space satisfying the (1, 1)-Poincaré inequality.

There is a myriad of literature regarding Sobolev spaces, Sobolev functions, nonlinear potential theory and calculus of variations in metric spaces equipped with a doubling measure and supporting a weak Poincaré inequality. In addition to above references, see the papers by A. Björn [5, 6], A.

Björn et al. [8, 9], J. Björn [10], Buckley [11], Franchi et al. [21], Holopainen– Shanmugalingam [37], Kallunki–Shanmugalingam [40], Kilpeläinen et al. [43], Kinnunen–Martio [44, 45, 46], MacManus–Pérez [54], Shanmugalingam [64], to name but a few, and the numerous references in these papers.

2. Calculus of variations on metric spaces

This section is an overview of papers [I]–[IV]. This dissertation deals with the calculus of variations in doubling metric measure spaces supporting a weak Poincaré inequality and its applications to nonlinear partial differential equations. We discuss regularity, stability and convergence results for minimizers of variational integrals; Harnack’s inequality and Harnack’s convergence principle are considered in connection with quasiminimizers of the p-Dirichlet integral. In addition, we consider a nonlinear eigenvalue problem in this setting.

Some of our results seem to be new even in the Euclidean setting, but we study the question in metric spaces equipped with a doubling measure and supporting a weak (1, p)-Poincaré inequality. We have chosen this more general approach to emphasize the fact that the obtained properties hold in a very general context. Indeed, our approach covers weighted Euclidean spaces, Riemannian manifolds, Carnot–Carathéodory spaces, including Carnot groups such as Heisenberg groups, and graphs, see Example 1.5.

2.1. Moser iteration for (quasi)minimizers

In [I] and [III], the Moser iteration is considered in connection with both minimizers and quasiminimizers of the p-Dirichlet integral. We have chosen this more general approach to emphasize the fact that the method itself holds in a very general context. Paper [III] is a joint work with Anders Björn from Linköping University.

Let Ω ⊂ R^n be a bounded open set and 1 < p < ∞. A function u ∈ W^{1,p}_{loc} (Ω) is a Q-quasiminimizer, Q ≥ 1, of the p-Dirichlet integral in Ω if for every open set Ω^′ ⋐ Ω and for all φ ∈ W^{1,p}_0 (Ω^′) we have ∫ Ω^′

|∇u|^p dL^n ≤ Q ∫ Ω^′

|∇(u + φ)|^p dL^n.

In the Euclidean case, the problem of minimizing the p-Dirichlet integral ∫ Ω |∇u|^p dL^n

among all functions with given boundary values is equivalent to solving the p-Laplace equation − div(|∇u|^{p−2}∇u) = 0.

A minimizer, or 1-quasiminimizer, is a weak solution of the p-Laplace equation. Being a weak solution is clearly a local property; however, being a quasiminimizer is not a local property, see Kinnunen–Martio [45]. The theory for quasiminimizers, therefore, usually differs from the theory for minimizers.

Quasiminimizers were extensively studied by Giaquinta–Giusti, see [24] and [25]. See also DiBenedetto–Trudinger [18], Tolksdorf [66] and Ziemer [67]. The interest of this notion is mainly its unifying feature: it includes, among other things, minimizers of variational integrals, solutions of elliptic partial differential equations and systems, and quasiregular mappings.

Quasiminimizers have been used as tools in studying the regularity of minimizers of variational integrals for quasiminimizers have a rigidity that minimizers lack: the quasiminimizing condition applies to the whole class of variational integrals at the same time. For example, if a variational kernel F (x, ∇u) satisfies the standard growth conditions

α|h|^p ≤ F (x, h) ≤ β|h|^p

for some 0 < α ≤ β < ∞, then the minimizers of ∫ F (x, ∇u) are quasiminimizers of the p-Dirichlet integral. Apart from this, quasiminimizers have a fascinating theory in themselves, see, for example, Kinnunen–Martio [45].

Giaquinta–Giusti [24, 25] proved several fundamental properties for quasiminimizers, including the interior regularity result that a quasiminimizer can be modified on a set of measure zero so that it becomes Hölder continuous. Moreover, higher integrability of the gradient and boundary continuity has been studied. Some of these results have been extended to metric spaces, see A. Björn [5], Björn–Björn [7], J. Björn [10], [45], Kinnunen–Shanmugalingam [47].

In R^n, minimizers of the p-Dirichlet integral are known to be locally Hölder continuous. This can be seen using either of the celebrated methods by De Giorgi, see [17], and Moser, see [57] and [58]. See also, for example, the books by Giaquinta [23], Giusti [27], Chen–Wu [15], Gilbarg–Trudinger [26], Heinonen et al. [34], Maly–Ziemer [55].

Moser’s method gives Harnack’s inequality first and then Hölder continuity follows from this in a standard way, whereas De Giorgi first proves Hölder continuity and then Harnack’s inequality can be obtained as in DiBenedetto– Trudinger [18].

At first sight, it seems that Moser’s technique is strongly based on the differential equation, whereas De Giorgi’s method relies only on the minimization property. In Kinnunen–Shanmugalingam [47] De Giorgi’s method was adapted to the metric setting. They proved that quasiminimizers are locally Hölder continuous, and satisfy the strong maximum principle and Harnack’s inequality. The space was assumed to be complete, doubling in measure and to support a weak (1, q)-Poincaré inequality for some q with 1 < q < p.

The purpose of the papers [I] and [III] is twofold. First, we shall adapt Moser’s iteration technique to the metric setting, and, in particular, show that the differential equation is not needed in the background for the Moser iteration. On the other hand, we will study quasiminimizers and show that certain estimates, which are interesting in themselves, extend to quasiminimizers as well. We have not been able to run the Moser iteration for quasiminimizers completely, specifically because, there is one delicate step missing in the proof of Harnack’s inequality using Moser’s method. This is the so-called jumping over zero in the exponents related to the weak Harnack inequality. This is usually settled using the John–Nirenberg lemma for functions of bounded mean oscillation. More precisely, one has to show that a logarithm of a nonnegative quasisuperminimizer is a function of bounded mean oscillation. To prove this, the logarithmic Caccioppoli inequality, which has been obtained only for minimizers, is needed. However, for minimizers we prove Harnack’s inequality using the Moser iteration.

We will impose slightly weaker requirements on the space than in Kinnunen–Shanmugalingam [47]. They assume that the space is equipped with a doubling measure and supports a weak (1, q)-Poincaré inequality for some q < p. We only assume that the space supports a weak (1, p)-Poincaré inequality (doubling is still assumed). It is noteworthy that according to the result of Keith and Zhong [42], a complete metric space equipped with a doubling measure that supports a weak (1, p)-Poincaré inequality admits a weak (1, q)-Poincaré inequality for some q < p. However, our approach is independent of the deep theorem of Keith and Zhong.

2.2. A nonlinear Rayleigh quotient on metric spaces

Article [II] is a joint work with Visa Latvala (University of Joensuu) and Mikko Pere (University of Helsinki).

We study a nonlinear eigenvalue problem, i.e., the eigenvalue problem of the p-Laplace equation on metric spaces. The problem is to find functions u ∈ W^{1,p}_0 (Ω) that satisfy the equation

−div(|∇u|^{p−2}∇u) = λ|u|^{p−2}u, 1 < p < ∞, (2.1)

for some λ ≠ 0 in a bounded domain (an open connected set) Ω ⊂ R^n. This problem was apparently first studied by Lieb in [50], see also de Thelin [65]. The first eigenvalue λ_1 = λ_1(Ω) is defined as the least real number λ for which the equation (2.1) has a non-trivial solution u ∈ W^{1,p}_0 (Ω), i.e., there is u ∈ W^{1,p}_0 (Ω), u ≠ 0, such that for all φ ∈ C^∞_0 (Ω) ∫ Ω |∇u|^{p−2}∇u · ∇φ dL^n = λ ∫ Ω |u|^{p−2}uφ dL^n.

The nontrivial solution u of (2.1) with λ = λ_1 is called the first eigenfunction. By approximation we may take any φ ∈ W^{1,p}_0 (Ω) as an admissible test function above. In particular, the choice φ = u implies that the first eigenvalue is obtained by minimizing the Rayleigh quotient

λ_1 = inf_u ∫ Ω |∇u|^p dL^n ∫ Ω |u|^p dL^n

(2.2) with u ∈ W^{1,p}_0 (Ω), u ≢ 0. It can be proved that the minimization problem (2.2) is equivalent to the corresponding Euler-Lagrange equation (2.1) with λ = λ_1.

In [II], we consider first eigenfunctions, i.e., solutions u of the eigenvalue problem (2.2), on a metric measure space X by replacing the standard Sobolev space W^{1,p}_0 (Ω) with the Newtonian space N^{1,p}_0 (Ω). Since differential equations are problematic in metric measure spaces, we use the variational approach. This has been previously studied in Pere [59], where it is proved that first eigenfunctions always exist in our setting and they have a locally Hölder continuous representative. The proof of the Hölder continuity in [59] is based on De Giorgi’s method. We continue the study of [59] by proving that first eigenfunctions are bounded and nonnegative first eigenfunctions satisfy Harnack’s inequality. The proof of the Harnack’s inequality uses the Moser iteration, which was adapted to the metric setting in [I]. We also give a simple proof for the continuity of eigenfunctions by combining the weak Harnack estimates of the two different methods by De Giorgi and Moser.

The reader who wants to study this topic on bounded domains in R^n would do well by reading the articles by Lindqvist [51, 52, 53], for example, and checking the references cited therein.

2.3. Some convergence results for quasiminimizers

Paper [IV] is a joint work with Juha Kinnunen (University of Oulu) and Olli Martio (University of Helsinki) and is about stability properties of Qquasiminimizers of the p-Dirichlet integral with varying Q in complete metric spaces equipped with a doubling measure and supporting a weak (1, p)- Poincaré inequality.

It is known that a sequence of locally bounded p-harmonic functions (continuous weak solutions of the p-Laplace equation) on a domain in R^n has a locally uniformly convergent subsequence that converges to a p-harmonic function on that domain, see Heinonen et al. [34]. The result has been extended to metric measure spaces by Shanmugalingam in [64].

In [IV], we prove the Harnack principle for Q-quasiminimizers with varying Q: an increasing sequence of Q_i-quasiminimizers in a domain converge locally uniformly, provided the limit function is finite at some point in that domain, to a Q-quasiminimizer with

Q = lim inf_{i→∞} Q_i.

Moreover, we show that a sequence (u_i) of Q_i-quasiminimizers in a domain, the sequence (u_i) is supposed to be locally uniformly bounded below, has a locally uniformly convergent subsequence that converges either to ∞ or a Q-quasiminimizer on that domain.

Let (f_i) be a uniformly bounded sequence of functions in an appropriate Newton–Sobolev space such that f_i → f as i → ∞. Furthermore, we consider a sequence of Q_i-quasiminimizers in a bounded domain with boundary data f_i and we study the stability of Q_i-quasiminimizers when Q_i tends to 1. We show that, in this case, the quasiminimizers converge locally uniformly to the unique minimizer of the p-Dirichlet integral with boundary values f. In the Euclidean case with the Lebesgue measure, we obtain convergence also in the Sobolev norm.

References

[1] Ambrosio, L. and Tilli, P., Topics on Analysis in Metric Spaces, Oxford University Press, Oxford, 2004.

[2] Ambrosio, L., Miranda, M., Jr. and Pallara, D., Special functions of bounded variation in doubling metric measure spaces, Calculus of variations: topics from the mathematical heritage of E. De Giorgi, Quad. Mat. 14 (2004), 1–45.

[3] Bellaiche, A. and Risler, J.-J. (Eds.), Sub-Riemannian Geometry, Progress in Mathematics, 144, Birkhäuser-Verlag, Basel, 1996.

[4] Björn, A., Characterizations of p-superharmonic functions on metric spaces, Studia Math. 169 (2005), 45–62.

[5] Björn, A., A weak Kellogg property for quasiminimizers, Comment.

Math. Helv. 81 (2006), 809–825.

[6] Björn, A., Removable singularities for bounded p-harmonic and quasi- (super)harmonic functions on metric spaces, Ann. Acad. Sci. Fenn. Math. 31 (2006), 71–95.

[7] Björn, A. and Björn, J., Boundary regularity for p-harmonic functions and solutions of the obstacle problem, Preprint, 2004.

[8] Björn, A., Björn, J. and Shanmugalingam, N., The Perron method for p-harmonic functions, J. Differential Equations 195 (2003), 398–429.

[9] Björn, A., Björn, J. and Shanmugalingam, N., Quasicontinuity of Newton–Sobolev functions and density of Lipschitz functions on metric spaces, Preprint, Linköping, 2006.

[10] Björn, J., Boundary continuity for quasiminimizers on metric spaces, Illinois J. Math. 46 (2002), 383–403.

[11] Buckley, S. M., Inequalities of John–Nirenberg type in doubling spaces, J. Anal. Math. 79 (1999), 215–240.

[12] Buser, P., A note on the isoperimetric constant, Ann. Sci École Norm.

Sup. 15 (1982), 213–230.

[13] Capogna, L. and Garofalo, N., Regularity of minimizers of the calculus of variations in Carnot groups via hypoellipticity of systems of Hörmander type, J. Eur. Math. Soc. 5 (2003), 1–40.

[14] Cheeger, J., Differentiability of Lipschitz functions on metric measure spaces, Geom. Funct. Anal. 9 (1999), 428–517.

[15] Chen, Y.-Z. and Wu, L.-C., Second Order Elliptic Equations and Elliptic Systems, American Mathematical Society, 1991.

[16] Coulhon, T., Holopainen, I. and Saloff-Coste, L., Harnack inequality and hyperbolicity for subelliptic p-Laplacians with applications to Picard type theorems, Geom. Funct. Anal. 11 (2001), 1139-1191.

[17] De Giorgi, E., Sulla differenziabilità e l’analiticità delle estremali degli integrali multipli regolari, Mem. Accad. Sci. Torino Cl. Sci. Fis. Mat. 3 (1957), 25–43.

[18] DiBenedetto, E. and Trudinger, N. S., Harnack inequality for quasi-minima of variational integrals, Ann. Inst. H. Poincaré Anal. Non Linéaire 1 (1984), 295–308.

[19] Folland, G.B. and Stein, E. M., Hardy Spaces on Homogeneous Groups, Mathematical Notes vol. 28, Princeton Univ. Press, Princeton, NJ, 1982.

[20] Franchi, B., Hajłasz, P. and Koskela, P., Definitions of Sobolev classes on metric spaces, Ann. Inst. Fourier, Grenoble 49 (1999), 1903–1924.

[21] Franchi, B., Pérez, C. and Wheeden, R. L., Self-improving properties of John–Nirenberg and Poincaré inequalities on spaces of homogeneous type, J. Funct. Anal. 153 (1998), 108–146.

[22] Garofalo, N. and Nhieu, D.-M., Isoperimetric and Sobolev inequalities for Carnot–Carathéodory spaces and the existence of minimal surfaces, Comm. Pure Appl. Math. 49 (1996), 1081–1144.

[23] Giaquinta, M., Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic Systems, Princeton Univ. Press, Princeton, NJ, 1983.

[24] Giaquinta, M. and Giusti E., On the regularity of the minima of variational integrals, Acta Math. 148 (1982), 31–46.

[25] Giaquinta, M. and Giusti E., Quasi-minima, Ann. Inst. H. Poincaré Anal. Non Linéaire 1 (1984), 79–107.

[26] Gilbarg, D. and Trudinger, N. S., Elliptic Partial Differential Equations of Second Order, Springer, 1983.

[27] Giusti, E., Direct Methods in the Calculus of Variations, World Scientific, Singapore, 2003.

[28] Hajłasz P., Sobolev spaces on an arbitrary metric spaces, Potential Anal. 5 (1996), 403–415.

[29] Hajłasz P., Sobolev spaces on metric-measure spaces, In Heat kernels and analysis on manifolds, graphs, and metric spaces (Paris, 2002), 338 of Contemp. Math., Amer. Math. Soc., Providence, RI, 2003, 173–218.

[30] Hajłasz, P. and Koskela, P., Sobolev meets Poincaré, C. R. Acad.

Sci. Paris 320 (1995), 1211–1215.

[31] Hajłasz, P. and Koskela, P., Sobolev met Poincaré, Mem. Amer.

Math. Soc. 145 (2000).

[32] Heinonen, J., Calculus on Carnot groups (Fall School in Analysis, Jyväskylä, 1994), Ber. Univ. Jyväskylä, Math. Inst. 68 (1995), 1–31.

[33] Heinonen, J., Lectures on Analysis on Metric Spaces, Springer-Verlag, New York, 2001.

[34] Heinonen, J., Kilpeläinen, T. and Martio, O., Nonlinear Potential Theory of Degenerate Elliptic Equations, Oxford University Press, Oxford, 1993.

[35] Heinonen J. and Koskela P., Quasiconformal maps in metric spaces with controlled geometry, Acta Math. 181 (1998), 1–61.

[36] Heinonen, J. and Koskela, P., A note on Lipschitz functions, upper gradients and the Poincaré inequality, New Zealand J. Math. 28 (1999), 37–42.

[37] Holopainen, I. and Shanmugalingam, N., Singular functions on metric measure spaces, Collect. Math. 53 (2002), 313–332.

[38] Holopainen, I. and Soardi, P., A strong Liouville theorem for p-harmonic functions on graphs, Ann. Acad. Sci. Fenn. 22 (1997), 205–226.

[39] Jerison, D., The Poincaré inequality for vector fields satisfying Hörmander’s condition, Duke Math. J. 53 (1986), 503–523.

[40] Kallunki, S. and Shanmugalingam, N., Modulus and continuous capacity, Ann. Acad. Sci. Fenn. 26 (2001), 455–464.

[41] Keith, S., Modulus and the Poincaré inequality on metric measure spaces, Math. Z. 245 (2003), 255–292.

[42] Keith, S. and Zhong, X., The Poincaré inequality is an open ended condition, to appear in Ann. of Math.

[43] Kilpeläinen, T., Kinnunen, J. and Martio, O., Sobolev spaces with zero boundary values on metric spaces, Potential Anal. 12 (2000), 233–247.

[44] Kinnunen, J. and Martio, O., Nonlinear potential theory on metric spaces, Illinois Math. J. 46 (2002), 857–883.

[45] Kinnunen, J. and Martio, O., Potential theory of quasiminimizers, Ann. Acad. Sci. Fenn. Math. 28 (2003), 459–490.

[46] Kinnunen, J. and Martio, O., Sobolev space properties of superharmonic functions on metric spaces, Results Math. 44 (2003), 114–129.

[47] Kinnunen, J. and Shanmugalingam, N., Regularity of quasiminimizers on metric spaces, Manuscripta Math. 105 (2001), 401–423.

[48] Koskela, P. and MacManus, P., Quasiconformal mappings and Sobolev spaces, Studia Math. 131 (1998), 1–17.

[49] Laakso T., Ahlfors Q-regular spaces with arbitrary Q > 1 admitting weak Poincaré inequality, Geom. Funct. Anal. 10 (2000), 111–123.

[50] Lieb, E. H., On the lowest eigenvalue of the Laplacian for the intersection of two domains, Invent. Math. 74 (1983), 441–448.

[51] Lindqvist, P., On the equation div(|∇u|^{p−2}∇u) + λ|u|^{p−2} = 0, Proc.

Amer. Math. Soc. 109 (1990), 157–164.

[52] Lindqvist, P., On non-linear Rayleigh quotients, Potential Analysis 2 (1993), 199–218.

[53] Lindqvist, P., On a nonlinear eigenvalue problem (Fall School in Analysis, Jyväskylä, 1994), Ber. Univ. Jyväskylä, Math. Inst. 68 (1995), 33– 54.

[54] MacManus, P. and Pérez, C., Generalized Poincaré inequalities:

sharp self-improving properties, Internat. Math. Res. Notices 2 (1998), 101–116.

[55] Maly J. and Ziemer, W. P., Fine Regularity of Solutions of Elliptic Partial Differential Equations, American Mathematical Society, 1997.

[56] Manfredi, J., Nonlinear Subelliptic Equations on Carnot Groups, Available at http://www.pitt.edu/~manfredi/quasi.html [57] Moser, J., A new proof of De Giorgi’s theorem concerning the regularity problem for elliptic differential equations, Comm. Pure Appl. Math. 13 (1960), 457–468.

[58] Moser, J., On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl. Math. 14 (1961), 577–591.

[59] Pere, M., The eigenvalue problem of the p-Laplacian in metric spaces, Ann. Acad. Sci. Fenn. Math. Diss. 136, Dissertation, University of Helsinki, 2004.

[60] Saloff-Coste, L., Aspects of Sobolev-type Inequalities, Cambridge Univ. Press, 2001.

[61] Semmes, S., Metric spaces and mappings seen at many scales (Appendix B in Gromov, M., Metric Structures for Riemannian and Non- Riemannian Spaces), Ed. Progress in Mathematics, Birkhäuser, Boston, 1999.

[62] Shanmugalingam, N., Newtonian spaces: An extension of Sobolev spaces to metric measure spaces, Rev. Mat. Iberoamericana 16 (2000), 243–279.

[63] Shanmugalingam, N., Harmonic functions on metric spaces, Illinois J. Math. 45 (2001), 1021–1050.

[64] Shanmugalingam, N., Some convergence results for p-harmonic functions on metric measure spaces, Proc. London Math. Soc. 87 (2003), 226–246.

[65] de Thelin, F., Quelques résultats d’existence et de non-existence pour une E.D.P. elliptique non linéaire, C.R. Acad. Sc. Paris, Série I 299 (1984), 911–914.

[66] Tolksdorf, P., Remarks on quasi(sub)minima, Nonlinear Anal. 10 (1986), 115–120.

[67] Ziemer, W. P., Boundary regularity for quasiminima, Arch. Rational Mech. Anal. 92 (1986), 371–382.

(continued from the back cover)

A510 Janos Karatson , Sergey Korotov

Discrete maximum principles for FEM solutions of some nonlinear elliptic interface problems December 2006

A509 Jukka Tuomela , Teijo Arponen , Villesamuli Normi On the simulation of multibody systems with holonomic constraints September 2006

A508 Teijo Arponen , Samuli Piipponen , Jukka Tuomela Analysing singularities of a benchmark problem September 2006

A507 Pekka Alestalo , Dmitry A. Trotsenko

Bilipschitz extendability in the plane August 2006

A506 Sergey Korotov

Error control in terms of linear functionals based on gradient averaging techniques July 2006

A505 Jan Brandts , Sergey Korotov , Michal Krizek On the equivalence of regularity criteria for triangular and tetrahedral finite element partitions July 2006

A504 Janos Karatson , Sergey Korotov , Michal Krizek On discrete maximum principles for nonlinear elliptic problems July 2006

A503 Jan Brandts , Sergey Korotov , Michal Krizek , Jakub Solc On acute and nonobtuse simplicial partitions July 2006

A502 Vladimir M. Miklyukov , Antti Rasila , Matti Vuorinen Three sphres theorem for p-harmonic functions June 2006

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are available at http://math.tkk.fi/reports/ .

A516 Sergey Repin , Rolf Stenberg

Two-sided a posteriori estimates for the generalized stokes problem December 2006

A515 Sergey Korotov

Global a posteriori error estimates for convection-reaction-diffusion problems December 2006

A514 Yulia Mishura , Esko Valkeila

An extension of the L’evy characterization to fractional Brownian motion December 2006

A513 Wolfgang Desch , Stig-Olof Londen

On a Stochastic Parabolic Integral Equation October 2006

A512 Joachim Schöberl , Rolf Stenberg

Multigrid methods for a stabilized Reissner-Mindlin plate formulation October 2006

ISBN 978-951-22-8596-9 (printed) ISBN 978-951-22-8597-6 (pdf) ISSN 0784-3143