Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2007 A529

GLOBAL HIGHER INTEGRABILITY FOR NONLINEAR PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS IN NONSMOOTH DOMAINS

Mikko Parviainen

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2007 A529

GLOBAL HIGHER INTEGRABILITY FOR NONLINEAR PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS IN NONSMOOTH DOMAINS

Mikko Parviainen

Dissertation for the degree of Doctor of Science in Technology to be presented with due permission of the Department of Engineering Physics and Mathematics for public examination and debate in Auditorium E at Helsinki University of Technology (Espoo, Finland) on the 2nd of November, 2007, at 12 noon.

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Mikko Parviainen E-mail: Mikko.Parviainen@tkk.fi

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, FI-02015 TKK, Finland http://math.tkk.fi/

ISBN 978-951-22-8939-4 (printed) ISBN 978-951-22-8940-0 (pdf) ISSN 0784-3143 Multiprint Oy, Espoo 2007

Mikko Parviainen: Global higher integrability for nonlinear parabolic partial differential equations in nonsmooth domains; Helsinki University of Technology, Institute of Mathematics, Research Reports A529 (2007); Monograph.

Abstract: This thesis studies the global regularity theory for degenerate nonlinear parabolic partial differential equations. Our objective is to show that weak solutions belong to a higher Sobolev space than assumed a priori if the complement of the domain satisfies a capacity density condition and if the boundary values are sufficiently smooth. Moreover, we derive integrability estimates near the lateral and initial boundaries. The results of the thesis extend to parabolic systems as well. The higher integrability estimates provide a useful tool in several applications.

AMS subject classifications (2000): 35K60, 35K55, 35K15, 49N60

Keywords: boundary value problem, Caccioppoli inequality, capacity density, Gehring lemma, Giaquinta-Modica lemma, initial value problem, integrability of the gradient, nonlinear parabolic system, parabolic p-Laplace equation, reverse Hölder inequality

Mikko Parviainen: Epälineaaristen parabolisten osittaisdifferentiaaliyhtälöiden korkeampi integroituvuus epäsäännöllisissä alueissa; Teknillinen korkeakoulu, Matematiikan laitos, tutkimusraportti A529 (2007); monografia.

Tiivistelmä: Väitöskirjassa tutkitaan epälineaaristen parabolisten osittaisdifferentiaaliyhtälöiden ratkaisujen globaalia säännöllisyyttä. Työssä osoitetaan, että yhtälöiden heikot ratkaisut kuuluvat parempaan Sobolevin avaruuteen kuin määritelmässä oletetaan, jos alueen komplementti toteuttaa kapasiteettitiheysehdon ja reuna-arvot ovat tarpeeksi säännöllisiä. Lisäksi ratkaisujen gradienteille johdetaan integroituvuusestimaatteja sekä lähellä alkuhetkeä että lähellä alueen reunaa. Tämäntyyppiset estimaatit ovat osoittautuneet tärkeiksi monissa sovelluksissa. Väitöskirjan tulokset yleistyvät myös parabolisille systeemeille.

Asiasanat: alkuarvotehtävä, Caccioppolin epäyhtälö, epälineaarinen parabolinen systeemi, Gehringin lemma, Giaquintan-Modican lemma, gradientin integroituvuus, kapasiteettitiheys, käänteinen Hölderin epäyhtälö, parabolinen p-Laplacen yhtälö, reuna-arvotehtävä

Preface

This dissertation has been prepared at the Institute of Mathematics, Helsinki University of Technology, during the period 2004–2007. For financial support, I am indebted to the Magnus Ehrnrooth Foundation and the Finnish Academy of Science and Letters, the Vilho, Yrjö and Kalle Väisälä Foundation.

I wish to express my sincere gratitude to my advisor, Professor Juha Kinnunen, for providing me the subject of this work. His expertise, support, and interest has been highly appreciated. It has been a privilege to work in the Nonlinear PDE group.

I would also like to thank Professor Olavi Nevanlinna for supervising my thesis and for providing a pleasant research environment. Further thanks go to my colleagues at the Institute of Mathematics for the friendly atmosphere they helped create.

I am grateful to Professors Arina Arkhipova and John Lewis for preexamining my manuscript. In addition, Professor Arkhipova provided me advice and notes at the early stage of my research, which I acknowledge with appreciation. I also owe thanks to Professor Peter Lindqvist for inspiring discussions during my studies.

I wish to thank my parents, sister, and all my friends for being there for me. Finally, I am truly grateful to Maria for love and constant support, especially during the difficult days. You are invaluable!

Espoo, September, 2007 Mikko Parviainen

Contents

1. Introduction 6 2. Preliminaries 7 3. Estimates near the lateral boundary 10 4. Reverse Hölder inequalities near the lateral boundary 21 5. Estimates near the initial boundary 34 6. Reverse Hölder inequalities near the initial boundary 40 References 47

GLOBAL HIGHER INTEGRABILITY FOR NONLINEAR PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS IN NONSMOOTH DOMAINS

Mikko Parviainen

1. Introduction

Higher integrability questions have been extensively studied over the last few decades. In this work, we investigate the parabolic equations of the type ∂u ∂t = div A(x, t, ∇u),

where A(x, t, ∇u) satisfies the well-known Carathéodory-type conditions and p-growth conditions. In particular, the results apply to the parabolic p-Laplace equation ∂u ∂t = div ( |∇u|^{p−2} ∇u ) , with 2 ≤ p < ∞.

Weak solutions of the above equations locally belong to a slightly higher Sobolev space than assumed a priori, as Kinnunen and Lewis proved in [KL00]. We intend to show that this also holds globally, that is, up to the boundary. To this end, we prove that the gradient of a weak solution satisfies a global reverse Hölder inequality. In contrast to the local case, the regularity of the boundary, as well as the boundary and initial values, play a role in the proofs. We assume that the complement of the domain satisfies a capacity density condition, which is essentially sharp for our main results. In addition, the boundary values are assumed to belong to an appropriate higher Sobolev space. Note, however, that the results of this work are already nontrivial for regular domains and smooth boundary values.

The proofs are based on Caccioppoli and Sobolev-Poincaré-type inequalities, as well as on the self-improving property of a reverse Hölder inequality. Due to nonquadratic growth conditions, the proofs apply intrinsic scaling and covering arguments. One of the advantages of this method lies in the fact that it can be employed to a wide variety of problems. Indeed, the proofs extend to parabolic systems of the form

∂u_i ∂t = div A_i(x, t, ∇u), i = 1, 2, . . . , n,

although we consider the scalar case for simplicity. 6

Motivation for studying the higher integrability comes from applications to partial regularity (see, for example, [GM79]) and stability questions, to mention a few. On the other hand, the regularity properties of solutions are often interesting in their own right.

The first higher integrability results apparently date back to a 1957 paper of Bojarski, [Boj57]. Later, Elcrat and Meyers proved the local higher integrability for nonlinear elliptic systems in [EM75] (see also [Gia83]). In [GS82], Giaquinta and Struwe studied similar questions for systems of parabolic equations with quadratic growth conditions. In addition, Arkhipova has considered the global integrability questions for parabolic systems, for example, in [Ark92] and [Ark95]. For recent higher integrability results, see [AM07].

In [Gra82], Granlund showed that an elliptic minimizer has the higher integrability property if the complement of the domain satisfies a measure density condition. Later, Kilpeläinen and Koskela generalized the elliptic results to the uniform capacity density condition in [KK94]. For a good survey of boundary regularity, see Section 8 of [Mik96]. Recently, it was shown in [Par] that parabolic quasiminimizers with quadratic growth conditions have a global higher integrability property.

This work is organized as follows. Section 2 introduces the problem and notation, while the following sections consider the higher integrability near the lateral and initial boundaries separately: Sections 3 and 4 concentrate on the lateral boundary case while Sections 5 and 6 are devoted to estimates near the initial boundary. Theorem 4.7 provides the main result.

2. Preliminaries

Let Ω be a bounded open set in R^n, n ≥ 2 and let p ≥ 2. We study the equation ∂u ∂t = div A(x, t, ∇u), (x, t) ∈ Ω × (0, T ), (2.1)

where u : Ω × (0, T ) → R, A : Ω × (0, T ) × R^n → R^n, and A satisfies the following conditions.

(1) x → A(x, t, ξ) and t → A(x, t, ξ) are measurable for every ξ, (2) ξ → A(x, t, ξ) is continuous for almost every (x, t), (3) there exist constants 0 < α ≤ β < ∞ such that for every ξ and for almost every (x, t), we have A(x, t, ξ) · ξ ≥ α |ξ|^p and |A(x, t, ξ)| ≤ β |ξ|^{p−1}.

As usual, W^{1,p}(Ω) denotes the Sobolev space of functions in L^p(Ω) whose first distributional partial derivatives belong to L^p(Ω) with the norm ||u||_W 1,p_{(Ω)} = ||u||_Lp_{(Ω)} + ||∇u||_Lp_{(Ω)} .

The Sobolev space W^{1,p}_0 (Ω) is a completion of C^∞_0 (Ω) in the norm of W^{1,p}(Ω).

The parabolic space L^p(0, T ; W^{1,p}(Ω)) is a collection of measurable functions u(x, t) such that for almost every t ∈ (0, T ), the function x → u(x, t) belongs to W^{1,p}(Ω), and the norm

||u||_Lp_{(0,T ;W} 1,p_{(Ω))} = (∫_T 0 ||u||^p_{W 1,p(Ω)} dt

)_{1/p}

is finite. Analogously, the space L^p(0, T ; W^{1,p}_0 (Ω)) is a collection of measurable functions u(x, t) such that for almost every t ∈ (0, T ), the function x → u(x, t) belongs to W^{1,p}_0 (Ω) and

||u||_Lp_{(0,T ;W} 1,p_{(Ω))} < ∞.

The parabolic Sobolev space W^{1,2}(0, T ; L^2(Ω)) is defined as

W^{1,2}(0, T ; L^2(Ω))

= {φ ∈ L^2(0, T ; L^2(Ω)) : ∂φ ∂t ∈ L^2(0, T ; L^2(Ω))}

with the norm

||φ||_W 1,2_{(0,T ;L}2_{(Ω))} = ||φ||_L2_{(0,T ;L}2_{(Ω))} + | | | | | | | | ∂φ ∂t | | | | | | | |_{L2(0,T ;L2(Ω))} .

Finally, the space C([0, T ]; L^2(Ω)) comprises all continuous functions u : [0, T ] → L^2(Ω) (that is, u is continuous with respect to t in the norm || · ||_L2_{(Ω)}) such that max t∈[0,T ]

||u(·, t)||_L2_{(Ω)} < ∞.

In the Bochner integration theory, the space L^p(0, T ; W^{1,p}(Ω)) is defined as a collection of strongly measurable functions u : (0, T ) → W^{1,p}(Ω) for which (∫_T 0 ||u||^p_{W 1,p(Ω)} dt

)_{1/p}

< ∞.

We could take this definition as a starting point as well. Indeed, u(x, t) is not, in general, product measurable, but there always exists a measurable representative. Consequently, Fubini’s theorem is available in this setting also. The reader is referred to Chapter 4 of [Soh01] and Chapter 23 of [Kut98] for further information.

A function u belonging to the space L^p_{loc}(0, T ; W^{1,p}_{loc} (Ω)) is a weak solution to (2.1) if − ∫_T 0 ∫ Ω u ∂ϕ ∂t dx dt +

∫_T 0 ∫ Ω A(x, t, ∇u) · ∇ϕ dx dt = 0, (2.2)

for every ϕ ∈ C^∞_0 (Ω × (0, T )).

There is a well-recognized difficulty in proving Caccioppoli-type estimates for weak solutions: One often needs a test function depending on u itself, but u may not be admissible. For example, the time derivative of the test function contains^{∂u}_{∂t} , which does not necessarily exist as a function. There are several ways to treat this difficulty: We may, for example, use the Steklov averages, as on page 25 in [DiB93], or we may use the standard mollifications. We adopt the latter approach and set ϕ̃(x, t) = ∫ R ϕ(x, t − s)ζ_ε(s) ds,

where ϕ ∈ C^∞_0 (Ω × (0, T )) and ζ_ε(s) is a standard mollifier, whose support is contained in (−ε, ε) with ε < dist (spt(ϕ), Ω × {0, T }). We insert ϕ̃ into (2.2), change variables, and apply Fubini’s theorem to obtain − ∫_T 0 ∫ Ω u_ε ∂ϕ ∂t dz +

∫_T 0 ∫ Ω A(x, t, ∇u)_ε · ∇ϕ dz = 0. (2.3)

Here u_ε and A(x, t, ∇u)_ε denote the standard mollifications in the time direction.

We finish this section with the notation used throughout the work. Let D = Ω × (0, T ) be a space-time cylinder. We denote the points of the cylinder by z = (x, t) and employ a shorthand notation dz = dx dt. Let z_0 = (x_0, t_0) ∈ D and θ, ρ > 0. Then we denote B_ρ(x_0) = { x ∈ R^n : |x − x_0| < ρ }, B_ρ(x_0) = { x ∈ R^n : |x − x_0| ≤ ρ }, and Λ_{θρ}2 (t_0) = (t_0 − 1 2 θρ^2, t_0 + 1 2 θρ^2).

Further, a space-time cylinder in R^{n+1} is denoted by Q_{ρ,θρ}2 (z_0) = Q_{ρ,θρ}2 (x_0, t_0) = B_ρ(x_0) × Λ_{θρ}2 (t_0).

When no confusion arises, we shall omit the reference points and simply write B_ρ, Λ_{θρ}2 and Q_{ρ,θρ}2 . The integral average of u is denoted by

u_ρ(t) = ∫ B_ρ

u(x, t) dx = 1 |B_ρ| ∫ B_ρ

u(x, t) dx, where |B_ρ| denotes the Lebesgue measure of B_ρ. Finally, ϕ^′ sometimes denotes the time derivative of ϕ instead of^{∂ϕ}_{∂t} .

3. Estimates near the lateral boundary

In this section, we derive estimates near the lateral boundary ∂Ω × (0, T ). These estimates are applied in Section 4 in order to prove a reverse Hölder inequality.

A Lebesgue-type initial condition and a Sobolev-type boundary condition turn out to be convenient for our purposes. To be more specific, we say that u is a global solution if u ∈ L^p(0, T ; W^{1,p}(Ω)) satisfies (2.2) as well as the initial and boundary conditions:

u(·, t) − φ(·, t) ∈ W^{1,p}_0 (Ω) for almost every t ∈ (0, T ) and 1 h ∫_h 0 ∫ Ω |u − φ|^2 dx dt → 0 as h → 0,

(3.1)

for a given φ ∈ W^{1,2}(0, T ; L^2(Ω)) ∩ L^p(0, T ; W^{1,p}(Ω)).

Observe that already smooth φ leads to a nontrivial theory. We start with a Caccioppoli-type inequality.

Lemma 3.2 (Caccioppoli). Let u be a global solution with the boundary and initial conditions (3.1). Let θ > 0, suppose that 0 < ρ < M for some M > 0, and let Q_{ρ,θρ}2 = Q_{ρ,θρ}2 (x_0, t_0) ⊂ R^{n+1}. Then there exists a constant c = c(n, p, M, α, β) > 0 such that ∫ Q_{ρ,θρ2} ∩D

|∇u|^p dz + ess sup

t∈Λ_{θρ2} ∩(0,T ) ∫ B_ρ∩Ω

|u − φ|^2 dx ≤ c θρ^2 ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^2 dz + c ρ^p ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^p dz + c ∫ Q_{4ρ,θ(4ρ)2} ∩D

f^p dz,

where D = Ω × (0, T ) and f = ( |φ^′|^{p/(p−1)} + |∇φ|^p

)_{1/p} . Proof: We may assume that Q_{ρ,θρ}2 ∩ D ≠ ∅ since otherwise the claim is trivial. Let t_1 ∈ Λ_{θρ}2 ∩ (0, T ). We define χ^h_{0,t1} (t) to be a piecewise linear approximation of a characteristic function such that χ^h_{0,t1} (t) = 1 as h ≤ t ≤ t_1 − h, χ^h_{0,t1} (t) = 0 as t ≤ h/10 or t ≥ t_1 − h/10, and | (χ^h_{0,t1} (t))^′ | ≤ 10 9h .

Further, denote by χ^{h,ε}_{0,t1} (t), u_ε and φ_ε the standard mollifications in the time direction for ε < h/20. We choose a test function

ϕ_ε(x, t) = η^p(x, t)(u_ε(x, t) − φ_ε(x, t))χ^{h,ε}_{0,t1} (t),

where η ∈ C^∞_0 (R^{n+1}) is a cut-off function such that spt η ⊂ Q_{4ρ,θ(4ρ)}2 , η(x, t) = 1 in Q_{ρ,θρ}2 , 0 ≤ η ≤ 1, and

ρ |∇η| + θρ^2 | | | ∂η ∂t | | | ≤ c. (3.3)

The mollification in the time direction does not affect the lateral boundary values, and thus ϕ_ε(·, t) ∈ W^{1,p}_0 (Ω) for almost every t ∈ (0, T ).

To begin with, we insert the test function into (2.3) and manipulate the first term to have − ∫ D u_εϕ^′_ε dz = − ∫ D (u_ε − φ_ε)ϕ^′_ε dz − ∫ D φ_εϕ^′_ε dz. (3.4)

By integrating the first term on the right hand side of (3.4) by parts, we obtain − ∫ D (u_ε − φ_ε)ϕ^′_ε dz = − ∫ D ( (u_ε − φ_ε)^2(η^pχ^{h,ε}_{0,t1} )^′ + 1 2 [ (u_ε − φ_ε)^2

]_′

η^pχ^{h,ε}_{0,t1} ) dz = − 1 2 ∫ D (u_ε − φ_ε)^2(η^pχ^{h,ε}_{0,t1} )^′ dz.

As a next step, we take limits, apply the initial condition, and use the well-known convergence properties of mollified functions. We deduce for almost every t_1 ∈ Λ_{θρ}2 ∩ (0, T ) that − ∫ D (u_ε − φ_ε)ϕ^′_ε dz→ − 1 2 ∫ Ω×(0,t_1)

|u − φ|^2pη^{p−1}η^′ dz + 1 2 ∫ Ω |u(x, t_1) − φ(x, t_1)|^2η^p(x, t_1) dx,

as first ε → 0 and then h → 0. Because we take the limits in this order, the mollifications are well defined. Observe also that the initial boundary term disappears at t = 0 because of the initial condition.

Then we combine the previous estimates, integrate the last term of (3.4) by parts, and obtain − ∫ D u_εϕ^′_ε dz → − 1 2 ∫ Ω×(0,t_1)

|u − φ|^2pη^{p−1}η^′ dz + 1 2 ∫ Ω (u(x, t_1) − φ(x, t_1))^2η^p(x, t_1) dx + ∫ Ω×(0,t_1)

φ^′η^p(u − φ) dz,

as first ε → 0 and then h → 0.

Inserting the test function into the second term of (2.3) implies ∫ D A(x, t, ∇u)_ε · ∇ ( η^p(u_ε − φ_ε)χ^{h,ε}_{0,t1} ) dz → ∫ Ω×(0,t_1)

A(x, t, ∇u) · [ pη^{p−1}∇η(u − φ) + η^p(∇u − ∇φ) ] dz, as first ε → 0 and then h → 0. Collecting the facts, we arrive at ∫ Ω×(0,t_1)

η^pA(x, t, ∇u) · ∇u dz + 1 2 ∫ Ω |u(x, t_1) − φ(x, t_1)|^2η^p(x, t_1) dx ≤ 1 2 ∫ Ω×(0,t_1)

|u − φ|^2pη^{p−1} |η^′| dz + ∫ Ω×(0,t_1)

|φ^′| η^p|u − φ| dz + ∫ Ω×(0,t_1)

|A(x, t, ∇u)| pη^{p−1} |∇η| |u − φ| dz + ∫ Ω×(0,t_1)

|A(x, t, ∇u)| η^p |∇φ| dz. (3.5) In view of our hypotheses on A, the first term on the left hand side satisfies the inequality α ∫ Ω×(0,t_1)

η^p |∇u|^p dz ≤ ∫ Ω×(0,t_1)

η^pA(x, t, ∇u) · ∇u dz.

Since ρ < M, there exists a constant c > 0 such that 1 ≤ c/ρ^p, where c, of course, depends on M. Consequently, Young’s inequality implies ∫ Ω×(0,t_1 )

|φ^′| η^p|u − φ| dz ≤ ε ∫ Ω×(0,t_1)

|φ^′|^{p/(p−1)} η^p dz + c ρ^p ∫ Ω×(0,t_1)

|u − φ|^pη^p dz, where the constant depends on M and ε > 0. Next we estimate the third term on the right hand side of (3.5). Young’s inequality and the structural assumptions on A lead to ∫ Ω×(0,t_1)

|A(x, t, ∇u)| pη^{p−1} |∇η| |u − φ| dz ≤ ε ∫ Ω×(0,t_1 )

|∇u|^p η^p dz + c ∫ Ω×(0,t_1)

|∇η|^p |u − φ|^p dz.

A similar reasoning allows us to estimate the fourth term on the right hand side of (3.5) as ∫ Ω×(0,t_1)

|A(x, t, ∇u)| η^p |∇φ| dz ≤ ε ∫ Ω×(0,t_1 )

|∇u|^p η^p dz + c ∫ Ω×(0,t_1)

η^p |∇φ|^p dz.

Let us then estimate the second term on the left hand side of (3.5). We can choose t_1 ∈ Λ_{θρ}2 ∩ (0, T ) such that 1 2 ess sup

t∈Λ_{θρ2} ∩(0,T ) ∫ B_ρ∩Ω

|u − φ|^2η^p dx ≤ ∫ Ω |u(x, t_1) − φ(x, t_1)|^2η^p(x, t_1) dx.

Finally, we combine the above estimates with (3.5) and choose ε > 0 small enough to absorb ε ∫ Ω×(0,t_1)

η^p |∇u|^p dz

into the left hand side. Since η satisfies condition (3.3), we obtain the claim. □

The regularity of the boundary plays a role in the global higher integrability. In this work, we assume that the complement of the domain satisfies a uniform capacity density condition.

Let 1 < p < ∞. The variational p-capacity of a compact set C ⊂ Ω is defined to be cap_p(C, Ω) = inf_g ∫ Ω |∇g|^p dx,

where the infimum is taken over all the functions g ∈ C^∞_0 (Ω) such that g = 1 in C. To define the variational p-capacity of an open set U ⊂ Ω, we take the supremum over the capacities of the compact sets belonging to U. The variational p-capacity of an arbitrary set E ⊂ Ω is defined by taking the infimum over the capacities of the open sets containing E. For further details, see Chapter 2 of [HKM93], Chapter 2 of [MZ97], or Chapter 4 of [EG92].

A set E ⊂ R^n is said to be of p-capacity zero if cap_p(E ∩ U, U) = 0 for all open U ⊂ R^n. For the capacity of a ball, we obtain the following simple formula cap_p(B_ρ, B_{2ρ}) = cρ^{n−p}, (3.6) where c > 0 depends only on n and p.

Let us now introduce the capacity density condition which we later impose on the complement of the domain. For the higher integrability results, this condition is essentially sharp as pointed out in Remark 3.3 of [KK94] in the elliptic case.

Definition 3.7. A set E ⊂ R^n is uniformly p-thick if there exist constants μ, ρ_0 > 0 such that

cap_p(E ∩ B_ρ(x), B_{2ρ}(x)) ≥ μ cap_p(B_ρ(x), B_{2ρ}(x)), for all x ∈ E and for all 0 < ρ < ρ_0.

If we replace the capacity with the Lebesgue measure in the definition above, then we obtain a measure density condition. A set E, satisfying the measure density condition, is uniformly p-thick for all p > 1. If p > n, then every nonempty set is uniformly p-thick. The following lemma extends the capacity estimate in Definition 3.7. Lemma 3.8. Let Ω be a bounded open set, and suppose that R^n \ Ω is uniformly p-thick. Choose y ∈ Ω such that B 4_{3 ρ}(y) \ Ω ≠ ∅. Then there exists a constant μ̃ = μ̃(μ, ρ_0, n, p) > 0 such that

cap_p(B_{2ρ}(y) \ Ω, B_{4ρ}(y)) ≥ μ̃ cap_p(B_{2ρ}(y), B_{4ρ}(y)).

Proof: Since B 4_{3 ρ}(y) \ Ω ≠ ∅, we may choose x ∈ R^n \ Ω such that dist(x, y) <^4_3 ρ. Then B_{4ρ}(y) ⊂ B_( 4_{3 +4)ρ}(x) and B 2_{3 ρ}(x) ⊂ B_{2ρ}(y), and hence due to the properties of the capacity, we obtain cap_p(B_{2ρ}(y) \ Ω, B_{4ρ}(y)) ≥ cap_p(B_{2ρ}(y) \ Ω, B_( 4_{3 +4)ρ}(x)) ≥ cap_p(B 2_{3 ρ}(x) \ Ω, B_( 4_{3 +4)ρ}(x)).

(3.9)

Lemma 2.16 of [HKM93] provides the estimate

cap_p(B 2_{3 ρ}(x) \ Ω, B_( 4_{3 +4)ρ}(x)) ≥ c cap_p(B 2_{3 ρ}(x) \ Ω, B 4_{3 ρ}(x)), and hence the uniform p-thickness condition implies

cap_p(B 2_{3 ρ}(x) \ Ω, B_( 4_{3 +4)ρ}(x)) ≥ cμ cap_p(B 2_{3 ρ}(x), B 4_{3 ρ}(x)). (3.10)

According to (3.6), there exists a constant c > 0 such that cap_p(B 2_{3 ρ}(x), B 4_{3 ρ}(x)) ≥ c cap_p(B_{2ρ}(y), B_{4ρ}(y)). (3.11)

A combination of (3.9), (3.10), and (3.11) implies the result. □

A uniformly p-thick domain has a deep self-improving property. This result was shown by Lewis in [Lew88]. See also [Anc86] and [Mik96]. Theorem 3.12. Let 1 < p ≤ n. If a set E is uniformly p-thick, then there exists a constant q = q(n, p, μ) such that 1 < q < p for which E is uniformly q-thick.

A uniformly q-thick set is also uniformly p-thick for all p ≥ q. This is a simple consequence of Hölder’s and Young’s inequalities. We prove the claim for a compact set.

Lemma 3.13. If a compact set E is uniformly q-thick, then E is uniformly p-thick for all p ≥ q.

Proof: Choose x ∈ E and ρ such that 0 < ρ < ρ_0, where ρ_0 is the constant in Definition 3.7. Denote B_ρ = B_ρ(x). By (3.6), we have cap_p(B_ρ, B_{2ρ}) = cρ^{n−p} = cρ^{q−p} cap_q(B_ρ, B_{2ρ}), where the constant in the last expression depends on n, p and q. We choose g ∈ C^∞_0 (B_{2ρ}) such that g = 1 in E ∩ B_ρ. Consequently, g is admissible in calculating the q-capacity for E ∩ B_ρ, and thus Hölder’s inequality implies

cap_q(E ∩ B_ρ, B_{2ρ}) ≤ ∫ B_{2ρ}

|∇g|^q dx ≤ cρ^{n(1−q/p)} (∫ B_{2ρ}

|∇g|^p dx

)_{q/p} .

By the uniform q-thickness of E and the above estimates, we get cap_p(B_ρ, B_{2ρ}) = cρ^{q−p} cap_q(B_ρ, B_{2ρ}) ≤ μ^{−1}cρ^{q−p} cap_q(E ∩ B_ρ, B_{2ρ})

≤ cρ^{(q−p)(1−n/p)} (∫ B_{2ρ}

|∇g|^p dx

)_{q/p} . Then we apply Young’s inequality and have cap_p(B_ρ, B_{2ρ}) ≤ ερ^{n−p} + c ∫ B_{2ρ}

|∇g|^p dx.

The first term on the right can be absorbed into the left side by choosing ε > 0 small enough. The result follows by taking the infimum with respect to g. □

Next we establish a well-known version of the Sobolev-type inequality (see [Hed81], Chapter 10 of [Maz85] and also Lemma 3.1 of [KK94]). Later, we combine this estimate with the boundary regularity condition and obtain a boundary version of Sobolev’s inequality. We repeat the proof for the convenience of the reader.

The proof uses quasicontinuous representatives of the Sobolev functions. We call u ∈ W^{1,p}(Ω) p-quasicontinuous if for each ε > 0 there exists an open set U, U ⊂ Ω ⊂ B_R′ , such that cap_p(U, B_{2R}′ ) ≤ ε, and the restriction of u to the set Ω \ U is finite valued and continuous.

The p-quasicontinuous functions are closely related to the Sobolev space W^{1,p}(Ω): For example, if u ∈ W^{1,p}(Ω), then u has a p-quasicontinuous representative. In addition, the capacity can be written in terms of quasicontinuous representatives.

From now on, we only consider the case p ≤ n for simplicity. This restriction is only technical, but, in this way, we avoid repeating essentially the same proofs with more complicated powers emerging from the different versions of the Sobolev-Poincaré inequalities.

Lemma 3.14. Suppose that q ∈ (1, p) and that u ∈ W^{1,q}(B_{2ρ}) is qquasicontinuous. Denote

N_{Bρ} (u) = { x ∈ B_ρ : u(x) = 0}

and choose q̃ ∈ [q, q^∗], where q^∗ = qn/(n − q). Then there exists a constant c = c(n, q) > 0 such that (∫ B_{2ρ}

|u|^{q̃} dx

)_{1/q̃} ≤ ( c cap_q(N_{Bρ} (u), B_{2ρ}) ∫ B_{2ρ}

|∇u|^q dx

)_{1/q} .

Proof: First, assume that u_{B2ρ} = ∫ B_{2ρ} u(x) dx ≠ 0. Then choose

ϕ ∈ C^∞_0 (B_{2ρ}) such that ϕ = 1 in B_ρ and |∇ϕ| ≤ c/ρ. We define

v = ϕ(u_{B2ρ} − u).

Clearly, v ∈ W^{1,q}_0 (B_{2ρ}) is q-quasicontinuous and

v = u_{B2ρ} − u in B_ρ.

Furthermore, ∫

B_{2ρ}

|∇v|^q dx ≤ c ∫ B_{2ρ}

|∇u|^q dx (3.15)

due to Poincaré’s inequality.

The variational q-capacity of a set E ⊂ B_ρ can be written in the form

cap_q(E, B_{2ρ}) = inf_g ∫ B_{2ρ}

|∇g|^q dx,

where g ∈ W^{1,q}_0 (B_{2ρ}) is q-quasicontinuous and g ≥ 1 in E, except on a set of q-capacity zero (see, for example, pages 75 and 66 of [MZ97]). It follows that ∫ B_{2ρ} | |∇v/u_{B2ρ} | |^q dx ≥ cap_q(N_{Bρ} (u), B_{2ρ})

since v/u_{B2ρ} = 1 in N_{Bρ} (u), and hence | u_{B2ρ} | ≤ ( 1 cap_q(N_{Bρ} (u), B_{2ρ}) ∫ B_{2ρ}

|∇v|^q dx

)_{1/q}

. (3.16)

The triangle inequality, (3.16), Poincaré’s inequality, and (3.15) lead to (∫ B_{2ρ}

|u|^{q̃} dx

)_{1/q̃} ≤ (∫ B_{2ρ}

|u_{B2ρ} − u|^{q̃} dx

)_{1/q̃} + | |u_{B2ρ} | |

≤ c ( ρ^{q−n} ∫ B_{2ρ}

|∇u|^q dx

)_{1/q} + ( 1 cap_q(N_{Bρ} (u), B_{2ρ}) ∫ B_{2ρ}

|∇u|^q dx

)_{1/q} .

Since N_{Bρ} (u) ⊂ B_ρ, estimate (3.6) implies

cap_q(N_{Bρ} (u), B_{2ρ}) ≤ cρ^{n−q}, and, consequently, (∫ B_{2ρ}

|u|^{q̃} dx

)_{1/q̃} ≤ ( c cap_q(N_{Bρ} (u), B_{2ρ}) ∫ B_{2ρ}

|∇u|^q dx

)_{1/q} . If u_{B2ρ} = 0, the claim follows immediately from Poincaré’s inequality. □ In the same way, we could prove that the above estimate holds if the powers on both sides are replaced by p.

Lemma 3.17. Suppose that u ∈ W^{1,p}(B_{2ρ}) is p-quasicontinuous and let N_{Bρ} (u) be as above. Then there exists a constant c = c(n, p) > 0 such that (∫ B_{2ρ}

|u|^p dx

)_{1/p} ≤ ( c cap_p(N_{Bρ} (u), B_{2ρ}) ∫ B_{2ρ}

|∇u|^p dx

)_{1/p} .

In order to derive a reverse Hölder inequality, we estimate the right hand side of Caccioppoli’s inequality in terms of the gradient. A natural idea is to use Sobolev’s inequality, but there is a principal difficulty in the parabolic case: We assume little regularity for a weak solution u in the time direction, and Sobolev’s inequality is not applicable in space-time cylinders as such. Nevertheless, weak solutions satisfy the following version of parabolic Sobolev’s inequality.

Lemma 3.18 (parabolic Sobolev). Let u be a global solution with the boundary and initial conditions (3.1). Suppose that R^n \ Ω is uniformly p-thick. Let θ > 0 and choose Q_{ρ,θρ}2 = Q_{ρ,θρ}2 (x_0, t_0) ⊂ R^{n+1} such that B 4_{3 ρ}(x_0) \ Ω ≠ ∅. Further, choose M such that ρ < M. Then there exists a constant c = c(n, p, M, μ, ρ_0, α, β) > 0 so that

ess sup

t∈Λ_{θρ2} ∩(0,T ) ∫ B_ρ∩Ω

|u − φ|^2 dx

≤ cρ^{n+2} ( 1 | Q_{4ρ,θ(4ρ)}2 | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|∇(u − φ)|^p dz

)_{2/p}

+ c ∫ Q_{4ρ,θ(4ρ)2} ∩D

|∇(u − φ)|^p dz + c ∫ Q_{4ρ,θ(4ρ)2} ∩D

f^p dz,

where f = ( |φ^′|^{p/(p−1)} + |∇φ|^p

)_{1/p} .

Proof: In order to prove the claim, we estimate the right hand side of Caccioppoli’s inequality by applying Lemma 3.17 and the uniform capacity density condition.

Lemma 3.2 provides the estimate

ess sup

t∈Λ_{θρ2} ∩(0,T ) ∫ B_ρ∩Ω

|u − φ|^2 dx ≤ c θρ^2 ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^2 dz + c ρ^p ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^p dz + c ∫ Q_{4ρ,θ(4ρ)2} ∩D

f^p dz.

(3.19)

We extend u(·, t)−φ(·, t) by zero outside of Ω and use the same notation for the extension. For a given t, we denote

N_{B2ρ} (u − φ) = { x ∈ B_{2ρ} : u(x, t) − φ(x, t) = 0}.

We estimate the first term on the right side of (3.19) by using Hölder’s inequality and Lemma 3.17. Consequently, c θρ^2 ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^2 dz

≤ c θρ^2 ∫ Λ_{θ(4ρ)2} ∩(0,T )

ρ^n ( 1 |B_{4ρ}| ∫ B_{4ρ}

|u − φ|^p dx

)_{2/p} dt

≤ cρ^n θρ^2 ∫ Λ_{θ(4ρ)2} ∩(0,T ) ( 1 cap_p(N_{B2ρ} (u − φ), B_{4ρ}) ∫ B_{4ρ}

|∇(u − φ)|^p dx

)_{2/p} dt. Since R^n \ Ω is uniformly p-thick and B 4_{3 ρ}(x_0) \ Ω ≠ ∅, we conclude by Lemma 3.8 and (3.6) that

cap_p(N_{B2ρ} (u − φ), B_{4ρ}(x_0)) ≥ μ̃ cap_p(B_{2ρ}(x_0), B_{4ρ}(x_0)) = cρ^{n−p}

for almost every t ∈ [0, T ]. Notice that this estimate still holds true if we redefine u(·, t) − φ(·, t) in a set of measure zero in Ω. Next we merge the estimates and obtain c θρ^2 ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^2 dz

≤ cρ^{n+2} ( 1 | Q_{4ρ,θ(4ρ)}2 | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|∇(u − φ)|^p dz

)_{2/p} .

A similar calculation can be repeated for the second term on the right hand side of (3.19), and thus the result follows. □

One of the difficulties in proving the main result is the fact that both powers 2 and p play a role in the above inequalities. For example, if we simply divide the term c ρ^p ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^p dz

into two parts, as in the quadratic case (see [GS82]), powers do not match. Therefore, we derive a Sobolev-type lemma that takes both powers into account. We again work out the proof in the case p ≤ n for simplicity.

Lemma 3.20. Let u be a global solution with the boundary and initial conditions (3.1). Suppose that R^n \ Ω is uniformly p-thick. Let θ > 0 and choose Q_{ρ,θρ}2 = Q_{ρ,θρ}2 (x_0, t_0) ⊂ R^{n+1} such that B 4_{3 ρ}(x_0) \ Ω ≠ ∅. Then there exist constants q̃ = q̃(n, p, μ) < p and c = c(n, p, μ, ρ_0) > 0 such that 1 | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^p dz

≤ ( c | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|∇(u − φ)|^{q̃} dz

)_{q/q̃}

· ( ess sup

t∈Λ_{θ(4ρ)2} ∩(0,T ) ∫ B_{4ρ}∩Ω

|u − φ|^2 dx

)_{q/n} , where q = pn/(n + 2).

Proof: The proof is based on Hölder’s and Sobolev’s inequalities. We set v(x, t) = |u(x, t) − φ(x, t)| , and employ Hölder’s inequality to obtain ∫ B_{4ρ}∩Ω

v^p dx = ∫ B_{4ρ}∩Ω

v^{2p/(2+n)}v^{p−2p/(2+n)} dx

≤ (∫ B_{4ρ}∩Ω

v^2 dx

)_{q/n} (∫

B_{4ρ}∩Ω

v^{q∗} dx

)_{q/q}∗ , where q^∗ = qn/(n−q) = np/(n+2−p). Observe that q^∗ is well defined provided that p < n + 2. This condition is satisfied since we assumed that p ≤ n.

We extend v(·, t) by zero outside of Ω and use the same notation for the extension. Let q̃ ≥ q be fixed later and set q̃^∗ = q̃n/(n − q̃). Furthermore, for a given t, denote

N_{B2ρ} (v) = { x ∈ B_{2ρ} : v(x, t) = 0}.

According to Hölder’s inequality and Lemma 3.14, we get ( ∫ B_{4ρ}∩Ω

v^{q∗} dx

)_{q/q}∗

≤ cρ^{nq/q∗} ( 1 |B_{4ρ}| ∫ B_{4ρ}

v^{q̃∗} dx

)_{q/q̃}∗

≤ cρ^{nq/q∗} ( 1 cap_{q̃}(N_{B2ρ} (v), B_{4ρ}) ∫ B_{4ρ}

|∇v|^{q̃} dx

)_{q/q̃} .

(3.21)

Notice that the assumption q̃ < p ≤ n is used here. In the case q̃ > n, we should use a different version of Sobolev’s inequality.

To continue, we would like to use the uniform capacity density condition, but this is not immediately possible since q̃ < p and since we only assumed that the complement of the domain is uniformly p-thick. Nevertheless, Theorem 3.12 asserts that the density condition satisfies the self-improving property. This, together with Lemma 3.8 and (3.6), implies

cap_{q̃}(N_{B2ρ} (u − φ), B_{4ρ}) ≥ μ̃ cap_{q̃}(B_{2ρ}, B_{4ρ}) = cρ^{n−q̃},

for almost every t and for large enough q̃ < p. We combine this capacity estimate with (3.21) and conclude that (∫ B_{4ρ}∩Ω

v^{q∗} dx

)_{q/q}∗

≤ cρ^n (∫ B_{4ρ}

|∇v|^{q̃} dx

)_{q/q̃} .

Collecting the estimates, we arrive at 1 |B_{4ρ}| ∫ B_{4ρ}∩D

v^p dx

≤ c (∫ B_{4ρ}

v^2 dx

)_{q/n} ( 1 |B_{4ρ}| ∫ B_{4ρ}∩D

|∇v|^{q̃} dx

)_{q/q̃} . The claim follows by integrating this estimate with respect to time and using Hölder’s inequality. □

4. Reverse Hölder inequalities near the lateral boundary

In this section, we derive a reverse Hölder inequality for the gradient of a solution near the lateral boundary and show that this inequality has a self-improving property. We first apply the estimates from the previous section in scaled space-time cylinders and later use covering arguments to extend the results to general cylinders. The scaling takes both the nonlinearity and the boundary effects into account.

Lemma 4.1 (reverse Hölder). Let u be a global solution with the boundary and initial conditions (3.1). Suppose that R^n \ Ω is uniformly p-thick. Let λ > 0, set θ = λ^{2−p}, and choose Q_{ρ,θρ}2 = Q_{ρ,θρ}2 (x_0, t_0) ⊂ R^{n+1} such that B 4_{3 ρ}(x_0) \ Ω ≠ ∅. Further, choose M such that ρ < M and suppose that there exists a constant c_1 ≥ 1 for which

c^{−1}_1 λ^p ≤ 1 |Q_{ρ,θρ}2 | ∫ Q_{ρ,θρ2} ∩D ( |∇u|^p + f^p ) dz ≤ c_1 | |Q_{20ρ,θ(20ρ)2} | | ∫ Q_{20ρ,θ(20ρ)2} ∩D ( |∇u|^p + f^p ) dz ≤ c^2_1λ^p,

(4.2) where f = ( |∇φ|^p + |φ^′|^{p/(p−1)}

)_{1/p} . Then there exist constants c =

c(n, p, c_1, μ, ρ_0, M, α, β) > 0 and q̃ = q̃(n, p, μ) < p such that 1 | Q_{20ρ,θ(20ρ)}2 | ∫ Q_{ρ,θρ2} ∩D

|∇u|^p dz

≤ ( c | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|∇u|^{q̃} dz

)_{p/q̃}

+ c | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

f^p dz.

Proof: The idea in the proof is to estimate the terms on the right

hand side of Caccioppoli’s inequality with the gradient by using the

parabolic and capacity versions of Sobolev’s inequality. The scaling of

the time direction is used in absorbing the additional terms into the

left.

Recalling Lemma 3.2, we have 1 |Q_{ρ,θρ}2 | ∫ Q_{ρ,θρ2} ∩D ( |∇u|^p + f^p ) dz ≤ c θρ^2 | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^2 dz + c ρ^p | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^p dz + c | Q_{4ρ,θ(4ρ)}2 | ∫ Q_{4ρ,θ(4ρ)2} ∩D

f^p dz.

(4.3)

Since p ≥ 2 and θ = λ^{2−p}, we may estimate the first term on the right

in terms of the second by using Hölder’s and Young’s inequalities. We

conclude that c θρ^2 | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^2 dz

≤ cλ^{p−2} ( 1 ρ^p | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^p dz

)_{2/p}

≤ λ^pε + c ρ^p | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^p dz,

(4.4)

and hence it is enough to estimate the second term on the right hand

side of (4.3).

In view of Lemma 3.20, there exists a constant q̃ < p such that 1 | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^p dz

≤ ( c | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|∇(u − φ)|^{q̃} dz

)_{q/q̃}

· ( ess sup

t∈Λ_{θ(4ρ)2} ∩(0,T ) ∫ B_{4ρ}

|u − φ|^2 dx

)_{q/n} .

(4.5)

Furthermore, Lemma 3.18 allows us to estimate

ess sup

t∈Λ_{θ(4ρ)2} ∩(0,T ) ∫ B_{4ρ}∩Ω

|u − φ|^2 dx

≤ cρ^{n+2} ( 1 | |Q_{16ρ,θ(16ρ)2} | | ∫ Q_{16ρ,θ(16ρ)2} ∩D

|∇(u − φ)|^p dz

)_{2/p}

+ c ∫ Q_{16ρ,θ(16ρ)2} ∩D

|∇(u − φ)|^p dz + c ∫ Q_{16ρ,θ(16ρ)2} ∩D

f^p dz

≤ cρ^{n+2}λ^2,

(4.6)

where we also used assumption (4.2) and the scaling θ = λ^{2−p}.

Young’s inequality, (4.5), and (4.6) imply c ρ^p | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|u − φ|^p dz

≤ c ρ^p ( 1 | Q_{4ρ,θ(4ρ)}2 | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|∇(u − φ)|^{q̃} dz

)_{q/q̃} ( ρ^{n+2}λ^2

)_{q/n}

≤ ( c | Q_{4ρ,θ(4ρ)}2 | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|∇(u − φ)|^{q̃} dz

)_{p/q̃}

+ ελ^p

since ρ^{−p} = ρ^{−(n+2)q/n}. We combine the previous estimate with (4.3)

and (4.4). Thus, we deduce 1 |Q_{ρ,θρ}2 | ∫ Q_{ρ,θρ2} ∩D ( |∇u|^p + f^p ) dz

≤ 2ελ^p + ( c | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|∇(u − φ)|^{q̃} dz

)_{p/q̃}

+ c | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

f^p dz.

By assumption (4.2), we have

c^{−1}_1 λ^p ≤ 1 |Q_{ρ,θρ}2 | ∫ Q_{ρ,θρ2} ∩D ( |∇u|^p + f^p ) dz, and, as a consequence, we can choose ε > 0 small enough to absorb 2ελ^p into the left hand side. Finally, since (4.2) implies 1 | |Q_{20ρ,θ(20ρ)2} | | ∫ Q_{20ρ,θ(20ρ)2} ∩D

|∇u|^p dz ≤ c |Q_{ρ,θρ}2 | ∫ Q_{ρ,θρ2} ∩D ( |∇u|^p + f^p ) dz, we have proven the claim. □

Next we prove that the reverse Hölder inequality has a self-improving property. In the case p = 2, we could use the well-known Giaquinta- Modica lemma, which can be found from [GM79] or [Gia83]. See also [Geh73], [Str80], and [GS82]. Since p ≥ 2, we follow a different strategy: We split the space-time domain into scaled cylinders so that the reverse Hölder inequality holds in each of them.

We say that Q_{4R,(4R)}2 (x_0, t_0) intersects the lateral boundary if Q_{4R,(4R)}2 (x_0, t_0) ∩ (∂Ω × [0, T ]) ≠ ∅, and that Q_{4R,(4R)}2 (x_0, t_0) intersects the initial boundary if Q_{4R,(4R)}2 (x_0, t_0) ∩ (Ω × {0}) ≠ ∅.

Furthermore, we denote

Ṽ^p_δ (0, T ; Ω)

= {φ ∈ W^{1,2}(0, T ; L^2(Ω)) ∩ L^{p+δ}(0, T ; W^{1,p+δ}(Ω)) : φ ∈ C([0, T ]; L^2(Ω)), φ(·, 0) ∈ W^{1,q+δ}(Ω)}, where δ > 0 and q = pn/(n + 2).

The proof of the following theorem quotes some initial boundary estimates from Section 6. We postpone the proofs of these estimates in order to provide the main result as early as possible. Theorem 4.7. Let u be a global solution to (2.2), satisfying the boundary and initial conditions (3.1) for a boundary function φ ∈ Ṽ^p_δ (0, T ; Ω), where δ > 0. Suppose that R^n \ Ω is uniformly p-thick and that R < M for some M > 0. Choose Q_{R,R}2 = Q_{R,R}2 (x_0, t_0) ⊂ R^{n+1} such that Q_{4R,(4R)}2 intersects the lateral and initial boundaries. Then there exist constants ε_0 = ε_0(n, p, M, δ, ρ_0, μ, α, β) > 0 and c > 0 with the same dependencies such that for all 0 ≤ ε < ε_0, we have ( 1 |Q_{R,R}2 | ∫ Q_{R,R2} ∩D

|∇u|^{p+ε} dz

)_{1/(p+ε)}

≤ ( c |B_{4R}| ∫ B_{4R}∩Ω

f̃^{q+ε} dx

)_{1/(q+ε)}

+ ( c | |Q_{4R,(4R)2} | | ∫ Q_{4R,(4R)2} ∩D ( |∇u|^p + f^{p+ε} ) dz )_{1/(p+ε)}

+ ( c | |Q_{4R,(4R)2} | | ∫ Q_{4R,(4R)2} ∩D

(|∇u|^p + f^p) dz

)_σ , where σ = (2 + ε)/(2(p + ε)), q = pn/(n + 2), f̃ = |∇φ(x, 0)|, and f = ( |∇φ|^p + |φ^′|^{p/(p−1)}

)_{1/p} . Proof: The proof consists of several steps. First, we cover the spacetime cylinder with smaller Whitney-type cylinders. By using Whitney cylinders, we are able to derive estimates with constants independent of the location. Then we divide the space-time cylinder into a good and a bad set. In the good set, the function |∇u|^p is in control by definition, and in the bad set, we can estimate the average of the gradient by using the reverse Hölder inequality. The Calderón-Zygmund decomposition is usually applied for this, but here we use a different strategy that seems to work better in the parabolic setting with general growth conditions. Finally, we obtain the higher integrability by using Fubini’s theorem.

We denote Q_0 = Q_{4R,(4R)}2 (z_0) = Q_{4R,(4R)}2 (x_0, t_0) and divide Q_0 into the Whitney-type cylinders

Q_i = Q_{ri,r}2_i (y_i, τ_i), i = 1, 2, . . . ,

where r_i is comparable to the parabolic distance of Q_i to the ∂Q_0 (see, for example, page 15 of [Ste93]). Parabolic distance is defined to be

dist_p (E, F ) = inf { |x − x| + |t − t|^{1/2} : (x, t) ∈ E, (x, t) ∈ F } . In addition, cylinders Q_i are of bounded overlap, meaning that every z belongs, at most, to a fixed finite number of cylinders, and

Q_{5ri,(5ri)}2 ⊂ Q_0.

The next step is to divide Q_0 into a good and a bad set. We aim to choose the scaling λ > 0 so that condition (4.2) holds in the cylinders having a center point in the bad set. To this end, set

λ^′_0 = ( 1 |Q_0| ∫ Q_0∩D

(|∇u|^p + f^p) dz

)_{1/2} , and choose λ such that λ > max(λ^′_0, 1) = λ_0.

For (x, t) ∈ Q_0 ∩ D, we define

h(x, t) = 1 c_2 |Q_0|^{1/2} min{|Q_i|^{1/2} : (x, t) ∈ Q_i} |∇u(x, t)| ,

where c_2 ≥ 1 is fixed later. Further, choose (x̃, t̃) ∈ D such that h(x̃, t̃) > λ and fix Q_i for which (x̃, t̃) ∈ Q_i ∩ D. We define

α = α(x̃, t̃) =

|Q_0| |Q_i| , and θ = λ^{2−p}α^{1−p/2}.

If (x̃, t̃) belongs to many Whitney cylinders, any of them will do.

Next we show that the second inequality in condition (4.2) is valid due to the definition of λ. For Q_{r,θr}2 = Q_{r,θr}2 (x̃, t̃), r_i/20 ≤ r ≤ r_i, we obtain 1 |Q_{r,θr}2 | ∫ Q_{r,θr2} ∩D

(|∇u|^p + f^p) dz ≤ c |Q_0| |Q_i|θ 1 |Q_0| ∫ Q_0∩D

(|∇u|^p + f^p) dz

≤ c_2^pα^{p/2}λ^p, where c_2 is chosen to be large enough. The first inequality in (4.2) will be valid for small cylinders due to Lebesgue’s differentiation theorem. We arrive at

lim_{r′→0} 1 |Q_r′_{,θr}′2 | ∫ Q_{r′,θr′2} (x̃,t̃)

(|∇u|^p + f^p) dz > c_2^pα^{p/2}λ^p,

which holds for almost every (x̃, t̃) ∈ Q_i ∩ D such that h(x̃, t̃) > λ. An appropriate version of Lebesgue’s differentiation theorem is proven in [Zyg34].

Observe that the integral above is continuous with respect to r. Furthermore, the integral is less than or equal to c_2^pα^{p/2}λ^p for all r, r_i/20 ≤ r ≤ r_i, and greater than c_2^pα^{p/2}λ^p for r small enough. Thus, there exists ρ_1, 0 < ρ_1 ≤ r_i/20, such that the integral equals c_2^pα^{p/2}λ^p if r = ρ_1. Moreover, for all larger values of r, the integral is less than or equal to c_2^pα^{p/2}λ^p. Consequently, there exists a constant c ≥ 1,

independent of the location, such that

c^{−1}α^{p/2}λ^p ≤ 1 | |Q_{ρ1,θρ}2_1 | | ∫ Q_{ρ1,θρ21} ∩D

(|∇u|^p + f^p) dz

≤ c | |Q_{20ρ1 ,θ(20ρ1)2} | | ∫ Q_{20ρ1,θ(20ρ1 )2} ∩D

(|∇u|^p + f^p) dz ≤ c^2α^{p/2}λ^p.

(4.8)

Similar reasoning implies that there exists ρ_2 < ρ_1, 0 < ρ_2 ≤ r_i/20,

such that

c^{−1}α^{p/2}λ^p ≤ 1 | | |Q_{ρ2,θρ}2 | | | ∫ Q_{ρ2,θρ2} ∩D

|∇u|^p dz

≤ c | |Q_{20ρ2,θ(20ρ2)2} | | ∫ Q_{20ρ2,θ(20ρ2)2} ∩D

|∇u|^p dz ≤ c^2α^{p/2}λ^p.

(4.9)

At this point, we remark that α, λ > 1, and, therefore, θ < 1 as well as

Q_{20ρ1,θ(20ρ1 )}2 ⊂ Q_0.

If λ is replaced by α^{1/2}λ, then (4.8) shows that condition (4.2) in

Lemma 4.1 holds with ρ_1 whenever h(x̃, t̃) > λ and, further, θρ^2 =

(α^{1/2}λ)^{2−p}ρ^2. If B 4_{3 ρ1} (x̃) \ Ω ≠ ∅, then Lemma 4.1 implies 1 | | |Q_{ρ1,θρ}2_1 | | | ∫ Q_{ρ1,θρ21} ∩D

|∇u|^p dz

≤ ( c | |Q_{4ρ1,θ(4ρ1)2} | | ∫ Q_{4ρ1,θ(4ρ1)2} ∩D

|∇u|^{q̃} dz

)_{p/q̃}

+ c | |Q_{4ρ1,θ(4ρ1)2} | | ∫ Q_{4ρ1,θ(4ρ1)2} ∩D

f^p dz,

(4.10)

for some q̃ < p.

Assume then that B 4_{3 ρ2} (x̃) \ Ω = ∅ and denote q = pn/(n + 2). If

Q 7_{6 ρ2,θ(} 7_{6 ρ2)}2 does not intersect the initial boundary, we obtain a local result 1 | | |Q_{ρ2,θρ}2 | | | ∫ Q_{ρ2,θρ2} ∩D

|∇u|^p dz

≤ c | | |Q 7_{6 ρ2,θ(} 7_{6 ρ2)}2 | | |^{−1} ∫ Q_{76 ρ2,θ( 76 ρ2)2} ∩D

|∇u|^q dz p/q

≤ ( c | |Q_{4ρ2 ,θ(4ρ2)2} | | ∫ Q_{4ρ2,θ(4ρ2)2} ∩D

|∇u|^{q̃} dz

)_{p/q̃} ,

(4.11)

where Hölder’s inequality was applied in the last step. For the proof of

the local result, we refer to Lemma 3.4 in [KL00].

Next we quote a result from Section 6. If B 4_{3 ρ2} (x̃) \ Ω = ∅ and if

Q 7_{6 ρ2,θ(} 7_{6 ρ2)}2 intersects the initial boundary, then we obtain an initial

boundary estimate 1 | | |Q_{ρ2,θρ}2 | | | ∫ Q_{ρ2,θρ2} ∩D

|∇u|^p dz

≤ ( c | |Q_{4ρ2,θ(4ρ2)2} | | ∫ Q_{4ρ2,θ(4ρ2)2} ∩D

|∇u|^{q̃} dz

)_{p/q̃}

+ ( c |B_{4ρ2} | ∫ B_{4ρ2} ∩Ω

f̃^q dx

)_{p/q} ,

(4.12)

where f̃ = |∇φ(x, 0)|. Due to our assumptions on the initial values, the

last term is well-defined. Actually, we derive this estimate in a slightly

different form in Lemma 6.1. Nonetheless, the same proof applies here

since φ ∈ C([0, T ]; L^2(Ω)) and since (4.9) is available.

Let us now return to the case B 4_{3 ρ1} (x̃) \ Ω ≠ ∅. From (4.8), we obtain

c^{−1}λ^p ≤ 1 | | |Q_{ρ1,θρ}2_1 | | | ∫ Q_{ρ1,θρ21} ∩D ( h^p + α^{−p/2}f^p ) dz

≤ c | |Q_{20ρ1 ,θ(20ρ1)2} | | ∫ Q_{20ρ1,θ(20ρ1 )2} ∩D ( h^p + α^{−p/2}f^p ) dz ≤ c^2λ^p

(4.13) since the volumes of all the Whitney cylinders intersecting Q_{20ρ1,θ(20ρ1 )}2 are comparable. In view of (4.10) and (4.13), we have 1 | |Q_{20ρ1,θ(20ρ1)2} | | ∫ Q_{20ρ1,θ(20ρ1 )2} ∩D

h^p + α^{−p/2}f^p dz

≤ ( c | |Q_{4ρ1,θ(4ρ1)2} | | ∫ Q_{4ρ1,θ(4ρ1)2} ∩D

h^{q̃} dz

)_{p/q̃}

+ c | |Q_{4ρ1,θ(4ρ1)2} | | ∫ Q_{4ρ1,θ(4ρ1)2} ∩D

α^{−p/2}f^p dz.

(4.14)

We used (4.13) above and thus obtained a larger cylinder on the left hand side. The cylinder Q_{20ρ1,θ(20ρ1 )}2 might intersect the boundary of D even if Q_{4ρ1 ,θ(4ρ1)}2 does not. On the other hand, the first term on the right hand side also depends, in a sense, on the values near the boundary since h(x̃, t̃) > λ.

Next we decompose Q_0 into level sets. We define

G(λ) = {(x, t) ∈ Q_0 ∩ D : h(x, t) > λ} and G̃(λ) = {(x, t) ∈ Q_0 ∩ D : f(x, t) > λ}.

Since h(x, t) > λ in G(λ), we can use the previous estimates in G(λ).

Observe that

h(x, t) ≤ ηλ whenever (x, t) ∈ (Q_{4ρ1,θ(4ρ1)}2 ∩ D) \ G(ηλ), and f(x, t) ≤ ηλ whenever (x, t) ∈ (Q_{4ρ1,θ(4ρ1)}2 ∩ D) \ G̃(ηλ).

Furthermore, since

α^{−p/2} = (|Q_i| / |Q_0|)^{p/2} ≤ 1,

we obtain by (4.14) that 1 | |Q_{20ρ1 ,θ(20ρ1)2} | | ∫ Q_{20ρ1,θ(20ρ1)2} ∩D ( h^p + α^{−p/2}f^p ) dz

≤ cη^pλ^p + ( c | |Q_{4ρ1 ,θ(4ρ1)2} | | ∫ Q_{4ρ1,θ(4ρ1)2} ∩G(ηλ)

h^{q̃} dz

)_{p/q̃}

+ c | |Q_{4ρ1,θ(4ρ1)2} | | ∫ Q_{4ρ1,θ(4ρ1)2} ∩G̃(ηλ)

f^p dz.

(4.15)

By Hölder’s inequality and (4.13), there exists a constant c ≥ 1 such that ( 1 | |Q_{4ρ1,θ(4ρ1)2} | | ∫ Q_{4ρ1,θ(4ρ1)2} ∩D

h^{q̃} dz

)_{(p−q̃)/q̃}

≤ cλ^{p−q̃}. (4.16)

To continue, we choose η > 0 small enough to absorb the first term on the right hand side of (4.15) into the left. This is possible due to (4.13). We combine the result with (4.16), multiply by | |Q_{20ρ1,θ(20ρ1)2} | |, and get ∫ Q_{20ρ1,θ(20ρ1)2} ∩D

h^p dz ≤ cλ^{p−q̃} ∫ Q_{4ρ1,θ(4ρ1)2} ∩G(ηλ)

h^{q̃} dz + c ∫ Q_{4ρ1,θ(4ρ1)2} ∩G̃(ηλ)

f^p dz.

(4.17)

If B 4_{3 ρ2} (x̃) \ Ω = ∅ and if Q 7_{6 ρ2,θ(} 7_{6 ρ2)}2 does not intersect the initial boundary, then we obtain a local version of the above estimate by using (4.9) and (4.11). Consequently, ∫ Q_{20ρ2,θ(20ρ2 )2} ∩D

h^p dz ≤ cλ^{p−q̃} ∫ Q_{76 ρ2,θ( 76 ρ2)2} ∩G(ηλ)

h^{q̃} dz

≤ cλ^{p−q̃} ∫ Q_{4ρ2,θ(4ρ2)2} ∩G(ηλ)

h^{q̃} dz.

(4.18)

Finally, if B 4_{3 ρ2} (x̃) \ Ω = ∅ and if Q 7_{6 ρ2,θ(} 7_{6 ρ2)}2 intersects the initial boundary, then we obtain an initial boundary version by using (4.9) and (4.12). Since | |Q_{20ρ2 ,θ(20ρ2)2} | |^{−1} = c |B_{4ρ2} |^{−p/q}, we deduce ∫ Q_{20ρ2,θ(20ρ2)2} ∩D

h^p dz ≤ cλ^{p−q̃} ∫ Q_{4ρ2,θ(4ρ2)2} ∩G(ηλ)

h^{q̃} dz

+ ( c ∫ B_{4ρ2} ∩G(ηλ)

f̃^q dx

)_{p/q} , (4.19)

where G(ηλ) = {x ∈ B_{4R}(x_0) ∩ Ω : f̃(x) > ηλ}.

We consider this case in more detail in the proof of Theorem 6.6. Since ρ_2 < ρ_1, either B 4_{3 ρ2} (x̃) \ Ω = ∅ and (4.9) holds, or B 4_{3 ρ1} (x̃) \ Ω ≠ ∅ and (4.8) holds. Thus, one of the above estimates is always available.

As a next step, we use a covering argument to extend the estimates to the whole of G(λ). By Vitali’s covering theorem, we have a disjoint set of cylinders {Q_{4ρ}′_{i,θ(4ρ}′_{i)}(z̃_i)}^∞_{i=1}, z̃_i ∈ G(λ), z̃_i = (x̃_i, t̃_i) (4.20) such that almost everywhere

G(λ) ⊂ ∞⋃ i=1 Q_{20ρ}′_{i ,θ(20ρ}′_{i)}2 (z̃_i) ⊂ Q_0,

and either (4.17), (4.18) or (4.19) holds in each of the cylinders. Then we sum over i and obtain ∫ G(λ)

h^p dz ≤ ∞∑ i=1 ∫ Q_{20ρi,θ(20ρi)2} (z̃_i)∩D

h^p dz

≤ c ∞∑ i=1 ( λ^{p−q̃} ∫ Q_{4ρi,θ(4ρi)2} (z̃_i)∩G(ηλ)

h^{q̃} dz + b_i )

≤ cλ^{p−q̃} ∫ G(ηλ)

h^{q̃} dz + c ∫ G̃(ηλ)

f^p dz + c (∫ G(ηλ)

f̃^q dx

)_{p/q} ,

(4.21)

where b_i is either the lateral boundary term, initial boundary term, or zero, depending on the corresponding estimate. When summing over the initial boundary terms, we used the fact that p/q > 1.

The higher integrability result is now a consequence of (4.21) and Fubini’s theorem. To see this, we integrate over G(λ_0) and use (4.21) together with Fubini’s theorem. Thus, ∫ G(λ_0 )

h^{p+ε} dz = ∫ G(λ_0) (∫_h λ_0

ελ^{ε−1} dλ + (λ_0)^ε ) h^p dz = ε ∫_∞

λ_0

λ^{ε−1} ∫ G(λ)

h^p dz dλ + (λ_0)^ε ∫ G(λ_0)

h^p dz ≤ c ∫_∞

λ_0 ( ελ^{ε−1+p−q̃} ∫ G(ηλ)

h^{q̃} dz + ελ^{ε−1} ∫ G̃(ηλ)

f^p dz

+ ελ^{ε−1} ( ∫ G(ηλ)

f̃^q dx

)_{p/q} ) dλ + (λ_0)^ε ∫ G(λ_0)

h^p dz.

(4.22)

We estimate the right hand side in three parts. First, by Fubini’s theorem, we see that ε ∫_∞

λ_0

λ^{ε−1+p−q̃} ∫ G(ηλ)

h^{q̃} dz dλ + (λ_0)^ε ∫ G(λ_0)

h^p dz

= cε ∫ G(ηλ_0 )

∫_{h/η}

λ_0

λ^{ε−1+p−q̃}h^{q̃} dλ dz + (λ_0)^ε ∫ G(λ_0)

h^p dz ≤ cε ε + p − q̃ ∫ G(ηλ_0 ) ( h^{ε+p}η^{q̃−p−ε} − (λ_0)^{ε+p−q̃}h^{q̃} ) dz + (λ_0)^ε ∫ G(λ_0 )

h^p dz.

Since the second term in the first integral is negative, it follows that cε ε + p − q̃ ∫ G(ηλ_0 ) ( h^{ε+p}η^{q̃−p−ε} − λ_0^{ε+p−q̃}h^{q̃} ) dz ≤ cε ε + p − q̃ (∫ G(λ_0 )

h^{ε+p}η^{q̃−p−ε} dz + (λ_0)^ε ∫ G(ηλ_0 )\G(λ_0 )

h^pη^{q̃−p−ε} dz )

≤ cε ε + p − q̃ ∫ G(λ_0)

h^{ε+p} dz + c (λ_0)^ε ∫ G(ηλ_0 )

h^p dz,

where we also used the fact that λ_0 ≥ h in G(ηλ_0) \ G(λ_0). We end up with ε ∫_∞

λ_0

λ^{ε−1+p−q̃} ∫ G(ηλ)

h^{q̃} dz dλ + (λ_0)^ε ∫ G(λ_0)

h^p dz ≤ cε ε + p − q̃ ∫ G(λ_0 )

h^{ε+p} dz + c (λ_0)^ε ∫ G(ηλ_0 )

h^p dz.

(4.23)

Let us now estimate the lateral boundary term in (4.22). We utilize Fubini’s theorem and obtain ε ∫_∞

λ_0

λ^{ε−1} ∫ G̃(ηλ)

f^p dz dλ = ∫ G̃(ηλ_0 )

((f/η)^ε − (λ_0)^ε) f^p dz ≤ c ∫ G̃(ηλ_0 )

f^{ε+p} dz.

(4.24)

The initial boundary term in (4.22) can be estimated as ε ∫_∞

λ_0

λ^{ε−1} (∫ G(ηλ)

f̃^q dx

)_{p/q} dλ ≤ cR^{2ε/(q+ε)} (∫ G(ηλ_0 )

f̃^{q+ε} dx

)_{(p+ε)/(q+ε)} . (4.25)

A detailed calculation for the initial boundary term is presented in (6.12).

Now we are ready to collect the estimates. We combine (4.23), (4.24), and (4.25) with (4.22). Then we choose ε > 0 small enough to absorb the term containing h^{p+ε} into the left hand side and get ∫ G(λ_0)

h^{p+ε} dz ≤ c (λ_0)^ε ∫ G(ηλ_0 )

h^p dz + c ∫ G̃(ηλ_0 )

f^{p+ε} dz

+ cR^{2ε/(q+ε)} (∫ G(ηλ_0 )

f̃^{q+ε} dx

)_{(p+ε)/(q+ε)} . (4.26)

Notice that if the term we would like to absorb is infinite, then we can replace h by h_k = min{h, k}, k > λ_0. Indeed, estimate (4.21) continues to hold in the form ∫ {h_k>λ}

h^{p−q̃}_k dμ ≤ cλ^{p−q̃} ∫ {h_k>ηλ} dμ + c ∫ G̃(ηλ)

f^p dz + c (∫ G(ηλ)

f̃^q dx

)_{p/q} , (4.27)

where dμ = h^{q̃} dz. Then we use this estimate in the calculations starting from (4.22) and end up with ∫ {h_k>λ_0}

h^{p−q̃+ε} k dμ ≤ cε ε + p − q̃ ∫ {h_k>λ_0}

h^{p−q̃+ε} k dμ

+ c (λ_0)^ε ∫ {h_k>ηλ_0 }

h^{p−q̃}_k dμ + c ∫ G̃(ηλ_0 )

f^{p+ε} dz

+ cR^{2ε/(q+ε)} (∫ G(ηλ_0 )

f̃^{q+ε} dx

)_{(p+ε)/(q+ε)} . As a result, we can absorb the first term on the right hand side into the left and then employ Lebesgue’s dominated convergence theorem to let k → ∞. Thus, we obtain (4.26).

Since h ≤ λ_0 in (Q_0 ∩ D) \ G(λ_0), estimate (4.26) extends to the whole of Q_{R,R}2 ∩ D. Indeed, ∫ Q_{R,R2} ∩D

h^{p+ε} dz ≤ (λ_0)^ε ∫ (Q_0∩D)\G(λ_0 )

h^p dz + ∫ G(λ_0)

h^{p+ε} dz

≤ c (λ_0)^ε ∫ Q_0∩D

h^p dz + c ∫ Q_0∩D

f^{p+ε} dz

+ cR^{2ε/(q+ε)} (∫ B_0∩Ω

f̃^{q+ε} dx

)_{(p+ε)/(q+ε)} . We divide the estimate by |Q_0| and apply the definition of h(z). Since Q_{R,R}2 lies far away from the boundary of Q_0 = Q_{4R,(4R)}2 , there exists c > 0, independent of R, such that min{|Q_i|^{1/2} : (x, t) ∈ Q_i}/ |Q_0|^{1/2} > c for every (x, t) ∈ Q_{R,R}2 ∩ D. On the right hand side, we estimate

min{|Q_i|^{1/2} : (x, t) ∈ Q_i}/ |Q_0|^{1/2} ≤ 1, and, consequently, 1 |Q_0| ∫ Q_{R,R2} ∩D

|∇u|^{p+ε} dz ≤ c (λ_0)^ε |Q_0| ∫ Q_0∩D

|∇u|^p dz

+ c |Q_0| ∫ Q_0∩D

f^{p+ε} dz + ( c |B_0| ∫ B_0∩Ω

f̃^{q+ε} dx

)_{(p+ε)/(q+ε)} .

Next we take the cut-off level into account. Remember that either λ_0 = 1 or λ_0 = λ^′_0.

The first case is clear. Moreover, if λ_0 = λ^′_0, then Young’s inequality and the definition of λ^′_0 leads to 1 |Q_{R,R}2 | ∫ Q_{R,R2} ∩D

|∇u|^{p+ε} dz ≤ ( c |Q_0| ∫ Q_0∩D

|∇u|^p dz

)_{(ε+2)/2}

+ ( c |Q_0| ∫ Q_0∩D

f^p dz

)_{(ε+2)/2} + c |Q_0| ∫ Q_0∩D

f^{p+ε} dz + ( c |B_0| ∫ B_0∩Ω

f̃^{q+ε} dx

)_{(p+ε)/(q+ε)} . This finishes the proof. □

5. Estimates near the initial boundary

This section provides estimates near the initial boundary Ω×{0}. Here we compare the solution with its average instead of the boundary function, and the estimates become somewhat different. Furthermore, the regularity of the lateral boundary does not play a role in the proofs, and weaker assumptions on the initial data can be used.

We say that u is a weak solution to an initial value problem if u, belonging to the parabolic space L^p(0, T ; W^{1,p}_{loc} (Ω)), satisfies (2.2) and the initial condition 1 h ∫_h 0 ∫ C |u(x, t) − φ(x)|^2 dx dt → 0 as h → 0, (5.1)

for all compact sets C ⊂ Ω and for a given initial value function φ ∈ W^{1,2∗}_{loc} (Ω). Here 2_∗ = 2n/(n + 2).

The proof uses the weighted mean

u^η_{2ρ}(t) = ∫ B_{2ρ} η

p(x, t)u(x, t) dx ∫ B_{2ρ} η

p(x, t) dx , instead of the standard mean

u_{2ρ}(t) = ∫ B_{2ρ}

u(x, t) dx.

The weighted mean should be close to the standard mean, and therefore the weight η ∈ C^∞_0 (R^{n+1}) is defined to be a cut-off function such that spt η ⊂ Q_{2ρ,θ(2ρ)}2 (x_0, t_0), 0 ≤ η ≤ 1, and η = 1 in Q_{ρ,θρ}2 (x_0, t_0), where θ > 0. In addition,

sup_{x∈B2ρ} η(x, t) ≤ c̃ ∫ B_{2ρ}

η(x, t) dx, t ∈ Λ_{θ(2ρ)}2 (t_0), (5.2)

where Λ_{θ(2ρ)}2 (t_0) = (t_0 − 1 2 θ(2ρ)^2, t_0 + 1 2 θ(2ρ)^2).

The following lemma gives a useful connection between the standard mean and the weighted mean.

Lemma 5.3. Suppose that B_{2ρ} ⋐ Ω, let u(·, t) ∈ L^p_{loc}(Ω), where p > 1, and let η, u^η_{2ρ}(t), u_{2ρ}(t) be as above. Then there exists a constant c = c(p, c̃) > 0 such that ∫ B_{2ρ}

|u − u_{2ρ}(t)|^p dx ≤ c ∫ B_{2ρ}

|u − u^η_{2ρ}(t)|^p dx

and ∫

B_{2ρ}

|u − u^η_{2ρ}(t)|^p dx ≤ c ∫ B_{2ρ}

|u − u_{2ρ}(t)|^p dx.

Here c̃ is the constant in (5.2).

Proof: Let us begin with the first inequality. We add and subtract u^η_{2ρ}(t), which leads to ∫ B_{2ρ}

|u − u^η_{2ρ}(t) + u^η_{2ρ}(t) − u_{2ρ}(t)|^p dx ≤ c ∫ B_{2ρ}

|u − u^η_{2ρ}(t)|^p dx + c |B_{2ρ}| | |u^η_{2ρ}(t) − u_{2ρ}(t) | |^p

since p > 1. This implies the desired estimate since

|B_{2ρ}| | u^η_{2ρ}(t) − u_{2ρ}(t) |_p ≤ ∫ B_{2ρ}

|u^η_{2ρ}(t) − u|^p dx

due to Hölder’s inequality.

To obtain the second inequality of the claim, we add and subtract u_{2ρ}(t). It follows that ∫ B_{2ρ}

|u − u^η_{2ρ}(t)|^p dx ≤ c ∫ B_{2ρ}

|u − u_{2ρ}(t)|^p dx + c|u_{2ρ}(t) − u^η_{2ρ}(t)|^p.

Then we estimate the last terms on the right hand side by using the definition of u^η_{2ρ}(t), Hölder’s inequality, and assumption (5.2). We conclude that

|u^η_{2ρ}(t) − u_{2ρ}(t)| ≤ ∫ B_{2ρ} |u − u2ρ(t)|η

p dx ∫ B_{2ρ} η

p dx ≤ ( sup_{x∈B2ρ} η ∫ B_{2ρ} η dx

)_p ∫

B_{2ρ}

|u − u_{2ρ}(t)| dx

≤ c̃^p (∫ B_{2ρ}

|u − u_{2ρ}(t)|^p dx

)_{1/p} , which completes the proof. □

When we employ Lemma 5.3 in deriving estimates, the constants in the final estimates depend on c̃ in condition (5.2). Since this constant is fixed as soon as the weight is fixed, we do not write out this dependency explicitly.

From now on, we assume that the cut-off function η, defined at the beginning of the section, also satisfies

ρ |∇η| + θρ^2 | | |∂η ∂t | | | ≤ c. (5.4)

Next we derive a Caccioppoli-type inequality near the initial boundary.

Lemma 5.5 (Caccioppoli). Let u be a solution to an initial value problem with the initial condition (5.1). Let θ > 0 and choose Q_{ρ,θρ}2 = Q_{ρ,θρ}2 (x_0, t_0) ⊂ R^{n+1} such that B_{4ρ}(x_0) ⊂ Ω and 0 ∈ Λ_{θ(2ρ)}2 (t_0). Then there exists a constant c = c(n, p, α, β) > 0 such that ∫ Q_{ρ,θρ2} ∩D

|∇u|^p dz + ess sup

t∈Λ_{θρ2} ∩(0,T ) ∫ B_ρ

|u − u^η_{2ρ}(t)|^2 dx ≤ c θρ^2 ∫ Q_{2ρ,θ(2ρ)2} ∩D

|u − u_{2ρ}(t)|^2 dz + c ρ^p ∫ Q_{2ρ,θ(2ρ)2} ∩D

|u − u_{2ρ}(t)|^p dz

+ c (∫ B_{2ρ}

|∇φ|^{2∗} dx

)_{2/2∗} , where 2_∗ = 2n/(n + 2) and D = Ω × (0, T ).

Proof: We may assume that Q_{ρ,θρ}2 ∩ D ≠ ∅ since otherwise the claim is trivial. We choose a test function

ϕ_ε(x, t) = η^p(x, t)(u_ε(x, t) − u^η_{2ρ,ε}(t))χ^{h,ε}_{0,t1} (t), t_1 ∈ Λ_{θρ}2 ∩ (0, T ), where u^η_{2ρ,ε}(t) is the weighted average of u_ε and otherwise the notation is the same as in Lemma 3.2.

Next we aim to estimate the first term of (2.3). To accomplish this, we add and subtract u^η_{2ρ,ε}(t)ϕ^′_ε to obtain − ∫ D u_εϕ^′_ε dz = − ∫ D (u_ε − u^η_{2ρ,ε}(t))ϕ^′_ε dz − ∫ D u^η_{2ρ,ε}(t)ϕ^′_ε dz. (5.6)

The last term in the above expression vanishes. To see this, we integrate by parts, use the definition of u^η_{2ρ,ε}(t), and have − ∫ D u^η_{2ρ,ε}(t)ϕ^′_ε dz = ∫_{t1} 0 χ^{h,ε}_{0,t1} (t) (∫ B_{2ρ}

u_εη^p dx − ∫ B_{2ρ} η

p dx ∫ B_{2ρ} η

pu_ε dx ∫ B_{2ρ} η

p dx ) (u^η_{2ρ,ε}(t))^′ dt

= 0.

Let us then integrate the first term of (5.6) by parts, take limits, apply the initial condition, and deduce for almost every t_1 that − ∫ D u_εϕ^′_ε dz → − 1 2 ∫ Ω×(0,t_1)

|u − u^η_{2ρ}(t)|^2pη^{p−1}η^′ dz − 1 2 ∫ B_{2ρ}

|φ − φ^η_{2ρ}|^2η^p(x, 0) dx + 1 2 ∫ B_{2ρ}

|u(x, t_1) − u^η_{2ρ}(t_1)|^2η^p(x, t_1) dx,

as first ε → 0 and then h → 0. See also the proof of Lemma 3.2. We may now choose t_1 ∈ Λ_{θρ}2 ∩ (0, T ) such that 1 2 ess sup

t∈Λ_{θρ2} ∩(0,T ) ∫ B_ρ

|u − u^η_{2ρ}(t)|^2η^p dx ≤ ∫ B_{2ρ}

|u(x, t_1) − u^η_{2ρ}(t_1)|^2η^p(x, t_1) dx.

Furthermore, we use Lemma 5.3 and Poincaré’s inequality to estimate ∫ B_{2ρ}

|φ − φ^η_{2ρ}|^2 dx ≤ c (∫ B_{2ρ}

|∇φ|^{2∗} dx

)_{2/2∗} .

To continue, we estimate the second term of (2.3). We see that ∫ D A(x, t, ∇u)_ε · ∇ϕ_ε dz → ∫ Ω×(0,t_1)

A(x, t, ∇u) · [ pη^{p−1}∇η(u − u^η_{2ρ}(t)) + η^p∇u ] dz, as first ε → 0 and then h → 0.

Collecting the estimates, we end up with ∫ Ω×(0,t_1)

A(x, t, ∇u) · η^p∇u dz + 1 2 ess sup

t∈Λ_{θρ2} ∩(0,T ) ∫ B_ρ

η^p|u − u^η_{2ρ}(t)|^2 dx

≤ c ∫ Ω×(0,t_1)

|u − u^η_{2ρ}(t)|^2η |η^′| dz + c (∫ B_{2ρ}

|∇φ|^{2∗} dx

)_{2/2∗}

+ ∫ Ω×(0,t_1 )

|A(x, t, ∇u)| pη^{p−1} |∇η| | |u − u^η_{2ρ}(t) | | dz.

Finally, we complete the argument in a way similar to that used in the proof of Lemma 3.2: We apply the growth bounds, Young’s inequality, and assumption (5.4). Due to Lemma 5.3, we can replace the weighted means by the standard means on the right hand side of the resulting estimate. □

Next we prove a parabolic Poincaré-type inequality.

Lemma 5.7 (parabolic Poincaré). Let u be a solution to an initial value problem with the initial condition (5.1). Let θ > 0 and choose Q_{ρ,θρ}2 = Q_{ρ,θρ}2 (x_0, t_0) ⊂ R^{n+1} such that B_{4ρ}(x_0) ⊂ Ω and 0 ∈ Λ_{θ(2ρ)}2 (t_0). Then there exists a constant c = c(n, p, α, β) > 0 such that

ess sup

t∈Λ_{θρ2} ∩(0,T ) ∫ B_ρ

|u − u^η_{2ρ}(t)|^2 dx ≤ c θ ∫ Q_{2ρ,θ(2ρ)2} ∩D

|∇u|^2 dz

+ c ∫ Q_{2ρ,θ(2ρ)2} ∩D

|∇u|^p dz + c (∫ B_{2ρ}

|∇φ|^{2∗} dx

)_{2/2∗} , where 2_∗ = 2n/(n + 2).

Proof: We leave out the first term on the left hand side in Lemma 5.5 and have

ess sup

t∈Λ_{θρ2} ∩(0,T ) ∫ B_ρ

|u − u^η_{2ρ}(t)|^2 dx ≤ c θρ^2 ∫ Q_{2ρ,θ(2ρ)2} ∩D

|u − u_{2ρ}(t)|^2 dz

+ c ρ^p ∫ Q_{2ρ,θ(2ρ)2} ∩D

|u − u_{2ρ}(t)|^p dz + c (∫ B_{2ρ}

|∇φ|^{2∗} dx

)_{2/2∗} .

We may estimate the first term on the right hand side as c θρ^2 ∫ Q_{2ρ,θ(2ρ)2} ∩D

|u − u_{2ρ}(t)|^2 dz ≤ c θρ^2 ∫ Λ_{θ(2ρ)2} ∩(0,T ) ∫ B_{2ρ}

|u − u_{2ρ}(t)|^2 dx dt ≤ c θ ∫ Λ_{θ(2ρ)2} ∩(0,T ) ∫ B_{2ρ}

|∇u|^2 dx dt,

by Poincaré’s inequality. Similar reasoning also implies c ρ^p ∫ Q_{2ρ,θ(2ρ)2} ∩D

|u − u_{2ρ}(t)|^p dz ≤ c ∫ Λ_{θ(2ρ)2} ∩(0,T ) ∫ B_{2ρ}

|∇u|^p dx dt,

which completes the proof. □

The following lemma helps us to combine Caccioppoli’s inequality with parabolic Poincaré’s inequality. The proof is a straightforward application of Hölder’s and Poincaré’s inequalities.

Lemma 5.8. Let u ∈ L^q(0, T ; W^{1,q}_{loc} (Ω)), where q = pn/(2 + n). Let θ > 0 and choose Q_{ρ,θρ}2 = Q_{ρ,θρ}2 (x_0, t_0) ⊂ R^{n+1} such that B_{4ρ}(x_0) ⊂ Ω and 0 ∈ Λ_{θ(2ρ)}2 (t_0). Then there exists a constant c = c(n, p) > 0 such that ∫ Q_{ρ,θρ2} ∩D

|u − u_ρ(t)|^p dz

≤ c ∫ Q_{ρ,θρ2} ∩D

|∇u|^q dz ( ess sup

t∈Λ_{θρ2} ∩(0,T ) ∫ B_ρ

|u − u_{2ρ}(t)|^2 dx

)_{q/n} .

Proof: First, we apply Hölder’s inequality and obtain ∫ B_ρ

|u − u_ρ(t)|^p dx = ∫ B_ρ

|u − u_ρ(t)|^{2p/(2+n)} |u − u_ρ(t)|^{p−2p/(2+n)} dx

≤ (∫ B_ρ

|u − u_ρ(t)|^2 dx

)_{q/n} (∫

B_ρ

|u − u_ρ(t)|^{q∗} dx

)_{q/q}∗ , where q^∗ = qn/(n − q) = np/(n + 2 − p) is well-defined only when q < n, that is, p < n + 2. The claim, nevertheless, is true for large values of p as well. To prove the result for p ≥ n + 2, we should use Poincaré’s inequality with the exponent 1 instead of q and then use Hölder’s inequality once more.

The previous estimate and Poincaré’s inequality lead to ∫ B_ρ

|u − u_ρ(t)|^p dx ≤ c ∫ B_ρ

|∇u|^q dx (∫ B_ρ

|u − u_ρ(t)|^2 dx

)_{q/n} . We would like to have u_{2ρ}(t) on the right hand side instead of u_ρ(t) when applying this lemma. This can be obtained since ∫ B_ρ

|u − u_ρ(t)|^2 dx ≤ ∫ B_ρ

|u − u_{2ρ}(t) + u_{2ρ}(t) − u_ρ(t)|^2 dx ≤ c ∫ B_ρ

|u − u_{2ρ}(t)|^2 dx + c |B_ρ| |u_{2ρ}(t) − u_ρ(t)|^2

and the last term can be estimated as

|u_{2ρ}(t) − u_ρ(t)|^2 ≤ | | | | ∫ B_ρ

(u_{2ρ}(t) − u) dx | | | | 2 ≤ ∫ B_ρ

|u_{2ρ}(t) − u|^2 dx.

Combining the estimates, we have ∫ B_ρ

|u − u_ρ(t)|^p dx ≤ c ∫ B_ρ

|∇u|^q dx (∫ B_ρ

|u − u_{2ρ}(t)|^2 dx

)_{q/n} . The claim follows by integrating this inequality with respect to time.□

6. Reverse Hölder inequalities near the initial boundary

In this section, we show that the gradient is integrable to a higher power near the initial boundary. First, we derive a reverse Hölder inequality and then show that it has a self-improving property. We already have used some estimates from this section in the proof of Theorem 4.7, but now we work out the details. Observe that cylinders are not scaled with respect to initial values, since this would not simplify the proof here.

Lemma 6.1 (reverse Hölder). Let u be a solution to an initial value problem with the initial condition (5.1). Let λ > 0, set θ = λ^{2−p}, and choose Q_{ρ,θρ}2 = Q_{ρ,θρ}2 (x_0, t_0) ⊂ R^{n+1} such that B_{40ρ}(x_0) ⊂ Ω and 0 ∈ Λ_{θ(4ρ)}2 (t_0). Suppose that there exists a constant c_1 ≥ 1 for which

c^{−1}_1 λ^p ≤ 1 |Q_{ρ,θρ}2 | ∫ Q_{ρ,θρ2} ∩D

|∇u|^p dz ≤ c_1 | |Q_{20ρ,θ(20ρ)2} | | ∫ Q_{20ρ,θ(20ρ)2} ∩D

|∇u|^p dz ≤ c^2_1λ^p.

(6.2)

Then there exists a constant c = c(n, p, c_1, α, β) > 0 such that 1 |Q_{ρ,θρ}2 | ∫ Q_{ρ,θρ2} ∩D

|∇u|^p dz

≤ ( c | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

|∇u|^q dz

)_{p/q} + c (∫ B_{4ρ}

|∇φ|^q dx

)_{p/q} ,

where q = np/(n + 2).

Proof: In view of Lemma 5.5, we have 1 |Q_{ρ,θρ}2 | ∫ Q_{ρ,θρ2} ∩D

|∇u|^p dz ≤ c θρ^2 | |Q_{2ρ,θ(2ρ)2} | | ∫ Q_{2ρ,θ(2ρ)2} ∩D

|u − u_{2ρ}(t)|^2 dz + c ρ^p | Q_{2ρ,θ(2ρ)}2 | ∫ Q_{2ρ,θ(2ρ)2} ∩D

|u − u_{2ρ}(t)|^p dz

+ c θ (∫ B_{2ρ}

|∇φ|^{2∗} dx

)_{2/2∗} .

(6.3)

Since p ≥ 2 and θ = λ^{2−p}, we can estimate the first term on the right hand side in terms of the second in the same way as in (4.4). Thus, we can concentrate on the second term of (6.3).

Recalling Lemma 5.8, we see that 1 ρ^p | |Q_{2ρ,θ(2ρ)2} | | ∫ Q_{2ρ,θ(2ρ)2} ∩D

|u − u_{2ρ}(t)|^p dz ≤ c ρ^p | |Q_{2ρ,θ(2ρ)2} | | ∫ Q_{2ρ,θ(2ρ)2} ∩D

|∇u|^q dz

· ess sup

t∈Λ_{θ(2ρ)2} ∩(0,T ) (∫ B_{2ρ}

|u − u^η_{4ρ}(t)|^2 dx

)_{q/n} .

We also applied Lemma 5.3 to manipulate the last part. The first integral is of the correct form, but the second integral should be estimated from above by the gradient. To accomplish this, we apply Lemma 5.7,

Hölder’s inequality, and assumption (6.2). This leads to

ess sup

t∈Λ_{θ(2ρ)2} ∩(0,T ) ∫ B_{2ρ}

|u − u^η_{4ρ}(t)|^2 dx ≤ c θ ∫ Q_{4ρ,θ(4ρ)2} ∩D

|∇u|^2 dz + c ∫ Q_{4ρ,θ(4ρ)2} ∩D

|∇u|^p dz

+ c (∫ B_{4ρ}

|∇φ|^{2∗} dx

)_{2/2∗}

≤ cρ^{n+2}λ^2 + c (∫ B_{4ρ}

|∇φ|^{2∗} dx

)_{2/2∗}

since θ = λ^{2−p} and | |Q_{4ρ,θ(4ρ)2} | | = c θρ^{n+2}.

Collecting the facts, we end up with 1 ρ^p | |Q_{2ρ,θ(2ρ)2} | | ∫ Q_{2ρ,θ(2ρ)2} ∩D

|u − u^η_{2ρ}(t)|^p dz ≤ c ρ^p | |Q_{2ρ,θ(2ρ)2} | | ∫ Q_{2ρ,θ(2ρ)2} ∩D

|∇u|^q dz

· ρ^{n+2}λ^2 + (∫ B_{4ρ}

|∇φ|^{2∗} dx

)_{2/2∗} q/n . Observe that ρ^{−p} = ρ^{−(n+2)q/n} and, on the other hand, ρ^{−p} = (ρ^{−n})^{2q/(2∗n)}. Young’s inequality now implies 1 ρ^p | |Q_{2ρ,θ(2ρ)2} | | ∫ Q_{2ρ,θ(2ρ)2} ∩D

|u − u_{2ρ}(t)|^p dz

≤ ( c | |Q_{2ρ,θ(2ρ)2} | | ∫ Q_{2ρ,θ(2ρ)2} ∩D

|∇u|^q dz

)_{p/q}

+ ε (∫ B_{4ρ}

|∇φ|^{2∗} dx

)_{p/2∗}

+ ελ^p.

(6.4)

Next we estimate the last term in (6.3). Since θ = λ^{2−p}, we see by Young’s and Hölder’s inequalities that c θ (∫ B_{2ρ}

|∇φ|^{2∗} dx

)_{2/2∗} ≤ ελ^p + c (∫ B_{4ρ}

|∇φ|^q dx

)_{p/q} . (6.5)

Moreover, the second term on the right hand side of (6.4) can be estimated by the last term of (6.5) due to Hölder’s inequality.

Finally, we combine (6.3), (6.4), and (6.5), as well as recall the remark after (6.3). Furthermore, we absorb the terms containing λ^p into the left by choosing ε > 0 small enough. This is possible due to assumption (6.2). □

The previous lemma makes sense if the gradient of the initial value function is integrable to the power pn/(n + 2) instead of p. Below, we show that the reverse Hölder inequality has a self-improving property in this case as well.

Theorem 6.6. Let u be a solution to an initial value problem with the initial condition (5.1) and a given initial value function

φ ∈ W^{1,q+δ}_{loc} (Ω),

where δ > 0 and q = pn/(n + 2). Let Q_{R,R}2 (x_0, t_0) ⊂ R^{n+1} be such that B_{8R}(x_0) ⊂ Ω and 0 ∈ Λ_{(4R)}2 (t_0). Then there exist constants ε_0 = ε_0(n, p, α, β, δ) and c > 0 with the same dependencies such that for all 0 ≤ ε < ε_0, we have ( 1 |Q_{R,R}2 | ∫ Q_{R,R2} ∩D

|∇u|^{p+ε} dz

)_{1/(p+ε)} ≤ c (∫ B_{4R}

|∇φ|^{q+ε} dx

)_{1/q+ε}

+ ( c | |Q_{4R,(4R)2} | | ∫ Q_{4R,(4R)2} ∩D

|∇u|^p dz

)_σ

+ ( c | |Q_{4R,(4R)2} | | ∫ Q_{4R,(4R)2} ∩D

|∇u|^p dz

)_{1/(p+ε)} , where σ = (2 + ε)/(2(p + ε)).

Proof: The proof is partly similar to the proof of Theorem 4.7. The main difference is in the choice of the level sets and in the calculations concerning the boundary term. We shall focus our attention on the changes.

We denote Q_0 = Q_{4R,(4R)}2 (z_0) = Q_{4R,(4R)}2 (x_0, t_0) and divide Q_0 into the Whitney-type cylinders

Q_i = Q_{ri,r}2_i (y_i, τ_i), i = 1, 2, . . . ,

in the same way as in the proof of Theorem 4.7.

We choose

λ^′_0 = ( 1 |Q_0| ∫ Q_0∩D

|∇u|^p dz

)_{1/2}

and λ > max(λ^′_0, 1) = λ_0.

Let h(x, t), α and θ be defined as in the proof of Theorem 4.7. Again, we consider (x̃, t̃) ∈ Q_i ∩ D such that

h(x̃, t̃) > λ.

Reasoning similar to that in Theorem 4.7 implies that, for almost all such (x̃, t̃) and for Q_{ρ,θρ}2 = Q_{ρ,θρ}2 (x̃, t̃), we obtain

c^{−1}λ^p ≤ 1 |Q_{ρ,θρ}2 | ∫ Q_{ρ,θρ2} ∩D

h^p dz ≤ c | |Q_{20ρ,θ(20ρ)2} | | ∫ Q_{20ρ,θ(20ρ)2} ∩D

h^p dz ≤ c^2λ^p.

(6.7)

Notice also that θ < 1 and that

Q_{20ρ,θ(20ρ)}2 ⊂ Q_0.

Since the volumes of all the Whitney cylinders intersecting Q_{20ρ,θ(20ρ)}2 are comparable and since

α^{−p/2} ≤ (|Q_i| / |Q_0|)^{p/2} ≤ 1,

we conclude by Lemma 6.1 that 1 | |Q_{20ρ,θ(20ρ)2} | | ∫ Q_{20ρ,θ(20ρ)2} ∩D

h^p dz

≤ ( c | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩D

h^q dz

)_{p/q}

+ c (∫ B_{4ρ}

|∇φ|^q dx

)_{p/q} ,

(6.8)

if 0 ∈ Λ_{θ(4ρ)}2 (t̃). On the other hand, if 0 /∈ Λ_{θ(4ρ)}2 (t̃), then we obtain a local result without the boundary term by using similar methods as in the proof of Lemma 6.1. See also (4.11).

Let us then consider the case 0 ∈ Λ_{θ(4ρ)}2 (t̃). We define the level sets

G(λ) = {(x, t) ∈ Q_0 ∩ D : h(x, t) > λ}, and G(λ) = {x ∈ B_{4R}(x_0) : |∇φ(x)| > λ}.

Estimates (6.7) and (6.8) now imply 1 | |Q_{20ρ,θ(20ρ)2} | | ∫ Q_{20ρ,θ(20ρ)2} ∩D

h^p dz ≤ cλ^{p−q} | |Q_{4ρ,θ(4ρ)2} | | ∫ Q_{4ρ,θ(4ρ)2} ∩G(ηλ)

h^q dz

+ ( c |B_{4ρ}| ∫ B_{4ρ}∩G(ηλ)

|∇φ|^q dx

)_{p/q} .

For further details, we refer to (4.17).

Since q = pn/(n + 2) and θ < 1, we have | |Q_{4ρ,θ(4ρ)2} | | / |B_{4ρ}|^{p/q} ≤ c.

Thus, if we multiply the previous estimate by | |Q_{20ρ,θ(20ρ)2} | |, it follows that ∫ Q_{20ρ,θ(20ρ)2} ∩D

h^p dz ≤ cλ^{p−q} ∫ Q_{4ρ,θ(4ρ)2} ∩G(ηλ)

h^q dz

+ c (∫ B_{4ρ}∩G(ηλ)

|∇φ|^q dx

)_{p/q} . (6.9)

Let us now construct a Vitali covering for G(λ) (see (4.20)) such that either (6.9) or the local estimate holds in each of the cylinders. Similarly to (4.21), a summation over the covering implies ∫ G(λ)

h^p dz ≤ cλ^{p−q} ∫ G(ηλ)

h^q dz + c (∫ G(ηλ)

|∇φ|^q dx

)_{p/q} . (6.10)

Here we also used the fact that p/q > 1.

In much the same way as in the calculations starting from (4.22), we obtain ∫ G(λ_0)

h^{p+ε} dz ≤ cε ε + p − q ∫ G(λ_0 )

h^{ε+p} dz + c (λ_0)^ε ∫ G(ηλ_0 )

h^p dz

+ cε

∫_∞

λ_0

λ^{ε−1} (∫ G(ηλ)

|∇φ|^q dx

)_{p/q} dλ. (6.11)

Next we estimate the initial boundary term in (6.11). First, we divide the term into two parts as

ε ∫_∞

λ_0

λ^{ε−1} (∫ G(ηλ)

|∇φ|^q dx

)_{p/q} dλ ≤ (∫ G(ηλ_0 )

|∇φ|^q dx

)_{p/q−1} ∫_∞

λ_0

ελ^{ε−1} ∫ G(ηλ)

|∇φ|^q dx dλ.

Now we can apply Fubini’s theorem to estimate the second part. The first part can be estimated by using Hölder’s inequality. It follows that

ε ∫_∞

λ_0

λ^{ε−1} (∫ G(ηλ)

|∇φ|^q dx

)_{p/q} dλ ≤ (∫ G(ηλ_0 )

|∇φ|^q dx

)_{p/q−1} ∫

G(ηλ_0 )

∫_{|∇φ|/η}

λ_0

ελ^{ε−1} |∇φ|^q dλ dx

≤ cR^{2ε/(q+ε)} (∫ G(ηλ_0 )

|∇φ|^{q+ε} dx

)_{(p+ε)/(q+ε)} . (6.12)

To continue, we merge (6.11) with (6.12) and choose ε > 0 small enough to absorb the term containing h^{p+ε} into the left. If the term containing h^{p+ε} is infinite, then we can consider the truncated functions instead, as in (4.27).

So far we have considered G(λ_0), but the estimate extends to the whole of Q_0 ∩ D. Indeed,

h^{p+ε} ≤ λ^ε_0h^p in (Q_0 ∩ D) \ G(λ_0),

and, consequently, ∫ Q_0∩D

h^{p+ε} dz ≤ c (λ_0)^ε ∫ Q_0∩D

h^p dz

+ cR^{2ε/(q+ε)} (∫ B_{4R}

|∇φ|^{q+ε} dx

)_{(p+ε)/(q+ε)} . (6.13)

Taking a smaller cylinder on the left side, we can estimate h by |∇u|. Since q = pn/(n + 2), it follows that

|Q_0|^{−1} R^{2ε/(q+ε)} = c |B_0|^{−(p+ε)/(q+ε)} .

Thus, (6.13) implies 1 |Q_0| ∫ Q_0∩D

|∇u|^{p+ε} dz ≤ c (λ_0)^ε |Q_0| ∫ Q_0∩D

|∇u|^p dz + c (∫ B_{4R}

|∇φ|^{q+ε} dx

)_{(p+ε)/(q+ε)} . (6.14)

Global higher integrability 47

The final step is to take the cut-off level into account. The case λ_0 = 1 is again clear. Moreover, if λ_0 = λ^′_0, then Young’s inequality implies 1 |Q_{R,R}2 | ∫ Q_{R,R2} ∩D

|∇u|^{p+ε} dz

≤ ( c | |Q_{4R,(4R)2} | | ∫ Q_{4R,(4R)2} ∩D

|∇u|^p dz

)_{(ε+2)/2}

+ c (∫ B_{4R}

|∇φ|^{q+ε} dx

)_{(p+ε)/(q+ε)} . This proves the claim. □

References

[AM07] E. Acerbi and G. Mingione. Gradient estimates for a class of parabolic systems. Duke Math. J., 136(2):285–320, 2007.

[Anc86] A. Ancona. On strong barriers and an inequality of Hardy for domains in R^n. J. London Math. Soc. (2), 34(2):274–290, 1986.

[Ark92] A. A. Arkhipova. L^p-estimates for the gradients of solutions of initial boundary value problems to quasilinear parabolic systems (Russian). St.Petersburg State Univ., Problems of Math. Analysis, 13:5–18, 1992.

[Ark95] A. A. Arkhipova. Reverse Hölder inequalities with boundary integrals and L^p-estimates for solutions of nonlinear elliptic and parabolic boundaryvalue problems. In Nonlinear evolution equations, volume 164 of Amer. Math. Soc. Transl. Ser. 2, pages 15–42. Amer. Math. Soc., Providence, RI, 1995.

[Boj57] B. V. Bojarski. Generalized solutions of a system of differential equations of first order and of elliptic type with discontinuous coefficients (Russian). Mat. Sb. N.S., 43(85):451–503, 1957.

[DiB93] E. DiBenedetto. Degenerate parabolic equations. Universitext. Springer- Verlag, New York, 1993.

[EG92] L. C. Evans and R. F. Gariepy. Measure theory and fine properties of functions. Studies in Advanced Mathematics. CRC Press, Boca Raton, FL, 1992.

[EM75] A. Elcrat and N. G. Meyers. Some results on regularity for solutions of non-linear elliptic systems and quasi-regular functions. Duke Math. J., 42:121–136, 1975.

[Geh73] F. W. Gehring. The L^p-integrability of the partial derivatives of a quasiconformal mapping. Acta Math., 130:265–277, 1973.

[Gia83] M. Giaquinta. Multiple integrals in the calculus of variations and nonlinear elliptic systems, volume 105 of Annals of Mathematics Studies. Princeton University Press, Princeton, NJ, 1983.

[GM79] M. Giaquinta and G. Modica. Regularity results for some classes of higher order nonlinear elliptic systems. J. Reine Angew. Math., 311/312:145– 169, 1979.

[Gra82] S. Granlund. An L^p-estimate for the gradient of extremals. Math. Scand., 50(1):66–72, 1982.

[GS82] M. Giaquinta and M. Struwe. On the partial regularity of weak solutions of nonlinear parabolic systems. Math. Z., 179(4):437–451, 1982.

[Hed81] L. I. Hedberg. Spectral synthesis in Sobolev spaces, and uniqueness of solutions of the Dirichlet problem. Acta Math., 147(3-4):237–264, 1981.

[HKM93] J. Heinonen, T. Kilpeläinen, and O. Martio. Nonlinear potential theory of degenerate elliptic equations. Oxford Mathematical Monographs. Oxford University Press, New York, 1993.

[KK94] T. Kilpeläinen and P. Koskela. Global integrability of the gradients of solutions to partial differential equations. Nonlinear Anal., 23(7):899– 909, 1994.

[KL00] J. Kinnunen and J. L. Lewis. Higher integrability for parabolic systems of p-Laplacian type. Duke Math. J., 102(2):253–271, 2000.

[Kut98] K. Kuttler. Modern Analysis. Studies in Advanced Mathematics. CRC Press, Boca Raton, FL, 1998.

[Lew88] J. L. Lewis. Uniformly fat sets. Trans. Amer. Math. Soc., 308(1):177–196, 1988.

[Maz85] V. G. Maz’ja. Sobolev spaces. Springer Series in Soviet Mathematics.

Springer-Verlag, Berlin, 1985.

[Mik96] P. Mikkonen. On the Wolff potential and quasilinear elliptic equations involving measures. Ann. Acad. Sci. Fenn. Math. Diss., 104:1–71, 1996.

[MZ97] J. Malý and W. P. Ziemer. Fine regularity of solutions of elliptic partial differential equations, volume 51 of Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 1997.

[Par] M. Parviainen. Global higher integrability for parabolic quasiminimizers in nonsmooth domains. Calc. Var. Partial Differential Equations (to appear), DOI: 10.1007/s00526-007-0106-9.

[Soh01] H. Sohr. The Navier-Stokes equations: An elementary functional analytic approach. Birkhäuser Advanced Texts: Basler Lehrbücher. Birkhäuser Verlag, Basel, 2001.

[Ste93] E. M. Stein. Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals, volume 43 of Princeton Mathematical Series. Princeton University Press, Princeton, NJ, 1993.

[Str80] E. W. Stredulinsky. Higher integrability from reverse Hölder inequalities.

Indiana Univ. Math. J., 29(3):407–413, 1980.

[Zyg34] A. Zygmund. On the differentiability of multiple integrals. Fund. Math., 23:143–149, 1934.

(continued from the back cover)

A522 Antti Hannukainen , Sergey Korotov , Marcus Ruter A posteriori error estimates for some problems in linear elasticity March 2007

A521 Sergey Korotov , Ales Kropac , Michal Krizek Strong regularity of a family of face-to-face partitions generated by the longestedge bisection algorithm April 2007

A519 Teemu Lukkari

Elliptic equations with nonstandard growth involving measure data February 2007

A518 Niko Marola

Regularity and convergence results in the calculus of variations on metric spaces February 2007

A517 Jan Brandts , Sergey Korotov , Michal Krizek Simplicial finite elements in higher dimensions February 2007

A516 Sergey Repin , Rolf Stenberg

Two-sided a posteriori estimates for the generalized stokes problem December 2006

A515 Sergey Korotov

Global a posteriori error estimates for convection-reaction-diffusion problems December 2006

A514 Yulia Mishura , Esko Valkeila

An extension of the L’evy characterization to fractional Brownian motion December 2006

A513 Wolfgang Desch , Stig-Olof Londen

On a Stochastic Parabolic Integral Equation October 2006

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronic versions of the reports are available at http://www.math.hut.fi/reports/ .

A528 Kalle Mikkola

Hankel and Toeplitz operators on nonseparable Hilbert spaces: further results August 2007

A527 Janos Karatson , Sergey Korotov

Sharp upper global a posteriori error estimates for nonlinear elliptic variational problems August 2007

A526 Beirao da Veiga Lourenco , Jarkko Niiranen , Rolf Stenberg A family of C^0 finite elements for Kirchhoff plates II: Numerical results May 2007

A525 Jan Brandts , Sergey Korotov , Michal Krizek

The discrete maximum principle for linear simplicial finite element approximations of a reaction-diffusion problem July 2007

A524 Dmitri Kuzmin , Antti Hannukainen , Sergey Korotov

A new a posteriori error estimate for convection-reaction-diffusion problems May 2007

ISBN 978-951-22-8939-4 (printed) ISBN 978-951-22-8940-0 (pdf) ISSN 0784-3143