Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2007 A533

EDGEWORTH EXPANSION FOR THE ONE DIMENSIONAL DIS- TRIBUTION OF A LÉVY PROCESS

Heikki J. Tikanmäki

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2007 A533

EDGEWORTH EXPANSION FOR THE ONE DIMENSIONAL DIS- TRIBUTION OF A LÉVY PROCESS

Heikki J. Tikanmäki

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Heikki J. Tikanmäki: Edgeworth expansion for the one dimensional distribution of a Lévy process; Helsinki University of Technology, Institute of Mathematics, Research Reports A533 (2007).

Abstract: The one dimensional distribution of a Lévy process is not known in general even though its characteristic function is given by the famous Lévy- Khinchine theorem. This article gives an exact series representation for the one dimensional distribution of a Lévy process satisfying certain moment conditions. Moreover, this work clarifies an old result by Cramér on Edgeworth expansions for the distribution functions of Lévy processes.

AMS subject classifications: 60G51,60E07,60G50

Keywords: Asymptotic expansions, Cramér’s condition, cumulants, Edgeworth approximation, Lévy processes

Correspondence

heikki.tikanmaki@tkk.fi

ISBN 978-951-22-8971-4 (pdf) ISSN 0784-3143 TKK, Espoo, Finland

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, FI-02015 TKK, Finland email:math@tkk.fi http://math.tkk.fi/

1 Introduction

The Lévy-Khinchine theorem gives the characteristic function of a Lévy process. In spite of this, the distribution of a Lévy process is not analytically known, except in few special cases such as the Brownian motion, the Poisson process and the gamma process. For example, the distribution function of the compound Poisson process is not known in general despite its popularity as a risk process in insurance applications.

This article has two contributions. First of all, this article introduces some sufficient extra conditions to get an exact Edgeworth type series representation for the one dimensional distribution of a Lévy process in the presence of all moments. Secondly, this paper goes beyond an old result on Edgeworth approximation introduced without a proof by Cramér (1962) as an analogue to the i.i.d. case. This article clarifies the connection between the distribution functions of Lévy processes and classical approximation results of sums of independent random variables.

There are lots of approximation results in the literature. The normal approximation approximates well asymptotically the distribution function of a Lévy process when t → ∞ if the third moment exists, see for instance Valkeila (1995). Several authors have considered asymptotic expansions in the central limit theorem (Edgeworth approximation) for the sums of independent random variables to improve the normal approximation, see e.g. Petrov (1995) or Cramér (1962). These approximation methods are also well known in statistics and insurance mathematics (Beard et al., 1977; Kolassa, 2006). Another approximation result is introduced for the distribution function of Lévy processes by Cramér (1962) as an analogue to the i.i.d. case but without a proof.

Beside the insurance applications, the results of this article could be applicable in the simulations of Lévy processes. In fact, the classical Edgeworth approximation has been used for getting error estimates for simulations of the small jumps of a Lévy process (Asmussen and Rosiński, 2001). Moreover, the exact series representations would maybe be useful tools also for proving theoretical results on Lévy processes.

2 Definitions

In this section, we define the concepts needed in the rest of the article.

Let us consider a probability space (Ω, F, P). Let X be a real valued random variable defined on this space. Let v_X (s) = Ee^{isX} denote the characteristic function of X.

Definition 2.1 (Cramér’s condition). A random variable X is said to satisfy Cramér’s condition if

lim sup

|s|→∞

|v_X (s)| < 1.

Remark 2.4 characterises Cramér’s condition in the case of Lévy processes.

Definition 2.2 (Cumulants). Let k ∈ N = {1, 2, . . . }. The cumulant of order k of a random variable X is defined as

γ^X_k = 1 i^k [ d^k ds^k log v_X (s) ] s=0 . Note that the cumulant of X of order k is finite if we have E|X|^k < ∞. We use the following definition for the (non-normalised) Hermite polynomial of order n ∈ N H_n(x) = (−1)^ne^{x22} d^n dx^n e^{− x22} .

This choice of the definition makes the series representation much simpler than the normalised one. The same choice is done e.g. by Petrov (1995); Kolassa (2006). With this definition one gets the identities

H_{n+1}(x) = xH_n(x) − nH_{n−1}(x), H^′_n(x) = nH_{n−1}(x) and H_n(−x) = (−1)^nH_n(x)

analogous to those in Nualart (2006).

We set V^2_X = EX^2. Let ν ∈ N s.t. E|X|^{ν+2} < ∞. We are now ready to define the approximating function Q^X_ν to be used in the series approximations. We set

Q^X_ν (x) = − 1 √ 2π e^{− x22} ∑ H_{ν+2l−1}(x) ν∏ m=1 1 k_m! ( γ^X_{m+2} (m + 2)!V^{m+2}_X

)_{km} , (1)

where the summation is extended over the non-negative integer solutions (k_1, . . . , k_ν ) of the equation k_1+2k_2+· · ·+νk_ν = ν. Here we have l =

∑_ν j=1 k_j.

The first few of these functions are

Q^X_1 (x) = − 1 √ 2π e^{− x22} (x^2 − 1) γ^X_3 6V^3_X , Q^X_2 (x) = − 1 √ 2π e^{− x22} ((x^5 − 10x^3 + 15x)

(γ^X_3 )^2 72V^6_X

+ (x^3 − 3x) γ^X_4 24V^4_X ), Q^X_3 (x) = − 1 √ 2π e^{− x22} ((x^8 − 28x^6 + 210x^4 − 420x^2 + 105)

(γ^X_3 )^3 1296V^9_X + (x^6 − 15x^4 + 45x^2 − 15) γ^X_3 γ^X_4 144V^7_X

+ (x^4 − 6x^2 + 3) γ^X_5 120V^5_X ). The approximating function of order zero is the cumulative distribution function of the standard normal distribution Φ(x).

In the remaining of this article the process X = (X_t)_{t≥0} is assumed to be a Lévy process on R. The standard definition for Lévy processes can be found for instance from Bertoin (1996).

We use the following version of the Lévy-Khinchine theorem to represent the characteristic function v_{Xt} (s). The theorem can be found in one form or another for example in Bertoin (1996); Cont and Tankov (2004); Sato (1999).

Theorem 2.3 (Lévy-Khinchine). There are unique σ^2 ≥ 0, ρ ∈ R and a Radon measure μ on R\{0} satisfying ∫ R\{0}

min (u^2, 1)dμ(u) < ∞

such that

ψ(s) = − 1 2 σ^2s^2 + iρs + ∫ R\{0}

(e^{isu} − 1 − isu1_{{|u|≤1}})μ(du) and v_{Xt} (s) = e^{tψ(s)}.

The measure μ is called the Lévy measure of X and (σ^2, ρ, μ) is the characteristic triplet of X.

Remark 2.4. The random variable X_1 satisfies Cramér’s condition iff we have σ^2 ≠ 0 or the Lévy measure μ is not concentrated on a set of the form

{kh|k ∈ Z}, for fixed h > 0.

Moreover, if X_1 satisfies Cramér’s condition, then X_t satisfies the same condition for all t > 0.

3 Approximation results

In the literature, there are lots of classical asymptotic expansion results for the i.i.d. sum case. I.i.d. sums are in some sense the discrete time analogues of the Lévy processes. The following theorem is presented in Petrov (1995).

Theorem 3.1. Let {Y_j}^n_{j=1} be a sequence of i.i.d. random variables satisfying Cramér’s condition and E|Y_1|^k < ∞ for some integer k ≥ 3. Then P (_n ∑ j=1 Y_j < √ nV_{Y1} x ) = Φ(x) + k−2∑ ν=1 Q^{Y1}_ν (x)n^{− ν2} + o ( n^{− k−22} )

uniformly in x ∈ R.

This kind of results are presented also in Petrov (1975); Kolassa (2006); Cramér (1962). Generalisation of Theorem 3.1 is presented by Cramér (1962) as an analogue without a proof:

Theorem 3.2. Let X_1 satisfy Cramér’s condition and k ≥ 3 be such an integer that E|X_1|^k < ∞. Then

P(X_t < xV_{Xt} ) = k−3∑ ν=1 Q^{X1}_ν (x)t^{− ν2} + o ( t^{− k−22} ) .

In fact, Cramér (1962) introduces the form for the functions Q^{X1}_ν (x) only implicitly. See Cramér (1962) pages 72, 98 and 99.

Note that we could include term Q^{X1}_{k−2}(x)t^{− k−2}2 to the result of Theorem 3.2 to get exactly analogous result to Theorem 3.1.

Next we are going to present some lemmata to scale the approximating functions Q^{Xt}_ν (x) with respect to t. The first of them is well-known but it is included here for convenience.

Lemma 3.3. Let k ∈ N be s.t. E|X_1|^k < ∞. Then

γ^{Xt}_k = tγ^{X1}_k .

Proof. Take q ∈ Q^+. Now q =^m_n for some m, n ∈ N. Now

γ^{X 1n}_k = 1 i^k [ d^k ds^k log v_{X1} (s)^{1n} ] s=0 = 1 n 1 i^k [ d^k ds^k log v_{X1} (s) ] s=0 = 1 n γ^{X1}_k .

By repeating the previous argument we get

γ^{Xq}_k = mγ^{X 1n}_k = m n γ^{X1}_k = qγ^{X1}_k .

The general claim follows now by a simple density argument.

Lemma 3.4. Let ν ∈ N be s.t. E|X_1|^{ν+2} < ∞, then

Q^{Xt}_ν (x) = t^{− ν2} Q^{X1}_ν (x), for x ∈ R.

Proof. By definition,

Q^{Xt}_ν (x) = f(x) ∑ H_{ν+2l−1}(x) ν∏ m=1 1 k_m! ( γ^{Xt}_{m+2} (m + 2)!V^{m+2}_{Xt}

)_{km} ,

where f(x) = −^{e− x} 2 2 √ 2π and the summation is extended over all non-negative integer solutions of the equation

∑_ν

j=1 jk_j = ν, and we have l =

∑_ν j=1 k_j.

Q^{Xt}_ν (x) = f(x) ∑ H_{ν+2l−1}(x) ν∏ m=1 ( tγ^{X1}_{m+2} (m + 2)!( √ tV_{X1} )^{m+2}

)_{km}

= f(x) ∑ H_{ν+2l−1}(x)

(_ν ∏ m=1 t^{− 12 mkm} ) · ν∏ m=1 1 k_m! ( γ^{X1}_{m+2} (m + 2)!V^{m+2}_{X1}

)_{km}

= f(x) ∑ t^{− 12 Pνm=1 mkm} H_{ν+2l−1}(x) ν∏ m=1 ( γ^{X1}_{m+2} (m + 2)!V^{m+2}_{X1}

)_{km}

=t^{− ν2} Q^{X1}_ν (x).

In the last step, we used the fact that ν = k_1 + 2k_2 + · · · + νk_ν .

Corollary 3.5. Let k ≥ 3 be integer s.t. E|X_1|^k < ∞ and let X_1 satisfy Cramér’s condition. Then

P(X_t < xV_{Xt} ) = Φ(x) + k−2∑ ν=1 Q^{X1}_ν (x)t^{− ν2} + o ( t^{− k−22} )

= Φ(x) + k−2∑ ν=1 Q^{Xt}_ν (x) + o ( t^{− k−22} ) , uniformly in x ∈ R.

Proof. The result for rational t follows from Lemma 3.4 and Theorem 3.1. The result for general t > 0 follows by a continuity argument.

From now on in this paper, we assume (if not otherwise stated) that X_1 satisfies Cramér’s condition and has moments of all orders i.e.

E|X_1|^ν < ∞, for ν ∈ N.

Now we have everything ready for introducing the main results of the article to get exact series representations. The proofs are in Section 4. In the following Theorems 3.6, 3.7 and 3.8, μ is assumed to be the Lévy measure of process X.

Theorem 3.6. Let the Lévy measure of X have bounded support, then we get for x_1 < x_2 points of continuity of P(X_t < ·V_{Xt} ) that P ( x_1 <

X_t V_{Xt}

< x_2 ) = P(X_t < x_2V_{Xt} ) − P(X_t < x_1V_{Xt} )

=Φ(x_2) − Φ(x_1) + ∞∑ ν=1 ( Q^{Xt}_ν (x_2) − Q^{Xt}_ν (x_1) )

=Φ(x_2) − Φ(x_1) + ∞∑ ν=1 ( Q^{X1}_ν (x_2) − Q^{X1}_ν (x_1) ) t^{− ν2} .

There is some discussion about the Lévy measures with bounded support for example in Sato (1999). In fact, this is a reasonable class to be considered in the simulations because of the practical limitations.

Nevertheless, the result of Theorem 3.6 is true with more general conditions:

Theorem 3.7. Let μ be s.t. for some a ≥ 0, μ(x)1_{{|x|>a}} is absolutely continuous with respect to the Lebesgue measure and for some C, ϵ > 0

dμ(x) dx ≤ C exp{−|x|^{1+ϵ}}, for |x| ≥ a.

Then the assertion of Theorem 3.6 holds.

And even more generally we get the following:

Theorem 3.8. Assume that there are a ≥ 0 and C, ϵ > 0 s.t.

μ((−x − 1, −x], [x, x + 1)) ≤ C exp{−x^{1+ϵ}}, for x ≥ a. Then the representation of Theorem 3.6 holds.

Let us consider briefly Lévy processes with only positive (respectively negative) jumps and drift term. This is a reasonable class for risk processes, more precisely claim surplus processess in the sense of Asmussen (2000). Remark 3.9 (Risk process case). Consider a Lévy process satisfying conditions of Theorem 3.6, 3.7 or 3.8. Furthermore, assume that its Lévy measure is concentrated on positive reals and satisfies ∫ R\{0} |x|μ(dx) < ∞. Then

there is some x_1 ∈ R s.t. P(X_t < x_1V_{Xt} ) = 0 for all t > 0. Then we get easily a series representation for P(X_t < x_2V_{Xt} ).

Remark 3.10. In the cases of Theorems 3.6, 3.7 and 3.8, we get some series representation also for other finite dimensional distributions since the series representation can be written for all increments separately.

Moreover, we get a representation for the distribution function of the absolute value of a Lévy process as follows:

Corollary 3.11. Assume that the assumptions of 3.6, 3.7 or 3.8 hold. Then we get for x > 0 and −x points of continuity of P(X_t < ·V_{Xt} ) that

P(|X_t| < xV_{Xt} ) = 2Φ(x)−1+2 ∞∑ ν=1 Q^{Xt}_{2ν} (x) = 2Φ(x)−1+2 ∞∑ ν=1 Q^{X1}_{2ν} (x)t^{−ν} (2) and P(|X_t| > xV_{Xt} ) = 2 − 2Φ(x) − 2 ∞∑ ν=1 Q^{Xt}_{2ν} (x) = 2 − 2Φ(x) − 2 ∞∑ ν=1 Q^{X1}_{2ν} (x)t^{−ν} . (3) Proof.

P(|X_t| < xV_{Xt} ) = P(X_t < xV_{Xt} ) − P(X_t < −xV_{Xt} )

=Φ(x) − Φ(−x) + ∞∑ ν=1 ( Q^{Xt}_ν (x) − Q^{Xt}_ν (−x) )

=2Φ(x) − 1 + ∞∑ ν=1 ( Q^{Xt}_ν (x) − Q^{Xt}_ν (−x) ) . We use the symmetry condition for Hermite polynomials and get Q^{Xt}_ν (x) − Q^{Xt}_ν (−x) = − e^{− x2}2 √ 2π ∑ (H_{ν+2l−1}(x) − H_{ν+2l−1}(−x)) ν∏ m=1 ( γ^{Xt}_{m+2} (m + 2)!V^{m+2}_{Xt}

)_{km}

=2Q^{Xt}_ν (x)1_{{ν=2p|p∈N}}.

Equation (3) is a direct consequence of (2).

If X_1 has density function, we get the following:

Corollary 3.12. Assume besides the assumptions of 3.6, 3.7 or 3.8 that^{Xt}_{VXt} has density function g_{Xt} (s) for t > 0. Then

g_{Xt} (x) = 1 √ 2π e^{− x22} + ∞∑ ν=1 d dx Q^{Xt}_ν (x).

Corollary 3.12 gives us together with the following lemma an exact series representation for the density function.

Lemma 3.13. For ν ∈ N we have d dx Q^{Xt}_ν (x) = 1 √ 2π e^{− x22} ∑ H_{ν+2l}(x) ν∏ m=1 1 k_m! ( γ^{Xt}_{m+2} (m + 2)!V^{m+2}_{Xt}

)_{km} ,

with the notation of (1).

Proof. d dx Q^{Xt}_ν (x) = ( d dx ( − 1 √ 2π e^{− x22} )) ∑ H_{ν+2l−1}(x) ν∏ m=1 1 k_m! ( γ^{Xt}_{m+2} (m + 2)!V^{m+2}_{Xt}

)_{km}

− 1 √ 2π e^{− x22} ∑ d dx H_{ν+2l−1}(x) ν∏ m=1 1 k_m! ( γ^{Xt}_{m+2} (m + 2)!V^{m+2}_{Xt}

)_{km}

= 1 √ 2π e^{− x22} ∑ (xH_{ν+2l−1}(x) − (ν + 2l − 1)H_{ν+2l−2}(x))× ν∏ m=1 1 k_m! ( γ^{Xt}_{m+2} (m + 2)!V^{m+2}_{Xt}

)_{km}

= 1 √ 2π e^{− x22} ∑ H_{ν+2l}(x) ν∏ m=1 1 k_m! ( γ^{Xt}_{m+2} (m + 2)!V^{m+2}_{Xt}

)_{km} . In the last step, we used the recursion formula for the Hermite polynomials.

4 Proofs

The following lemma gives us a representation formula for the cumulants of a Lévy process. The result may be well known but it is included in this paper for convenience. It is worth mentioning that Cramér’s condition is not assumed in the following lemma. The condition (4) is used in the literature e.g. by Nualart and Schoutens (2000). This condition is enough to guarantee the existence of all moments.

Lemma 4.1. Let (σ^2, ρ, μ) be the characteristic triplet of X. Furthermore, assume that for some λ > 0 and for all δ > 0 ∫ R\(−δ,δ)

e^{λ|x|}μ(dx) < ∞. (4)

Then γ^{X1}_ν = ∫ R\{0}

x^ν μ(dx), ν ≥ 3. and γ^{X1}_2 = ∫ R\{0}

x^2μ(dx) + σ^2.

Proof. Define μ^M and μ^Y s.t.^{dμM}_{dμ} (x) = 1_{{|x|≤1}} and^{dμY}_{dμ} (x) = 1_{{|x|>1}}. We make the following Lévy-Itô type decomposition

X_t = W_t + Y_t + M_t,

where W, Y and M are independent Lévy processes. The characteristic triplet of W is (σ^2, ρ, 0). Y has the triplet (0, 0, μ^Y ) and M has (0, 0, μ^M ).

First, we consider the compound Poisson process Y . It follows from the assumption that ∫ R\(−1,1)

e^{λ|x|}μ(dx) = ∫ R\(−1,1) ∞∑ ν=0 (λ|x|)^ν ν! μ(dx) < ∞.

It follows by using the Lévy-Khinchine theorem and the dominated convergence theorem (Rudin, 1987) that

log Ee^{iuY1} = ∫ R\(−1,1)

(e^{iux} − 1)μ(dx) = ∫ R\(−1,1) ∞∑ ν=1 (iux)^ν ν! μ(dx)

= ∞∑ ν=1 (iu)^ν ν! ∫ R\(−1,1)

x^ν μ(dx), for |u| ≤ λ.

Now we have

γ^{Y1}_ν = ∫ R\(−1,1)

x^ν μ(dx), for ν = 2, 3, . . .

Next, we consider the jump martingale M. We begin by considering the process M^ϵ which is obtained by neglecting the jumps of M less than ϵ ∈ (0, 1) of absolute value. Rigorously, we define the measure μ^ϵ by dμ^ϵ dμ (x) = 1_{{ϵ≤|x|≤1}}

and consider the Lévy process M^ϵ with the characteristic triplet (0, 0, μ^ϵ). Now M^ϵ is a compensated compound Poisson process and we get like in the case of Y that γ^{M ϵ1}_ν = ∫ ϵ≤|x|≤1

x^ν μ(dx).

By the condition (4) and the Lévy-Khinchine theorem, γ^{M1}_ν is finite whenever ν ≥ 2. Furthermore, ∫_1 0 x^ν μ(dx), and

∫_0 −1 x^ν μ(dx)

exist and are finite. Now we can use the monotone convergence theorem and obtain ∫

ϵ≤|x|≤1

x^ν μ(dx) =

∫_{−ϵ} −1 x^ν μ(dx) +

∫_1 ϵ x^ν μ(dx) → γ^{M1}_ν ,

when ϵ ↓ 0. Next, we use the facts that the cumulants of the normal distribution vanish when ν ≥ 3 and γ^{W1}_2 = σ^2 since W_1 is normally distributed with variance σ^2. The general result is now obtained by the additivity of cumulants.

The next lemma gives us another characterisation of the condition on the Lévy measure in Theorem 3.6. From now on in this article, we will use the following notation of scaled cumulants λ^{Xt}_ν =^{γXtν}_V ν_{Xt} , for ν ∈ N.

Lemma 4.2. The Lévy measure of process X is concentrated on some bounded interval is equivalent to the condition that there exists some C > 0 s.t.

λ^{X1}_ν ≤ C^ν , for all ν ∈ N.

Proof. Let us first assume that such C exists. Now we can use Lemma 4.1 and we get for ν ≥ 3 that ∫ R\{0}

x^ν μ(dx) ≤ C^ν V^ν_{X1} .

For even ν, |γ_ν | = γ_ν . We know also by Rudin (1987) page 71 that it holds for L^p(μ) norms that

||x||_{2n+1} ≤ max (||x||_{2n}, ||x||_{2n+2}), for n ≥ 1.

Hence there is some D > 0 s.t. ∫ R\{0} |x|

ν μ(dx) ≤ D^ν for all ν ≥ 4. Moreover, we get D ≥ ||x||_ν → ||x||_∞ as ν → ∞.

Now ||^x_D ||_∞ ≤ 1 with respect to μ. In other words, μ is concentrated on some bounded interval.

The other way is even simpler. Because μ is concentrated on some bounded interval, it follows that ||x||_∞ < ∞. We can choose C =^1_{VX1} sup_ν ||x||_ν.

Now we have everything ready for the proofs of the main results.

Proof. (Theorem 3.6)

Let us first work out the representation for the logarithm of the characteristic function i.e. the characteristic exponent of the Lévy process. ∞∑ ν=2 | | |λ^{Xtν} ν! (is)^ν | | | = ∞∑ ν=2 | | | | 1 ν! tγ^{X1}_ν t^ν2 V^ν_{X1}

(is)^ν | | | | = ∞∑ ν=2 | | |t^− ν−2 2 1 ν! γ^{X1}_ν V^ν_{X1}

(is)^ν | | | = ∞∑ ν=2 | | |t λ^{X1}_ν ν! ( is √ t )_ν | | | ≤ t ∞∑ ν=2 1 ν! | | | Cs √ t | | | ν , which is bounded when t > ϵ > 0 and |s| < K < ∞ for arbitrary ϵ, K ∈ (0, ∞). In the last step, we used the characterisation of Lemma 4.2. Now this series is dominated by the series expansion of the exponential function and the series_∞ ∑ ν=2 λ^{Xt}_ν ν! (is)^ν

converges to an analytical function when t > 0 is fixed. Now, define

f_{Xt} (s) = v_{Xt} ( s V_{Xt} ) . By computing the cumulants, this notation gives for n ∈ N [ d^n ds^n log f_{Xt} (s) ] s=0 = [ d^n ds^n log v_{X1} ( s √ tV_{X1}

)_t] s=0 =t ( 1 √ tV_{X1}

)_n [

d^n ds^n log v_{X1} (s) ] s=0 =t^{− n−22} i^n γ^{X1}_n V^n_{X1}

= t^{− n−22} i^nλ^{X1}_n = i^nλ^{Xt}_n . Now log f_{Xt} (s) = ∞∑ ν=2 λ^{X1}_ν ν! t^{− ν−22} (is)^ν .

We observe that λ^{Xt}_2 = 1 for all t > 0. So we obtain

f_{Xt} (s) = e^{− s22} exp

(_∞ ∑ j=1 λ^{X1}_{j+2} (j + 2)!

t^{− j2} (is)^{j+2} ) . Next, consider a more general form exp (_∞ ∑ j=1 λ^{X1}_{j+2} (j + 2)!

z^j u^{j+2} ) .

With fixed u, this series converges absolutely, uniformly in any compact set with respect to the parameter z. Thus in every compact set with respect to z, we rearrange the series of the exponential function and get a series representation with respect to z. Hence, exp (_∞ ∑ j=1 λ^{X1}_{j+2} (j + 2)!

z^j u^{j+2} ) = 1 + ∞∑ ν=1 P_ν (u)z^ν

for some polynomials (P_ν )^∞_{ν=1} that can be computed formally by compounding these two series, which is possible due to the absolute convergence. Now

f_{Xt} (s) = e^{− s22} + ∞∑ ν=1 P_ν (is)e^{− s22} t^{− ν2} .

By the inversion formula of the characteristic function (Petrov, 1995), we get for x_1, x_2 points of continuity of P(X_t < ·V_{Xt} )

P(X_t < x_2V_{Xt} ) − P(X_t < x_1V_{Xt} ) = 1 2π lim_{T →∞}

∫_T −T e^{−isx2} − e^{−isx1} −is ( e^{− s22} + ∞∑ ν=1 P_ν (is)e^{− s22} t^{− ν2} ) ds. With fixed t > 0, the series inside the integral is absolutely convergent uniformly in compact sets with respect to s. Thus the integral is always welldefined and can be computed term-wise. Moreover, the limit exists since

lim_{S→∞}

∫_S −S e^{−isx2} − e^{−isx1} −is f_{Xt} (s)ds − ∫_T −T e^{−isx2} − e^{−isx1} −is ( e^{− s22} + ∞∑ ν=1 P_ν (is)e^{− s22} t^{− ν2} ) ds = lim_{S→∞} ∫ T <|s|<S

e^{−isx2} − e^{−isx1} −is f_{Xt} (s)ds → 0, when T → ∞.

In the last step, we used the fact that f_{Xt} is a characteristic function. Hence, there are such functions (R_ν )^∞_{ν=1} that we can write

P(X_t < x_2V_{Xt} )−P(X_t < x_1V_{Xt} ) = Φ(x_2)−Φ(x_1)+ ∞∑ ν=1 (R_ν (x_2) − R_ν (x_1)) t^{− ν2} .

We use the classical Theorem 3.1 and the scaling Lemma 3.4 and find out that for all ν = 1, 2, . . .

R_ν (x) = Q^{X1}_ν (x) = t^{ν2} Q^{Xt}_ν (x).

Proof. (Theorem 3.7)

The proof proceeds analogously to the proof of Theorem 3.6 but we have to argue why we can rearrange the series of

f_{Xt} (s) = e^{− s22} exp

(_∞ ∑ j=1 λ^{X1}_{j+2} (j + 2)!

t^{− j2} (is)^{j+2} ) . (5)

With these assumptions on the Lévy measure μ, we can use the representation Lemma 4.1 for the cumulants. Let m ∈ N be such that^1_m ≤ ϵ. Observe now that

∫_∞ 0 x^ne^{−x1+ 1m} dx =

∫_∞ 0 − m m + 1 x^{n− 1m} ( − m + 1 m x^{1m} e^{−x1+ 1m} ) dx = − m m + 1 [ x^{n− 1m} e^{−x1+ 1m}

]_∞ 0 + ∫_∞ 0 m m + 1 ( n − 1 m ) x^{n−1− 1m} e^{−x1+ 1m} dx = ∫_∞ 0 ( m m + 1

)_2 ( n − 1 m ) ( n − 1 − 2 m ) x^{n−2− 2m} e^{−x1+ 1m} dx

= ( m m + 1

)_{⌊n} m_{m+1 ⌋} ⌊n^m_{m+1} ⌋∏ j=1 ( n + 1 − j ( 1 + 1 m )) × ∫_∞ 0 x^{n−⌊n mm+1 ⌋}(^{m+1m} )e^{−x1+ 1m} dx

≤ ⌊n^m_{m+1} ⌋∏

j=1 ( n + 1 − j ( 1 + 1 m )) × D,

where D = max

l=0,...,m

∫_∞ 0 x^{l−⌊l mm+1 ⌋}(^{m+1m} )e^{−x1+ 1m} dx.

Note that the constant D is finite and does not depend on n. Without loss of generality, we can assume X̃ to be compensated compound Poisson process with a = 0, since we can express general X as a sum of this kind of process and a process satisfying the conditions of Theorem 3.6. Then we get a bound for (5) by the additivity of cumulants.

Note that this decomposition can be made such a way that Cramér’s condition does not fail here if the Lévy measure has unbounded support. This is due to the fact that the tail of the Lévy measure is absolutely continuous with respect to the Lebesgue measure. Now we have ∞∑ ν=2 | | | | γ^{X̃t}_ν V^ν_{Xt} ν!

(is)^ν | | | | = m∑ ν=2 | | | | γ^{X̃t}_ν V^ν_{Xt} ν!

(is)^ν | | | | + t ∞∑ ν=m+1 1 ν! | | |γ^{X̃1}_ν | | | ( |s| √ tV_{X1}

)_ν

= m∑ ν=2 | | | | γ^{X̃t}_ν V^ν_{Xt} ν!

(is)^ν | | | | + t ∞∑ j=1 m∑ k=0 1 ((m + 1)j + k)! | | |γ^{X̃1}_{(m+1)j+k} | | | ( |s| √ tV_{X1}

)_{(m+1)j+k} .

The first term is a finite sum of finite summands if 0 < t < ∞. We get an estimate for the other sum as follows t ∞∑ j=1 m∑ k=0 1 ((m + 1)j + k)! | |γ^{X̃1}_{(m+1)j+k} | | ( |s| √ tV_{X1}

)_{(m+1)j+k}

≤t ∞∑ j=1 m∑ k=0 1 ((m + 1)j + k)! ×

2CD ⌊((m+1)j+k)^m_{m+1} ⌋ ∏ l=1 ( (m + 1)j + k + 1 − l ( 1 + 1 m )) ( |s| √ tV_{X1}

)_{(m+1)j+k} .

Now define

g(l) = (m + 1)j + k + 1 − l − ⌊ l m ⌋ , l = 1, . . . , ⌊ ((m + 1)j + k) m m + 1 ⌋ . We observe that g(l) > g(l + 1) and the values of g are integers from 1 to (m + 1)j + k. Nevertheless, g does not take every (m + 1)th integer value. This fact is due to the jump of the floor function. So there is at least j terms missing in the product. By assuming them to be the j smallest ones, we get a rough estimate

⌊((m+1)j+k)^m_{m+1} ⌋ ∏ l=1 ( (m + 1)j + k + 1 − l ( 1 + 1 m )) ≤ ((m + 1)j + k)! j! . And finally t ∞∑ j=1 m∑ k=0 1 ((m + 1)j + k)! | | |γ^{X̃1}_{(m+1)j+k} | | | ( |s| √ tV_{X1}

)_{(m+1)j+k}

≤t ∞∑ j=1 m∑ k=0 1 j! 2CD ( |s| √ tV_{X1}

)_{(m+1)j+k}

≤2CDt

(_m ∑ k=0 ( |s| √ tV_{X1}

)_k)_∞∑ j=1 1 j! (( |s| √ tV_{X1}

)_{m+1})j

< ∞,

as an exponential series when 0 < t < ∞. The last part of the proof is analogous to the proof of Theorem 3.6.

Proof. (Theorem 3.8)

We have to get a suitable estimate for the cumulants from above to be able to continue as in the proof of Theorem 3.7. Let us define function η on positive reals as follows

η(x) = μ((−x − 1, −x], [x, x + 1)).

We can easily represent the growing condition for the Lévy measure using this function. Now we can estimate the cumulants in the spirit of Lemma 4.1. Without loss of generality, we can assume that a ≥ 1. We get ∫_∞ −∞ |x|^ν μ(dx) ≤

∫_a −a |x|^ν μ(dx) + ∞∑ j=0 |x + a + 1|^ν η(a + j).

For ν ≥ 2, the first term is bounded by D^ν for some D > 0. For the second term we get ∞∑ j=0 |x + a + 1|^ν η(a + j) ≤

∫_∞ a (x + 2)^ν Ce^{−x1+ϵ} dx ≤ C

∫_∞ a (3x)^ν e^{−x1+ϵ} dx.

The rest of the proof is analogous to the proof of Theorem 3.7.

Proof. (Corollary 3.12)

Let (P_ν )^∞_{ν=1} be the same polynomials as in the proof of Theorem 3.6. We can use the series representation for characteristic function of^{Xt}_{VXt} and get 1 2π ∫ R e^{−isx}f_{Xt} (s)ds = 1 2π ∫ R e^{−isx} ( e^{− s22} + ∞∑ ν=1 P_ν (is)e^{− s22} t^{− ν2} ) ds. With fixed t > 0, the absolute convergence is uniform in compact sets with respect to s, as in the preceeding proofs. Thus, the integral is well-defined and can be computed term-wise. Moreover, with fixed x ∈ R ∫ |s|>T

e^{−isx}f_{Xt} (s)ds → 0, as T → ∞,

since f_{Xt} is a characteristic function of some random variable with density function. Hence,

lim_{T →∞} | | | | g_{Xt} (x) − 1 2π ∫_T −T e^{−isx} ( e^{− s22} + ∞∑ ν=1 P_ν (is)e^{− s22} t^{− ν2} ) ds | | | | = lim_{T →∞} | | | 1 2π ∫ |s|>T

e^{−isx}f_{Xt} (s)ds | | | = 0. We have shown that there is some series representation but we still have to show that the limit equals to what is claimed. We have 1 2π ∫ R e^{−isx}P_ν (is)e^{− s22} ds = − 1 2π ∫ R is e^{−isx} −is P_ν (is)e^{− s22} ds = d dx Q^{Xt}_ν (x).

Acknowledgements

I am grateful to my supervisor Esko Valkeila for his comments and guidance. My work has been funded by Finnish Academy of Science and Letters, Vilho, Yrjö and Kalle Väisälä Foundation.

References

Asmussen, S., 2000. Ruin Probabilities. World Scientific, Singapore. Asmussen, S., Rosiński, J., 2001. Approximations of small jumps of Lévy processes with a view towards simulation. Journal of Applied Probability 38, 482–493.

Beard, R. E., Pentikäinen, T., Pesonen, E., 1977. Risk Theory The Stochastic Basis of Insurance. Chapman and Hall, London.

Bertoin, J., 1996. Lévy Processes. Cambridge University Press, Cambridge. Cont, R., Tankov, P., 2004. Financial Modelling With Jump Processes. Chapman and Hall, Boca Raton.

Cramér, H., 1962. Random Variables and Probability Distributions. Cambridge University Press, Cambridge.

Kolassa, J. E., 2006. Series Approximation Methods in Statistics. Springer, New York.

Nualart, D., 2006. The Malliavin Calculus and Related Topics. Springer, New York.

Nualart, D., Schoutens, W., 2000. Chaotic and predictable representations for Lévy processes. Stochastic Processes and their Applications 90, 109–122.

Petrov, V. V., 1975. Sums of Independent Random Variables. Springer- Verlag, Berlin.

Petrov, V. V., 1995. Limit Theorems of Probability Theory, Sequences of Independent Random Variables. Oxford Science Publications, Oxford.

Rudin, W., 1987. Real and Complex Analysis. McGraw-Hill, Singapore. Sato, K.-I., 1999. Lévy Processes and Infinitely Divisible Distributions. Cambridge University Press, Cambridge.

Valkeila, E., 1995. On normal approximation of a process with independent increments. Russian Mathematical Surveys 50, 945–961.

(continued from the back cover)

A526 Beirao da Veiga Lourenco , Jarkko Niiranen , Rolf Stenberg A family of C^0 finite elements for Kirchhoff plates II: Numerical results May 2007

A525 Jan Brandts , Sergey Korotov , Michal Krizek

The discrete maximum principle for linear simplicial finite element approximations of a reaction-diffusion problem July 2007

A524 Dmitri Kuzmin , Antti Hannukainen , Sergey Korotov A new a posteriori error estimate for convection-reaction-diffusion problems May 2007

A522 Antti Hannukainen , Sergey Korotov , Marcus Ruter A posteriori error estimates for some problems in linear elasticity March 2007

A521 Sergey Korotov , Ales Kropac , Michal Krizek

Strong regularity of a family of face-to-face partitions generated by the longestedge bisection algorithm April 2007

A519 Teemu Lukkari

Elliptic equations with nonstandard growth involving measure data February 2007

A518 Niko Marola

Regularity and convergence results in the calculus of variations on metric spaces February 2007

A517 Jan Brandts , Sergey Korotov , Michal Krizek

Simplicial finite elements in higher dimensions February 2007

A516 Sergey Repin , Rolf Stenberg

Two-sided a posteriori estimates for the generalized stokes problem December 2006

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The list of reports is continued inside. Electronic versions of the reports are available at http://www.math.hut.fi/reports/ .

A533 Heikki J. Tikanmäki

Edgeworth expansion for the one dimensional distribution of lévy process September 2007

A532 Tuomo T. Kuusi

Harnack estimates for supersolutions to a nonlinear degenerate equation September 2007

A529 Mikko Parviainen

Global higher integrability for nonlinear parabolic partial differential equations in nonsmooth domains September 2007

A528 Kalle Mikkola

Hankel and Toeplitz operators on nonseparable Hilbert spaces: further results August 2007

A527 Janos Karatson , Sergey Korotov

Sharp upper global a posteriori error estimates for nonlinear elliptic variational problems August 2007

ISBN 978-951-22-8971-4 (pdf) ISSN 0784-3143 TKK, Espoo, Finland