Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2007 A539

ON THE SPECTRUM OF THE SYMMETRIC RELATIONS FOR THE CANONICAL SYSTEMS OF DIFFERENTIAL EQUATIONS IN HILBERT SPACE

A.A. El-Sabbagh F.A. Abd El Salam K. El Nagaar

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2007 A539

ON THE SPECTRUM OF THE SYMMETRIC RELATIONS FOR THE CANONICAL SYSTEMS OF DIFFERENTIAL EQUATIONS IN HILBERT SPACE

A.A. El-Sabbagh F.A. Abd El Salam K. El Nagaar

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

A.A. El-Sabbagh, F.A. Abd El Salam & K. El Nagaar: On the Spectrum of the Symmetric Relations for The Canonical Systems of Differential Equations in Hilbert Space; Helsinki University of Technology, Institute of Mathematics, Research Reports A539 (2007).

Abstract: For regular canonical system of first order differential equations, we associate symmetric linear relations. Also, we define the minimal and the maximal relations for this case and construct the generalized resolvents related to the selfadjoint extensions for these symmetric relations defined in Hilbert space H or larger than the given space H. One can construct the eigenfunction expansions for the systems we are interested in and the so-called Weyl-coefficients which are the main idea to construct the spectrum of the symmetric relations. We may illustrate this case by giving some examples.

AMS subject classifications: 47A20

Keywords: Hilbert Spaces, Symmetric Relations, Minimal and Maximal relations, Weyl-Coefficients, and Canonical Systems of Differential Equations.

Correspondence

Department of Mathematics Faculty of Engineering Benha University, Shoubra, 108 Shoubra Street Cairo, Egypt.

alysab1@hotmail.com.

ISBN 978-951-22-9162-5 (pdf) ISBN 978-951-22-9161-8 (print) ISSN 0784-3143 Teknillinen korkeakoulu, Finland 2007

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, FI-02015 TKK, Finland email:math@tkk.fi http://math.tkk.fi/

1 Introduction

We shall consider canonical systems of first order differential expressions regular on the compact interval [a, b]. For a given symmetric linear relation S in a Hilbert space H, the selfadjoint extensions of S can be characterized as restrictions of the adjoint S^∗ of S, when S is the minimal relation associated with a formally symmetric ordinary differential expression in L^2−function space, then the restrictions involve linear combinations of the boundary values of the elements in the domain D(S^∗) of S^∗. When the selfadjoint extensions are canonical within the space H, the coefficients of these combinations can be taken to be constants. In the case of selfadjoint extensions in inner product spaces larger than the given space H, they depend analytically on a parameter, see [9], [11], and [18]. We shall prove that every generalized resolvent R(ℓ) of S can be expressed in terms of a fixed generalized resolvent G(ℓ) of S and the Weyl coefficients Ψ(ℓ) of R(ℓ) relative to G(ℓ) as

R(ℓ)f = G(ℓ)f + s(ℓ)Ψ(ℓ)[f, S(ℓ)], f ∈ H (1)

where s(ℓ) is a holomorphic basis for the null space v(S^∗ − ℓ) see [15], [16], and the spectrum of S can be constructed. Finally, we give examples; some in the classical boundary value problem and the others are the general boundary value problem.

2 Eigenfunction Expansion

Let A be a selfadjoint extension of S in a Krein space K, with nonempty resolvent set ρ(A) = {ℓ ∈ C | (A − ℓ)^{−1} ∈ [K]} . By definition H ⊂ K, and the definite and indefinite inner products on H and K, respectively, coincide on H. In the sequel we only consider selfadjoint extensions, whose resolvent sets are nonempty. By PH we denote the orthogonal projection of K onto H. We say that A or K is minimal if K = c.l.s{{(A − ℓ)^{−1}K | ℓ ∈ ρ(A)} ∪ H} where c.l.s. stands for closed linear span. The compressed resolvent R(ℓ), ℓ ∈ ρ(A) associated with the extension A is defined by

R(ℓ) = P_H (A − ℓ)^{−1} |_H (2)

see [1], [3], [6] and [24].

Theorem 2.1 The compressed resolvent R(ℓ), defined in 2 satisfies:

(a) R(ℓ) is a holomorphic mapping with values in H and with domain of holomorphy D_R, which is symmetric with respect to the real axis, D_R = D^∗_R (b) R(ℓ)^∗ = R(ℓ) (c) {R(ℓ)f, ℓR(ℓ)f + f} ∈ S^∗ for all f ∈ H

Proof . Let F (ℓ) ∈ L(N) have representation (2), then for λ ∈ C\R

(R_λF )(ℓ) = � R dΣ(t)f(t) (t − ℓ)(t − λ)

, (3) implies that R_λF ∈ L(N), λ ∈ C\R. By (2) & (3)

‖F_λF ‖^2 = ‖f(t)/(t − λ)‖^2_Σ = � R f(t)dΣ(t)f(t) (t − ℓ) dΣ(t) � f(t) (t − λ) �

≤ |Imλ|^{−2} � R f(t)^∗dΣ(t)f(t)

= |Imλ|^{−2} ‖ f ‖^2_Σ ≤ |Imλ|^{−2} ‖F ‖^2 ,

for λ ∈ C\R, which shows that R_λ is a bounded operator in L(N). This proves (a) and (b) Combining (a) and (b), we obtain the identity R_λ − R^∗_μ = (λ − μ)R^∗_μR_λ, λ, μ ∈ C\R

Property (c) can be written as I ⊂ (S^∗ − ℓ)R(ℓ) (with equality if S is densely defined), where I is the identity on H. Because of (b), it is equivalent to R(ℓ)(S − ℓ) ⊂ I . It is not difficult to verify that for each ℓ ∈ D_R

S^∗ = {{R(ℓ)f, ℓR(ℓ)f + f} | f ∈ H} + M_ℓ(S), directsumin H^2. (4)

This completes the proof.

Theorem 2.2 If R(ℓ) is the corresponding generalized resolvent, then y = R(ℓ)f is the unique solution of the boundary value problem

Jy^′ − H(t)y(t) = ℓΔ(t)y(t) + Δ(t)f(t), almost all t ∈ (a, b), P (ℓ)y(a) + D(ℓ)y(b) = 0 (5)

Proof. According to Theorem 1, it is enough to see that the generalized resolvent has the form:

R(ℓ)f = G(ℓ)f + Y (ℓ)Ψ(ℓ)[f, Y (ℓ)], f ∈ l^2(Δdt), (6)

Ψ(ℓ) = − 1 2 � P (ℓ) + D(ℓ)Y (b, ℓ)^{−1} � (P (ℓ) − D(ℓ)Y (b, ℓ)J) (7)

One can easily check that Ψ(ℓ)^∗ = Ψ(ℓ)is an analytic forℓ ∈ C^+ , see [16], [20] and [25].

Remark 1 Assume that A is a selfadjoint Hilbert space extension of T_{max} ∩ Z^∗, which takes place precisely when the kernel K_μ(ℓ, λ)is non-negative. The Weyl coefficient: Ψ(ℓ) as given before is of the Nevanlinna class, which has an integral representation:

Ψ(ℓ) = A + Bℓ + � R � (t − ℓ)^{−1} − t(t + 1)^{−1} � dΣ(t) (8)

where Σ is monotone nondecreasing function n × n on IR, and

A = A^∗, ImB ≥ 0, � R (t^2 + 1)^{−1}dΣ(t) < ∞ where K_μ(ℓ, λ) = B + � R dΣ(t) (t − ℓ)(t − λ) , Z is a finite dimensional subspace in H^2,T_{min} is a minimal relation defined as in [22].

Theorem 2.3 The Fourier transformf → ^f(ℓ) = � f, s(ℓ) � takes H = L^2_Δ(a, b) contractively into L^2_Σ, it is isometric on H_1, has as its kernel H_0 and is strictly contractive on H_z.

Proof. If A is a minimal selfadjoint extension in K ⊃ H of T_{min} ∩ Z^∗ in H, then the Fourier transform is surjective if and only if dim KΘH = dim H_z. The Fourier transform maps H_1 onto L^2_Σ; if and only if A is a canonical selfadjoint extension of S = T_{min} ∩ Z^∗.

Lemma 2.1 Let μ, be a matrix function of bounded variation. Define S = � {f, g} ∈ T_{min} |

�_b a (dμ^∗) ~f = 0 � (9) where f is the unique absolutely continuous representative of f. Then S = T_{min} ∩ Z^∗, is true if either of the following two cases: (a) H(t) = 0 a.e., in which case Z =span{−Jμ, 0}, t ∈ [a, b]

(b) Δ(t) = I a.e.and H ∈ L^2_Δ(a, b) in which case Z =span{−Jμ, HJμ}.

Proof. We just note {f, g} ∈ T_{min} implies Jf^′ = Hf^+Δg , so that integration by parts yields:

�_b a (dμ)^∗ ~f =

�_b a −μ^∗ ~f = � (μ^∗J)(J ~f) =

�_b a (μ^∗)(Hf + Δg) (10)

From this it follows that S = T_{min} ∩Z^∗: where Z = span{−Jμ, 0} if H(t) = 0, a.e., and where Z =span{−Jμ, HJμ} if Δ (t) I , a.e., see[17] and[24].

Theorem 2.4 Let μ and S be defined as above, then S = T_{min} ∩ Z^∗ is true, if either of the following two cases (assuming that Δμ is defined, see the next remark):

(a) H(t) = 0a.e. in which Z =span{−ΔJμ, 0^n_k },

(b) H ∈ L^2_Δ(a, b) in which case Z =span{−ΔJμ, HJμ}.

Proof. It is easy to check this proof using the previous lemma.

Remark 2 When Δ is singular we do not have such an easy solution. When we multiply Δ y some matrix K, we assume that R(K) ∩ vΔ = {(0)}, and then all the information is still contained in ΔK, see [15] and [18].

Remark 3 If s(t)is defined as before, then one can write

{s(ℓ), ℓs(ℓ)} = ({Y (ℓ), ℓY (ℓ)} : {U(ℓ) + σ, ℓ (U(ℓ) + σ)}) (11)

where Y (ℓ), U(ℓ) is defined before, {σ, τ}spanned Z, and

{U(ℓ) + σ, ℓ (U(ℓ) + σ)} (12) = {U(ℓ), ℓU(ℓ) + ℓσ − τ} = {G(ℓ)(−τ + ℓσ), ℓG(ℓ)(−τ + ℓσ) − τ + ℓσ}

+ {Y (ℓ), ℓY (ℓ)c(ℓ)} + {σ, τ} (13)

is a decomposition via T_{max} + Z when T_{max} is further decomposed as in the above. so, we note that

s(ℓ)(a) = (I : 0)

s(ℓ)(b) = � Y (b, ℓ) : − 1 2 Y (b, ℓ)J[−τ + ℓσ, Y (ℓ)] + Y (b, ℓ)c(ℓ) �

⟨({Y (ℓ), ℓY (ℓ)} : {U(ℓ), ℓU(ℓ) + ℓσ − τ}) , {σ, τ}⟩ = � U(ℓ), ℓσ − τ � : [U(ℓ), −τ + ℓσ] + [−τ + ℓσ, σ] � ⟨{s(ℓ), ℓs(ℓ)} , {σ_0, τ_0}⟩ = (0 : I) (14)

hence we obtain b(s(ℓ), s(ℓ)) = (S_0, S_z) (15) where the matrix S_0, and the matrix S_z are

S_0 = � I 0 Y (b, ℓ) −^1_2 Y (b, ℓ)J[−τ + ℓσ, Y (ℓ)] + Y (b, ℓ)c(ℓ) � (16)

S_z = � [Y (ℓ), ℓσ − τ] [U(ℓ), ℓσ − τ] + [−τ + ℓσ, σ] 0 I � (17)

In order to calculate the Weyl coefficient Ψ, we note that for the given selfadjoint extension A, we have on the one hand the following theorem:

Theorem 2.5

T (ℓ) = {{f, g} ∈ S^∗ | U(ℓ)b({f, g})} = 0,

where U(ℓ) = (U_0(ℓ) : U_z(ℓ) : in terms of Q^{−1}_0 , Q^{−1}_z , but on the other hand,

T (ℓ) = {{R(ℓ)f, (I + ℓR(ℓ))f}|/f ∈ H} (18) for the definition of see [19], [21] and [23]

Proof. So for all f ∈ H, we must have:

U(ℓ)b({R(ℓ)f, (I + ℓR(ℓ))f}) = U(ℓ)(b({G(ℓ)f, (ℓG(ℓ))f}) + b({s(ℓ), ℓs(ℓ)})Ψ(ℓ)[f, s(ℓ)]) = 0(19)

With the usual decomposition U(ℓ) = (U_0(ℓ) : Uz(ℓ)), we obtain for all f ∈ H.

(U_0(ℓ)G_0(ℓ) + U_z(ℓ)G_z(ℓ)) [f, s(ℓ)] + (U_0(ℓ)s_0(ℓ) + + U_z(ℓ)s_z(ℓ)) Ψ(ℓ)[f, s(ℓ)] = 0

(20)

Theorem 2.6 The Weyl coefficient Ψ(ℓ) relative to the bounded right inverse G(ℓ) is given by:

Ψ(ℓ) = − (U_0(ℓ)s_0(ℓ) + U_z(ℓ)s_z(ℓ))^{−1} (U_0(ℓ)G_0(ℓ) + U_z(ℓ)G_z(ℓ)) (21)

where all of these matrices as defined before.

Proof. Just note that for a fixed, the mapping f → [f, s(ℓ)] from H to C^{2k+2r}is surjective.

Theorem 2.7 Let A be a selfadjoint extension of T_{min} ∩ Z^∗, with a finite dimensional extending space. Then the relation:

T (ℓ) = {{f, g} ∈ T_{min} + Z | U(ℓ)b({f, g}) = 0} , (22)

also holds for ℓ ∈ R.

In this case the spectrum is discrete, and the eigenvalues, i.e., those values of for which v[T (ℓ) − ℓI] |= {0}, are precisely the values of ℓ, for which the matrix U_0(ℓ)S_0(ℓ) + U_z(ℓ)S_z(ℓ) is not invertible, see[8] and[9].

3 Examples

Example(3.1): Consider the second order system in the form

− y^{′′} + qy = ℓry, (q, r ∈ R, C, ℓ ∈ C\R) (23)

which is equivalent to � y y^′

�_′ = � y^′ qy^′ − ℓry � = � 0 1 q 0 � � y y^′ � − ℓ � 0 1 r 0 � � y y^′ � , � 0 −1 1 0 � � y y^′

�_′ = � −q 0 0 1 � � y y^′ � + ℓ � r 0 0 0 � � y y^′ � ,

which can be written in the form Jz^′ = ℓΔz + Hz, J = � 0 −1 1 0 � , H = � −q 0 0 1 � , Δ = � r 0 0 0 � , Z = � y y^′ �

In this simple example, one can write the boundary conditions in the form which have been repeated several times in the past, see[2],[3],[4],[5]and[16].

Now we shall consider the general case in a very simple way as onedimensional vector case, and as we said in the research the coefficients which appear in the differential equations depend on the parameter which is in the lower or in the upper half plane. Let us consider this simple example and construct in each subcase the Nevanlinna function, see[7],[10]and[14].

iy^′ − ℓy − ℓσ{P_1y(0) + Q_1y(1)} = g

P_2y(0) + Q_2y(1) − iρ

�_1 0 yd σ = 0 (24)

We shall assume that the coefficients P_1, P_2, Q_1 and Q_2 all are real. furthermore, we put ρ = ℓ fixed in each case.

Example (3.2): Assume ρ = 0. We get this system

iy^′ − ℓy = g P_2y(0) + Q_2y(1) = 0 (25)

We assume the solution of this system (the fundamental solution) in the form:

y(t) = c(t)e^{−iℓt}, c(t)

is a constant vector in C^k, ℓ ∈ C^±, t ∈ [0, 1].

By simple calculation we get the solution and we can construct the Nevanlinna function, from it and even more we may study several cases and in each one construct the Nevanlinna function, see [12], [13] and [25].

References

[1] N.I. Achiezer and I.M. Glazman, ”Theorie der linearen Operatoren im Hilbertraum,” 8th ed., Akademie Verlag, Berlin, 1981.

[2] J. R. Barton, ”On generalized signal-to-noise ratios in quadratic detection,” Mathematics of Control, Signals, and Systems 5 no. 1 (1992), 81-91.

[3] C. Bennewitz, ”Symmetric relations on a Hilbert space”, Lecture Notes in Math. 28, Springer-Verlag (1972), 212-218.

[4] R.C. Brown, ”The existence of the adjoint in linear differential systems with discontinuous boundary conditions”, Ann. Mat. Pur. & Appl., 93(1972),. 269-274.

[5] E.A. Codington and R.C. Gilbert, ”Generalized resolvents of ordinary differential operators”, Trans. Amer. Math. Soc. 93(1959), 216-241.

[6] E.A. Coddington, ”Extension theory of formally normal and symmetric subspaces”, Mem. Amer. Math. Soc., 134, 1973.

[7] E.A. Coddington, ”Selfadjoint problems for non-densely defined ordinary differential operators and their eigenlunction expansion”, Advances in Math15(1975), 1-40.

[8] .A. Dijksma and H.V. De Snoo and A. El Sabbagh, ”Seldadjoint extensions of regular canonical systems with Stieltjes boundary conditions”, JMAA Vol. 152, No. 2(1990), 546-583.

[9] Dijksma, H. Langer and U. V. De Snoo, ”Hamiltonian systems with eigenvalue depending boundary conditions”, Oper. Theory: Adv. Appl Appl, 35(1988), 37-83.

[10] A. Dijksma and H..V. De Snoo, ”Selfadjoint extensions of symmetric subspaces”, Pacific J. Math, 54(1974), 71-100.

[11] Igor Djokovic, ”Generalized sampling theorems in multiresolution subspaces,” IEEE Transactions on Signal Processing 95 no. 3 (1997), 583- 599.

[12] L. M. Fowler, ”A unified formulation for detection using time-frequency and time-scale methods,” Conference Location: Pacific Grove, CA, USA, Conference Date: Nov. 4-6, 1991.

[13] Richard Gomulkiewicz, ”Selection gradient of an infinite-dimensional trait,” SIAM Journal on Applied Mathematics 56 no. 2 (1996), 509-523.

[14] Chen Guanrogn, ”Unified approach to optimal image interpolation problems based on linear partial differential equation models,” IEEE Transactions of Image Processing 2 no. 1(1993), 41-49.

[15] A.M. Krall, ”The development of general differential and general differential boundary systems”, Rocky Mountain J. Math. 5(1975), 493-542.

[16] H. Langer ”Spectral functions of definitizable operators in Krein spaces”, Functional Analysis Proceedings Dubrovnik, Lecture Notes in Mathematics 948, Springer-Verlag, Berlin 1982, 1-46.

[17] N. Levinson, ”A simplified proof of the expansion theorem for singular second order linear differential equations”, Duke Math. J. 18(1951), 57- 71. [18] N. Lutkenhaus, ”Criterion for non-classical status”, Dept. of Physics and Applied Physics, Glasgow, Engl. E.Q. Electronics Conference 1994. Piscatway, NJ, USA, pp. 278-279.

[19] M. Z. Nashed, ”General sampling theorems for functions in reproducing kernel Hilbert spaces,” Mathematics of Control, Signals, and Systems 4 no. 4 (1991), 363-390.

[20] M.A. Naimark, ”Linear Differential Operators”, Part II, Unger, New York, 1968.

[21] A. P. Olsen, ”A note on irregular discrete wavelet transforms,” IEEE Transactions on Information Theory, Special Iss., 38 no. 2 (1992), 861- 863.

[22] B.C. Orcutt, ”Canonical Differential Equations,” Dissertation. University of Virginia, 1969.

[23] A.A. El-Sabbagh, ”Family of Strauss extensions described by boundary conditions involving matrix functions”, Ain Shams University, Engineering Bulletin Vol. 31, No. 4(1996), 528-537.

[24] .A.A. El-Sabbagh, ”On characteristic function of a given symmetric relation related to the extension problem of Hamiltonian system”, to be published in IJMMS, America.

[25] A.A. El-Sabbagh, ”On eigenfunction expansions for the canonical systems of differential equations in Hilbert space”, to be published in Ain Shams University Bulletin, Cairo.

(continued from the back cover)

A534 Jarkko Niiranen

A priori and a posteriori error analysis of finite element methods for plate models October 2007

A533 Heikki J. Tikanmäki

Edgeworth expansion for the one dimensional distribution of a Lévy process September 2007

A532 Tuomo T. Kuusi

Harnack estimates for supersolutions to a nonlinear degenerate equation September 2007

A530 Mika Juntunen , Rolf Stenberg

Nitsches Method for General Boundary Conditions October 2007

A529 Mikko Parviainen

Global higher integrability for nonlinear parabolic partial differential equations in nonsmooth domains September 2007

A528 Kalle Mikkola

Hankel and Toeplitz operators on nonseparable Hilbert spaces: further results August 2007

A527 Janos Karatson , Sergey Korotov

Sharp upper global a posteriori error estimates for nonlinear elliptic variational problems August 2007

A526 Beirao da Veiga Lourenco , Jarkko Niiranen , Rolf Stenberg A family of C^0 finite elements for Kirchhoff plates II: Numerical results May 2007

A525 Jan Brandts , Sergey Korotov , Michal Krizek

The discrete maximum principle for linear simplicial finite element approximations of a reaction-diffusion problem July 2007

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The reports are available at http://math.tkk.fi/reports/ . The list of reports is continued inside the backcover.

A539 Aly A. El-Sabbagh , F.A. Abd El Salam , K. El Nagaar

On the Spectrum of the Symmetric Relations for The Canonical Systems of Differential Equations in Hilbert Space December 2007

A538 Aly A. El-Sabbagh , F.A. Abd El Salam , K. El Nagaar

On the Existence of the selfadjoint Extension of the Symmetric Relation in Hilbert Space December 2007

A537 Teijo Arponen , Samuli Piipponen , Jukka Tuomela

Kinematic analysis of Bricard’s mechanism November 2007

A536 Toni Lassila

Optimal damping set of a membrane and topology discovering shape optimization November 2007

A535 Esko Valkeila

On the approximation of geometric fractional Brownian motion October 2007

ISBN 978-951-22-9162-5 (pdf) ISBN 978-951-22-9161-8 (print) ISSN 0784-3143 Teknillinen korkeakoulu, Finland 2007