Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2008 A540

Geometric properties of metric measure spaces and Sobolev-type inequalities

Riikka Korte

Helsinki University of Technology, Institute of Mathematics, Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2008 A540

Geometric properties of metric measure spaces and Sobolev-type inequalities

Riikka Korte

Dissertation for the Degree of Doctor of Science in Technology to be presented, with due permission of the Faculty of Information and Natural Sciences, for public examination and debate in Auditorium E at Helsinki University of Technology (Espoo, Finland) on the 29th of February 2008, at 12 o’clock noon.

Helsinki University of Technology Faculty of Information and Natural Sciences Department of Mathematics and Systems Analysis

Riikka Korte Department of Mathematics and Systems Analysis Helsinki University of Technology P.O. Box 1100, FI-02015 TKK, Finland E-mail: riikka.korte@tkk.fi

ISBN 978-951-22-9210-3 (print) ISBN 978-951-22-9211-0 (pdf) ISSN 0784-3143

Helsinki University of Technology Faculty of Information and Natural Sciences Department of Mathematics and Systems Analysis P.O. Box 1100, FI-02015 TKK, Finland email:math@tkk.fi http://math.tkk.fi/

Riikka Korte: Geometric properties of metric measure spaces and Sobolev-type inequalities; Helsinki University of Technology, Institute of Mathematics, Research Reports A540 (2008).

Abstract: This dissertation studies analysis in metric spaces that are equipped with a doubling measure and satisfy a Poincaré inequality. The treatise consists of four articles in which we discuss geometric implications of the Poincaré inequality as well as equivalent characterizations of capacities, Sobolev inequalities and conditions for the thickness of a boundary of sets. We also study the size of exceptional sets for Newtonian functions.

AMS subject classifications: 46E35, 31C15.

Keywords: boxing inequality, capacity, doubling measure, functions of bounded variation, Hausdorff content, Lebesgue points, metric spaces, modulus, Newtonian spaces, Poincaré inequality, quasiconvexity, Sobolev–Poincaré inequality, Sobolev spaces

Riikka Korte: Metristen mitta–avaruuksien geometriset ominaisuudet ja Sobolev– tyyppiset epäyhtälöt; Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja A540 (2008).

Tiivistelmä: Väitöskirjassa tutkitaan metrisiä avaruuksia, joissa on tuplaava mitta ja jotka kantavat Poincarén epäyhtälön. Työ koostuu neljästä artikkelista, jotka käsittelevät muun muassa Poincarén epäyhtälön geometrisia ominaisuuksia sekä yhtäpitäviä karakterisaatioita kapasiteeteille, Sobolev–tyyppisille epäyhtälöille ja joukon reunan paksuutta mittaaville ehdoille. Työssä tutkitaan myös Newtonin funktioiden epäsäännöllisten pisteiden joukon suuruutta.

Avainsanat: boxing epäyhtälö, BV –funktiot, Hausdorff–kontentti, kapasiteetti, kvasikonveksisuus, Lebesguen pisteet, metriset avaruudet, Newtonin avaruudet, Poincarén epäyhtälö, Sobolevin avaruudet, Sobolev–Poincaré epäyhtälö, tuplaava mitta

Acknowledgements

This dissertation has been prepared at the Institute of Mathematics, Helsinki University of Technology, during the period 2005–2007.

First of all, I would like to thank my advisor Juha Kinnunen for introducing me to the subject of this work. His interest and support are highly appreciated. I’m also grateful to Olavi Nevanlinna for supervising my dissertation. I would like to thank Anders Björn and Jang–Mei Wu for pre-examining my manuscript and for giving valuable comments. Working with my co–authors Nageswari Shanmugalingam and Heli Tuominen has been very rewarding and enjoyable. It has also been a privilege to be a member of the Nonlinear PDE group. I have really appreciated the good spirit and teamwork in our research group.

For financial support, I’m indebted to the Finnish Academy of Science and Letters, Vilho, Yrjö and Kalle Väisälä Foundation and the Finnish National Graduate School of Mathematical Analysis and Its Applications. Finally, I wish to thank my family, friends and especially Teemu for being there for me.

Espoo, January 2008

Riikka Korte

List of included articles

This dissertation consists of this overview and the following publications:

[I] R. Korte, Geometric implications of the Poincaré inequality, Results Math., 50 (2007), pp. 93–107.

[II] J. Kinnunen, R. Korte, N. Shanmugalingam, and H. Tuominen, Lebesgue points and capacities via boxing inequality in metric spaces, (to appear in) Indiana U. Math. J., 57 (2008).

[III] R. Korte and N. Shanmugalingam, Equivalence and self–improvement of p–fatness and Hardy’s inequality, and association with uniform perfectness. arXiv:0709.1097v1 [math.FA].

[IV] J. Kinnunen and R. Korte, Characterizations of Sobolev inequalities on metric spaces. arXiv:0709.2013v1 [math.AP].

Author’s contribution

The work presented in this dissertation has been mainly carried out at the Institute of Mathematics, Helsinki University of Technology, during the period 2005–2007. The writing and analysis of [I] was in part completed while the author was visiting University of Cincinnati in fall 2005. The author has had a central role in all aspects of the work reported in this dissertation. In [I], the author’s independent research is reported, while, in [II]–[IV], the author is responsible for a substantial part of writing and analysis.

Geometric properties of metric measure spaces and Sobolev-type inequalities

Riikka Korte

1 Introduction

This dissertation is about the analysis on metric measure spaces with the standard setting, where the measure is doubling and some sort of a Sobolev– Poincaré inequality is valid. More precisely, we discuss the geometry of spaces supporting a Poincaré inequality and we present equivalent characterisations of Sobolev–Poincaré inequalities. We also discuss regularity of Sobolev functions and the relationship between several conditions describing thickness of the boundary of a set in a metric space.

In this section, we give a short overview of the theory of metric spaces with a doubling measure and a Poincaré inequality, and we discuss how the theory of Sobolev functions can be extended to these kind of spaces. Sections 2–5 include an overview of papers [I]–[IV].

1.1 Doubling measure

Requiring that the measure is doubling is a common way to ensure that the space has a finite dimensional nature. The doubling condition is not strong enough to guarantee an unambiguous dimension for the space. Nevertheless, it is enough to provide many classical results of zeroth order calculus. These results include, for example, the Vitali covering theorem, Lebesgue differentiation theorem and Hardy–Littlewood maximal theorem.

Definition 1.1. We say that μ is a doubling measure if there exists a constant c_D ≥ 1, called the doubling constant of μ, such that for all x ∈ X and r > 0,

μ(B(x, 2r)) ≤ c_Dμ(B(x, r)).

Here B(x, r) = {y ∈ X : d(x, y) < r}.

The quasimetric spaces with a doubling measure are also sometimes called spaces of homogeneous type. Roughly speaking, the doubling condition gives an upper bound for the dimension of the metric space. Indeed, if 0 < r < R < ∞ and x ∈ B(y, R), then μ(B(x, r)) μ(B(y, R)) ≥ c ( r R )_s , where s = log_2 c_D and c is a constant that depends only on c_D. By rather straightforward calculations, we can show that the Hausdorff dimension of the space cannot exceed s.

A metric space is doubling if there exists a constant N < ∞ such that every ball of radius r may be covered by N balls of radii r/2. Note that, if a metric space X has a doubling measure, then X is doubling, but the converse does not hold in general. However, it is possible to construct a doubling measure to every complete doubling space, see Luukkainen–Saksman [39] and Vol^′berg– Konyagin [55].

The doubling condition is general enough to allow for a wide number of spaces. However, every doubling metric space can be quasisymmetrically embedded into some finite dimensional Euclidean space. The argument is attributable to Assouad [5].

Sometimes we need stronger growth restrictions than the doubling condition. For example, we may assume that there exist 0 < Q_1 ≤ Q_2 < ∞ and C > 1 such that 1 C ( r R )_{Q2} ≤ μ(B(x, r)) μ(B(y, R)) ≤ C ( r R )_{Q1} (1.1)

for every y ∈ X, 0 < r < R < ∞ and x ∈ B(y, R). Here the lower bound is equivalent to the doubling condition. The upper bound in (1.1) gives a lower bound for the dimension of the space. By rather simple calculations, we can show that, if the space is connected, or even uniformly perfect, and the measure is doubling, then the measure satisfies (1.1) with some positive constants. However, some phenomena occur only when Q_1 > 1. If Q_1 = Q_2 = Q, we say that the space is Ahlfors Q–regular. Only the Ahlfors regularity condition is strong enough to allow global estimates for the size of balls. If Q_1 < Q_2, we only gain information about the relative size of balls that are near each other. Consider, for example, R^n equipped with Euclidean metric and the measure

μ(E) = ∫ E w(x) dx = ∫ E |x|^{δ−n} dx

with 0 < δ < 1. Since w(x) is a Muckenhoupt A_1–weight, the measure μ is doubling and the space supports a (1, 1)–Poincaré inequality. However, it satisfies the condition (1.1) only with Q_1 ≤ δ and Q_2 ≥ n, because the measure of balls depends not only on their radius but also on their distance to the origin.

1.2 Poincaré inequality

The Poincaré inequality creates a link between the metric, the measure and the gradient, and it provides a way to pass from the infinitesimal information of the gradient to larger scales. If the integral of the gradient is small, then the function does not oscillate too much. The Poincaré inequality also guarantees the existence of a number of rectifiable paths connecting any two points in the space. The doubling condition is enough to allow zeroth order calculus, but the Poincaré inequality lets us proceed to first order calculus. It is not obvious to generalise the concept of the gradient to general metric measure spaces, because it involves directions. Therefore, the gradient is often replaced by an upper gradient. A nonnegative Borel–measurable function g is an upper gradient of a function u : X → [−∞, ∞] if for all rectifiable paths γ : [a, b] → X,

|u(γ(b)) − u(γ(a))| ≤ ∫ γ g ds.

In Euclidean spaces, the minimal upper gradient corresponds to the norm of the gradient. However, the upper gradient is not unique. Namely, if g is an upper gradient and h is any nonnegative Borel–measureable function, then also g +h is an upper gradient. Upper gradient is a local concept in the sense that the minimal upper gradient is zero almost everywhere in the set where the function is constant. The upper gradient also has some linear nature, but is not linear itself. This can be seen by considering upper gradients of two functions. The sum of the upper gradients is an upper gradient of the sum of the functions, but the analogous result does not hold for their difference.

Definition 1.2. We say that X supports a weak (1, p)–Poincaré inequality if there exist constants c_P > 0 and λ ≥ 1 such that, for all x ∈ X and r > 0, for all measurable functions u on X and for all upper gradients g of u, ∫ B(x,r)

|u − u_{B(x,r)}| dμ ≤ c_P r (∫ B(x,λr)

g^p dμ

)_{1/p} . (1.2)

Here we used the notation

f_B = ∫ B f dμ = 1 μ(B) ∫ B f dμ.

The word weak in the definition above refers to the possibility that λ may be strictly greater than 1. In R^n we obtain λ = 1.

There are several possible definitions for the Poincaré inequality. We can vary the class of functions for which the Poincaré inequality is required to hold, and replace the upper gradient by other substitutes for the gradient. Most of the reasonable definitions coincide when the measure is doubling and the space is complete, see Keith [30, 31] and Keith–Rajala [32]. For example, instead of all measurable functions, it is enough to require inequality (1.2) for compactly supported Lipschitz functions with Lipschitz upper gradients. Or we may replace the upper gradient by the local Lipschitz constant. It is common to all of these definitions that they are invariant under changes of coordinates in bi–Lipschitz mappings. This is a characteristic of all analysis in metric spaces, since, in general, we do not have any linear structure and thus the concepts should not depend on such a structure even if it exists in some special cases.

By Hölder inequality, it is clear that, if X supports a weak (1, p)–Poincaré inequality, then it supports also a weak (1, q)–Poincaré inequality for all q > p. Both sides of the Poincaré inequality also enjoy a self–improving property: if the space supports a (1, p)–Poincaré inequality, then it supports also an (s, p)–Poincaré inequality and, if p > 1, a (1, p − ε)–Poincaré inequality for some s > p and ε > 0. The first one is attributable to Hajłasz–Koskela [22] and Bakry–Coulhon–Ledoux–Saloff-Coste [6], see also Heinonen [24] and Franchi–Pérez–Wheeden [15]. The latter is a recent result by Keith–Zhong [33].

There is a wide variety of spaces equipped with a doubling measure and satisfying a weak Poincaré inequality. These include Euclidean spaces with Lebesgue measure and weighted Euclidean spaces with Muckenhoupt weights, as well as graphs, complete Riemannian manifolds with nonnegative Ricci curvature, Heisenberg groups and more general Carnot–Carathéodory spaces, see [25], [52], [47] and [24].

Not only the topological structure, but also the choice of the metric, is essential for the validity of the Poincaré inequality. For example, consider the snowflaking identity map (X, d) → (X, d^α) with 0 < α < 1. It is a quasisymmetric map, but snowflaked metric spaces (X, d^α) have no rectifiable paths and consequently cannot support a Poincaré inequality.

Although a Poincaré inequality is a widely used assumption, in many cases it is hard to check whether a certain space supports a Poincaré inequality. Some of the few results concerning sufficient conditions are by Semmes. He studied this problem first in Ahlfors regular spaces in [48] and then in more general metric spaces in [49]. The conditions restrict the behaviour of the Hausdorff measure of the space and the behaviour of its topology. Separately these assumptions permit fractal phenomena, which are incompatible with analytical results like Sobolev embedding theorems. On Riemannian manifolds, Grigor’yan and Saloff-Coste observed that the doubling condition and the Poincaré inequality are not only sufficient, but also necessary, conditions for a scale-invariant parabolic Harnack principle for the heat equation, see [46], [47] and [17].

1.3 Sobolev functions

Sobolev spaces are classically defined in R^n and its subsets as pth power integrable functions whose distributional derivatives are integrable to power p, 1 ≤ p < ∞. For more details about classical Sobolev spaces, see, for example, Adams [1], Evans–Gariepy [11], Maz^′ya [43] and Ziemer [56]. Since distributional derivatives are defined via integration by parts, another means is needed to define Sobolev functions for general metric spaces. There are several alternative definitions available for the generalisation of

Sobolev spaces to the metric measure space setting. We use a geometric definition based on upper gradients (see [26]), which gives the standard Sobolev space in the Euclidean case with Lebesgue measure also for p = 1. The theory of these function spaces has been developed in Shanmugalingam [51].

Definition 1.3. Let 1 ≤ p < ∞. If u is a function that is integrable to power p in X, let

‖u‖_N 1,p_{(X)} = (∫ X |u|^p dμ + inf_g ∫ X g^p dμ

) 1_p , where the infimum is taken over all upper gradients of u. The Newtonian space on X is the quotient space

N^{1,p}(x) = {u : ‖u‖_N 1,p_{(X)} < ∞}/∼,

where u ∼ v if and only if ‖u − v‖_N 1,p_{(X)} = 0.

If X does not contain any rectifiable paths, then N^{1,p}(X) is just the set of L^p–integrable functions. For example, the Poincaré inequality is enough to guarantee the existence of a plenitude of rectifiable paths that is enough to guarantee the development of an interesting theory of Sobolev spaces. Note that it follows from the definition that Newtonian functions are defined a priori quasieverywhere while Sobolev functions are defined only almost everywhere. Thus the spaces N^{1,p}(R^n) and W^{1,p}(R^n) are the same in the sense that every function in N^{1,p}(R^n) is a quasicontinuous representative of a Sobolev function and vice versa, see [7].

Another candidate for Sobolev spaces in metric measure spaces is the Hajłasz space M^{1,p}(X), which is defined via a pointwise definition and whose upper gradient corresponds to the maximal function of the gradient. When p > 1, both M^{1,p}(R^n) and N^{1,p}(R^n) coincide with the standard Sobolev space W^{1,p}(R^n). In general, the space M^{1,p}(X) may be strictly smaller than N^{1,p}(X). This is the case when p = 1, or when the space X does not contain any rectifiable paths. For more information about various Sobolev spaces on metric spaces, see also [9], [14], [21], [27], [37] and the references therein.

2 Geometry of metric spaces supporting a Poincaré inequality

If a complete doubling metric measure space supports a weak (1, p)–Poincaré inequality, then the space is quasiconvex ; that is, there exists a constant such that every pair of points can be connected with a path whose length is at most the constant times the distance between the points, see Semmes [50], Cheeger [9], Keith [30] and [I]. Since the Poincaré inequality is invariant under bi–Lipschitz mappings, it follows that every complete doubling metric measure space supporting a (1, p)–Poincaré inequality can be turned into a geodesic space by a bi–Lipschitz change of the metric, i.e.

d_{NEW} (x, y) = inf length(γ_{xy}),

where the infimum is taken over all rectifiable paths γ_{xy} joining x and y. In [I], we improve the quasiconvexity result. We show that, if the space supports a weak (1, p)–Poincaré inequality with p smaller than the lower bound of the dimension, then annuli are almost quasiconvex; that is, there exists a constant C ≥ 1 such that, if x, y ∈ B(x_0, r_0) \ B(x_0, r_0/2), then there exists a path γ whose length is at most the constant C times the distance between the points and γ ⊂ B(x_0, Cr_0) \ B(x_0, r_0/C). This means that the paths connecting any pair of points include a set of paths that are fairly short and broadly distributed. For example, the space cannot become disconnected by removing one point.

This condition is related to a weaker condition, which is called local linear connectivity (LLC), see, for example, Heinonen–Koskela [26]. A space satisfies the LLC–condition, if any two points in an annulus can be joined with a path that does not intersect a small neighbourhood of the centre and with a path that does not go too far from the annulus. For example, Björn– MacManus–Shanmugalingam [8] and Holopainen–Shanmugalingam [29] assume that the space is locally linearly connected and that it supports a (1, p)–Poincaré inequality. It follows from our results that the assumption of local linear connectivity can be removed in many cases.

Our result is of a quantitative nature. It is based on estimating the modulus of path families joining small neighbourhoods of a pair of points. The p– modulus of a family of paths Γ is defined as

mod_p Γ = inf ∫ X ρ^p dμ,

where the infimum is taken over all nonnegative Borel functions ρ : X → [0, ∞] satisfying ∫ γ ρ ds ≥ 1

for all rectifiable paths γ ∈ Γ. The Poincaré inequality gives a lower bound for the modulus of a path family of all paths joining neighbourhoods of a pair of points. Using appropriate test functions, we are able to get upper bounds for the modulus of paths that are very long compared with r_0 or that intersect B(x_0, r_0/C). A combination of these estimates gives a quantitative estimate for the modulus of relatively short paths that do not leave the annulus. The classical proof of quasiconvexity gives only one path joining any pair of points. Using similar methods, we also obtain lower bounds for the Hausdorff content and the diameter of spheres. If p is greater than the dimension, then even a path family going through one point may have positive p–modulus. This shows that our results are optimal in the sense that any weaker Poincaré inequality is not enough to guarantee quasiconvexity of annuli or positive Hausdorff s–content for any s > 0.

3 Boxing inequality and Lebesgue points

Paper [II] has been written jointly with Juha Kinnunen, Nageswari Shanmugalingam and Heli Tuominen. The purpose of the paper is to study regularity of Newtonian functions N^{1,1}(X) and different characterisations of 1–capacity. Our proofs are based on the theory of functions of bounded variation. The functions of bounded variation are studied in Miranda [45] and Ambrosio– Miranda–Pallara [3] in the setting of doubling metric measure spaces supporting a weak (1, 1)–Poincaré inequality. See also Giusti [16], Ambrosio– Franchi–Pallara [2] and Evans–Gariepy [11] for the classical theory of functions of bounded variation. Following [45], for u ∈ L^1_{loc}(X), we define the total variation of u in X

‖Du‖(X) = inf { lim inf i→∞ ∫ X Lip u_i dμ } , where the infimum is taken over all sequences {u_i} of locally Lipschitz functions such that u_i → u in L^1_{loc}(X) and

Lip u(x) = lim sup_{y→x}

|u(x) − u(y)| d(x, y)

is the local Lipschitz constant of u. We say that a function u ∈ L^1(X) is of bounded variation, u ∈ BV (X), if ‖Du‖(X) < ∞. From Theorem 3.4 in [45], we have that ‖Du‖ is a Borel regular measure restricted to the open sets of X with finite mass whenever u ∈ BV (X). We also have the coarea formula, i.e.

‖Du‖(A) =

∫_∞ −∞ ‖Dχ_{{u>λ}}‖(A) dλ

for every u ∈ BV (X) and open subset A of X.

One other important tool for us is a metric space version of a so-called boxing inequality. The boxing inequality originates with Gustin [18]. In the Euclidean case, it states that every compact set K ⊂ R^n can be covered by balls (or boxes) B(x_i, r_i), i = 1, 2, . . ., in such a way that ∞∑ i=1 r^{n−1}_i ≤ cH^{n−1}(∂K)

where the constant c depends only on the dimension n. Here H^{n−1} refers to the (n − 1)–dimensional Hausdorff measure. Because doubling metric spaces do not usually have an unambiguous dimension, we need to have a version of the boxing inequality that does not depend on the dimension of the space. It is obtained by replacing r^{n−1}_i by μ(B(x_i, r_i))/r_i and the Hausdorff measure of ∂K by the perimeter measure of K. We prove this metric space version of boxing inequality by using a Calderón–Zygmund-type covering and the relative isoperimetric inequality.

Then we use the metric space version of the boxing inequality and the theory of BV –functions to prove that the Hausdorff content of codimension one and 1–capacity are quantitatively equivalent. The coarea formula and the fact that the BV norm defines a measure are essential in our arguments. Exceptional sets for Sobolev functions are measured in terms of the p– capacity, since Sobolev functions have a pointwise representative that has Lebesgue points outside a set of p–capacity zero. In [II], we extend this result to cover the case p = 1 in metric spaces. The classical proof is based on the Besicovitch covering theorem, extension results or representation formulas, see Evans–Gariepy [11] and Federer–Ziemer [13]. However, we have none of these tools available. For p > 1, the result was extended to cover metric measure spaces by Kinnunen–Latvala [35], but the same method does not work when p = 1, because it requires that the Hardy–Littlewood maximal operator is bounded in L^p(X), which is not true for p = 1. Our proof is based on a capacitary weak-type estimate

cap_1({x ∈ X : Mu(x) > λ}) ≤ c λ ‖Du‖(X).

The estimate is proved by first using a standard 5–covering theorem for the balls B with u_B > λ and then considering separately the balls where u is approximately λ in a large part of the ball and the balls where u is small compared to λ in a large part of the ball. Boxing inequality and the coarea formula give an upper bound for the capacity of the union of the first type of balls, and Poincaré inequality implies that the capacity of the second kind of balls is bounded by the total variation of u from above. The fact that the 1–capacity and the Hausdorff content of codimension one are quantitatively equivalent plays an essential role in [II], but there are also other equivalent ways to define 1–capacity. One purpose of our paper is to study these characterisations in the spirit of Federer–Ziemer [13]. One characterisation of 1–capacity is through Frostman’s lemma, which states that, for every open set U ⊂ X, there exists a Radon measure ν_U such that the restricted fractional maximal operator

M^Rν_U (x) = sup_{0<r<R} r ν_U (B(x, r)) μ(B(x, r))

is bounded by 1 from above and H^h_{10R}(U) ≤ c ν_U (U). It follows that

sup {ν(U) : ‖M^∞ν‖_L∞_{(X)} ≤ 1}

is quantitatively equivalent to cap_1(U) for all open sets U ⊂ X. More information about Frostman’s lemma can be found in Mattila [41] and a metric space version is proved in Malý [40].

For compact sets, a characterisation via BV –functions and continuous BV – functions are also equivalent to the standard variational 1–capacity. We define cap_{BV} (K) = inf ‖Du‖(X),

where the infimum is taken over all compactly supported functions u ∈ BV (X) such that u ≥ 1 in a neighbourhood of K. The definition of cap_{CBV} (K) with continuous BV –functions is analogous. From the coarea formula, it follows that the infimum of perimeters of sets containing K,

inf{P (U, X) : K ⊂ U, U is open, μ(U) < ∞},

also gives essentially the same quantity.

If the measure of balls grows too slowly, then the capacity of all compact sets is zero. We say that the space is p–hyperbolic if there exists a compact set K ⊂ X so that cap_p(K) is positive, see Holopainen [28] for more details. If the space is not p–hyperbolic, it is said to be p–parabolic. It turns out that X is 1–hyperbolic if and only if the volume μ(B(x_0, R)) grows at least as fast as R. In this case, the Hausdorff content and Hausdorff measure of codimension one as well as the 1–capacity have the same null sets.

4 Size of the boundary

Paper [III] has been written jointly with Nageswari Shanmugalingam, and it is about the relationship between uniform p–fatness, Hardy’s inequality and uniform perfectness, and self–improving phenomena related to them. Rather surprisingly, these analytic, metric and geometric conditions turn out to be equivalent in certain situations.

A set E ⊂ X is said to be uniformly p–fat if there exists a constant c_0 > 0 so that, for every point x ∈ E and for all 0 < r < ∞,

cap_p(B(x, r) ∩ E, B(x, 2r)) cap_p(B(x, r), B(x, 2r))

≥ c_0. (4.1)

Uniform p–fatness is a self–improving phenomenon: if a set is uniformly p– fat, then there exists q < p such that it is also uniformly q–fat. For the proof, we refer to Björn–MacManus–Shanmugalingam [8]. This condition is stronger than the Wiener criterion and it is a capacitary version of a well– known uniform measure thickness condition that has been studied in the metric space setting in, for example, [34].

The set Ω ⊂ X satisfies p–Hardy’s inequality, 1 < p < ∞, if there exists 0 < c_H < ∞ such that for all u ∈ N^{1,p}_0 (Ω), ∫ Ω ( |u(x)| dist(x, X \ Ω)

)_p dμ(x) ≤ c_H ∫ Ω g_u(x)^p dμ(x). (4.2)

For more information about Hardy’s inequality, see, for example, Davies [10], Hajłasz [19], Lewis [38], and Tidblom [54]. Hardy’s inequality provides one way to characterise Sobolev functions with zero boundary values in open sets Ω whose complement is uniformly p–fat. More precisely, Hardy’s inequality holds for a function u ∈ N^{1,p}(X) if and only if u ∈ N^{1,p}_0 (Ω), see Kinnunen– Martio [36].

Uniform p–fatness of the complement implies p–Hardy’s inequality for all 1 ≤ p ≤ Q, see Björn–MacManus–Shanmugalingam [8]. Considering a punctured ball Ω = B(0, 1) \ {0}

in R^n shows that the converse does not hold in general, because Ω satisfies p–Hardy’s inequality both when p > n and when p < n, but the complement is uniformly p–fat only for p > n.

However, when p equals the dimension of the space, p–Hardy’s inequality implies uniform p–fatness of the complement. This was first proved by Ancona [4] in the Euclidean plane and later generalised to higher dimensional Euclidean spaces by Lewis [38]. We present in [III] a rather transparent proof for the fact that this result holds also in Ahlfors regular metric spaces. The proof consists of the following steps. We first observe that p–Hardy’s inequality implies uniform perfectness of the complement. A set E ⊂ X is uniformly perfect with constant c_{UP} ≥ 1, if, for every x ∈ X and r > 0, the set E ∩ (B(x, c_{UP} r) \ B(x, r))

is nonempty whenever E \ B(x, r) is nonempty. This can be shown by a construction of a suitable test function and it follows that c_{UP} depends only on c_H and the constants related to Ahlfors regularity. Then we show that uniform perfectness of the complement implies a quantitative estimate for the Hausdorff s–content of the complement when s > 0 is sufficiently small. This is achieved by a covering argument and then iteratively replacing balls that are sufficiently near each other by a single ball in such a way that the Hausdorff content does not increase. Using uniform perfectness, we are able to get a lower bound for the diameter of the central ball in the final cover. Finally, the Poincaré inequality implies uniform p–fatness of the complement for every p > Q − s. This connection to uniform perfectness was first studied by Sugawa [53] in the Euclidean plane. It thus follows that uniform p–fatness, p–Hardy’s inequality and uniform perfectness are all equivalent in Ahlfors Q– regular spaces when p = Q.

We also show in [III] that Hardy’s inequality holds if and only if ∫ K 1 dist(x, X \ Ω)^p dμ ≤ c cap_p(K, Ω)

for every compact K ⊂ Ω. This characterisation is a special case of results in [IV], which are discussed more in the next section.

5 Sobolev inequalities

Important inequalities in Sobolev space theory include Sobolev embedding theorems. In R^n, for every u ∈ W^{1,p}(R^n), we have

‖u‖^{np}_{n−p} ≤ C(n, p)‖∇u‖_p, (5.1)

when 1 ≤ p < n, and

|u(x) − u(y)| ≤ C(n, p)|x − y|^{1−n/p}‖∇u‖_p,

for every x, y ∈ R^n, when p > n. Moreover, for u ∈ W^{1,n}_0 (Ω), we have Trudinger’s inequality ∫ Ω exp ( ε ( |u| ‖∇u‖_n

)_{n/(n−1)}) dx ≤ C|Ω|,

for some ε > 0 and C > 0 depending only on n. The Poincaré inequality is a strong enough condition to guarantee Sobolev-type embeddings also in the metric space setting.

In article [IV], which has been written jointly with Juha Kinnunen, we study the Sobolev inequality (∫ Ω |u|^q dν

) 1_q ≤ c_S (∫ Ω g^p_u dμ

) 1_p , (5.2)

in the metric space setting. It is well known that the Sobolev inequality (5.1) with p = 1 can be deduced by the coarea formula from the isoperimetric inequality |E|^{(n−1)/n} ≤ c(n)H^{n−1}(∂E), where E is a smooth enough subset of R^n, |E| is the Lebesgue measure of E, and H^{n−1} is the (n−1)–dimensional Hausdorff measure, and vice versa. This observation originates with Federer–Fleming [12] and Maz^′ya [42]. When p > 1, the isoperimetric inequality needs to be replaced by isocapacitary inequalities, but, also in this situation, weak-type estimates imply strong estimates. This approach to Sobolev inequalities was first proposed by Maz^′ya, see [44] and the references therein. In [IV], we extend these results to a general metric space context. We consider two ranges of indices separately. When 1 ≤ q ≤ p, the isocapacitary condition takes the form

ν(K)^{p/q} ≤ c cap_p(K, Ω), (5.3)

and the condition is required to hold for every compact subset K of Ω. When q > p, the isocapacitary characterisation assumes a more complicated form involving sums or an integral representation. The key estimates in the proofs include a Cavalieri-type inequality and the following strong-type inequality for the capacity ∫_∞ 0 λ^{p−1} cap_p({u > λ}) dλ ≤ 2^{2p−1} ∫ Ω g^p_u dμ, whose proof is based on a general truncation argument attributable to Maz^′ya. These estimates lead to the observation that some weak-type inequalities imply strong-type inequalities. See also [6], [20] and [23].

Taking dν(x) = dist(x, X \Ω)^{−p} dμ(x) and p = q, we observe that (5.3) gives also a characterisation of p–Hardy’s inequality and it is thus a generalisation of results in [III].

When p = 1 and Ω = X, we are able to use results from [II] concerning the equivalence of 1–capacity and Hausdorff content of codimension one to show that the condition ν(B)^{p/q} ≤ c cap_p(B, Ω), (5.4)

with all balls B ⋐ Ω instead of all compact sets K ⋐ Ω is enough to guarantee the Sobolev inequality.

References

[1] R. A. Adams, Sobolev spaces, Academic Press [A subsidiary of Harcourt Brace Jovanovich, Publishers], New York-London, 1975. Pure and Applied Mathematics, Vol. 65.

[2] L. Ambrosio, N. Fusco, and D. Pallara, Functions of bounded variation and free discontinuity problems, Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, New York, 2000.

[3] L. Ambrosio, M. Miranda, Jr., and D. Pallara, Special functions of bounded variation in doubling metric measure spaces, Calculus of variations: topics from the mathematical heritage of E. De Giorgi, (2004), pp. 1–45.

[4] A. Ancona, On strong barriers and an inequality of Hardy for domains in R^n, J. London Math. Soc. (2), 34 (1986), pp. 274–290.

[5] P. Assouad, Plongements lipschitziens dans R^n, Bull. Soc. Math.

France, 111 (1983), pp. 429–448.

[6] D. Bakry, T. Coulhon, M. Ledoux, and L. Saloff-Coste, Sobolev inequalities in disguise, Indiana Univ. Math. J., 44 (1995), pp. 1033–1074.

[7] A. Björn, J. Björn, and N. Shanmugalingam, Quasicontinuity of Newton–Sobolev functions and density of Lipschitz functions in metric measure spaces, Houston J. Math., (to appear).

[8] J. Björn, P. MacManus, and N. Shanmugalingam, Fat sets and pointwise boundary estimates for p–harmonic functions in metric spaces, J. Anal. Math., 85 (2001), pp. 339–369.

[9] J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom. Funct. Anal., 9 (1999), pp. 428–517.

[10] E. B. Davies, The Hardy constant, Quart. J. Math. Oxford Ser. (2), 46 (1995), pp. 417–431.

[11] L. C. Evans and R. F. Gariepy, Measure theory and fine properties of functions, Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1992.

[12] H. Federer and W. H. Fleming, Normal and integral currents, Ann.

of Math. (2), 72 (1960), pp. 458–520.

[13] H. Federer and W. P. Ziemer, The Lebesgue set of a function whose distribution derivatives are p-th power summable, I ndiana Univ. Math. J., 22 (1972/73), pp. 139–158.

[14] B. Franchi, P. Hajłasz, and P. Koskela, Definitions of Sobolev classes on metric spaces, Ann. Inst. Fourier (Grenoble), 49 (1999), pp. 1903–1924.

[15] B. Franchi, C. Pérez, and R. L. Wheeden, Self–improving propoerties of John–Nirenberg and Poincaré inequalities on spaces of homogeneous type, J. Funct. Anal., 153 (1998), pp. 108–146.

[16] E. Giusti, Minimal surfaces and functions of bounded variation, vol. 80 of Monographs in Mathematics, Birkhäuser Verlag, Basel, 1984.

[17] A. A. Grigor^′yan, The heat equation on noncompact Riemannian manifolds, Mat. Sb., 182 (1991), pp. 55–87.

[18] W. Gustin, Boxing inequalities, J. Math. Mech., 9 (1960), pp. 229–239.

[19] P. Hajłasz, Pointwise Hardy inequalities, Proc. Amer. Math. Soc., 127 (1999), pp. 417–423.

[20] , Sobolev inequalities, truncation method, and John domains, in Papers on analysis, vol. 83 of Rep. Univ. Jyväskylä Dep. Math. Stat., Univ. Jyväskylä, Jyväskylä, 2001, pp. 109–126.

[21] P. Hajłasz and J. Kinnunen, Hölder quasicontinuity of Sobolev functions on metric spaces, Rev. Mat. Iberoamericana, 14 (1998), pp. 601– 622.

[22] P. Hajłasz and P. Koskela, Sobolev meets Poincaré, C. R. Acad.

Sci. Paris Sér. I Math., 320 (1995), pp. 1211–1215.

[23] P. Hajłasz and P. Koskela, Sobolev met Poincaré, Mem. Amer.

Math. Soc., 145 (2000), pp. x+101.

[24] J. Heinonen, Lectures on Analysis on Metric Spaces, Springer, 2001.

[25] J. Heinonen, T. Kilpeläinen, and O. Martio, Nonlinear potential theory of degenerate elliptic equations, Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, New York, 1993. Oxford Science Publications.

[26] J. Heinonen and P. Koskela, Quasiconformal maps in metric spaces with controlled geometry, Acta Math., 181 (1998), pp. 1–61.

[27] J. Heinonen, P. Koskela, N. Shanmugalingam, and J. T.

Tyson, Sobolev classes of Banach space-valued functions and quasiconformal mappings, J. Anal. Math., 85 (2001), pp. 87–139.

[28] I. Holopainen, Nonlinear potential theory and quasiregular mappings on Riemannian manifolds, Ann. Acad. Sci. Fenn. Ser. A I Math. Dissertationes, (1990), p. 45.

[29] I. Holopainen and N. Shanmugalingam, Singular functions on metric measure spaces, Collect. Math., 53 (2002), pp. 313–332.

[30] S. Keith, Modulus and the Poincaré inequality on metric measure spaces, Math. Z., 245 (2003), pp. 255–292.

[31] , Measurable differentiable structures and the Poincaré inequality, Indiana Univ. Math. J., 53 (2004), pp. 1127–1150.

[32] S. Keith and K. Rajala, A remark on Poincaré inequalities on metric measure spaces, Math. Scand., 95 (2004), pp. 299–304.

[33] S. Keith and X. Zhong, The Poincaré inequality is an open ended condition, Ann. of Math. (2). (to appear).

[34] T. Kilpeläinen, J. Kinnunen, and O. Martio, Sobolev spaces with zero boundary values on metric spaces, Potential Anal., 12 (2000), pp. 233–247.

[35] J. Kinnunen and V. Latvala, Lebesgue points for Sobolev functions on metric spaces, Rev. Mat. Iberoamericana, 18 (2002), pp. 685–700.

[36] J. Kinnunen and O. Martio, Hardy’s inequalities for Sobolev functions, Math. Res. Lett., 4 (1997), pp. 489–500.

[37] N. J. Korevaar and R. M. Schoen, Sobolev spaces and harmonic maps for metric space targets, Comm. Anal. Geom., 1 (1993), pp. 561– 659.

[38] J. L. Lewis, Uniformly fat sets, Trans. Amer. Math. Soc., 308 (1988), pp. 177–196.

[39] J. Luukkainen and E. Saksman, Every complete doubling metric space carries a doubling measure, Proc. Amer. Math. Soc., 126 (1998), pp. 531–534.

[40] J. Malý, Coarea properties of Sobolev functions, in Function spaces, differential operators and nonlinear analysis (Teistungen, 2001), Birkhäuser, Basel, 2003, pp. 371–381.

[41] P. Mattila, Geometry of sets and measures in Euclidean spaces, vol. 44 of Cambridge Studies in Advanced Mathematics, Cambridge University Press, Cambridge, 1995. Fractals and rectifiability.

[42] V. Maz^′ya, Classes of domains and imbedding theorems for function spaces, Soviet Math. Dokl., 1 (1960), pp. 882–885.

[43] , Sobolev spaces, Springer Series in Soviet Mathematics, Springer- Verlag, Berlin, 1985. Translated from the Russian by T. O. Shaposhnikova.

[44] , Lectures on isoperimetric and isocapacitary inequalities in the theory of Sobolev spaces, in Heat kernels and analysis on manifolds, graphs, and metric spaces (Paris, 2002), vol. 338 of Contemp. Math., Amer. Math. Soc., Providence, RI, 2003, pp. 307–340.

[45] M. Miranda, Jr., Functions of bounded variation on ”good” metric spaces, J. Math. Pures Appl., 82 (2003), pp. 975–1004.

[46] L. Saloff-Coste, A note on Poincaré, Sobolev, and Harnack inequalities, Internat. Math. Res. Notices, (1992), pp. 27–38.

[47] , Aspects of Sobolev-type inequalities, vol. 289 of London Mathematical Society Lecture Note Series, Cambridge University Press, Cambridge, 2002.

[48] S. Semmes, Sobolev and Poincaré inequalities on general spaces via quantitative topology. 1995.

[49] , Finding curves on general spaces through quantitative topology, with applications for Sobolev and Poincaré inequalities, Selecta Math. (N.S.), 2 (1996), pp. 155–296.

[50] , Some Novel Types of Fractal Geometry, Oxford Mathematical Monographs, The Clarendon Press, Oxford University Press, New York, 2001.

[51] N. Shanmugalingam, Newtonian spaces: an extension of Sobolev spaces to metric measure spaces, Rev. Mat. Iberoamericana, 16 (2000), pp. 243–279.

[52] , Some convergence results for p-harmonic functions on metric measure spaces, Proc. London Math. Soc. (3), 87 (2003), pp. 226–246.

[53] T. Sugawa, Uniformly perfect sets: analytic and geometric aspects, Sugaku Expositions, 16 (2003), pp. 225–242.

[54] J. Tidblom, A geometrical version of Hardy’s inequality for^∘W^{1,p}(Ω), Proc. Amer. Math. Soc., 132 (2004), pp. 2265–2271 (electronic).

[55] A. L. Vol^′berg and S. V. Konyagin, On measures with the doubling condition, Izv. Akad. Nauk SSSR Ser. Mat., 51 (1987), pp. 666–675.

[56] W. P. Ziemer, Weakly differentiable functions, vol. 120 of Graduate Texts in Mathematics, Springer-Verlag, New York, 1989. Sobolev spaces and functions of bounded variation.

(continued from the back cover)

A534 Jarkko Niiranen

A priori and a posteriori error analysis of finite element methods for plate models October 2007

A533 Heikki J. Tikanmäki

Edgeworth expansion for the one dimensional distribution of a Lévy process September 2007

A532 Tuomo T. Kuusi

Harnack estimates for supersolutions to a nonlinear degenerate equation September 2007

A531 Mika Juntunen, Rolf Stenberg

An unconditionally stable mixed discontinuous Galerkin method November 2007

A530 Mika Juntunen, Rolf Stenberg

Nitsches Method for General Boundary Conditions October 2007

A529 Mikko Parviainen

Global higher integrability for nonlinear parabolic partial differential equations in nonsmooth domains September 2007

A528 Kalle Mikkola

Hankel and Toeplitz operators on nonseparable Hilbert spaces: further results August 2007

A527 Janos Karatson, Sergey Korotov

Sharp upper global a posteriori error estimates for nonlinear elliptic variational problems August 2007

A526 Beirao da Veiga Lourenco, Jarkko Niiranen, Rolf Stenberg A family of C^0 finite elements for Kirchhoff plates II: Numerical results May 2007

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The reports are available at http://math.tkk.fi/reports/ . The list of reports is continued inside the back cover.

A539 Aly A. El-Sabbagh, F.A. Abd El Salam, K. El Nagaar

On the Spectrum of the Symmetric Relations for The Canonical Systems of Differential Equations in Hilbert Space December 2007

A538 Aly A. El-Sabbagh, F.A. Abd El Salam, K. El Nagaar

On the Existence of the selfadjoint Extension of the Symmetric Relation in Hilbert Space December 2007

A537 Teijo Arponen, Samuli Piipponen, Jukka Tuomela

Kinematic analysis of Bricard’s mechanism November 2007

A536 Toni Lassila

Optimal damping set of a membrane and topology discovering shape optimization November 2007

A535 Esko Valkeila

On the approximation of geometric fractional Brownian motion October 2007

ISBN 978-951-22-9210-3 (print) ISBN 978-951-22-9211-0 (pdf) ISSN 0784-3143