Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2008 A548

WEAKLY COPRIME FACTORIZATION, CONTINUOUS-TIME SYSTEMS, AND STRONG-H^P AND NEVANLINNA FRACTIONS

Kalle M. Mikkola

Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2008 A548

WEAKLY COPRIME FACTORIZATION, CONTINUOUS-TIME SYSTEMS, AND STRONG-H^P AND NEVANLINNA FRACTIONS

Kalle M. Mikkola

Helsinki University of Technology Faculty of Information and Natural Sciences Department of Mathematics and Systems Analysis

Kalle M. Mikkola: Weakly coprime factorization, continuous-time systems, and strong-H^p and Nevanlinna fractions; Helsinki University of Technology Institute of Mathematics Research Reports A548 (2008).

Abstract: We give many necessary and sufficient conditions for the existence of a weakly coprime or of a Bézout coprime factorization of a transfer function, possibly operator-valued. Some of these conditions are given in terms of the output- or state-feedback stabilizability of realizations. Our realizations are well-posed linear systems—continuous-time linear time-invariant infinite-dimensional systems. We also study further properties of such factorizations, their relations to discrete-time weakly coprime factorizations, counter-examples and [weak] left-invertibility. Moreover, analogous discretetime results are obtained. Control-theoretic consequences are indicated.

AMS subject classifications: 49N10, 93D15, 93B52; 47A68, 47A56, 47B35

Keywords: Weak coprimeness, stabilizable realization, stabilizable and detectable realization, LQ-optimal state feedback, infinite-dimensional systems theory, wellposed linear systems, holomorphic fractions

Correspondence

Helsinki University of Technology Institute of Mathematics P.O. Box 1100; FIN-02015 HUT, Finland GSM: +358-40-7545660, fax: +358-9-451 3016 http://www.math.hut.fi/~kmikkola/

Kalle.Mikkola@iki.fi

ISBN 978-951-22-9506-7 (print) ISBN 978-951-22-9507-4 (PDF) ISSN 0784-3143 (print) ISSN 1797-5867 (PDF)

Helsinki University of Technology Faculty of Information and Natural Sciences Department of Mathematics and Systems Analysis P.O. Box 1100, FI-02015 TKK, Finland email: math@tkk.fi http://math.tkk.fi/

Contents

1 Introduction 3

2 α-weak left-invertibility and α-w.r.c. 10

3 Proper weak left-invertibility and w.r.c.f.’s 19

4 Counter-examples 22

5 Introductory theorems and WPLSs 26

6 Existence of weakly coprime factorizations 30

7 Further results 33

8 Discrete-time w.r.c.f.’s (on D) 37

9 H^2_{strong} and Nevanlinna w.r.c.f.’s 42

10 Conclusions 43

A Cayley transform 44

1 Introduction

In this article we study the properties of weakly and Bézout coprime factorizations and [weakly] left-invertible (possibly Hilbert space operator-valued) holomorphic functions and their relations to the LQ-optimal control and state-feedback stabilization of continuous-time systems. Some main results are new even for single-input-single-output systems.

Our class of realizations is the set of Well-Posed Linear Systems (or Abstract Linear Systems or Salamon–Weiss systems) [Sta05] [Sal87] [Wei94b] [Sta98a] [Mik06b] [WR00], [Sal89] [SW02] which are a generalization of the systems of the type ẋ = Ax + Bu, y = Cx + Du and which allow the input and output operators B and C to be unbounded. They provide realizations for every function that is proper, i.e., holomorphic and bounded on a right half-plane. However, most of the article can be read without any knowledge on Well-Posed Linear Systems, and analogous results hold for many other classes too. Also analogous discrete-time results are provided.

In a “coprime factorization” p =^n_m of a rational number p, any common divisors of n and m (other than the units ±1) have been canceled out, i.e., n and m are relative primes (coprime). Thus, their greatest common divisor is gcd(n, m) = 1. Similarly, in a “right coprime factorization” P = NM^{−1} of a function P , any common (right) divisors (in H^∞) of N, M ∈ H^∞ “have been canceled out”. This means that if � N M � = � A B � V for some A, B, V ∈ H^∞, then V is a (right) divisor of I, (1) i.e., then I = LV for some L ∈ H^∞. This is sometimes expressed as “(a right) gcd(N, M) = I”. Condition (1) is equivalent to the Bézout condition that XM − Y N ≡ I for some X, Y ∈ H^∞ (take [^A_B ] = [^{I 0}_{0 I} ], V = [^N_M ] to prove this).

If N and M are scalar-valued and we only require (1) to hold for scalarvalued functions V , then we get the classical definition of a “weakly right coprime factorization”[Fuh81] [Ino88] [Smi89]. The same holds in the matrixvalued case too if we only require (1) to hold for square-matrix-valued functions V , by Theorem 2.17(c).

In the operator-valued case one should only require (1) to hold when V^{−1} is proper (i.e., V has a uniformly bounded inverse on some right half-plane). That definition is equivalent to the classical one in the matrix-valued case (assuming that M^{−1} is proper), but it is “the right definition” in the operatorvalued case too, in the sense that all functions of the form NM^{−1} do have weakly coprime factorizations and the classical relations to LQ-optimal state feedback are retained, etc. Most of these relations are new in the scalarvalued case too (for nonrational functions). However, we will use the property (2) below as our definition, because it is more useful in state-feedback contexts. We later prove our definition equivalent to the one above.

The theory on the connection between coprime factorization and different forms of stabilization of finite-dimensional systems became rather mature during the 70s and 80s [Vid85] [Fra87]. Thereafter, coprime factorization has played a major role in control theory, both finite- and infinite-dimensional. Also the infinite-dimensional setting has been studied intensively, but only now the theory is becoming complete.

The connection between dynamic stabilization and (Bézout) coprime factorization has been established also for general nonrational functions in, e.g., [Vid85], [Ino88], [Smi89], [Qua04] in the matrix-valued case, and in the operator-valued case in [CWW01] and [Mik07b]; all these for transfer functions only. Fairly general state-space results are given in [WR00].

In [CO06] and [Sta98a], certain connections between the coprime factorization and stabilizability and detectability were established. These results will be extended to an equivalence in Theorem 1.3.

In the finite-dimensional case, the coprime factorization of the transfer function of a system is determined by the LQ-optimal state feedback. In [Mik06b] the author showed that, in the infinite-dimensional case, the factorization defined by that state feedback is “weakly coprime” (not necessarily (Bézout) coprime, by Example 4.4).

Using this result, we establish algebraic and system-theoretic necessary and sufficient conditions for a (possibly operator-valued) function to have a (state-feedback) stabilizable realization or a weakly coprime factorization (Theorem 1.2). These results also provide important tools for the study of coprime factorizations and dynamic stabilization. We also study further properties of weakly coprime factorization and prove it equivalent to the classical “gcd = 1” definition in the matrix-value case [Fuh81] [Ino88] [Smi89]. Also similar results on Bézout coprime factorization are given.

Before presenting the main results, we need some definitions. Let U, X and Y be arbitrary complex Hilbert spaces. Let B stand for bounded linear operators. Given ω ∈ R we set C^+_ω := {z ∈ C � Re z > ω}, and by H^∞_ω (U, Y) we denote the Banach space of bounded holomorphic functions C^+_ω → B(U, Y) with the supremum norm. We call P proper if P ∈ H^∞ := ∪_{ω∈R}H^∞_ω , i.e., if P is a bounded holomorphic function on some right half-plane. (We identify a holomorphic function on a right half-plane C^+_ω with its restriction to any open subset of C^+_ω .)

The motivation to this is that the transfer functions of [stable] continuoustime systems are proper [and in H^∞_0 ]. Also the converse claims hold in our class of realizations.

A holomorphic function f : C^+_ω → U is in H^2_ω(U) if ‖f‖_H2_ω := sup_{r>ω} ‖f(r+ i·)‖_2 < ∞. We set C^+ := C^+_0 , H^2 := H^2_0, H^∞ := H^∞_0 , H^2_∞ := ∪_{ω∈R}H^2_ω. By I we denote the identity operator I ∈ B or the constant function I ∈ H^∞.

We call NM^{−1} a (proper) right factorization (of P , if P = NM^{−1} on a right half-plane) if N ∈ H^∞(U, Y), M ∈ H^∞(U) and M^{−1} is proper. If, in addition, � N M � f ∈ H^2 =⇒ f ∈ H^2 (2)

for each proper U-valued f (or for each f ∈ H^2_∞(U), by Theorem 3.4), then we call NM^{−1} a w.r.c.f. (weakly right coprime factorization).^1 An equivalent definition would be obtained with any H^p space in place of H^2, by Theorem 9.8.

One can consider a w.r.c.f. of P as “the (algebraically) most canonical right factorization^N_M ”of P , i.e., as the one where any common nonregularities (e.g., zeros) of N and M “on C^+” have been canceled out. Several detailed interpretations of this are given later below.

In Section 2 (particularly in and below Theorems 2.14–2.17) we shall explore the different forms of coprimeness in detail, in particular, the above definition will be shown equivalent to the “gcd(N, M) = I” definition presented further above (and to the classical one in the matrix-valued case). There we treat factorizations with M(α) invertible (for a fixed α ∈ C^+), but those with M^{−1} proper are treated in Theorem 3.2 and below Theorem 3.3.

The property (2) is very important from the control-theoretic point of view. In the literature that property (of Bézout coprime pairs) has been

1To be exact, we misuse the notation in a fairly standard way: we write f ∈ H^2(U) whenever f : D(f) → U is such that C^+ ∩ D(f) is nonempty and open and f|_{C+∩D(f )} is a restriction of an element of H^2. That element of H^2 is identified with f if these functions have a common holomorphic extension to some right half-plane, as mentioned above, but not in general, to avoid multi-valued functions (when f has different branches). Analogous misuse applies to H^∞ and to other spaces of holomorphic functions in place of H^2.

used to reduce unstable control problems to stable ones. Now that can be done in the general case too, as explained in [Mik07g, Section 3].

A right factorization NM^{−1} is a r.c.f. if N and M are (Bézout) right coprime (r.c.), i.e., if X̃M − Ỹ N = I for some X̃, Ỹ ∈ H^∞. A r.c.f. is a w.r.c.f. (because then f = X̃Mf − Ỹ Nf ∈ H^2), but the converse requires additional assumptions (e.g., N, M being continuous on C^+ ∪ {∞} when dim U < ∞, see Theorem 2.7).

A right factorization NM^{−1} is normalized if [^N_M ] is inner, i.e., if ‖ [^N_M ] u_0‖_Y = ‖u_0‖_U a.e. on the imaginary axis iR for every u_0 ∈ U. (Here we used the fact that a Hilbert-space-valued H^∞ function has an L^∞ boundary function [RR85] [Mik08a].)

Now we can state our first main result: every right factorization can be made weakly coprime.

Theorem 1.1 A B(U, Y)-valued function P has a right factorization iff it has a normalized weakly right coprime factorization.

A normalized w.r.c.f. of P is unique modulo the right-multiplication by a unitary operator in B(U).

Moreover, if P = NM^{−1} is a w.r.c.f., then all right factorizations of P are parameterized by P = (NV )(MV )^{−1}, where V ∈ H^∞(U) and V^{−1} is proper. The w.r.c.f.’s are those for which V^{−1} ∈ H^∞ too. In particular, if a function P has a Bézout right coprime factorization, then every w.r.c.f. of P is Bézout right coprime.

Thus, P = NM^{−1} is a w.r.c.f. iff M divides the denominator of every right factorization of P .

An intuitive control-theoretic implication is that a w.r.c.f. of P is the unique (modulo an invertible V ∈ H^∞) right factorization which “stabilizes” P (i.e., N := P M ∈ H^∞) with “as little effort as possible”. Indeed, in the sense of the last paragraph of Theorem 1.1, the multiplier M is algebraically as close to the identity as possible, i.e., N is algebraically as close to P as possible.

From Theorem 1.1 we also conclude that if P = NM^{−1} is a normalized w.r.c.f., then all normalized right factorizations of P are exactly those corresponding to an inner V ∈ H^∞(U) such that V^{−1} is proper.

Now it is the time to explain some of the system- and control-theoretic properties and applications of w.r.c.f.’s. By Σ being a realization of P we mean that Σ is a well-posed linear system whose transfer function equals P . For brevity, we refer elsewhere some standard system-theoretic definitions.

The definitions of (iii)–(v) below and of LQ-optimal can be found in [Mik06b] or [Mik07d] or briefly in Section 5 (or, e.g., (iii)&(iv) in [Sta05], [Sta98a] or [Mik02] and (iii)&(v) in [CO06]).

Theorem 1.2 (w.r.c.f.) The following are equivalent for any proper B(U, Y)- valued function P :

(i) P has a right factorization.

(ii) P has a normalized weakly right coprime factorization.

(iii) P has an output-stabilizable realization.

(iv) P has a stabilizable realization.

(v) P has a realization that satisfies the Finite Cost Condition.

Moreover, if Σ is an output-stabilizable realization of P , then the LQ-optimal state feedback determines^2 the normalized w.r.c.f. NM^{−1} of P , when we let N and M be the closed loop transfer functions from an extraneous input to the output and control, respectively, as described in [Mik06b] (or in Section 5).

Conversely, every normalized w.r.c.f. corresponds to the LQ-optimal statefeedback for some system.

For example, the proper function P (z) = √ z − 1 does not satisfy (i)–(v), being not meromorphic on C^+. However, without (i)–(v) most typical control problems on P do not have any solutions.

One more equivalent (to (i)) condition is that the (generalized) Hankel range of P is contained in the (generalized) Toeplitz range of P plus H^2 (Theorem 6.3). We may also weaken (i) so that, instead of N, M ∈ H^∞, we only require that f ∈ H^2 ⇒ [^N_M ] f(ω + ·) ∈ H^2 ∀ω > 0; a still “weaker” equivalent formulation is given in Theorem 6.2, and in Theorem 9.7 it will be shown, e.g., that it suffices to assume in (i) that N, M are strong-H^p or Nevanlinna functions to obtain (ii).

In the last result of this section, we shall present a similar equivalence on Bézout coprime factorizations. A map [^{X N}_{Y M} ] ∈ H^∞(Y × U) such that [^{X N}_{Y M} ]^{−1} ∈ H^∞ and M^{−1} is proper is called a d.c.f. (doubly coprime factorization) of NM^{−1}. It obviously follows that NM^{−1} is a r.c.f. (If we set �_{M̃ −Ñ}

−Ỹ X̃ � := [^{X N}_{Y M} ]^{−1}, then M̃ has a proper inverse and M̃^{−1}Ñ is called a l.c.f. of NM^{−1}.)

The terminology in (iii)–(v) below can be found in [Sta05], [Sta98a], [Mik02] or Section 5. [Input-]detectability is the dual of [output-]stabilizability.

Theorem 1.3 (r.c.f.) The following are equivalent for a (proper) function P : (i) P has a r.c.f. (right coprime factorization). (ii) P has a d.c.f. (doubly coprime factorization). (iii) P has an output-stabilizable and input-detectable realization.

2The LQ-optimal state-feedback is unique modulo an invertible constant [Mik06b, Lemma A.5]. Therefore, depending on the choice of the LQ-optimal feedback, we can actually obtain the maps NE and ME for any invertible E ∈ GB(U). If we have no feedthrough in the feedback loop and, e.g., the input operator is bounded, then M^∗M + N^∗N = I + P (+∞)^∗P (+∞) “a.e.” on the imaginary axis. Consequently, to have NM^{−1} normalized we must have a feedthrough in the feedback loop unless the original feedthrough P (+∞) is zero. Further details are given in [Mik06b], where also “(v)⇒(ii)” was established.

(iv) P has a stabilizable and detectable realization. (v) P has a jointly stabilizable and detectable realization.

Thus, a r.c.f. means the w.r.c.f. of a function having a stabilizable and detectable realization. (It is not sufficient to have a stabilizable and a (different) detectable realization [Mik07d].)

A sixth equivalent condition is that P is dynamically stabilizable (i.e., that

�_{I −Q}

−P I

�_{−1} ∈ H^∞ for some Q), as will be shown in [Mik07b] using Theorems 1.1 and 1.3. For matrix-valued functions the sufficiency of dynamic stabilization was established in [Ino88] and [Smi89], the necessity and more in [Tre92] (whose extension to the matrix-valued case is contained in [Vas71], as noted in [Qua04]).

As explained here and in [Mik07g], in most algebraic and system-theoretic aspects, weak coprimeness is the more canonical generalization of finitedimensional coprimeness. However, when it comes to dynamic stabilization, Bézout coprimeness is a necessary (and in most cases also sufficient) requirement. Yet w.r.c.f.’s are an important tool for proving such connections.

Notes

Naturally, to every “right” definition (e.g., “r.c.f.”) or result in this article there exists a corresponding “left” definition or result, by duality (replace P (resp., M, N, . . .) by P^d (resp., M^d, N^d, . . .), where P^d(z) := P (z̄)^∗). In particular, the existence of a “l.c.f.” is one more equivalent condition in Theorem 1.3.

We call here N, M ∈ H^∞ gcd-w.r.c. if (1) holds for every square-matrix-valued V . For gcd-w.r.c.f.’s, the first result of Theorem 1.1 was established in [vR77] in the scalar-valued case and in [Ino88] and [Smi89] in the matrixvalued case, independently. In Theorem 3.1(c) we prove the equivalence of “gcd-w.r.c.” and (our definition of) “w.r.c.” (using Theorem 1.1) assuming that dim U < ∞. When dim U = ∞, “gcd-w.r.c.” is equivalent to “r.c.” instead, by Theorem 2.17(b). The discrete-time forms of Theorems 1.1–1.3 and many other our results are given already in [Mik07g], which also contains further historical comments on them.

The widespread implicit use of the property (2) (of r.c. pairs) in controltheoretic literature, to reduce unstable problems to stable ones, was the reason for its explicit use in [Mik02] as a separate definition.

Theorem 1.2 is otherwise new but it can be derived from the author’s earlier works [Mik06b] [Mik02].

In the matrix-valued case, the implication “(i)⇔(ii)” in Theorem 1.3 is a direct consequence of Tolokonnikov’s Lemma [Tol81]. The lemma was extended to operator-valued functions in [Tre04] (the nonseparable case in [Mik09]), from which we derive the equivalence (Lemma 5.2). The implication “(iii)⇒(ii)” was established in [CO06] (assuming that A is invertible, but our proof is based on their ideas). The equivalence “(ii)⇔(v)” is [Sta98a, Theorem 4.4]. The remaining implications are trivial.

Although this introduction is superficially similar to that of [Mik07g], our continuous-time setting is much more difficult than the discrete-time setting of [Mik07g] due to unbounded operators in the realizations. However, the smaller classes (than the class of well-posed linear systems) used in the literature could not realize all proper transfer functions (hence nor make Theorems 1.2 and 1.3 true). Moreover, the remaining sections contain many results that do not even have a counterpart in [Mik07g]. Most of them provide new discrete-time results too, as noted in Remark 7.6. Nevertheless, further details or explanations on some “common” results are given in [Mik07g].

Most of our results are new even in the scalar-valued case. However, it has become common in system-theoretic or PDE-oriented systems and control theory to have infinite-dimensional input and output spaces [Fuh81] [CZ95] [LT00] [Sta05]. They can be used to describe and study natural phenomena, including feedback.

For example, one often has interconnected systems, such as an acoustic cavity with one wall being a flexible membrane (or a plate). To describe this system, one regards the wave equation in the cavity as one system and the 2-dimensional wave (or plate) equation for the wall as another. These two systems interact via infinite-dimensional signals (the pressure distribution along the wall, and the velocity distribution along the wall). There are many references for such coupled systems, which are called ”structural acoustic systems”; see, e.g., [ALR03] and its references.

Another example is that one may create a static boundary feedback physically. For example, one may put an energy absorbing coating on the walls of a cavity with waves inside. For electromagnetic waves, this would be a resistive coating, for acoustic waves, one would put a sound absorbing material. This can be described mathematically as a static feedback (from output to input) where the input and output spaces are infinite-dimensional. Such feedbacks have been studied by Ammari and Tucsnak, Komornik, Guo and Zhang, Luo and others.

In Section 2 we establish several properties of α-[w.]r.c.f.’s, where M is required to be invertible at a fixed α ∈ C^+ only (and Nf, Mf ∈ H^2 ⇒ f ∈ H^2 needs to hold for functions f holomorphic on a neighborhood of α). These correspond to transfer functions of possibly ill-posed systems but also provide a bridge between continuous- and discrete-time results. Many results are established for α-weak left-invertibility, which is a generalization of α-weak coprimeness.

Section 3 contains corresponding results for (proper) w.r.c.f.’s (and for weak left-invertibility). Also the relations between these two concepts are treated and Theorem 1.1 is proved.

In Section 4 we present counter-examples illustrating that many of our results are optimal. For example, we note that w.r.c.f.’s need not be r.c.f.’s and α-w.r.c.f.’s need not be w.r.c.f.’s. We also construct a SISO system whose LQ-optimal feedback determines a noncoprime w.r.c.f.

In Section 5 we present well-posed linear systems and prove Theorems 1.2 and 1.3 and related results.

Section 6 contains further conditions equivalent to Theorem 1.2(i) and related results. Moreover, constructive algorithms are given for a w.r.c.f. and for an output-stabilizable realization (resp., for a r.c.f., a d.c.f., a robust stabilizing controller and a stabilizable and detectable realization) of a given function satisfying the assumptions of Theorem 1.2 (resp., of Theorem 1.3).

In Section 7 we present further results on left invertibility and coprime factorization, both standard, weak and α-weak: the properties of their reciprocals and Hankel operators, the relations between different values of α, and conditions under which lack of zeros implies left-invertibility in the operatorvalued case. These results (and some others) are equally applicable in the discrete-time setting.

In Section 9 we present still further conditions equivalent to Theorem 1.2(i), namely that P = NM^{−1}, where N and M lie in the Nevanlinna class or in strong-H^p for some p ≥ 2. Also Theorem 1.1 and some other main results are generalized to these classes in place of H^∞. Furthermore, we show that, in (2) (i.e., in the definition of weak coprimeness), one can replace H^2 by any H^p or H^p_{strong} (1 ≤ p ≤ ∞). Analogous discrete-time results are given in Section 8.

The contents of this report will be published as [Mik08b] with same theorem numbers except that Lemma 7.8 and Sections 8 and 9 will be omitted.

Notation. We present the following terminology in the following order. Section 1: B, U, X, Y, C^+_ω , proper, H^∞_ω , H^∞, H^2_ω, C^+, H^2, H^∞, H^2_∞, I, right factorization, w.r.c.f., (Bézout) r.c.f., normalized, inner, (LQ-optimal), d.c.f. Section 2: α-right factorization, GB, α-proper, α-weakly left-invertible, coercive, left-invertible, α-w.r.c., α-w.r.c.f., α-r.c.f., G, G H^∞, outer, irreducible, gcd-coprime right divisor, square (right divisor), divisor-left-invertible, (dual) inner-outer factorization. Section 3: α-d.c.f., weakly left-invertible, w.r.c. Section 5: L^2_ω, R, R_+, R_−, ^ : u → ^u, D_P , τ^t, π_+, π_−, WPLS, Σ, [^{A B}_{C D} ], [^{· ·}_{· ·} ], dual Σ^d, A, B, C, D, D̂, C, transfer function, stable, state feedback, outputstable, [output]-stabilizable, detectable, Finite Cost Condition, LQ-optimal, realization. Section 6: L^2_c , D. Section 8: H^p, B, discrete-time form, Nev, Nev_+, Nev_{strong}, Nev_{+,strong}, H^p_{strong}. Section 9: (continuous-time variants of) H^p, Nev, Nev_+, Nev_{strong}, Nev_{+,strong}, H^p_{strong}.

2 α-weak left-invertibility and α-w.r.c.

The transfer functions of many ill-posed systems are not proper, hence they do not have right factorizations. Nevertheless, they are usually holomorphic functions P : Ω → B(U, Y) on a neighborhood Ω of some α ∈ C^+ and they often have α-right factorizations NM^{−1}, which means that N ∈ H^∞(U, Y), M ∈ H^∞(U), M(α) ∈ GB(U) and P = NM^{−1}. Here G stands for (the Group of) invertible elements.

In this section we present certain properties of such factorizations. We prove only some of the results explicitly and mention some others as their direct corollaries. The remaining results are essentially the same as analogous discrete-time results in [Mik07g] (in particular, the same proofs apply, mutatis mutandis; alternatively, Lemma 9.1 can be used). By Theorem 3.2 (and 3.1(b)), the results given for α-right factorizations in this section do hold for (proper) right factorizations too; also the “proper” forms of the other results are treated in Section 3.

Throughout this section we assume that α ∈ C^+. A holomorphic function defined on a neighborhood of α is called α-proper. We call F ∈ H^∞(U, Y) α-weakly left-invertible if F f ∈ H^2 =⇒ f ∈ H^2 for every α-proper U-valued f, and F (α) is coercive (i.e., F (α)^∗F (α) ≥ ϵI for some ϵ > 0). The function F is left-invertible if GF = I for some G ∈ H^∞(Y, U), invertible if F ∈ G H^∞ (i.e., GF = I = F G for some G ∈ H^∞).

We call N, M ∈ H^∞ α-w.r.c. if [^N_M ] is α-weakly left-invertible. An α-right factorization NM^{−1} is called an α-w.r.c.f. (resp., α-r.c.f.) iff [^N_M ] is α-weakly left-invertible (resp., left-invertible). (Note that an α-right factorization is an α-w.r.c.f. iff Nf, Mf ∈ H^2 =⇒ f ∈ H^2 for every proper U-valued f, because an invertible M(α) is coercive.) Thus, all our results for α-weak leftinvertibility trivially lead to analogous corollaries on α-weak coprimeness, although those of Corollaries 2.4 and 2.5, Theorem 2.10 and Lemma 2.11 are hardly interesting.

Theorem 1.1 also holds for α-w.r.c.f.’s:

Theorem 2.1 A B(U, Y)-valued function P has an α-right factorization iff it has a normalized α-w.r.c.f.

A normalized α-w.r.c.f. of P is unique modulo the right-multiplication by a unitary operator in B(U).

Moreover, if P = NM^{−1} is an α-w.r.c.f., then all α-right factorizations of P are parameterized by P = (NV )(MV )^{−1}, where V ∈ H^∞(U) and V^{−1} is α-proper. The α-w.r.c.f.’s are those for which V^{−1} ∈ H^∞ too. In particular, if a function P has an α-r.c.f., then every α-w.r.c.f. of P is an α-r.c.f.

An α-weakly left-invertible function is one-to-one on C^+ and coercive on the boundary:

Theorem 2.2 (No zeros) If F ∈ H^∞(U, Y) is α-weakly left-invertible, then there exists ϵ > 0 such that, for every u_0 ∈ U \ {0}, we have ‖F u_0‖ ≥ ϵ‖u_0‖ a.e. on iR and F (z)u_0 ≠ 0 for every z ∈ C^+.

Thus, α-w.r.c. functions do not have “common zeros”on C^+. The converse is not true; e.g., F (z) = e^{−z} is coercive on C^+ and inner but not α-weakly left-invertible, by Example 4.1. A Tauberian converse is given in Theorem 2.7.

Lemma 2.3 If F ∈ H^∞(U, Y) is α-weakly left-invertible and R is α-proper and B(X, U)-valued, then F R ∈ H^∞ ⇔ R ∈ H^∞. Moreover, then F R is α-weakly left-invertible iff R is α-weakly left-invertible.

(A converse is given in Theorem 2.14.) Recall that GV(U, Y) := {F ∈ V(U, Y) � � GF = I & F G = I for some G ∈ V(Y, U)} when V = B or V = H^∞. (Left-)invertibility in H^∞ obviously implies α-weak left-invertibility. We get the converse by assuming that F is invertible at α:

Corollary 2.4 If F ∈ H^∞(U, Y) is α-weakly left-invertible and F (α) ∈ GB(U, Y), then F ∈ G H^∞.

If F (α) is a square matrix, the second assumption becomes redundant, by Theorem 2.2:

Corollary 2.5 If F ∈ H^∞(C^n) is α-weakly left-invertible, then F ∈ G H^∞.

However, α-weak left-invertibility does not imply left-invertibility for nonsquare functions, by Example 4.2, nor for elements of H^∞(U) with dim U = ∞, by Example 4.7.

The “Corona condition” lies between α-weak and usual left-invertibility:

Lemma 2.6 (Corona) Let F ∈ H^∞(U, Y).

(a) If GF = I for some G ∈ H^∞(Y, U), then there exists ϵ > 0 such that F^∗F ≥ ϵI on C^+. The converse holds if dim U < ∞.

(b) If F^∗F ≥ ϵI on C^+, then F is α-weakly left-invertible.

If dim U = ∞, then the converse in Lemma 2.6(a) is no longer true [Tre89]. The converse to (b) is not true at all, by (a) and Example 4.2.

For functions in the (matrix-valued) “half-plane algebra”, hence for all rational functions, α-weak left-invertibility is equivalent to left-invertibility as well as to F having no zeros on C^+ ∪ {∞}:

Theorem 2.7 (“Disc algebra”) Assume that dim U < ∞ and F ∈ H^∞(U, Y). If F is continuous on K := C^+ ∪ {∞}, or F is continuous on some (other) closed K ⊂ C^+ ∪ {∞} and there exists ϵ > 0 such that F^∗F ≥ ϵI on C^+ \ K, then the following are equivalent:

(i) GF = I for some G ∈ H^∞.

(ii) For any open Ω ⊂ C^+ and any function f : Ω → U we have F f ∈ H^2 =⇒ f ∈ H^2.

(iii) F is α-weakly left-invertible.

(iv) F (z)u_0 ≠ 0 for all z ∈ K and all u_0 ∈ U \ {0}.

(Note in (ii) that “∈ H^2” means being a restriction of an H^2 function.) Because of this fact, the difference between a r.c.f. and an α-w.r.c.f. becomes redundant in the finite-dimensional systems and control theory (cf. [Fra87]).

An α-w.r.c.f. is a z-w.r.c.f. for any reasonable z ∈ C^+:

Theorem 2.8 Let α ∈ C^+, M ∈ H^∞(U). Then the following hold:

(a) Assume that NM^{−1} is an α-right factorization, N_0M^{−1}_0 is an α-w.r.c.f.

of NM^{−1}, Ω ⊂ C^+ is open and connected and α ∈ Ω. If M is invertible on Ω, then so is M_0; if M^{−1} is uniformly bounded on Ω, then so is M^{−1}_0 . If dim U < ∞, then Ω need not be connected above.

(b) If NM^{−1} is an α-w.r.c.f. and M is invertible on an open and connected Ω ⊂ C^+ such that α ∈ Ω, then NM^{−1} is a z-w.r.c.f. for every z ∈ Ω. If dim U < ∞, then Ω need not be connected above and, in addition, N and M are z-w.r.c. for every z ∈ C^+.

From Theorem 2.2 it follows that the outer factor of F is invertible (see [Sta97, Lemma 18(ii)] or [Mik09, below Theorem 5.11]). Therefore, F can be normalized as follows:

Lemma 2.9 (Inner) If α ∈ C^+ and F ∈ H^∞(U, Y) is α-weakly left-invertible, then there exists S ∈ G H^∞(U) such that F S is α-weakly left-invertible and inner.

A function F ∈ H^∞(U, Y) is called outer iff {F f � � f ∈ H2(U)} is dense in H^2(Y).

Any F ∈ H^∞ that is bounded below at some point α ∈ C^+ can be factorized as follows:

Theorem 2.10 (F=F_wF_r) (a) If F ∈ H^∞(U, Y), and F (α) is coercive for some α ∈ C^+, then F = F_wF_r, where F_w ∈ H^∞(U, Y) is inner and α-weakly left-invertible, F_r ∈ H^∞(U) and F_r(α) ∈ GB(U).

All such factorizations are given by F = (F_wV )(V^{−1}F_r), where V ∈ B(U) is unitary (or V ∈ G H^∞(U) if we do not require F_w to be inner). In particular, if some left factor F_wV is left-invertible in H^∞, then so is every F_wV .

(b) If F ∈ H^∞(C^n, Y), then there exist α ∈ C^+ and m ≤ n such that F = F_wF_rF_o, where F_o ∈ H^∞(C^n, C^m) is outer, F_w ∈ H^∞(C^m, Y) is inner and z-weakly left-invertible for every z ∈ C^+, F_r ∈ H^∞(C^m) is inner, and F_r(α) ∈ GB(C^m).

All such factorizations are given by F = (F_wV )(V^{−1}F_rW^{−1})(W F_o), where V, W ∈ B(C^m) are unitary.

(c) In (a) we have F_w = J [^N_M ], where J ∈ B(Y_1 × U, Y) is unitary, Y_1 ⊂ Y is a closed subspace, Y^⊥_1 is isometric to U and NM^{−1} is a B(U, Y_1)-valued α-w.r.c.f.

Next we extend Theorem 2.10(a) to apply on a set instead of a single point:

Lemma 2.11 If F ∈ H^∞(U, Y) is coercive on an open, connected set Ω ⊂ C^+, then F = F_wF_r, where F_r ∈ H^∞(U), F_w ∈ H^∞(U, Y) is inner and zweakly left-invertible and F_r(z) ∈ GB(U) for every z ∈ Ω. If F^∗F ≥ ϵ^2I on Ω, then ‖F^{−1}_r ‖ ≤ ϵ^{−1} on Ω.

Proof of Lemma 2.11: Choose some α ∈ Ω and write F = F_wF_r as in Theorem 2.10(a). The function G := (F^∗F )^{−1}F^∗F_w : Ω → B(U) is continuous on Ω and GF_r = I on Ω, hence F_rG = I at α (because F_r(α) ∈ GB(U)). It obviously follows that Ω_r := {z ∈ Ω � F_r(z) ∈ GB(U)} must equal Ω (because F_rG = I on ∂Ω_r ∩ Ω and Ω_r ∋ α is open). Since F_w is inner, we have ‖F_r(s)^{−1}‖ ≤ ϵ^{−1} if F (s)^∗F (s) ≥ ϵ^2I.

Let z ∈ Ω be arbitrary and get F = F^′_wF^′_r from Theorem 2.10(a). Now V := F^′_rF^{−1}_r z-proper and F_w = F^′_wV , hence V ∈ H^∞(U), by Lemma 2.3. Similarly, V^{−1} ∈ H^∞(U), hence F_w is z-weakly left-invertible. □

If, in addition, F is α-weakly invertible for some α ∈ Ω, then F_r ∈ G H^∞, by Theorem 2.1. This proves the following:

Corollary 2.12 (Every α) Assume that Ω ⊂ C^+ is open and connected, F ∈ H^∞(U, Y), and F is coercive on Ω. If F is α-weakly left-invertible for some α ∈ Ω, then F is z-weakly left-invertible for every z ∈ C^+.

The above coercivity assumption is not superfluous in general, by Example 4.6, but it is redundant if dim U < ∞, by Theorem 2.2, hence we have the following:

Corollary 2.13 (Every α) If F ∈ H^∞(C^n, Y) is α-weakly left-invertible for some α ∈ C^+, then F is z-weakly left-invertible for every z ∈ C^+.

Thus, for matrix-valued functions the point α ∈ C^+ does not have a special role. The function F does not have to be uniformly coercive in either corollary, by Example 4.2 (cf. Remark 3.6). In Corollary 2.13, a third equivalent condition is Theorem 2.7(ii) (or the same condition with H^∞ in place of H^2).

In the definition of α-weak left-invertibility (or α-w.r.c.f.’s) we could have H^∞ in place of H^2:

Theorem 2.14 Assume that F ∈ H^∞(U, Y), F (α) is coercive and X ≠ {0}. Then F is α-weakly left-invertible iff F R ∈ H^∞ ⇒ R ∈ H^∞ for every αproper B(X, U)-valued function R.

The coercivity assumption is necessary, because F (z) = z − α is not α-weakly left-invertible.

Now we present the classical definition of weak coprimeness (of matrixvalued functions) [Fuh81] [Ino88] [Smi89] and show that it is equivalent to ours. We call F ∈ H^∞(C^n, Y) irreducible if F f ∈ H^∞ =⇒ f ∈ H^∞ holds for every function of the form f = g^{−1}G, where 0 ≢ g ∈ H^∞(C), G ∈ H^∞(C, C^n). If dim Y < ∞, then F is irreducible iff 1 is a gcd of all highest order minors of F [Smi89, Lemma 4]. We call functions N ∈ H^∞(C^n, Y) and M ∈ H^∞(C^n) gcd-coprime iff [^N_M ] is irreducible. This is the classical definition of (right) “weak coprimeness”.

The following theorem shows that the factorizations of [Smi89, Lemma 5] is a special case of Theorem 2.10(a). Therefore, the“weakly coprime right factorization”of [Smi89, p. 1007] is the same as an α-w.r.c.f. (when dim U, dim Y < ∞, as [Smi89] assumes).

Theorem 2.15 (gcd-coprime) Let F ∈ H^∞(C^n, Y). Then F is irreducible iff for some (hence every) α ∈ C^+ the function F is α-weakly left-invertible.

In particular, functions M ∈ H^∞(C^n) and N ∈ H^∞(C^n, Y) are gcdcoprime iff they are α-w.r.c. for some (hence every) α ∈ C^+.

There are also many other natural definitions of (right) coprimeness than r.c., w.r.c. and gcd-coprimeness. One of them is the “gcd(N, M) = I” condition (1) in the introduction. The above and the next two theorems present the relations between such competing definitions.

If F = LR, where F, L, R ∈ H^∞, then we call R a right divisor of F ; it is square if R ∈ H^∞(X) for some Hilbert space X (i.e., if its input and output spaces are the same). It inherits α-weak left-invertibility from F (if any):

Theorem 2.16 (Divisors) A function F ∈ H^∞(U, Y) is α-weakly left-invertible iff every square right divisor of F is α-weakly left-invertible, or equivalently, iff every right divisor of F is α-weakly left-invertible.

A function F ∈ H^∞(C^n, Y) is α-weakly left-invertible iff every square right divisor of F is invertible.

Therefore, an α-right factorization NM^{−1} is a w.r.c.f. iff every square right divisor of [^N_M ] is α-weakly left-invertible (or invertible, if dim U < ∞). Thus, the word “coprime” in “w.r.c.” is justified in a weak sense. Note that in the scalar-valued case the word “right” is usually removed and that in the operator-valued case “weakly left” is not redundant (some right divisors are not right-invertible).

Indeed, a function F ∈ H^∞(U, Y) is α-weakly left-invertible iff all “αinvertible” right divisors of F are invertible (i.e., F = LR, F, L, R ∈ H^∞, R(α) ∈ GB ⇒ R ∈ G H^∞), by Theorem 2.16 and Corollary 2.4. Without the invertibility assumption on R(α) we could have, e.g., F = I, R =right shift, L =left shift on U = ℓ^2(N). Thus, when dim U = ∞, some square right divisors of any F are non-invertible, but the more natural interpretation of gcd-coprimeness becomes equivalent to coprimeness, as observed below Theorem 2.17.

Proof of Theorem 2.16: 1^∘ Right divisors: Let F = LR. If Rf ∈ H^2, then F f = LRf ∈ H^2, so if F is α-weakly left-invertible, then so is R (because R(α) is coercive if F (α) is coercive). The converse is obvious, because F = IF .

2^∘ Case F ∈ H^∞(C^n, Y): “Only if” follows from 1^∘ and Corollary 2.5, so assume that every square right divisor of F is invertible. From Theorem 2.10(b) we obtain a factorization F = F_wF_rF_0, i.e., F = � F_w 0

� �_{Fr 0} 0 I � [^{Fo}_0 ], where [ Fo 0 ] ∈ H^∞(C^n) is square, hence invertible (in H^∞). Therefore, m = n, so F_rF_o is square, hence invertible, so F = F_w(F_rF_o) is z-weakly leftinvertible (because so is F_w) for every z ∈ C^+.

3^∘ Square right divisors: By the above, it remains to assume that dim U = ∞ and that every square right divisor of F is α-weakly left-invertible, and to show that F is α-weakly left-invertible.

Since C^+ is separable and dim U is infinite, the closed span Y_0 of ∪_{s∈C}+ F (s) has dim Y_0 ≤ dim U. Consequently, there exists T ∈ B(Y_0, U) such that T^∗T = I (this is elementary [Mik02, Lemma A.3.1(a4)]). Let P ∈ B(Y, Y_0) be the orthogonal projection Y → Y_0. Since F = P^∗T^∗T P F , and T P F ∈ H^∞(U) is square, T P F is α-weakly left-invertible. Therefore, T P F f ∉ H^2 for each α-proper f /∈ H^2, hence F f = P^∗T^∗T P F f ∉ H^2 for such f (for g := P F f we have ‖F f‖_2 = ‖T g‖_2 = ∞, because ‖T^∗T g‖_2 = ‖g‖_2 = ‖T g‖_2 for each g and P^∗ is isometric). Moreover, F (α) is coercive, because so is T P F (α). □ We call F ∈ H^∞(U, Y) divisor-left-invertible if every square right divisor of F is left-invertible (i.e., F = LR, L ∈ H^∞, R ∈ H^∞(U) ⇒ SR = I for some S ∈ H^∞(U)). Note that this holds iff “the greatest square right divisor of F is I” in the sense that every square right divisor of F divides I from the right. This property lies between left-invertibility and α-weak left-invertibility, as noted in (b) and (c) below. In (a) we observe that (1) is equivalent to right coprimeness.

Theorem 2.17 (Greatest square divisor is I) Let F ∈ H^∞(U, Y).

(a) Then F is left-invertible iff every right divisor of F is left-invertible.

(b) If F is left-invertible, then F is divisor-left-invertible.

The converse necessarily holds iff dim U = ∞ or U = {0} or dim Y ≤ dim U.

(c) If F is divisor-left-invertible, then F is α-weakly left-invertible.

The converse necessarily holds iff dim U < ∞ or dim Y < dim U.

(d) If F is left-invertible, then F is α-weakly left-invertible. The converse necessarily holds iff U = {0} or dim Y ≤ dim U < ∞ or dim Y < dim U.

(By dim Y < dim U we mean that the (possibly infinite) cardinality of an orthonormal basis of Y is less than that of U, or equivalently, that there exists a linear isometry Y → U but not U → Y.)

Thus, for a B(U, Y)-valued α-right factorization NM^{−1}, the condition “(right) gcd(N, M) = I” (i.e., “every common square right divisor of N and M divides I from the right”, i.e., “every common square right divisor of N and M is left-invertible”) is stronger than α-weak right coprimeness (equivalent iff dim U < ∞) and weaker than right coprimeness (equivalent iff dim U = ∞ or U = {0} or Y = {0}). By Theorem 2.15, this condition is a generalization of gcd-coprimeness (apparently the most natural one).

Proof of Theorem 2.17: (a) Since F = IF , the “if” holds. But if GF = I and F = LR, then (GL)R = I, so the “only if” also holds.

(d) The first claim follows from Lemma 2.6. If U = {0}, then H^∞(U) = {0} = {I} etc. If dim Y < dim U, then no F ∈ H^∞(U, Y) is [α-weakly] leftinvertible. The case dim U = dim Y < ∞ is from Corollary 2.5. The other cases have the counter-examples constructed in (b) and (c) below.

(b) The first claim is from (a). If dim U = ∞, then T P F (see the proof of Theorem 2.16) is a square right divisor of F , and if QT P F = I for some Q ∈ H^∞, then QT P ∈ H^∞ is a left inverse of F . The other positive cases follow from (d) and Theorem 2.16.

If 1 ≤ dim U < ∞ and dim U < dim Y, then the F in Example 4.5(b) is not left-invertible although its square right divisors are (left-)invertible, by Theorem 2.16.

(c) The first claim and the case dim U < ∞ follow from Theorem 2.16 and (d). The case dim Y < dim U follows the first claims in (d) and (b). If dim Y ≥ dim U = ∞, then some F ∈ H^∞(U, Y) is α-weakly left-invertible but not left-invertible, by Example 4.5(b); the T P F in the proof of Theorem 2.16 is then a non-left-invertible square right divisor of F . □

We set F^d(z) := F (z̄)^∗. Every F ∈ H^∞(U, Y) has a dual inner-outer factorization F = F^d_o F^d_i (or F^d = F_iF_o), where F_i ∈ H^∞(U_0, Y) is inner, F_o ∈ H^∞(U, U_0) is outer and U_0 is a closed subspace of U [RR85] [Nik86] [Mik09]. At least when dim U < ∞, that factorization (and its dual) is a strictly weaker factorization than that of Theorem 2.10(a) in what comes to the left factor:

Theorem 2.18 (Outer) If F ∈ H^∞(C^n, Y) is α-weakly left-invertible, then F^d is outer.

The converse does not hold, because the function F (z) = z/(z + 1) = F^d(z) is outer but F is not α-weakly left-invertible.

Similarly, the α-w.r.c.f. is a strictly stronger tool than that provided by the dual inner-outer factorization: the former removes the common zeros of N and M also on the boundary iR in the sense of Theorem 2.2.

One can easily verify that F^d is outer iff the anti-Toeplitz operator (π_−D_F π_− in terms of Section 5) of F is one-to-one. But F is left-invertible iff the anti-Toeplitz operator of F is coercive [Mik09], so α-weak left-invertibility is strictly between these two conditions (at least when dim U < ∞).

As mentioned above, all above results on α-weak left-invertibility contain analogous results on α-weak right coprimeness. Now we go on with rightfactorization-specific results.

We identify M ∈ H^∞(U) with the multiplication operator M : f → Mf on H^2(U). If(f) NM^{−1} is an α-w.r.c.f., then M[H^2] = D_P := {f ∈ H^2 � � P f ∈ H^2}:

Theorem 2.19 (Graph) Let P = NM^{−1} be an α-right factorization and M ∈ H^∞(U). Then NM^{−1} is an α-w.r.c.f. iff the graph [^I_P ] [D_P ] equals [^M_N ] [H^2(U)].

This is why an α-w.r.c.f. allows one to reduce optimization problems to the stable case [Mik02].

For P = NM^{−1} to be an α-right factorization, any poles (and essential singularities) of P on C^+∪{∞} must be contained in M^{−1} (to have N ∈ H^∞). For N and M to be w.r.c., the function M^{−1} must not contain any other poles, i.e., the functions N = P M and M may not have common zeros (this necessary condition is not sufficient for general non-rational functions). If U is finite-dimensional, then the poles of M^{−1} on C^+ are isolated and hence then we can formulate that part simply:

Theorem 2.20 If NM^{−1} is an α-w.r.c.f. and M ∈ H^∞(C^n), n ∈ N, then the nonremovable singularities of M^{−1} on C^+ are the same as those of P := NM^{−1}.

As illustrated above, M is the function that “stabilizes P with minimum effort” (i.e., N := P M is bounded on C^+ but M is as close to the identity as possible, in the sense of the last paragraph of Theorem 2.1).

Theorem 2.20 is a special case (by Theorem 2.2) of the following fact that the maximal connected domains of P and M^{−1} are the same wherever [^N_M ] (z) is coercive.

Theorem 2.21 If NM^{−1} is an α-w.r.c.f., and P := NM^{−1} has a holomorphic extension to some open and connected Ω ⊂ C^+, then M is invertible at those z ∈ Ω for which [^N_M ] (z) is coercive.

(The coercivity assumption is not redundant, by Example 4.6. However, it is superfluous at least if the nonconstant part of M is sufficiently compact, by Lemma 7.8.)

Proof: Let Ω^′ be the (necessarily open) connected component of {z ∈ C^+ � M(z) ∈ GB(U)} that contains α. We assume the existence of some z ∈ ∂Ω^′ ∩ Ω and obtain a contradiction; this proves the theorem.

Pick f ∈ H^2(C) such that f(z) = 1. Since M(z) is not invertible, it is not coercive, hence there exist {u_n} ⊂ U such that ‖u_n‖ = 1 ∀n and M(z)u_n → 0, as n → ∞. But g_n := Mfu_n ∈ D_P (see Theorem 2.19) and g_n(z) = M(z)u_n → 0, hence (P g_n)(z) = N(z)u_n ↛ 0, because [^N_M ] (z) is coercive. Yet (P g_n)(z) = P (z)g_n(z) → 0, a contradiction. □

Note that in Theorems 2.21 we could replace C^+ by any open, connected Ω^{′′} ⊂ C such that N and M have holomorphic extensions to Ω^{′′} (if we set P := NM^{−1} wherever applicable).

Lemma 2.22 (P+P_0=NM^{−1}) If P = NM^{−1} is a B(U, Y)-valued α-[w.]r.c.f. and P_0 ∈ H^∞(U, Y), then P + P_0 = (N + P_0M)M^{−1} is an α-[w.]r.c.f.

Proof: If (N + P_0M)f, Mf ∈ H^2, then Nf = (N + P_0M)f − P_0Mf ∈ H^2, hence then f ∈ H^2. If X̃M −Ỹ N = I, then (X̃ +Ỹ P_0)M −Ỹ (N +P_0M) = I. □ In the matrix-valued case, right and left factorizations coexist:

Lemma 2.23 If a B(C^n, Y)-valued function P has an α-right factorization (α ∈ D), then P has an α-left factorization.

Hence then P has a α-w.r.c.f. and a “α-w.l.c.f.”, by Theorem 1.1 (and its dual). We do not know whether this holds for U in place of C^n. Proof: Let P = NM^{−1} be an α-right factorization and set f := det M ∈ H^∞(C). Then M^{−1} = f^{−1}F for F := adj(M) ∈ H^∞(U), hence P = M̃^{−1}Ñ is an α-left factorization, where Ñ := NF , M̃ := fI. (Indeed, det M̃(α) = f(α)^n ≠ 0.) □

The coercivity assumption on F (α) seems somewhat artificial (and it has not been used explicitly before this article). For an α-right factorization, it is redundant, but in general it is needed to avoid labeling the function F (z) := (α − z)/(α + z) as α-weakly left-invertible. However, even if we dropped this requirement, most results would still hold:

Remark 2.24 Redefine α-weak left-invertibility by dropping the coercivity requirement. Then all above results hold (with the same proofs) except that Corollaries 2.5 and 2.13, Theorems 2.7, 2.10(b), 2.15 and 2.18, and the last claims of Theorems 2.16 and 2.17(c)&(d) become false and in Theorem 2.2 we must require that z ≠ α. ◁

The function F (z) :=^{α−z}_{α+z} is α-weakly left-invertible in this alternative sense but not in the original sense.

Related results for “proper” weak left-invertibility are given in Remark 3.6. Further results on this weaker concept are given in [Mik02, Chapter 4 and Sections 6.4–6.5] under the name “quasi-left-invertibility”. Note that α-weak coprimeness and “α-quasi coprimeness” of N and M are equivalent when M^{−1} is α-proper.

Alternative, independent proofs of parts of Theorems 2.1, 2.14, 2.15, and 2.16 can be based on [Qua06] combined with [Qua05], in the matrix-valued case; moreover, the matrix-valued Theorem 2.19 was given in [GS93] except for the fact that that M can be chosen to be square. Lemma 2.22 is from [Mik02]. More details on the results of this section (in the discrete-time context) are given in [Mik07g, Section 6].

3 Proper weak left-invertibility and w.r.c.f.’s

In this section we establish the results of Section 2 for (proper) w.r.c.f.’s (i.e., we “remove the α’s”) and derive further results on w.r.c.f.’s.

If NM^{−1} is a B(U, Y)-valued [α-]r.c.f., then any [^{X N}_{Y M} ] ∈ G H^∞(Y × U) is called a [α-]d.c.f. (doubly coprime factorization).

In a [w.]r.c.f. the denominator M is required to be boundedly invertible on a half-plane, whereas in an α-[w.]r.c.f. invertibility is only required at α. Fortunately, any such factorization of a proper function is unique (up to an element in G H^∞):

Theorem 3.1 (α ⇔ proper) Let ω ≥ 0, α ∈ C^+_ω and P ∈ H^∞_ω (U, Y).

(a) Then any α-r.c.f. of P is a r.c.f. of P , and any r.c.f. of P is an α-r.c.f.

of P . (The same holds with “d.c.f.” in place of “r.c.f.”.)

(b) If P = NM^{−1} is a right factorization and M ∈ GH^∞_ω , then any α-w.r.c.f.

of P is a w.r.c.f. and any w.r.c.f. of P is an α-w.r.c.f.

(c) If dim U < ∞, then a right factorization P = NM^{−1} is a w.r.c.f. iff N and M are gcd-coprime.

For nonproper functions the claims (a) and (b) do not hold (see Example 4.2 for (b)). If dim U = ∞, then (c) does not hold and no w.r.c. N and M have gcd(N, M) = I (since [^N_M ] = ([^N_M ] L)R with L, R ∈ B(U), LR = I, R ∉ GB(U)).

Proof of Theorem 3.1: (a) Let P = NM^{−1} be a r.c.f. of P with X, Y ∈ H^∞, XM + Y N ≡ I. Then M^{−1} = X + Y NM^{−1} = X + Y P , which is bounded on C^+_ω , hence P = NM^{−1} is an α-r.c.f. The converse is analogous, and so is the d.c.f. case.

(b) If P = NM^{−1} is a right factorization and M ∈ GH^∞_ω , then P = NM^{−1} is an α-right factorization, hence then P has a w.r.c.f. P = N_0M^{−1}_0 and an α-w.r.c.f. P = N_1M^{−1}_1 . By Theorem 2.8, M_1 ∈ GH^∞_ω and N_1M^{−1}_1 is a zw.r.c.f. for any z ∈ C^+_ω , hence N_1M^{−1}_1 is a w.r.c.f., hence M_1 = MV for some V ∈ G H^∞.

(c) This follows from (b) and Theorem 2.15. □

We call F ∈ H^∞(U, Y) weakly left-invertible if

1. F^∗F ≥ ϵI on C^+_ω for some ω ≥ 0 and ϵ > 0, and

2. F f ∈ H^2 =⇒ f ∈ H^2 for every proper U-valued function f (i.e., for every f ∈ H^∞(C, U)).

We call N, M ∈ H^∞ w.r.c. if [^N_M ] is weakly left-invertible; note that here condition “1.” is redundant if NM^{−1} is a right factorization.

The equivalence of w.r.c.f.’s and α-w.r.c.f.’s (and gcd-w.r.c.f.’s) was established in Theorem 3.1(b), but an α-w.r.c. pair need not be w.r.c. by Example 4.2 (where the condition “1.” is not satisfied by [^N_M ]).

Almost all of our α-w.r.c.f. results hold for (proper) w.r.c.f.’s too:

Theorem 3.2 (Non-α w.r.c.f.’s) The results 2.1–2.9 and 2.16–2.23 also hold when we remove each “α−” and in Corollary 2.4 we replace “F (α) ∈ GB(U, Y)” by “F ∈ GH^∞” and in Theorem 2.8 we replace “α ∈ Ω” by “Ω contains a right half-plane”.

Note that here Theorem 2.1 becomes Theorem 1.1. Theorem 1.1 could, alternatively, be proved using [Mik06b] (and Lemma 8.1); also the rest of Theorem 3.2 could be proved directly in continuous-time using [Mik06b]. Proof: 1^∘ Theorem 1.1 follows from Theorems 3.1 and 2.1 (e.g., if P = N_1M^{−1}_1 is a right factorization and P = NM^{−1} a w.r.c.f., then V := M^{−1}M_1 ∈ GH^∞).

2^∘ If F is weakly left-invertible and R is proper, then there exists α ∈ C^+ such that F is α-weakly left-invertible and R is α-proper, hence each “α-” in Lemma 2.3 and Theorem 2.2 can be removed.

3^∘ Now we prove Theorem 3.3 before going on. If F is weakly leftinvertible and F = F_wF_r as in Lemma 2.11 (with F_r−1 being proper), then F^{−1}_r ∈ H^∞, by the non-α-version of Lemma 2.3, hence then F is α-weakly left-invertible (because so is F_w). For the converse, assume that F is α-weakly left-invertible. Any f ∈ H^∞ is defined at some β ∈ C^+_ω and F is β-weakly left-invertible, by Corollary 2.12, hence F f ∈ H^2 implies that f ∈ H^2; because f was arbitrary, F is weakly left-invertible.

4^∘ The remaining results now follow from the original ones using Theorems 3.3 and 3.1 (in Theorem 2.7 use the fact that (i) trivially implies (iii)) with the three exceptions listed below.

5^∘ Theorems 2.16 & 2.17: the original proofs (mutatis mutandis) yield the claims.

6^∘ Lemma 2.23: If P ∈ H^∞_ω has a right factorization, then P^d has an α-w.r.c.f. for some α ∈ C^+_ω , by Lemma 2.23 and Theorem 1.1; by Theorem 3.1(b), that factorization is a w.r.c.f. of P^d (whose dual is a left factorization (even w.l.c.f.) of P ). □

See Corollary 3.5 (resp., Theorem 3.3, Remark 3.6) for the “non-α forms” of Theorem 2.10 (resp., Corollary 2.12, Remark 2.24). As described below, the “non-α forms” of Theorems 2.14 and 2.15 are not true in general but they are true for F = [^N_M ] with M^{−1} proper.

Under the condition “1.”, proper and α-weak left-invertibility are equivalent:

Theorem 3.3 (α ⇔ proper) Let F ∈ H^∞(U, Y), ω ≥ 0, α ∈ C^+_ω , ϵ > 0 and F^∗F ≥ ϵI on C^+_ω . Then F is weakly left-invertible iff F is α-weakly left-invertible.

Thus, weak left-invertibility implies α-weak left-invertibility on a right half-plane.

(This was shown in the proof of Theorem 3.2.)

Note that, in the matrix-valued case, weak left-invertibility implies αweak left-invertibility for every α ∈ C^+, by Theorem 3.3 and Corollary 2.13, but not in the operator-valued case, by Example 4.6. Recall from Theorems 2.14–2.17 that α-weak left-invertibility, irreducibility, divisor-left-invertibility and the property of Theorem 2.14 are all equivalent (and hence strictly weaker than weak left-invertibility, by Example 4.2, though equivalent to it under the assumptions of Theorem 3.3) in the matrix-valued case.

Note from Corollary 2.4 that if F ∈ H^∞(U) is weakly left-invertible, α, ω are as above and F (α) ∈ GB(U), then F ∈ G H^∞(U).

In condition “2.” it suffices to consider merely the functions f ∈ H^2_∞(U):

Theorem 3.4 Let F ∈ H^∞(U, Y). Then the implication F f ∈ H^2 =⇒ f ∈ H^2 is true for every f ∈ H^∞(C, U) iff it is true for every f ∈ H^2_∞(U).

Proof of Theorem 3.4: “Only if” holds because H^2_∞ ⊂ H^∞ (by [HP57, Theorem 6.4.2]), so suppose that “F f ∈ H^2 =⇒ f ∈ H^2” holds for every f ∈ H^2_∞(U) and that f ∈ H^∞ and F f ∈ H^2.

Set g_n := ns^{−1}(1 − e^{−s/n}). Then g_n = n ^χ_{[0,1/n)}, hence ‖g_n‖_∞ ≤ 1 and g_n ∈ H^2(C) ∩ H^∞. Consequently, ‖F g_nf‖_2 ≤ ‖F f‖_2 =: K < ∞, hence g_nf ∈ H^2(U) (because g_nf ∈ H^2_∞) for every n. In particular, f = g^{−1}_n · (g_nf) is holomorphic C^+ → U.

Let ϵ > 0 be as in Theorem 2.2. Then ‖g_nf‖_2 ≤ K/ϵ ∀n. But g_n(s) → 1, as n → +∞, for each s ∈ C^+. By the Dominated Convergence Theorem, �_T −T ‖f(ω+it)‖^2_U dt = lim_{n→∞}

�_T −T ‖(g_nf)(ω+it)‖^2_U dt ≤ lim sup_{n→∞} ‖g_nf‖^2_H2 ≤ (K/ϵ)^2 (3) for each T > 0 and ω > 0, hence ‖f‖_2 ≤ K/ϵ, hence f ∈ H^2(U). □

The function [^N_M ] of Example 4.2 illustrates that the (proper) weak-left-invertibility-analogy of Theorem 2.10(a) requires an additional assumption. That is made below.

Corollary 3.5 If F ∈ H^∞(U, Y) and F^∗F ≥ ϵ^2I on C^+_ω for some ω ≥ 0 and ϵ > 0, then F = F_wF_r, where F_r ∈ H^∞(U)∩GH^∞_ω (U) and F_w ∈ H^∞(U, Y) is inner and z-weakly left-invertible for each z ∈ C^+_ω , hence weakly left-invertible.

(This follows from Lemma 2.11.)

We make a remark on a weaker variant of weak left-invertibility.

Remark 3.6 (F^∗F ≥ ϵI on C^+_ω ) Replace the condition “1.” in the definition of weak left-invertibility by “F is coercive on ∈ C^+_ω for some ω ≥ 0, and”. By Example 4.1 below, this new property does not imply the old property, not even α-weak left-invertibility (for any α ∈ C^+_ω ; not even the weaker form described in Remark 2.24).

The example F = e^{−·}I also shows that with this new definition, in Theorem 3.2, we would have to omit Corollary 2.5 and the part “or dim Y ≤ dim U < ∞” in Theorem 2.17(d). However, otherwise Theorem 3.2 would remain true (even if we would completely remove “1.”). This can be shown by modifying the original proofs. ◁

Recall that “1.” is redundant for right factorizations, hence for them all forms of weak coprimeness are equivalent including that of Remark 3.6 above.

Notes: For comparison, we note that the concept “weakly right-prime” in [Qua03] in a matrix-valued H^∞ context can be shown equivalent to“weakly αleft-invertible times a constant surjective matrix” (use Theorem 2.15). Moreover, “weakly right-prime” is also equivalent to “quasi-left-invertible times a constant surjective matrix”, where quasi-left-invertibility is defined as in Remark 2.24. In, e.g., [Qua06], w.r.c.f.’s are defined as in [Smi89, Lemma 4] (in the H^∞ context).

4 Counter-examples

We present here examples that show it impossible to extend or reverse certain implications.

By Theorem 2.2, [α-]weakly left-invertible maps have no common zeros on C^+ nor “a.e.” on the boundary. However, the converse is not true:

Example 4.1 (No zeros ⇏ α-w.r.c.) Let F (s) = e^{−s}. Then F is inner but not weakly left-invertible, not even α-weakly left-invertible for any α ∈ C^+, because f(s) := e^s/(s+1) ∉ H^2 but F f ∈ H^2. Moreover, F is continuous on C^+ and coercive on C^+ but not uniformly coercive: |F (s)| = e^{− Re s} → 0, as s → +∞. Yet we have F f ∈ H^2 =⇒ f ∈ H^2 for each proper scalar function f. ◁

Naturally, F and 0 are then not even α-w.r.c., although they do not have common zeros (outside +∞) and F is inner.

Proof: If g ∈ H^2_ω for some ω ≥ 0, then g = e^·F g, hence ‖g(r + i·)‖_L2 = e^r‖(F g)(r+i·)‖_L2 ≤ e^r‖F g‖_H2 (r > 0), hence ‖g‖_H2 ≤ max{‖g‖_H2_ω , e^ω‖F g‖_H2 }. Therefore, we have F g ∈ H^2 =⇒ g ∈ H^2 for each proper scalar function g, by Theorem 3.4. □

By Theorem 3.1, weak, α-weak and gcd-coprimeness are equivalent for a right factorization. However, for general functions weak coprimeness is strictly stronger than α- or gcd-coprimeness:

Example 4.2 (Scalar α-w.r.c. ⇏ w.r.c.) The functions N(s) := se^{−s}/(s+ 1) and M(s) := 1/(s + 1) are gcd-coprime [Smi89], i.e., α-w.r.c. for every α ∈ C^+ (Theorem 2.15), but yet not w.r.c., because N(+∞) = 0 = M(+∞). ◁ By the substitution s → 1/s, we obtain a scalar-valued w.r.c.f. that is not a r.c.f.:

Example 4.3 (Scalar w.r.c.f. ⇏ r.c.f.) The functions N(s) := e^{−1/s}/(s+ 1) and M(s) := s/(s + 1) form a w.r.c.f. but not a r.c.f., because N(0+) = 0 = M(0). ◁

(Now M ∈ GH^∞, so Theorem 3.1(b), Example 4.2, and Lemma 7.3 imply that NM^{−1} is a w.r.c.f.)

As mentioned in the introduction, the w.r.c.f. determined by the LQoptimal feedback need not be Bézout coprime:

Example 4.4 (LQ-optimal feedback is not coprime) (a) By Theorem 1.2, the function P := NM^{−1} of Example 4.3 has an output-stabilizable (SISO) realization. The LQ-optimal state-feedback for this realization determines a w.r.c.f. N_1M^{−1}_1 of P , by Theorem 1.2, but that w.r.c.f. is not a r.c.f., because P does not have an r.c.f., by the last claim in Theorem 1.1.

(b) If, in (a), we use Example 4.6 in place of Example 4.3, then we have

�_{N1}

M_1 � (1) noncoercive, because

�_{N1}

M_1 � = [^N_M ] V for some V ∈ G H^∞, by Theorem 1.1. ◁

Naturally, Example 4.3 can be extended to higher dimensions:

Example 4.5 (General w.r.c.f. ⇏ r.c.f.) (a) If dim U ≥ 1 and dim Y ≥ 1, then there exists a B(U, Y)-valued w.r.c.f. NM^{−1} that is not a r.c.f.

(b) Consequently, if 1 ≤ dim U < dim Y or ∞ = dim U ≤ dim Y, then there exists F ∈ H^∞(U, Y) that is weakly left-invertible but not left-invertible. ◁

(The above dimensionality assumptions are also necessary, by Theorem 2.16.)

Proof: (a) Set M := [^{M ′ 0}_{0 I} ] ∈ H^∞(C×U_2), N := [^{N ′ 0}_{0 0} ] ∈ H^∞(C×U_2, C×Y_2), where N^′ and M^′ are the N and M of Example 4.3 and U = C×U_2, Y = C×Y_2.

(b) There exists T ∈ B(U, Y) such that T^∗T = I and T is not onto (this is elementary [Mik02, Lemma A.3.1(a4)]). Set Y_1 := Ran(T ), Y_2 := Y^⊥_1 . Choose N and M as in (a) with Y_2 in place of Y and set F := [^N_{T M} ] = [^{I 0}_{0 T} ] [^N_M ]. □

If we replace Example 4.3 by Example 4.2 in the above proof, we obtain in (a) an α-w.r.c. pair N, M that is not w.r.c. and in (b) an α-weakly leftinvertible function that is not weakly left-invertible.

By Theorem 2.2, [^N_M ] is injective on C^+ for any w.r.c.f. NM^{−1}. It need not be coercive on C^+:

Example 4.6 (Continuous w.r.c.f ⇏ r.c.f.) Let U := ℓ^2(N) =: Y. There exists a normalized w.r.c.f. NM^{−1} such that [^N_M ] (1)e_k → 0, as k → ∞ (hence [^N_M ] (1) is not coercive and N and M are not r.c.) but N and M are continuous C^+ ∪ {∞} → B(U) and H^∞_ω for every ω > −1.

Moreover, (ii) of Theorem 2.7 is satisfied and P := NM^{−1} does not have an α-w.r.c.f. for any α ∈ {1} ∪ {1 − i/2k � k ∈ N} but NM^{−1} is an α-w.r.c.f.

for every other α ∈ C^+. ◁

(Note that here N and M belong to the“half-plane algebra”(disc algebra), even to the Wiener class.)

Proof: (Here we make N and M inner, so, to be normalized, they should be divided by √ 2.) 1^∘ Set a_k := 1 + i/2k, b_k := 1 − i/2k (k ∈ N), so that a_k → 1 and b_k → 1, as k → ∞. Set N_k(s) := (s − a_k)/(s + a_k), M_k(s) := (s − b_k)/(s + b_k), and let N, M ∈ H^∞(U) be the (diagonal) inner functions determined by N(s)e_k = N_k(s)e_k, M(s)e_k = M_k(s)e_k (s ∈ C^+, k ∈ N), where e_k := χ_{{k}}. Then ‖N_k(1)‖ ≤ 1/2k → 0 and ‖M_k(1)‖ → 0, as k → ∞, hence ‖ [^N_M ] (1)e_k‖ → 0 (hence N and M are not r.c., by Lemma 2.6(a)). Moreover, N, M ∈ GH^∞_ω for any ω > 1, so NM^{−1} is a right factorization.

2^∘ But N_k and M_k are r.c., by Theorem 2.7. Thus, if Ω ⊂ C^+ and f : Ω →

U satisfies [^N_M ] f ∈ H^2, then f_k ∈ H^2 (k ∈ N), where f_k is the kth component

of f, and ‖ [^N_M ] f_ke_k‖^2 = 2‖f_k‖^2 (k ∈ N), hence ‖ [^N_M ] f‖^2 = 2‖f‖^2, hence f ∈ H^2. In particular, N and M are α-w.r.c. for every α ∈ C^+ \ {1}, because [^N_M ] (α) is coercive for those α, by 3^∘ below. By 1^∘, N and M are not 1-w.r.c.

3^∘ Set B := {1} ∪ {b_k � � k ∈ N}. One easily verifies that M(z), N(z̄) ∈ GB(U) ∀z ∈ C^+ \ B.

4^∘ Since N_k = 1 − 2a_k ^e^{−ak ·}, we observe that [^N_M ] = [^1 ] + ^f, where f ∈ L^1(R_+; B(U, U × U)), because ‖f(t)‖_{B(U)} = √ 2 · 2 · |1 + i/2|e^{−t} (t ≥ 0). In particular, N and M are continuous C^+ ∪ {∞} → B(U) and H^∞_ω for every ω > −1. □

In fact, given, e.g., any compact disc D ⊂ C^+, there exists a w.r.c.f. NM^{−1} (with separable input and output spaces) such that [^N_M ] (z) is not coercive for any z ∈ D but N and M are z-w.r.c. for all z ∈ C^+ \ D. See the comments below [Mik07g, Example 7.3] for a sketch.

If NM^{−1} is a w.r.c.f., then every common right square factor of N and M is weakly left-invertible (hence invertible if dim U < ∞), by Theorem 2.16. In general it need not be left-invertible (nor right-invertible):

Example 4.7 (divisor not left-invertible) Let N, M, U, Y be as in Example 4.6. Then F := J^{−1} [^N_M ] ∈ H^∞(U) is weakly left-invertible for any J ∈ GB(U, Y × U). However, [^N_M ] = JF , but F is not left-invertible; in fact, F (1) ∈ B(U) is not left-invertible (nor right-invertible). Nevertheless, F (z) is left-invertible for every z ∈ C^+ \ {1}. ◁

By B_G we denote the Blaschke product formed with the zeros of G. We soon need the following:

Lemma 4.8 Let F, G ∈ H^∞(C) have no common zeros and G ≢ 0. Let Ω ⊂ C^+ be open and let f : Ω → C be such that F f, Gf ∈ H^2. Then f has a holomorphic extension f : C^+ → C and fG/B_G ∈ H^2.

Thus, if G = B_G, then F and G are w.r.c.

Proof: If F ≡ 0, then g := G^{−1}Gf is a holomorphic extension of f. If F ≢ 0, then g and h := F^{−1}F f are meromorphic extensions of f with no common singularities (on C^+), hence they coincide outside their singularities, hence their singularities are removable, and we get a holomorphic extension C^+ → C of f.

Consequently, |B_{Gf} | ≤ |B_G| (because B_{Gf} has at least the same terms as B_G), hence |Gf/B_G| ≤ |Gf/B_{Gf} |. But Gf/B_{Gf} ∈ H^2, by [Hof88, pp. 132–133], hence Gf/B_G ∈ H^2. □

Now we can construct an exponentially stable (which means that M, N ∈ H^∞_ω for some ω < 0) scalar non-r.c. w.r.c.f.:

Example 4.9 (Exponential w.r.c.f.⇏r.c.f.) Choose any a > 0 such that we have

�_∞ k=1 |2/(s + 1 − ik^2 + a)| < log 3/2 for all s ∈ C^+. Let G and F be the Blaschke products with zeros a + ik^2 and a + ik^2 + i/k (k = 1, 2, . . .), respectively.

Then the functions M := G(1 + ·), N := F (1 + ·) form a w.r.c.f., but yet not an r.c.f., hence the map NM^{−1} does not have a r.c.f., by Theorem 1.1. Moreover, N, M ∈ H^∞_{−1}(C) and N and M are α-w.r.c. for every α ∈ C^+. ◁

Proof: 1^∘ The choice of a is possible, because

�_∞ k=K < log 3/2 for some K (the terms are ≤ 2k^{−2}) and

�_{K−1} k=1 can be made arbitrarily small by increasing a (that does not increase any other term either).

2^∘ By Lemma 4.8, F and G are w.r.c. Set β_k := a + ik^2, α_k := a + ik^2 + 1/k. Since |G(α_n)| = � k |α_n − β_k|/|α_n + β̄_k|, where the terms are ≤ 1 and |α_n − β_n|/|α_n + β̄_n| < 1/n, we observe that |G(α_n)| < 1/n → 0, as n → +∞. Since F (α_n) = 0, by definition, N and M are not r.c., by Lemma 2.6(a).

3^∘ We have M^{−1}, N^{−1} ∈ H^∞: Now |G(s)| =

�_∞ k=1 |1 − a_k(s)|, where a_k(s) := 2a/(s + a − ik^2). In the spirit of 1^∘ one can show that for some ω > a we have, for every s ∈ C^+_ω , that |a_k(s)| < 1, and � k |a_k(s)| ≤ log 3/2.

By [Rud87, Lemma 15.3], ||G(s)| − 1| ≤ 3/2 − 1, hence |G(s)| ≥ 1/2 on C^+_ω , hence G^{−1} ∈ H^∞, hence M^{−1} ∈ H^∞. Similarly, N^{−1} ∈ H^∞.

4^∘ Let Ω ⊂ C^+ be open and let f : Ω → C be such that Nf, Mf ∈ H^2. By Lemma 4.8, Mf/B ∈ H^2, where B := B_M . By a direct computation, we get |M(s)|/|B(s)| = � k |1 − 2/(s + 1 − ik^2 + a)|, hence |M|/|B| ≥ 1/2, as in 3^∘. Consequently, M/B ∈ G H^∞, hence f ∈ H^2. In particular, N and M are w.r.c. and α-w.r.c. for every α ∈ C^+. □

For future use in counter-examples on stabilizability, we make here some remarks that are obvious from the proof of Example 4.9:

Remark 4.10 For any ω ≥ 0, the functions N(· + ω) and M(· + ω) in Example 4.9 form a w.r.c.f. of P (· + ω). If ω ≤ a − 1, then that w.r.c.f. is not a r.c.f., hence then P (· + ω) does not have an r.c.f. Moreover, the a in Example 4.9 can be arbitrarily increased. Finally, as in 3^∘, we can find some R > 0 such that |G(s)| > 1/2 when s ∈ C^+ and Im s ≤ −R.

Note also that, given R ∈ R, any functions N_1, M_1 ∈ H^∞ are [w.]r.c. iff N_1(· + iR), M_1(· + iR) are [w.]r.c.

Example 4.9 determines a w.r.c.f. NM^{−1}. From the proof of [Mik02, Lemma 6.6.29] (or from that of [Sta05, Theorem 8.4.6(iii)]) we observe that P := NM^{−1} has an “exponentially stabilizable” realization. (Analogously, it has an exponentially detectable realization too, but a single realization of P cannot be both stabilizable and detectable, by Theorem 1.3.) Thus, the (“exponentially stable”) w.r.c.f. determined by the LQ-optimal state feedback for that realization is not a r.c.f.

A further treatment of the subject is given in [Mik07d], where also many control-theoretic consequences of the other above examples are derived and discussed. Some related discussion is given at the end of [Mik07g, Section 4] for discrete-time systems. There it is also noted that no discrete-time counterpart of Example 4.9 exists, because discrete-time “power stable” w.r.c.f.’s are r.c.f.’s.

Example 4.3 is adapted from [Smi89], where a first example of a non-r.c. w.r.c. pair was given. The first example based on definition (2) was due to Sergei Treil (personal communication, before the equivalence Theorem 2.15).

The other examples in this section are new. Further “counter-examples” are given in the previous sections below certain results.

5 Introductory theorems and WPLSs

In this section we prove and further explain the fundamental Theorems 1.2 and 1.3.

Before that we very briefly recall the basics of WPLSs and state feedback. Further details can be found in, e.g., [Sta98a], [Sta05], [SW02], [Mik02], [Mik06b], [Mik07d] and [Mik06a] in the notation of Definition 5.1, and in different but equivalent notation in, e.g., [Sal87], [Sal89], [Wei94b], [Wei94a], [WR00], [Sta98a], [Sta98b] and [OC04]. However, most of this article, excluding some of the proofs, can be understood without any knowledge on WPLSs, so a busy reader can skip this section.

We first introduce the WPLS through their most well-known special case, namely that having bounded input and output operators (B and C). Set R := (−∞, +∞), R_+ := [0, +∞), R_− := (−∞, 0). Let A generate a strongly continuous semigroup A on X, and let B ∈ B(U, X), C ∈ B(X, Y) and D ∈ B(U, Y). Given an input function u : R_+ → U and initial state x_0 ∈ X, we define the state trajectory x : R_+ → X and output function y : R_+ → Y through ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t) + Du(t), x(0) = x_0.

Let D denote that map u → y, and set C := CA (i.e., (C x_0)(t) = CA^tx_0 for x_0 ∈ X, t ≥ 0), and Bv :=

�_∞ 0 A^rBv(−r) dt for suitable v : R_− → U.

Then y = C x_0+Du, and the above four maps constitute a WPLS Σ =

�_{A B} C D � (Definition 5.1). We call

�_{A B} C D � the generators of Σ. The dual system Σ^d is the one having generators [^{A∗ B∗}_C∗_D∗ ], and the transfer function of Σ equals D̂(s) := D + C(s − A−1)B.

From this illustrative special case we now proceed to the general definition, but we recommend the reader to always keep the above special case in mind (perhaps even with A ∈ B(X), so that A^t = e^{At}).

We need some more definitions. Set L^2_ω := {e^{ω·}f � � f ∈ L^2}. The Laplace transform of u : R_+ → U is given by ^u(s) :=

�_∞ 0 e^{−st}u(t) dt. The map u → ^u is an isomorphism of L^2_ω(R_+; U) onto H^2_ω(U).

Given P ∈ H^∞_ω (U, Y), we define its I/O map D_P : L^2_ω(R_+; U) → L^2_ω(R_+; Y) by �D_P u := P ^u; It follows that ‖D_P ‖_B = ‖P ‖_H∞_ω [Wei91]. We identify D_P with its unique translation-invariant extension ∈ B(L^2_ω(R; U), L^2_ω(R; Y)). (Translation-invariant means that D_P τ^t = τ^tD_P ∀t ∈ R, where (τ^tu)(r) := u(t + r). This map satisfies �D_P u = P ^u a.e. on ω + iR, where P refers to the boundary trace of P [Mik08a].) We set π_+u :=

�_{u(t), t ≥ 0;}

0, t < 0 , π− := I − π+.

Now we give an exact definition of WPLSs. Explanations will follow.

Definition 5.1 (WPLS) Let ω ∈ R. An ω-stable well-posed linear system on (U, X, Y) is a quadruple Σ =

�_{A B} C D � , where A^t, B, C , and D are bounded linear operators of the following type:

1. A^· is a strongly continuous semigroup of bounded linear operators on X satisfying sup_{t≥0} ‖e^{−ωt}A^t‖_X < ∞;

2. B : L^2_ω(R; U) → X satisfies A^tBu = Bτ^tπ_−u for all u ∈ L^2_ω(R; U) and t ∈ R_+;

3. C : X → L^2_ω(R; Y) satisfies C A^tx = π_+τ^tC x for all x ∈ X and t ∈ R_+;

4. D : L^2_ω(R; U) → L^2_ω(R; Y) satisfies τ^tDu = Dτ^tu, π_−Dπ_+u = 0, and π_+Dπ_−u = C Bu for all u ∈ L^2_ω(R; U) and t ∈ R.

Also the dual Σ^d := [^{A ∗ C ∗R}

RB∗ RD∗R ] of Σ is an ω-stable WPLS, where the

reflection R is defined through (Ru)(t) := u(−t).

Let A be the generator of A . There exist unique linear operators C : Dom(A) → X and B : U → (Dom(A^∗))^∗ such that for every t ≥ 0 we have (C x_0)(t) = CA^tx_0 (x_0 ∈ Dom(A)) and Bv :=

�_∞ 0 A^rBv(−r) dt (for compactly supported v ∈ L^2).

The transfer function D̂ of Σ is the unique function D̂ ∈ H^∞(U, Y) for which ^Du = D̂ ^u for every u ∈ L^2_ω(R_+; U). The system Σ is uniquely determined by A, B, C and D̂(s) for a fixed s; also the converse is true. Therefore, we sometimes write Σ = (A, B, C; D̂).

We mention that Definition 5.1 is equivalent to the assumption that A, B, C are as above, D̂(s)−D̂(z) = (s−z)C(s−A)^{−1}(z −A)^{−1}B is bounded on some right half-plane, and C and B^∗ extend to X → L^2_{loc}. An equivalent condition is that the map x_0, u → x(t), y defined below is bounded

X × L^2([0, T ]; U) → X × L^2([0, T ]; Y) for some (hence every) T > 0.

For any initial state x_0 ∈ X and input u ∈ L^2_ω(R_+; U) we denote the state by x(t) := A^tx_0 +Bu(t+·), and the output by y := C x_0 +Du ∈ L^2_ω. There exists a “compatible extension” C of C [SW02] [Sta05] [Mik02] and D ∈ B(U, Y) such that D̂(s) = D + C(s − A)^{−1}B for Re s > ω, and, in a certain sense, x and y form the unique solution of ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t) + Du(t), x(0) = x_0. If B or C is bounded (i.e., B ∈ B(U, X) or C ∈ B(X, Y)), then C = C, the limit lim_{s→∞} D̂(s) exists and equals D, and Σ^d is determined by (^{A∗ C∗}

B∗ D∗ ).

It is well known that, by using unique extensions/restrictions of B, C and D, an ω-stable WPLS Σ can be seen as a β-stable WPLS for every β > ω.

The WPLS Σ is called stable if y ∈ L^2 and x is bounded for every x_0 ∈ X and every u ∈ L^2(R_+; U) (or equivalently, Σ is a 0-stable system); outputstable if y ∈ L^2 for every x_0 ∈ X when u = 0; exponentially stable if it is ω-stable for some ω < 0 (or equivalently, 1. holds for some ω < 0).

In the simplest case, a state feedback means the substitution u(t) = F x(t) for some F ∈ B(X, U). In general, (well-posed) state feedback may have F unbounded, contain a feedforward G ∈ B(U), and allow for an external input or disturbation, say u_⟲, so the substitution becomes u(t) = F x(t) + Gu(t) + u_⟲(t), i.e., u = F x_0 + G u + u_⟲ = (I − G )^{−1}F x_0 + (I − G )^{−1}G u, with the well-posedness conditions that

�_{A BC D} F G � is a WPLS on (U, X, Y × U) and M := (I − Ĝ )^{−1} ∈ H^∞.

If Ĝ (+∞) exists (uniformly), then one can normalize the feedforward term G to zero without affecting the closed-loop maps x_0 → (x, y, u). In any case, D̂ = NM^{−1} is a right factorization and [^N_M ] is the closed-loop I/O map u_⟲ → [^y_u ], where N := D̂M.

The WPLS Σ is called stabilizable (resp., output-stabilizable) if some state feedback makes the resulting (closed-loop) system (with input u_⟲ and output [^y_u ]) stable (resp., output-stable). Moreover, Σ is called detectable if its dual Σ^d is stabilizable. See [Sta05], [Sta98a], [Mik07d] or [Mik02] for joint stabilizability and detectability.

The Finite Cost Condition means that for every x_0 ∈ X there exists u ∈ L^2(R_+; U) such that y ∈ L^2. The Finite Cost Condition holds iff the system is output-stabilizable; a third equivalent condition is that there exists a state feedback (called the LQ-optimal state feedback) that minimizes the “LQR cost”

�_∞ 0 (‖y(t)‖^2_Y + ‖u(t)‖^2_U) dt for every x_0 ∈ X [Mik06b]. Moreover, using the LQ-optimal state-feedback, the above factorization D̂ = NM^{−1} becomes a w.r.c.f. [Mik06b], as in the finite-dimensional case. Analogous discrete-time results (and definitions) are given in [Mik07g].

A realization of P means a WPLS whose transfer function D̂ equals P . Recall that Theorem 1.1 is contained in Theorem 3.2. An alternative proof of the first claim of Theorem 1.1 is given in the proof below. Conversely, one could use this connection (or the Cayley transform) to reduce several main results of [Mik06b] to [Mik07g].

Proof of Theorem 1.2: 1^∘ The implications “(iv)⇒(iii)” and “(ii)⇒(i)” are trivial. The implications “(iii)⇔(v)⇒(ii)” are from [Mik06b, Corollaries 5.3 & 5.2]. The implication “(i)⇒(iv)” was established in [Mik02, Lemma 6.6.29]; the proof of [Sta05, Theorem 8.4.6(iii)] can alternatively used (or that of [Sta98a, Theorem 4.4] with additional modifications).

2^∘ The “Moreover” paragraph is contained in [Mik06b, Lemma 4.4]. 3^∘ Let P = NM^{−1} be a normalized w.r.c.f. Let Σ be an output-stabilizable realization of P . The corresponding LQ-optimal state-feedback yields a normalized w.r.c.f. P = N_0M^{−1}_0 , by [Mik06b, Lemma 4.4]. By [Mik06b, Lemma A.5], the nonuniqueness of the LQ-optimal state-feedback (which may include some feedthrough) allows us to replace N_0 and M_0 by N_0V and M_0V for any V ∈ GB(U). By Theorem 1.1, this way we obtain N and M. □

The stabilizable realization in [Mik02, Lemma 6.6.29] was constructed in terms of N and M. For an output-stabilizable realization in terms of P only, see Theorem 6.4. From [Mik02, Lemma 6.6.29] we see that the stabilizable realization in Theorem 1.2(iv) can be chosen so as to be “strongly stabilizable”; this means that the closed-loop system satisfies the additional constraint that x(t) → 0 for every x_0 ∈ X (when u_⟲ = 0). The same applies to the realizations in Theorem 1.3(iv)&(v) [Mik02, Theorem 6.6.28].

By applying the Cayley transform s →^{1−s}_{1+s} to [Mik07g, Lemma 4.1] we observe that any r.c.f. can be extended to a d.c.f.:

Lemma 5.2 If N ∈ H^∞(U, Y) and M ∈ H^∞(U) are r.c., then there exist a closed subspace Y_2 ⊂ Y and functions X, Y ∈ H^∞ such that [^{X N}_{Y M} ] ∈ G H^∞(Y_2 × U, Y × U).

If dim U < ∞ or M(z) ∈ GB(U) for some z ∈ C^+, then we can choose X and Y above so that Y_2 = Y.

In particular, any r.c.f. can be extended to a d.c.f.

Lemma 5.3 If a WPLS and its dual are output-stabilizable, then its transfer function has a d.c.f.

Proof: (We write DT for discrete time; the system-theoretic details are given in [Mik07g].) Choose some α > max{0, ω_A}. By Lemma A.1(b)&(d), the DT systems Σ_d and Σ^d satisfy the DT Finite Cost Condition, hence ^D_d has a DT-r.c.f. NM^{−1}, by [Mik07g, Lemma 4.2 & Proposition 3.1]. Redefine the functions by applying ∘ψ_α, where ψ_α(s) :=^{α−s}_{ᾱ+s} , to obtain, by Lemma A.1(c), a α-r.c.f. NM^{−1} of the original transfer function D̂. By Theorem 3.1(a), NM^{−1} is a r.c.f.; by Lemma 5.2, D̂ has a d.c.f. □

Proof of Theorem 1.3: The implication“(iii)⇒(ii)”is Lemma 5.3,“(i)⇒(ii)” is from Lemma 5.2, “(ii)⇔(v)” is from [Sta98a, Theorem 4.4], and the implications “(v)⇒(iv)⇒(iii)” and “(ii)⇒(i)” are trivial. □

6 Existence of weakly coprime factorizations

In this section we present two more conditions that are equivalent to the existence of a w.r.c.f. One is that P = NM^{−1}, where N and M are “almost H^∞” (Theorem 6.2), the other that the generalized Hankel range of P is stabilized by the generalized Toeplitz range of P (Theorem 6.3).

We also present a general method for constructing an output-stabilizable realization in terms of the transfer function (instead of a factorization), in Theorem 6.4. If P has a r.c.f., then the algorithm in Remark 6.5 yields a r.c.f., a d.c.f., a robust stabilizing controller and a stabilizable and detectable realization of P , constructively.

By L^2_c we denote the L^2 functions that have a compact support. If D_P (see Section 5) maps L^2_c → L^2, then P is almost H^∞:

Lemma 6.1 (DL^2_c ⊂ L^2) Let P ∈ H^∞(U, Y). Assume that D_P L^2([0, T ]; U) ⊂ L^2(R; Y) for some T > 0.

For any α, ω ∈ R such that α < 0 < ω, we have P ∈ H^∞_ω , D_P π_+ : L^2_α → L^2, and D_P π_− : L^2_ω → L^2, continuously.

Lemma 6.1 follows from [Mik07g, Lemma 5.2] by time discretization (set

U^′ := L^2([0, T ); U), Y^′ := L^2([0, T ); Y), ũ_k := π_{[0,T )}τ^{kT} u, where π_{[0,T )} is the

projection to [0, T ), so that ‖ũ‖_ℓ2 = ‖u‖_2 and u → ũ is an isomorphism of L^2_ω(R; U) onto ℓ^2_r (Z; U^′), where r := e^ω, and u → ũ commutes with π_±). Further properties of such D_P are given in [Mik02, Lemma 2.1.3].

The I/O map of any output-stable system maps L^2_c → L^2 [Mik02, Lemma 6.1.11] but not necessarily L^2 → L^2 (which corresponds to H^∞ transfer functions), thus motivating Lemma 6.1. Next we give another motivation.

We show that condition (i) in Theorem 1.2 has a formally weaker equivalent form: if D_P has an “almost-right factorization” with D_N , D_M mapping L^2_c → L^2, then D_P has a right factorization:

Theorem 6.2 If P = NM^{−1}, where N ∈ H^∞(U, Y), M ∈ GH^∞(U) and �_{DN}

D_M � L^2_c ⊂ L^2, then P has a w.r.c.f.

(By time-invariance, D_N L^2_c ⊂ L^2 iff D_N L^2([0, T ]; U) ⊂ L^2(R; Y) for some T > 0.)

Proof: A map of the type in Lemma 6.1 has the output-stable (shift-semigroup) realization

�_{τ π−}

π_+Dπ_− D � with state space L^2_ω(R_−; U). Apply this to

�_{DN}

D_M � , feed the second output times −I back to the input and remove the bottom row to obtain an output-stabilizable realization of P = NM^{−1} (this part is written out in the proof of [Mik02, Lemma 6.6.29], or less directly in that of [Sta05, Theorem 8.4.6(iii)]; in discrete-time this is written out in part 6^∘ of the proof of Theorem 8.4). The conclusion then follows from Theorem 1.2. □

Two more conditions (the existence of a“Nev/Nev”or of a“H^2_{strong}/H^2_{strong}” factorization) equivalent to Theorem 1.2(i) are listed below Theorem 9.2. Still another is that the “generalized Hankel range” π_+D_P π_− lies in the “generalized Toeplitz range” π_+D_P π_+ plus L^2(R_+; U), i.e., that “the Toeplitz range of P stabilizes the Hankel range of P ”. Below we formulate that condition in four equivalent ways:

Theorem 6.3 Let P ∈ H^∞_γ (U, Y) for some γ ≥ 0. Then also each of the following conditions are equivalent to the existence of a right factorization of P : (vi) There exists ω ≥ γ such that π_+D_P π_−[L^2_ω] ⊂ π_+D_P π_+[L^2] + L^2(R_+; Y).

(vi’) There exists ω ≥ γ such that for any v ∈ L^2_ω(R_−; U) there exists u ∈ L^2(R_+; U) such that D_P (v + u) ∈ L^2.

(vi”) There exists ω ≥ γ such that for any v ∈ L^2_ω(R_−; U) there exists u ∈ L^2(R; U) such that π_+D_P (v + u) ∈ L^2.

(vi”’) There exists ω ≥ γ such that for any v ∈ H^2(C^−_ω ; U) there exists f ∈ H^2(U) such that ^π_+P (v + f) ∈ H^2.

Proof: 1^∘ (vi)–(vi”’),(i): Now π_−D_P (v + u) = π_−D_P v ∈ L^2_ω(R_−; Y) ⊂ L^2 (because ω ≥ 0), hence one easily observes that (vi)–(vi”’) are equivalent (even with the same ω). By Theorem 6.4 below, (vi”) implies Theorem 1.2(iii) (which is equivalent to (i)).

2^∘ (i)⇒(vi’): Take ω ≥ 0 such that M ∈ GH^∞_ω . Let v ∈ L^2_ω(R_−; U) be arbitrary. Then ṽ := π_−D^{−1}_M v ∈ L^2_ω(R_−; U) ⊂ L^2(R_−; U), hence ũ, ỹ ∈ L^2, where ũ := π_+D_Mṽ, ỹ := π_+D_N ṽ. But v = π_−D_M D^{−1}_M v = π_−D_Mṽ, hence

π_+D_P (v + ũ) = π_+D_P (π_−D_Mṽ + π_+D_M ṽ) = π_+D_P D_Mṽ = ỹ ∈ L^2. (4)

Therefore, (vi’) holds (set u := ũ). □

Further conditions equivalent to those in Theorems Theorem 1.2 and 1.3 are given in [Mik07d] and [Mik07c].

In the proof of Theorem 1.2, a stabilizable realization of P was constructed using a right factorization of P . Even if no such factorization is given, we can use the following formula to obtain an output-stabilizable realization (namely the standard shift-semigroup realization [Sal89] [Sta98a]).

Theorem 6.4 If the condition (vi”) in Theorem 6.3 holds, then the WPLS �_{τ π−}

π_+D_P π_− D_P � with the state space L^2_ω(R_−; U) is output-stabilizable.

Indeed, condition (vi”) is the Finite Cost Condition for that system, and Finite Cost Condition is equivalent to output-stabilizability (Section 5). See Theorem 1.2 for the converse.

For any function P having a right factorization (resp. a r.c.f.), we remark below constructive formulae for 1. a stabilizable realization, 2. normalized w.r.c.f. (resp. 3. normalized r.c.f., 4. stabilizable and detectable realization, 5. d.c.f. and robust stabilizing controllers). In 2., 3. and 5., one can also start from any fixed realization that satisfies certain weak stabilizability conditions.

Remarks 6.5 (Constructive formulae)

1. (Stabilizable realization) If a function P has a right factorization, then Theorem 6.4 provides the formula for an output-stabilizable realization of P , and the proof of Theorem 1.2 provides the formula for a stabilizable realization of P .

2. (Normalized w.r.c.f.) Given an output-stabilizable realization of P , a normalized w.r.c.f. of P is constructed in Theorem 1.2 (see its footnote and [Mik06b] for the complex general formulae, which can be simplified in numerous special cases found in the literature including the references of [Mik06b] and [Mik07a]).

3. (Normalized r.c.f.) If P has a r.c.f., then 1.–2. provide a normalized r.c.f. of P , by Theorem 1.1.

4. (Stabilizable and detectable realization) If (and only if) P has a r.c.f., then also the dual of the stabilizable realization mentioned in 1. is stabilizable (this will be shown in [Mik07d]).

5. (D.c.f. and robust controllers) Assume that a system Σ :=

�_{A B} C D � and its dual are output-stabilizable (e.g., that Σ is the realization constructed in 4. above). Then constructive formulae for a d.c.f. (and its inverse) of the transfer function of Σ are provided in [CO06, Theorem 8.9 & Remark 8.10] under the assumption that 0 ∈ ρ(A) (or ρ(A)∩iR ≠ ∅ with translation; otherwise one must, e.g., use the Cayley transform and corresponding discrete-time results [CO08] [Mik07g]).

Finally, constructive formulae for robust stabilizing controllers for the transfer function of Σ can be found in [Cur06, Theorem 22] (assuming that 0 ∈ ρ(A) or as above). ◁

In [Mik07f] the author shall show that if, in 1. above, we start with a function P that is real-symmetric, i.e., whose Fourier coefficients are real, then we obtain a real realization (i.e., A, B and C are real and P is realsymmetric; if D := P (+∞) exists, then it is real too). If we start with a real system in 2., then, in 2.–5., all operators are real and all functions are real-symmetric. Thus, the numerous control and factorization problems associated with Remark 6.5 and with Theorems 1.1–1.3 all have real/realsymmetric solutions (if they have any solutions at all) provided that the original data is real.

7 Further results

In this section we present further results on left invertibility and coprime factorization, both standard (Bézout), weak and α-weak: the properties of their reciprocals and Hankel operators, and the relations between different values of α. These results will be applied in the study of dynamic stabilization and state-feedback stabilization in later articles.

Our first lemma sheds extra light to how coprime factorizations behave in the operator-valued case and thus also to the question, what kind of stabilizing compensators are equivalent.

If NM^{−1} has an α-r.c.f. and a β-r.c.f., then these are the same (modulo a unit):

Lemma 7.1 (α-r.c.f.= β-r.c.f.) Let NM^{−1} be a B(U, Y)-valued α-right factorization, α, β ∈ C^+, M(β) ∈ GB, and let N_1M^{−1}_1 be an α-r.c.f. of NM^{−1}.

If N_2M^{−1}_2 is a β-w.r.c.f. of NM^{−1}, then

�_{N2}

M_2 � = �_{N1}

M_1 � T for some T ∈ H^∞(U), and M_2(α), T (α) ∈ GB. If N_2M^{−1}_2 is a β-r.c.f. of NM^{−1}, then �_{N2}

M_2 � = �_{N1}

M_1 � T for some T ∈ G H^∞(U).

(If dim U < ∞, then this holds with “w.r.c.f.” in place of “r.c.f.”, and then N_1M^{−1}_1 is a β-w.r.c.f. too, by Theorems 2.8 and 2.1, but we do not know if the same holds in general.)

Proof of Lemma 7.1: Let N_2M^{−1}_2 be a β-w.r.c.f. of NM^{−1} (Theorem 1.1). Then � N M � = � N_1 M_1 � V_1 = � N_2 M_2 � V_2 (5)

for some V_k ∈ H^∞(U) such that V_1(α), V_2(β) ∈ GB(U), by Theorem 1.1. Therefore, V_1 = T V_2, where T := � −Ỹ_1 X̃_1

� �_{N2}

M_2 � ∈ H^∞(U) (fix some � −Ỹ_1 X̃_1 � ∈ H^∞ such that � −Ỹ_1 X̃_1

� �_{N1}

M_1 � = I). In particular,

�_{N1}

M_1 � T = �_{N2}

M_2 � near β (by (5)), hence on C^+.

Since

�_{N2}

M_2 � (z) is one-to-one for each z ∈ C^+, by Theorem 2.2, so is T too, hence M_2(α) is one-to-one (because M_1T = M_2). But M_2(α)V_2(α) = M(α) ∈ GB(U), hence M_2(α) is onto, hence M_2(α), T (α) ∈ GB(U).

If N_2 and M_2 are r.c., then they are α-w.r.c. and hence T ∈ G H^∞, by Theorem 2.1. □

If the “F_wF_r-factorizations” (see Theorem 2.10(a)) of F at two different points of C^+ both have a left-invertible F_w, then the factorizations are essentially equal:

Lemma 7.2 Let F_1V_1 = F_2V_2, G_kF_k = I, where F_k, V_k, G_k ∈ H^∞, V_k(α_k) ∈ GB(U), α_k ∈ C^+ (k = 1, 2). Then F_2 = F_1T for some T ∈ G H^∞(U).

Proof: Now V_1 = G_1F_2V_2 and V_2 = G_2F_1V_1 = G_2F_1G_1F_2V_2, hence G_2F_1G_1F_2 = I near α_2, hence on C^+. Similarly, T S = I, where T := G_1F_2, S := G_2F_1. But F_2V_2 = F_1V_1 = F_1T V_2, hence F_2 = F_1T near α_2, hence on C^+. □

The “reciprocals” [OC04] of [w.]r.c. maps are [w.]r.c.:

Lemma 7.3 Let F ∈ H^∞(U, Y). Set F_r := F (1/·). Then F is left-invertible iff F_r is left-invertible. Moreover, F is α-weakly left-invertible iff F_r is 1/αweakly left-invertible. If F^∗F ≥ ϵI and F^∗_r F_r ≥ ϵI > 0 on some right half-plane, then F is weakly left-invertible iff F_r is weakly left-invertible.

The above coercivity assumptions are not superfluous: the w.r.c.f. NM^{−1} of Example 4.3 does not even have N_r := N(1/·) and M_r := (1/·) w.r.c., by Example 4.2. By the above, this could not happen if M^{−1}_r was proper. Proof: The first claim is obvious (if GF = I, then G_rF_r = I). Set ( ^T f)(s) := 1 s f(^1_s ). One easily verifies that ^T is unitary on H^2(U), that ^T f ∈ H^2 ⇔ f ∈ H^2, and that a function f is α-proper iff ^T f is 1/α-proper. Now F f ∈ H^2 ⇔ H^2 ∋^1_· (F f)(^1_· ) = F_r ^T f, hence the second claim follows easily. Theorem 3.3 now provides the last claim. □

We establish the fact that Ker(Γ_P ) = Ker(Γ_M −1 ), where Γ_P := π_+D_P π_− stands for the time-domain Hankel operator of P .

Lemma 7.4 (Γ_D ∼ Γ_M −1 ) Let P = NM^{−1} be a normalized w.r.c.f., where M ∈ GH^∞_ω (U) for some ω ≥ 0. Set D := D_P , M := D_M , N := D_N . Then the following hold for every u ∈ L^2_ω(R_−; U).

(a) Du ∈ L^2 ⇔ M^{−1}u ∈ L^2 ⇔ π_+Du ∈ L^2 ⇔ π_+M^{−1}u ∈ L^2. (b) π_+Du = 0 ⇔ π_+M^{−1}u = 0.

Moreover, part (a) above holds even without the normalization assumption (that N^∗N + M^∗M = I).

(Part (b) is not true for non-normalized [w.]r.c.f.’s; to observe this, take, e.g., D = 0 = N , M(s) = (s + 1)/(s + 2) ∈ G H^∞, ω = 0.) Proof: (a) Since π_− is continuous L^2_ω(R_−; U) → L^2 and D, M^{−1} are continuous L^2_ω → L^2_ω, we have Du ∈ L^2 ⇔ π_+Du ∈ L^2, as well as M^{−1}u ∈ L^2 ⇔ π_+M^{−1}u ∈ L^2. If M^{−1}u ∈ L^2, then D = N M^{−1}u ∈ L^2. Finally, set f := π_−M^{−1}u, g := π_+M^{−1}u and assume that Du ∈ L^2, i.e., L^2 ∋ [^D_I ] u = [^N_M ] M^{−1}u = [^N_M ] (f + g). Then L^2 ∋ [^N_M ] g, because f ∈ π_−L^2_ω ⊂ L^2, hence g ∈ L^2 (because N and M are w.r.c.).

(b) Let f, g be as above. Then π_+Du = 0 ⇔ π_+ [^N_M ] (f + g) = 0 ⇔ ‖f + g‖ = ‖π_− [^N_M ] (f + g)‖ = ‖π_− [^N_M ] f‖ ≤ ‖f‖ ⇔ g = 0 (because f ⊥ g). □ In [Mik07d] the following lemma will be used to establish the existence of a minimal realization whose LQ-optimal state feedback determines a predefined w.r.c.f.:

Lemma 7.5 Let D = N M^{−1} be a normalized w.r.c.f. Then � I −D � is injective on Ran(π_+ [^N_M ] π_−); in particular, we have Ker( � I −D � π_+ [^N_M ] π_−) = Ker(π_+ [^N_M ] π_−) (on L^2(R; U)).

(Take, e.g., D = 0 = N , M̂ = (s + 1)/(s + 2) ∈ G H^∞ to observe that neither claim is true for non-normalized r.c.f.’s.)

Proof: We prove the first claim; the second follows. Let v_n ∈ L^2(R_−; U) (n ∈ N) be such that [^y_u ] := lim_n π_+ [^N_M ] π_−v_n ∈ L^2(R_+; U) exists, and assume that � I −D � [^y_u ] = 0, i.e., that y = Du. Then u_⟲ := M^{−1}u ∈ L^2(R_+; U), because [^N_M ] u_⟲ = [^y_u ] ∈ L^2.

Now ϵ_n := ‖π_+ [^N_M ] (v_n −u_⟲)‖_2 = ‖π_+ [^N_M ] π_−v_n−[^y_u ] ‖_2 → 0, as n → +∞. But ‖v_n‖^2 +‖u_⟲‖^2 = ‖v_n −u_⟲‖^2 = ‖ [^N_M ] (v_n −u_⟲)‖^2 = ‖π_− [^N_M ] (v_n −u_⟲)‖^2 + ϵ^2_n = ‖π_− [^N_M ] v_n‖^2 + ϵ^2_n ≤ ‖v_n‖^2 + ϵ^2_n (n ∈ N), hence ‖u_⟲‖^2 ≤ ϵ^2_n (n ∈ N). Therefore, u_⟲ = 0, hence [^y_u ] = 0. Thus, � I −D � is injective. □

From the original proofs, mutatis mutandis (often alternatively through the Cayley transform), we observe the following.

Remark 7.6 (discrete-time setting) Lemmata 7.1 and 7.2 and all results in Section 2 hold also in their discrete-time forms, by which we mean the following.

Let α ∈ D. Replace everywhere the half-plane C^+ by D. Moreover, by H^2(U) we denote (the Hilbert space of) those holomorphic f : D → U for which ‖f‖_H2 := sup_{0<r<1} ‖f(re^{i·})‖_L2 < ∞.

Moreover, Lemmata 7.4 and 7.5 hold in the discrete-time setting described in [Mik07g]; e.g., replace L^2(R) by ℓ^2(Z) and L^2_ω = e^{ω·}L^2 by ℓ^2_r := r^·ℓ^2, where r > 0.

Also Theorem 7.7 and Section 8 are new for discrete-time systems. Moreover, the discrete-time version of Theorem 6.2 holds; in fact, it is contained in the H^2_{strong} case of Theorem 8.4 (because “D_N ” maps finitely-nonzero sequences to ℓ^2 iff N ∈ H^2_{strong}(D; B(U, Y))). Furthermore, in many such results, the disc D could be replaced by some other (simply) connected open subset of C.

Many of our results that hold in the matrix-valued case do not hold in the general case. E.g., a function g ∈ H^∞(U, Y) may be injective everywhere but coercive only on a part of C^+ (Example 4.6), or uniformly coercive on C^+ but not left-invertible [Tre89]. Many such problems disappear if g = G + fB, where G and B are constants and B is compact. E.g., we can replace C^n by U in Theorem 2.20 if M is of such form (with f holomorphic on C^+). An exponentially stable linear system having a compact input operator does have such a transfer function, so this is particularly relevant for exponentially stabilizable systems. (Actually, it suffices that the semigroup resolvent times the input operator is compact.)

We present below the corresponding generalization of Theorem 2.7. To simplify the notation, we work on the unit disc D (which corresponds to C^+ and D corresponds to C^+ ∪ {∞} through the Cayley Transform s → (1 − s)/(1 + s)).

Theorem 7.7 (left-invertible⇔no zeros) Let f : D → B(X, Y) be holomorphic and bounded with a continuous extension to some closed K ⊂ D.

Let B ∈ B(U, X) be compact and let G ∈ B(U, Y). Set g := G + fB. Assume that g^∗g ≥ ϵ^′I on D \ K for some ϵ^′ > 0.

Then conditions (i) and (ii) below are equivalent. If B is a Hilbert– Schmidt operator or if g has a continuous extension to D, then (i)–(iii) are equivalent.

(i) g(z)u_0 ≠ 0 for all z ∈ K, u_0 ∈ U \ {0}, and g(z_0) is coercive for some z_0 ∈ D;

(ii) g(z)^∗g(z) ≥ ϵI for all z ∈ D;

(iii) hg = I for some bounded and holomorphic h : D → B(Y, U).

The equivalence of (i) and (ii) generalizes the equivalence of (ii)–(iv) of Theorem 2.7 (also with weak left-invertibility in place of α-weak leftinvertibility).

By Example 4.6, not even the case K = D of Theorem 7.7 would hold without the compactness assumption on B.

Proof of Theorem 7.7: 1^∘ (i)⇔(ii): Since (ii) obviously implies (i), we assume (i). We also assume that G is coercive (replace G by g(z_0) and f by f − f(z_0)).

To obtain a contradiction, assume that there does not exist ϵ > 0 such that ‖g(z)u_0‖ ≥ ϵ^{1/2}‖u_0‖ for each z ∈ D, u_0 ≠ 0. Then there are z_k ∈ K, u_k ∈ U such that ‖u_k‖ = 1 ∀k ∈ N but g(z_k)u_k → 0, as k → +∞. Taking subsequences if necessary, we have z_k → z and Bu_k → x for some z ∈ K, x ∈ X. Thus, Gu_k + f(z)x → 0, i.e., Gu_k → −f(z)x ∈ Y. Since G is coercive, we have u_k → u for some u ∈ U. But g(z)u = lim_{k→+∞} g(z_k)u_k = 0, hence u = 0, a contradiction (because ‖u‖ = lim_k ‖u_k‖ = 1).

2^∘ (ii)⇔(iii): This follows from [Tre04, Theorem 1.1(4)] if B is Hilbert– Schmidt and from [Vit03, p. 183] if g is continuous on D (then so is some h satisfying (iii)). □

Using the above theorem, one can easily show that if a discrete-time system [Mik07g] has a compact input operator and its LQ-optimal control is power-stabilizing, then the corresponding w.r.c.f. is a r.c.f. (or equivalently, then the system is exponentially detectable). Also the continuous-time analogy of this claim holds and the assumption can be weakened [Mik07d].

The original proof of Theorem 2.20 shows that the zeros of M must be singularities of NM^{−1} (even if dim U = ∞). If M is of the form studied above, then any kind of singularities of M^{−1} are singularities of NM^{−1}.

Lemma 7.8 Let NM^{−1} be a w.r.c.f., and M = G + fB, where B : U → X is compact, G ∈ B(U, Y), and f : C^+ → B(X, Y) is holomorphic.

Let Ω ⊂ C^+ be open and connected and contain a right half-plane. Then NM^{−1} has a holomorphic extension to Ω iff M^{−1} has, i.e., iff M is invertible on Ω.

The same obviously holds for α-w.r.c.f.’s too (where Ω should contain α instead).

Proof: Obviously, it suffices to assume that P := NM^{−1} has a holomorphic extension to Ω and to prove that then M is invertible on Ω. For this end, it suffices to assume that z_k → z_0 ∈ Ω, M(z_k) ∈ GB, as k → +∞, and M(z_0) ∉ GB, and to derive a contradiction. (Recall that {z ∈ Ω � M(z) ∈ GB} is open.)

By Theorems 2.21 and 3.1(a), we can assume that M(z_0) is not coercive, i.e., that M(z_0)u_k → 0, as k → +∞, where ‖u_k‖_U = 1 ∀k. Replace G by M(z_1) and f by f −f(z_1) to have G ∈ GB(U). Pick a subsequence if necessary to have Bu_k → x_0 for some x_0 ∈ U. Then Gu_k = M(z_0)u_k − f(z_0)Bu_k → −f(z_0)x_0, hence u_k → −G^{−1}f(z_0)x_0 =: u_0, as k → +∞, where ‖u_0‖ = 1. Therefore, M(z_0)u_0 = lim_k M(z_k)u_k = 0.

Now choose g ∈ H^2(C) such that g(z_0) ≠ 0. Set h := Mhu_0 ∈ D_P (see Theorem 2.19). Then h(z_0) = g(z_0)M(z_0)u_0 = 0 but yet (P h)(z_0) = g(z_0)N(z_0)u_0 ≠ 0, by Theorem 2.2, a contradiction, as required. □

8 Discrete-time w.r.c.f.’s (on D)

In this section we show that also H^p_{strong} and Nevanlinna fractions and functions can be factorized as in Theorems 1.1 and 2.10. We define those classes below. Also Theorem 2.14 will be extended to H^p and to H^p_{strong}, in Theorem 8.5. The implication (2) will be extended also to the Nevanlinna classes in place of H^2, in Theorem 8.3. We prove all this in discrete-time terminology; analogous continuous-time results will be given in Theorem 9.2.

Thus, in this section we use different terminology than in the other sections. Throughout this section we assume that 1 ≤ p ≤ ∞ and α ∈ D (the unit disc), and, in all above definitions (e.g., of H^∞, and α-right factorizations) we replace the half-plane C^+ by D. Moreover, by H^p(B) we denote (the Banach space of) those holomorphic f : D → B for which ‖f‖_Hp := sup_{0<r<1} ‖f(re^{i·})‖_Lp < ∞,^3 when B is a complex Banach space.

Also in this discrete-time form all the results in Section 2 hold (use either the original proofs, mutatis mutandis, or Lemma 9.1). Therefore, we refer to them freely here too. The motivation to this terminology is that the transfer functions of all (resp., stable) discrete-time systems are 0-proper (resp., in H^∞); also the converses hold [Mik07g].

Bounded multiplication operators on H^p are H^∞ functions:

Lemma 8.1 If V is an α-proper B(X, U)-valued function, 1 ≤ p ≤ ∞ and V f ∈ H^p(U) for each f ∈ H^p(X), then V ∈ H^∞(X, U).

(The proof of [Mik07g, Lemma 3.5] yields this.)

3Thus, when p = ∞, the space H^p(U) is isometrically isomorphic to H^∞(C, U), not to H^∞(U) := H^∞(U, U). This abuse does not cause ambiguity, because we use no other exponents than 2, p and ∞.

We write f ∈ Nev(U, Y) iff f = ϕ^{−1}g, where g ∈ H^∞(U, Y), ϕ ∈ H^∞(C), ϕ ≠ 0 on D. Moreover, f ∈ Nev_+(U, Y) iff ϕ can be taken outer. One can show that Nev(U, Y) consists of those holomorphic ϕ^{−1}g for which g ∈ H^∞(U, Y) and 0 ≢ ϕ ∈ H^∞(C), or equivalently, of those holomorphic f : D → B(U, Y) for which sup_{0<r<1} log^+ ‖f(re^{i·})‖_1 < ∞ [RR85, p. 77].

By Nev_{strong}(U, Y) we denote the set of (necessarily holomorphic) functions F : D → B(U, Y) such that F u ∈ Nev(C, Y) for every u ∈ U. Similarly, F ∈ Nev_{+,strong}(U, Y) iff F u ∈ Nev_+(C, Y) ∀u ∈ U. Moreover, F ∈ H^p_{strong} if F u ∈ H^p(Y) ∀u ∈ U. We set Nev(U) := Nev(U, U); similarly for Nev_+, Nev_{strong}, Nev_{+,strong} and H^p_{strong}.

We have the inclusions H^p(B(U, Y)) ⊂ Nev_+(U, Y) ⊂ Nev(U, Y) and hence also H^p_{strong}(U, Y) ⊂ Nev_{+,strong}(U, Y) ⊂ Nev_{strong}(U, Y). Obviously, for multiplications we have Nev_+(U, Y) Nev_+(X, U) ⊂ Nev_+(X, Y) and

Nev_+(U, Y) Nev_{+,strong}(X, U) ⊂ Nev_{+,strong}(X, Y); (6)

these two inclusions are valid with “+” removed too. The functions in Nev(U, Y) have B(U, Y)-valued nontangential boundary functions in the strong sense [Mik08a] (unlike some in H^2_{strong}(U) when dim U = ∞ [Mik06a, Section 4]).

In the previous sections we have several results on H^∞. Some of them can be extended to H^p by using the following lemma to reduce the extensions to the original results. The lemma says that a U-valued H^p function f equals ϕg, where ϕ ∈ H^p is scalar-valued and outer and g ∈ H^∞ is U-valued and “inner”.

Lemma 8.2 (H^p = H^p(C) H^∞) If f ∈ H^p(U), then f = ϕg, where ϕ ∈ H^p(C) is outer and hence has no zeros and g ∈ H^∞(C, U) has ‖g‖ = 1 a.e. on ∂D.

(This is [Nik02, Corollary 3.11.9], where ϕ is taken to be the Schwarz– Herglotz integral of the boundary function of ‖f‖_U [Nik02, Theorem 3.9.1]. This ϕ is outer in the standard H^p sense; if p ≥ 2, then an equivalent condition is that the closed span of the functions z → ϕ(z)z^n (n ≥ 0) is dense in H^2(C).)

The set H^p_{strong}(U, Y) coincides with the set of proper B(U, Y)-valued functions N such that Nu ∈ H^p(Y) for every u ∈ U, as one observes by modifying the proof of Lemma 8.1. It could be made a Banach space with the natural norm sup_{‖u‖U≤1} ‖Nu‖_Hp , and H^p_{strong}(U, Y) = B(U, H^p(Y)) [Mik02, Lemma F.3.2(c&d)], but we do not need these facts. By the Uniform Boundedness Theorem, H^∞_{strong} = H^∞. Obviously, we have F ∈ H^∞(U, Y), G ∈ H^p_{strong}(X, U) =⇒ F G ∈ H^p_{strong}(X, Y). The spaces H^p_{strong}(C; U) and H^p(U) can be identified.

By definition, weakly left-invertible functions “identify” H^2 functions. They “identify” also Nev, Nev_{strong}, H^p and H^p_{strong} functions:

Theorem 8.3 Assume that F ∈ H^∞(U, Y) is α-weakly left-invertible. If f is a α-proper B(X, U)-valued function, then F f ∈ Nev(X, Y) ⇔ f ∈ Nev(X, U).

If V is a α-proper B(X, U)-valued function, then F V ∈ Nev_{strong}(X, Y) ⇔ V ∈ Nev_{strong}(X, U).

The above also holds with Nev_+ in place of Nev as well as with H^p_{strong} in place of Nev_{strong}. Finally, if f is an α-proper U-valued function, then F f ∈ H^p(Y) ⇔ f ∈ H^p(U).

Observe that U = B(C, U).

Proof: 1^∘ Let F f = ϕ^{−1}g with g ∈ H^∞(X, Y) and ϕ ∈ H^∞(C), ϕ ≠ 0 on D. Then F ϕf = g ∈ H^∞(X, Y), hence ϕf ∈ H^∞(X, U), by Lemma 2.3. Consequently, f = ϕ^{−1}ϕf ∈ Nev(X, U). The converse is trivial.

2^∘ If F V x ∈ Nev(C, Y) ∀x ∈ X, then V x ∈ Nev(C, U) ∀x ∈ X, by 1^∘, i.e., then V ∈ Nev_{strong}(X, U). The converse is again trivial.

3^∘ The proofs for Nev_+ are analogous. In the final claim, if F f ∈ H^p(Y), then F f = ϕg as in Lemma 8.2, hence then F ϕ^{−1}f = g ∈ H^∞, hence ϕ^{−1}f ∈ H^∞, hence f = ϕ(ϕ^{−1}f) ∈ H^p; the converse is again trivial. □

Now we shall extend Theorem 1.1 to these and other classes, i.e., we establish “weaker” equivalent forms of Theorem 1.2(i).

Theorem 8.4 If P = NM^{−1}, where N, M ∈ Nev and M(α) ∈ GB(U), then P has a α-w.r.c.f. P = N_0M^{−1}_0 and all such “Nev/Nev α-factorizations” are parameterized by � N M � = � N_0 M_0 � V, V ∈ Nev(U), V (α) ∈ GB(U). (7)

If M is invertible on some open and connected Ω ⊂ D and α ∈ Ω, then M^{−1}_0 = V M^{−1} on Ω (if dim U < ∞, then Ω need not be connected).

If 2 ≤ p ≤ ∞, then the above also holds with H^p_{strong} in place of Nev. The above also holds with Nev_+ in place of Nev.

Thus, a proper function P has a w.r.c.f. ⇔ it has a “H^∞ / H^∞ factorization” ⇔ it has a “H^2_{strong}/H^2_{strong} factorization” ⇔ it has a “Nevanlinna/Nevanlinna factorization” (cf. Theorem 1.2).

Proof: 1^∘ If N = ϕ^{−1}F and M = ψ^{−1}G with F ∈ H^∞(U, Y), G ∈ H^∞(U), M(α) ∈ GB(U), ϕ, ψ ∈ H^∞(C) and ϕ ≠ 0, ψ ≠ 0 on D, then NM^{−1} = (ψF )(ϕG)^{−1} is a right factorization, hence a w.r.c.f. N_0M^{−1}_0 exists, by Theorem 1.1.

2^∘ Set V := M^{−1}_0 M. Now NM^{−1} = N_0M^{−1}_0 = (N_0V )(M_0V )^{−1} = N_0V M^{−1} near α, hence N = N_0V . But M = M_0V and M, N ∈ Nev, hence V ∈ Nev(U), by Theorem 8.3 (since

�_{N0}

M_0 � is weakly left-invertible).

Conversely, the factorizations parameterized by (7) are obviously of the form N, M ∈ Nev, M(α) ∈ GB(U), P = NM^{−1}.

3^∘ The claim below (7) follows, because E := V M^{−1} is holomorphic on Ω and M_0E = I = EM_0 near α (if dim U < ∞, then the equation M = M_0V implies that M_0 and V must be invertible on Ω even if it is not connected).

4^∘ All of the above applies to Nev_+ in place of Nev too, mutatis mutandis, so only H^p_{strong} remains to be treated.

5^∘ The map f → f ∘ ϕ_α, where ϕ_α(z) :=^{z+α}_{1+zᾱ} , maps α-proper functions to 0-proper functions, α-w.r.c.f.’s to 0-w.r.c.f.’s and H^p → H^p, by [Mik07g, Lemma 6.7], hence also H^p_{strong} → H^p_{strong}. Moreover, f ∘ ϕ_α ∘ ϕ_{−α} = f. Therefore, we may assume that α = 0.

6^∘ We thus assume that P = NM^{−1} with N, M ∈ H^p_{strong}, M(0) ∈ GB(U), p ∈ [2, ∞].

6.1^∘ Assume first that P (0) = 0 (hence N(0) = 0). By Lemma 2.22 we may assume that P (0) = 0 (hence N(0) = 0). We may assume that M(0) = I (right-multiply N and M by M(0)^{−1}). Now we refer to the terminology of [Mik07g]. By [Mik07g, Theorem 5.5], an output-stable realization of [^N_M ] is given by � � A_⟲ B C 0 F 0

� � := � � S_L z^{−1}· π_0N 0 π_0M I

� � . (8)

Therefore, the system Σ :=

�_{A B} C 0 � , where A := A_⟲ − BF , is outputstabilizable (by F , with closed-loop system (8)), hence it satisfies the Finite Cost Condition. By [Mik07g, Lemma 3.3], it follows that the transfer function D̂ of Σ has a w.r.c.f. D̂ = N_0M^{−1}_0 . As noted below [Mik07g, (7)], we have D̂ = NM^{−1} = P .

6.2^∘ Now if, instead, P_0 := P (0) ≠ 0, we get a w.r.c.f. (P − P_0) = NM^{−1} as above and then we can use Lemma 2.22 to obtain a w.r.c.f. of P 7^∘ The remaining claims follow as in parts 2^∘ and 3^∘ above. □

By Theorem 8.3, α-weakly left-invertible functions (and w.r.c. pairs)“identify” the classes H^p, H^p_{strong}, Nev, Nev_+, Nev_{strong} and Nev_{+,strong}. In the case of H^p or H^p_{strong} also the converse holds, i.e., that property can actually be used as the definition of α-weak left-invertibility:

Theorem 8.5 Assume that F ∈ H^∞(U, Y) and F (α) is coercive. Then F is α-weakly left-invertible iff F f ∈ H^p =⇒ f ∈ H^p for every α-proper U-valued function f.

Assume also that X ≠ {0}. Then F is α-weakly left-invertible iff F V ∈ H^p_{strong} =⇒ V ∈ H^p_{strong} for every α-proper B(X, U)-valued function V .

However, the above is not true for Nev, Nev_+, Nev_{strong} or Nev_{+,strong}. Indeed, F (z) = z − 1/2 is not 0-weakly left-invertible but it satisfies F f ∈ Nev =⇒ f ∈ Nev (because here f = (z − 1/2)^{−1}F f ∈ Nev). Proof: 1^∘ The “only if” claims are from Theorem 8.3, so assume first that F f ∈ H^p(Y) =⇒ f ∈ H^p(U) for every α-proper U-valued f.

With F = F_wF_r from Theorem 2.10(a) we have F F^{−1}_r f = F_wf ∈ H^p(Y), hence F^{−1}_r f ∈ H^p(U), for every f ∈ H^p(U). By Lemma 8.1, F^{−1}_r ∈ H^∞, hence also F = F_wF_r is α-weakly left-invertible.

2^∘ Assume then that F V ∈ H^p_{strong}(X, Y) =⇒ V ∈ H^p_{strong}(X, U) for every α-proper B(X, U)-valued V . Pick x_0 ∈ X, Λ ∈ X^∗ such that Λx_0 = 1. Given any α-proper U-valued f such that F f ∈ H^p(Y), set V := fΛ to have F V x =

F fΛx ∈ H^p ∀x ∈ X, hence V ∈ H^p_{strong}(X, U), hence f = V x_0 ∈ H^p(U). Because f was arbitrary, F is α-weakly left-invertible, by 1^∘. □

If F ∈ Nev(U, Y) and F (α) is coercive, then F = F_wF_r, where F_w ∈ H^∞(U, Y) is inner and α-weakly left-invertible, F_r ∈ Nev(U) and F_r(α) ∈ GB(U). This and more is listed below:

Theorem 8.6 (F=F_wF_r) Theorem 2.10(a)&(c) and Lemma 2.11 hold also with “F ∈ Nev” in place of “F ∈ H^∞” and “F_r ∈ Nev” in place of “F_r ∈ H^∞”.

The above also holds with Nev_+ or H^p_{strong} in place of Nev if p ∈ [2, ∞].

Proof: Theorem 2.10(a)&(c) for Nev or Nev_+ follows by applying Theorem 2.10 to G, where F = ϕ^{−1}G as in the definition of Nev or Nev_+, and then replacing F_r by ϕ^{−1}F_r. For H^p_{strong} one can use the original proof from [Mik07g], mutatis mutandis, with Theorem 8.4 instead of Theorem 2.1.

Now the two references to Theorem 2.10(a) in the proof of Lemma 2.11 can be replaced by references to the modified Theorem 2.10(a) (described in Theorem 8.6). □

Notes

We have not made any separability assumptions. Actually, [RR85] and [Nik02] do, so one should consult [Mik09] or [Mik07e] instead in the general case.

Note that not all H^2_{strong} functions are contained in the Nevanlinna class, indeed, they need not even have B-valued boundary functions [Mik06a] (which can be transformed to a discrete-time counter-example by a weighted Cayley transform), unlike those in the Nevanlinna class. Here we assumed that U and Y are infinite-dimensional; the opposite inclusion does not hold even in the scalar-valued case.

Theorems 8.3, 8.4 and 8.6 would hold even if, in the definition of Nev, we dropped the requirement that ϕ ≠ 0 on D; the only exception would be that we should assume in Theorem 8.4 that P is proper (i.e., that N is proper; note also that then M^{−1}_0 = V M^{−1} might not exist at some isolated points of Ω). The same applies to almost any another reasonable alternative assumption on ϕ except that Theorem 8.4 is lost in some cases (e.g., if we only require that ϕ is meromorphic on a neighborhood of the origin; even in that case Theorems 8.3 and 8.6 would hold).

Theorem 8.5 gives an alternative proof of the fact that the classical “H^∞ w.r.c.” is the same as our “H^2 w.r.c.”, i.e., that the classical weak coprimeness implies the (equivalent) variant used in this article. However, it does not prove the existence of either factorization (in the operator-valued case).

Not everything in Section 2 can be extended to, e.g., Nev in place of H^∞: unlike in Theorem 2.8(a), we may have, in terms of Theorem 8.4, (scalarvalued) V = N ∈ H^2 \ H^∞, V^{−1} ∈ H^∞, M = I, N_0 = I, M_0 = V^{−1}, so that M^{−1}_0 need not be uniformly bounded on Ω even if M^{−1} were (e.g., take Ω = D).

Further discrete-time results are given near Remark 7.6 (and in [Mik07g]).

42 9 H^2_{strong} and Nevanlinna w.r.c.f.’s

9 H^2_{strong} and Nevanlinna w.r.c.f.’s

Here we establish the results in the previous section in the continuous-time setting.

Throughout this section we assume that 1 ≤ p ≤ ∞ and α ∈ C^+. By H^p(U) we denote (the Banach space of) those holomorphic f : C^+ → U for which ‖f‖_Hp := sup_{r>0} ‖f(r + i·)‖_Lp < ∞. We define the classes H^p_{strong}, Nev, Nev_+, Nev_{strong} and Nev_{+,strong} as in Section 8 but with the half-plane C^+ in place of the unit disc D.

These classes on C^+ correspond one-to-one and onto to the corresponding classes on D:

Lemma 9.1 (Cayley) Let P be an α-proper function. We have P ∈ H^p iff z → w_p(z)P (c(z)) =: P_c is H^p over the unit disc, where c(z) := (α − ᾱz)/(1 + z) and w_p(z) := (1 + z)^{−2/p}. The same holds with H^p_{strong} in place of H^p. The conformal map c maps D → C^+ and ∂D → iR ∪ {∞} one-to-one and onto and c(0) = α.

Moreover, P ∈ Nev iff P ∘c is Nev over the unit disc; the same holds with Nev_+, Nev_{strong}, Nev_{+,strong}, H^∞ or “scalar outer” in place of Nev. Similarly, P → P ∘ c maps α-proper (resp., α-weakly left-invertible, α-w.r.c.) functions to “unit disc” 0-proper (resp., 0-weakly left-invertible, 0-w.r.c.) functions, bijectively.

(The proof is analogous to the well-known scalar case (in the H^p case; the other claims follow) and hence omitted.)

So, e.g., NM^{−1} is an α-w.r.c.f. iff (N ∘c)(M ∘c)^{−1} is a “unit disc” 0-w.r.c.f. Using Lemma 9.1, we obtain the following:

Theorem 9.2 All results of Section 8 hold also in this continuous-time terminology with “C^+” in place of “D”.

For reference purposes, we repeat those results in Lemma 9.4—Theorem 9.9 below.

We note that, in particular, a function P ∈ H^∞_ω (U, Y) (for some ω ≥ 0) has a w.r.c.f. iff it has such a “Nevanlinna/Nevanlinna factorization”(as described in Theorem 8.4) or a “H^p_{strong}/H^p_{strong} factorization” for some (hence any) α ∈ C^+_ω (and p ≥ 2), by Theorem 3.1(b). Thus, we have two more equivalent conditions to Theorem 1.2(i). Recall also those from Theorems 6.2 and 6.3.

Also the comments between the results in Section 8 hold except that a holomorphic function f : C^+ → B(U, Y) is in Nev(U, Y) iff sup_{x>0} � R((x+1)^2 + y^2)^{−1} log^+ ‖f(x + iy)‖ dy < ∞ (instead of sup_{0<r<1} log^+ ‖f(re^{i·})‖_1 < ∞).

Theorems 3.1(b) and 3.3 show how the α-w.r.c.f. or α-weak left-invertibility provided by the above results is often a (proper) w.r.c.f. or weak left-invertibility. Also Lemma 8.1 and Theorem 8.3 apply to “proper” concepts too but not, e.g., Theorem 8.4, as illustrated below.

Example 9.3 The function P (s) := N(s) := s + 1 ∈ Nev_+(C) satisfies P = NI^{−1} but P is not proper and hence it does not have a w.r.c.f. However,

10 Conclusions 43

P has the α-r.c.f. P (s) = IM^{−1}, where M(s) := (s+1)^{−1} ∈ Nev_+(C)∩H^p(C) if p > 1. ◁

Lemma 9.4 If V is an α-proper B(X, U)-valued function, 1 ≤ p ≤ ∞ and V f ∈ H^p(U) for each f ∈ H^p(X), then V ∈ H^∞(X, U).

Lemma 9.5 (H^p = H^p(C) H^∞) If f ∈ H^p(U), then f = ϕg, where ϕ ∈ H^p(C) is outer and hence has no zeros and g ∈ H^∞(C, U) has ‖g‖ = 1 a.e. on ∂D.

Theorem 9.6 Assume that F ∈ H^∞(U, Y) is α-weakly left-invertible. If f is a α-proper B(X, U)-valued function, then F f ∈ Nev(X, Y) ⇔ f ∈ Nev(X, U). If V is a α-proper B(X, U)-valued function, then F V ∈ Nev_{strong}(X, Y) ⇔ V ∈ Nev_{strong}(X, U).

The above also holds with Nev_+ in place of Nev as well as with H^p_{strong} in place of Nev_{strong}. Finally, if f is an α-proper U-valued function, then F f ∈ H^p(Y) ⇔ f ∈ H^p(U).

Theorem 9.7 If P = NM^{−1}, where N, M ∈ Nev and M(α) ∈ GB(U), then P has a α-w.r.c.f. P = N_0M^{−1}_0 and all such “Nev/Nev α-factorizations” are parameterized by � N M � = � N_0 M_0 � V, V ∈ Nev(U), V (α) ∈ GB(U). (9)

If M is invertible on some open and connected Ω ⊂ C^+ and α ∈ Ω, then M^{−1}_0 = V M^{−1} on Ω (if dim U < ∞, then Ω need not be connected).

If 2 ≤ p ≤ ∞, then the above also holds with H^p_{strong} in place of Nev. The above also holds with Nev_+ in place of Nev.

Theorem 9.8 Assume that F ∈ H^∞(U, Y) and F (α) is coercive. Then F is α-weakly left-invertible iff F f ∈ H^p =⇒ f ∈ H^p for every α-proper U-valued function f.

Assume also that X ≠ {0}. Then F is α-weakly left-invertible iff F V ∈ H^p_{strong} =⇒ V ∈ H^p_{strong} for every α-proper B(X, U)-valued function V .

Theorem 9.9 (F=F_wF_r) Theorem 2.10(a)&(c) and Lemma 2.11 hold also with “F ∈ Nev” in place of “F ∈ H^∞” and “F_r ∈ Nev” in place of “F_r ∈ H^∞”.

The above also holds with Nev_+ or H^p_{strong} in place of Nev if p ∈ [2, ∞].

Also Theorem 6.2 contains an existence result similar to Theorem 9.7.

10 Conclusions

We have established the existence of a w.r.c.f. in the operator-valued case (Theorem 1.1, assuming a right factorization; formally even weaker assumptions were treated in Sections 6–9). As such, the result is new even in the

44 A Cayley transform

matrix-valued case, in which the equivalent “gcd = 1” factorization was established already in [Ino88] and [Smi89]. In Sections 2 and 3 we showed that all competing definitions of w.r.c.f.’s of proper functions are equivalent. We also explained the relations of these definitions in the general case, in which substantial differences were found (Section 4).

In Theorem 1.2 we showed how the w.r.c.f.’s relate to the stabilizability of control systems. Further details are given in Section 5 and in [Mik06b] (or in [Mik07g], in discrete time).

On this level the theory becomes almost as neat as for rational functions, although the computation of the LQ-optimal control and the Riccati equations become highly technical [Mik06b] [OC04]. Moreover, the conditions in Theorems 1.2 are not equivalent to those in 1.3, hence the chain of interconnected properties is divided in two in the case of non-rational transfer functions (or of infinite-dimensional systems).

Furthermore, several new useful properties of weakly coprime (or weakly left-invertible) functions and their Hankel operators were found, as well as necessary and sufficient conditions for the existence of a w.r.c.f. Also some related results on r.c.f.’s were given.

A Cayley transform

In this appendix we list the system-theoretic properties of the Cayley transform that were needed in some of the above proofs. The signal-theoretic properties were given in Lemma 9.1.

Recall the definition of a WPLS etc. from Section 5.

The Cayley transform maps WPLSs to a subset of discrete-time systems and “preserves” most of their properties. Part of this is illustrated below.

Lemma A.1 Let Σ =

�_{A B} C D � be a WPLS on (U, X, Y), and let α ∈ C be such that Re α > max{0, ω_A}, where ω_A := inf_{t>0}[t^{−1} log ‖A^t‖].

(a) Then A_d := (ᾱ + A)(α − A)^{−1} = −I + 2(Re α)(α − A)^{−1} ∈ B(X), B_d := √ 2 Re α (α − A)^{−1}B ∈ B(U, X), C_d := √ 2 Re α C(α − A)^{−1} ∈ B(X, Y), and D_d := D̂(α) ∈ B(U, Y) determine a discrete-time system Σ_d := �_{Ad Bd}

C_d D_d � called the Cayley transform of Σ. Conversely, Σ_d determines Σ uniquely. We also have Ker(A_d +I) = {0}, and Dom(A) = Ran(A_d + I). (b) If we discretize the dual Σ^d of Σ, we obtain the dual system

�_{A∗d C∗d}

B^∗_d D^∗_d � of Σ_d. (I.e., (Σ^d)_d = (Σ_d)^d.)

(c) For each s ∈ ρ(A) \ {−ᾱ} (or equivalently, z^{−1} ∈ ρ(A_d) \ {−1}, where z := (α − s)/(ᾱ + s) or s = (α − ᾱz)/(1 + z)), we have D̂(s) = D̂_d(z), where D̂_d(z) := D_d + zC_d(I − zA_d)^{−1}B_d.

(d) Σ satisfies the continuous-time Finite Cost Condition iff Σ_d satisfies the discrete-time Finite Cost Condition.

References 45

Note that the map s → z in (c) is one-to-one and onto C^+ → D. Proof: Use [Sta05], particularly Proposition 12.2.1 (with β := ᾱ, γ := −1) and Theorem 12.3.5 to obtain (a) (note that Staffans’ z is our z^{−1}). Part (b) is straightforward. From [OC04, Lemma 8 and Theorems 9&10] we get (c)&(d). □

We mention here a very important property that is not needed in this article. The WPLS Σ is called externally stable (or “system stable”) if D̂ ∈ H^∞ and C x_0, B^∗x_0 ∈ L^2 for every x_0 ∈ X (analogously for discrete-time systems, with ℓ^2 in place of L^2). One could also show that any externally stable extension of Σ_d is the Cayley transform of a (unique) externally stable WPLS and that admissible state-feedback pairs for Σ are mapped to admissible statefeedback pairs for Σ_d (also the corresponding closed-loop systems are mapped to each other).

References

[ALR03] George Avalos, Irena Lasiecka, and Richard Rebarber, Boundary controllability of a coupled wave/Kirchoff system, Systems Control Lett. 50 (2003), no. 5, 331–341.

[CO06] Ruth F. Curtain and Mark R. Opmeer, Normalized doubly coprime factorizations for infinite-dimensional linear systems, Math. Control Signals Systems 18 (2006), no. 1, 1–31.

[CO08] , Coprime factorization and robustly stabilizing controllers for discrete-time infinite-dimensional systems, Manuscript, 2008.

[Cur06] Ruth F. Curtain, Robustly stabilizing controllers with respect to leftcoprime factor perturbations for infinite-dimensional linear systems, Systems Control Lett. 55 (2006), no. 7, 509–517.

[CWW01] Ruth F. Curtain, George Weiss, and Martin Weiss, Stabilization of irrational transfer functions by controllers with internal loop, Systems, approximation, singular integral operators, and related topics, Oper. Theory Adv. Appl., vol. 129, Birkhäuser, Basel, 2001, pp. 179–207.

[CZ95] Ruth F. Curtain and Hans Zwart, An introduction to infinitedimensional linear systems theory, Springer-Verlag, New York, 1995.

[Fra87] Bruce A. Francis, A course in H_∞ control theory, Lecture Notes in Control and Inform. Sci., vol. 88, Springer-Verlag, Berlin, 1987.

[Fuh81] Paul A. Fuhrmann, Linear systems and operators in Hilbert space, McGraw-Hill, New York, 1981.

[GS93] Tryphon T. Georgiou and Malcolm C. Smith, Graphs, causality, and stabilizability: Linear, shift-invariant systems on L^2[0, ∞), Math. Control Signals Systems 6 (1993), 195–223.

46 References

[Hof88] Kenneth Hoffman, Banach spaces of analytic functions, Dover Publications, New York, 1988.

[HP57] Einar Hille and Ralph S. Phillips, Functional analysis and semi-groups, revised ed., AMS, Providence, 1957.

[Ino88] Yujiro Inouye, Parametrization of compensators for linear systems with transfer functions of bounded type, Technical report 88-01, Faculty of Eng. Sci., Osaka Univ., Osaka, Japan, 1988.

[LT00] Irena Lasiecka and Roberto Triggiani, Control theory for partial differential equations: continuous and approximation theories. I abstract parabolic systems, Encyclopedia of Mathematics and its Applications, vol. 74, Cambridge University Press, Cambridge, 2000.

[Mik02] Kalle M. Mikkola, Infinite-dimensional linear systems, optimal control and algebraic Riccati equations, Doctoral dissertation, technical report A452, Institute of Mathematics, Helsinki University of Technology, Espoo, Finland, 2002, www.math.hut.fi/~kmikkola/research/ .

[Mik06a] , Characterization of transfer functions of Pritchard–Salamon or other realizations with a bounded input or output operator, Integral Equations Operator Theory 54 (2006), no. 3, 427–440.

[Mik06b] , State-feedback stabilization of well-posed linear systems, Integral Equations Operator Theory 55 (2006), no. 2, 249–271.

[Mik07a] , Algebraic Riccati equations for well-posed linear systems, Manuscript, 2007.

[Mik07b] , Coprime factorization and dynamic stabilization of transfer functions, SIAM J. Control Optim. 45 (2007), no. 2, 1988–2010.

[Mik07c] , Coprime factorization and stabilization of well-posed linear systems, manuscript, 2007.

[Mik07d] , Different types of stabilizability and detectability of well-posed linear systems, manuscript, 2007.

[Mik07e] , Hankel and Toeplitz operators on nonseparable Hilbert spaces: further results, Technical Report A528, Institute of Mathematics, Helsinki University of Technology, Espoo, Finland, 2007,

www.math.hut.fi/reports/ .

[Mik07f] , Real solutions for control, approximation and factorization problems, manuscript, 2007.

[Mik07g] , Weakly coprime factorization and state-feedback stabilization of discrete-time systems, submitted, 2007.

[Mik08a] , Fourier multipliers for L^2 functions with values in nonseparable Hilbert spaces and operator-valued H^p boundary functions, Ann. Acad. Sci. Fenn. Math. 33 (2008), no. 1, 1–10.

References 47

[Mik08b] , Weakly coprime factorization and continuous-time systems, IMA J. Math. Control Inform. (2008), 37 pp., to appear.

[Mik09] , Hankel and Toeplitz operators on nonseparable Hilbert spaces, Ann. Acad. Sci. Fenn. Math. 34 (2009), no. 1, 21 pp., to appear.

[Nik86] Nikolai K. Nikolski, Treatise on the shift operator, Springer, Berlin, 1986.

[Nik02] , Operators, functions, and systems: an easy reading. Vol. 1, Mathematical Surveys and Monographs, vol. 92, American Mathematical Society, Providence, RI, 2002, Hardy, Hankel, and Toeplitz, Translated from the French by Andreas Hartmann.

[OC04] Mark R. Opmeer and Ruth F. Curtain, New Riccati equations for wellposed linear systems, Systems Control Lett. 52 (2004), no. 5, 339–347.

[Qua03] Alban Quadrat, The fractional representation approach to synthesis problems: an algebraic analysis viewpoint. I. (Weakly) doubly coprime factorizations, SIAM J. Control Optim. 42 (2003), no. 1, 266–299 (electronic).

[Qua04] , On a general structure of the stabilizing controllers based on stable range, SIAM J. Control Optim. 42 (2004), no. 6, 2264–2285 (electronic).

[Qua05] , An algebraic interpretation to the operator-theoretic approach to stabilizability. I. SISO systems, Acta Appl. Math. 88 (2005), no. 1, 1–45.

[Qua06] A. Quadrat, A lattice approach to analysis and synthesis problems, Math. Control Signals Systems 18 (2006), no. 2, 147–186.

[RR85] Marvin Rosenblum and James Rovnyak, Hardy classes and operator theory, Oxford University Press, New York, Oxford, 1985.

[Rud87] Walter Rudin, Real and complex analysis, third edition, international ed., McGraw-Hill Book Company, Singapore, 1987.

[Sal87] Dietmar Salamon, Infinite dimensional linear systems with unbounded control and observation: a functional analytic approach, Trans. Amer. Math. Soc. 300 (1987), 383–431.

[Sal89] , Realization theory in Hilbert space, Math. Systems Theory 21 (1989), 147–164.

[Smi89] Malcolm C. Smith, On stabilization and the existence of coprime factorizations, IEEE Trans. Automat. Control 34 (1989), no. 9, 1005–1007.

[Sta97] Olof J. Staffans, Quadratic optimal control of stable well-posed linear systems, Trans. Amer. Math. Soc. 349 (1997), 3679–3715.

[Sta98a] , Coprime factorizations and well-posed linear systems, SIAM J.

Control Optim. 36 (1998), 1268–1292.

48 References

[Sta98b] , Feedback representations of critical controls for well-posed linear systems, Internat. J. Robust Nonlinear Control 8 (1998), 1189–1217.

[Sta05] , Well-Posed Linear Systems, Encyclopedia Math. Appl., vol.

103, Cambridge University Press, Cambridge, 2005.

[SW02] Olof J. Staffans and George Weiss, Transfer functions of regular linear systems. Part II: the system operator and the Lax-Phillips semigroup, Trans. Amer. Math. Soc. 354 (2002), no. 8, 3229–3262.

[Tol81] Vadim A. Tolokonnikov, Estimates in the Carleson corona theorem, ideals of the algebra H^∞, a problem of Sz.-Nagy, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 113 (1981), 178–198, 267.

[Tre89] Sergei R. Treil, Angles between co-invariant subspaces, and the operator corona problem. the Szökefalvi-Nagy problem., Soviet Math. Dokl. 38 (1989), no. 2, 394–399.

[Tre92] , The stable rank of the algebra H^∞ equals 1, J. Funct. Anal.

109 (1992), no. 1, 130–154.

[Tre04] , An operator Corona theorem, Indiana Univ. Math. J. 53 (2004), no. 6, 1763–1780.

[Vas71] L. N. Vaseršteĭn, Stable rank of rings and dimensionality of topological spaces, Funct. Anal. Appl. 5 (1971), no. 2, 102–110.

[Vid85] Mathukumalli Vidyasagar, Control system synthesis: a factorization approach, MIT Press Ser. Signal Process. Optim. Control, 7, MIT Press, Cambridge, MA, 1985.

[Vit03] Pascale Vitse, A tensor product approach to the operator corona problem, J. Operator Theory 50 (2003), no. 1, 179–208.

[vR77] Michael von Renteln, Hauptideale und äussere Funktionen im Ring H^∞, Arch. Math. (Basel) 28 (1977), no. 5, 519–524.

[Wei91] George Weiss, Representations of shift-invariant operators on L^2 by H^∞ transfer functions: an elementary proof, a generalization to L^p, and a counterexample for L^∞, Math. Control Signals Systems 4 (1991), 193–203.

[Wei94a] , Regular linear systems with feedback, Math. Control Signals Systems 7 (1994), 23–57.

[Wei94b] , Transfer functions of regular linear systems. Part I: characterizations of regularity, Trans. Amer. Math. Soc. 342 (1994), 827–854.

[WR00] George Weiss and Richard Rebarber, Optimizability and estimatability for infinite-dimensional linear systems, SIAM J. Control Optim. 39 (2000), no. 4, 1204–1232.

(continued from the back cover)

A542 Vladimir M. Miklyukov, Antti Rasila, Matti Vuorinen Stagnation zones for A-harmonic functions on canonical domains February 2008

A541 Teemu Lukkari

Nonlinear potential theory of elliptic equations with nonstandard growth February 2008

A540 Riikka Korte

Geometric properties of metric measure spaces and Sobolev-type inequalities January 2008

A539 Aly A. El-Sabbagh, F.A. Abd El Salam, K. El Nagaar On the Spectrum of the Symmetric Relations for The Canonical Systems of Differential Equations in Hilbert Space December 2007

A538 Aly A. El-Sabbagh, F.A. Abd El Salam, K. El Nagaar On the Existence of the selfadjoint Extension of the Symmetric Relation in Hilbert Space December 2007

A537 Teijo Arponen, Samuli Piipponen, Jukka Tuomela Kinematic analysis of Bricard’s mechanism November 2007

A536 Toni Lassila

Optimal damping set of a membrane and topology discovering shape optimization November 2007

A535 Esko Valkeila

On the approximation of geometric fractional Brownian motion October 2007

A534 Jarkko Niiranen

A priori and a posteriori error analysis of finite element methods for plate models October 2007

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The reports are available at http://math.tkk.fi/reports/ . The list of reports is continued inside the back cover.

A547 Wolfgang Desch, Stig-Olof Londen

A generalization of an inequality by N. V. Krylov June 2008

A546 Olavi Nevanlinna

Resolvent and polynomial numerical hull May 2008

A545 Ruth Kaila

The integrated volatility implied by option prices, a Bayesian approach April 2008

A544 Stig-Olof Londen, Hana Petzeltová

Convergence of solutions of a non-local phase-field system March 2008

A543 Outi Elina Maasalo

Self-improving phenomena in the calculus of variations on metric spaces February 2008

ISBN 978-951-22-9506-7 (print) ISBN 978-951-22-9507-4 (PDF) ISSN 0784-3143 (print) ISSN 1797-5867 (PDF)