Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2008 A553

A NONSTANDARD MIXED FINITE ELEMENT FAMILY

Rolf Stenberg

Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2008 A553

A NONSTANDARD MIXED FINITE ELEMENT FAMILY

Rolf Stenberg

Helsinki University of Technology Faculty of Information and Natural Sciences Department of Mathematics and Systems Analysis

Rolf Stenberg: A nonstandard mixed finite element family; Helsinki University of Technology Institute of Mathematics Research Reports A553 (2008).

Abstract: We show that standard mixed finite element methods for second order elliptic equations can be modified by imposing additional continuity conditions for the flux, which reduces the dimension of the space. This reduced space still gives a stable method with an optimal order of convergence. We recall our postprocessing method and the a posteriori error estimator based on this.

AMS subject classifications: 65N30

Keywords: mixed finite element methods, macroelement technique, postprocessing, a posteriori estimates

Correspondence

Rolf Stenberg Helsinki University of Technology Department of Mathematics and Systems Analysis P.O. Box 1100 FI-02015 TKK Finland

rolf.stenberg@tkk.fi

ISBN 978-951-22-9542-5 (print) ISBN 978-951-22-9543-2 (PDF) ISSN 0784-3143 (print) ISSN 1797-5867 (PDF)

Helsinki University of Technology Faculty of Information and Natural Sciences Department of Mathematics and Systems Analysis P.O. Box 1100, FI-02015 TKK, Finland email: math@tkk.fi http://math.tkk.fi/

1 Introduction

Mixed finite elements are well established methods for second order elliptic equations and numerous families are known for both two and three dimensional problems [7, 4].

The analysis of mixed methods is traditionally based on the use of two interpolation operators (for the vector and scalar unknowns, respectively) which together with the divergence operator satisfy a commuting diagram property. Recently, the analysis has also been given a differential geometric framework [2].

The purpose of this paper is to show that for quadratic and higher order spaces one can modify the methods by imposing the condition that the vector unknown is continuous at the vertices of the mesh. With this modification the (local) commuting diagram property is lost, but we show that the method is still stable and optimally convergent. We perform the analysis starting from the two dimensional Brezzi-Douglas-Marini spaces (BDM) [8] and the three dimensional Brezzi-Douglas-Duran-Fortin spaces (BDDF) [6].

The plan of the paper is the following. In the next section we first recall the mixed formulation and the BDM and BDDF spaces. Then we introduce our reduced spaces and show the stability and optimal order convergence. In the final section we recall our postprocessing method and the a posteriori error analysis based on this.

2 The finite element spaces

We consider the the Poisson problem as an elliptic system

σ − ∇u = 0, div σ + f = 0 in Ω ⊂ R^n, (2.1) u = 0 on ∂Ω,

and the mixed finite element formulation: find (σ_h, u_h) ∈ S_h × V_h ⊂ H(div : Ω) × L^2(Ω) such that

(σ_h, τ ) + (div τ , u_h) = 0 ∀τ ∈ S_h, (2.2) (div σ_h, v) + (f, v) = 0 ∀v ∈ V_h. (2.3)

Given an an integer k ≥ 1, the BDM and BDDF spaces are

S_h = { τ ∈ H(div :Ω) | τ |_K ∈ [P_k(K)]^n ∀K ∈ C_h }, (2.4)

V_h = { v ∈ L^2(Ω) | v|_K ∈ P_{k−1}(K) ∀K ∈ C_h }. (2.5)

Here C_h is a partitioning of Ω into triangles/tetrahedrons for which we use the generic notation K. The inter element edges (for n = 2 or faces (for n = 3) we use the generic notation S and with Γ_h we denote the collection of them. The notation E is reserved for edges of the tetrahedrons in the three dimensional problem.

For the analysis the following degrees of freedom are used [7]: ∫ S τ · n z ∀z ∈ P_k(S), ∀S ⊂ ∂K, (2.6) ∫ K τ · ∇z ∀z ∈ P_{k−1}(K), (2.7) ∫ K τ · z ∀z ∈ Ψ_k(K), (2.8)

with

Ψ_k(K) = { { z | z = curl(b_K w), w ∈ P_{k−2}(K)} for n = 2, { z ∈ [P_k(K)]^3 | div z = 0, z · n|_{∂K} = 0} for n = 3,

(2.9)

where b_K is the cubic bubble on the triangle K.

In the family we now present we replace the degrees of freedom (2.6) with the following:

In two space dimensions, for n = 2,

τ (x) ∀ vertices x of K, (2.10) ∫ S τ · n z ∀z ∈ P_{k−2}(S), ∀S ⊂ ∂K, (2.11)

In three space dimensions, for n = 3, we choose the degrees of freedom in the following way.

τ (x) ∀ vertices x of K. (2.12)

For each face S ⊂ ∂K:

the value of τ · n at k − 2 (2.13) distinct interior points of every edge E ⊂ S,

and ∫ S τ · n z ∀z ∈ P_{k−3}(S). (2.14)

For the collection of vertices in the mesh C_h we introduce the notations V_h. The space for vector variable we now define as follows for k ≥ 2

S_h = { τ ∈ H(div :Ω) | τ |_K ∈ [P_k(K)]^n ∀K ∈ C_h (2.15) τ is continuous at each vertex x ∈ V_h }.

Remark 2.1. The above degrees of freedom are chosen for the analysis. In an implementation the most straightforward choice would be to start from the Lagrange nodes and then make coordinate transforms so that the normal component of the vector is a degree on each node, except the vertices, on each edge/face is a degree of freedom.

The space for the scalar variable is kept as (2.5). With this the equilibrium property div S_h ⊂ V_h. (2.16) is valid. When denoting by P_h : L^2(Ω) → V_h the L^2-projection, this implies that (div τ , u − P_hu) = 0 ∀τ ∈ S_h. (2.17) This property is crucial for the error analysis. The other is the stability which we prove using the mesh dependent norms

‖v‖^2_{1,h} = ∑ K∈C_h

‖∇v‖^2_{0,K} + ∑ S∈Γ_h

h^{−1}_S ‖[[v]]‖^2_{0,S} (2.18) and ‖τ ‖^2_{0,h} = ‖τ ‖^2_0 + ∑ S∈Γ_h

h_S ‖τ · n‖^2_{0,S}, (2.19)

where [[v]] is the jump in v along interior edges/faces and v on edges/faces on ∂Ω. By partial integration we have

|(div τ , v)| ≤ ‖τ ‖_{0,h}‖v‖_{1,h} ∀(τ , v) ∈ S_h × V_h. (2.20)

We recall that in the subspace the norm for the flux is equivalent to the L^2 norm:

C‖τ ‖_{0,h} ≤ ‖τ ‖_0 ≤ ‖τ ‖_{0,h} ∀τ ∈ S_h. (2.21) Now we prove the Babuška-Brezzi condition for our choice of spaces. Here and in the sequel we denote with C a generic constant independent of the mesh parameter h, which may take different values in different occurrences.

Theorem 2.1. There is a positive constant C such that

sup_{τ ∈Sh}

(div τ , v) ‖τ ‖_{0,h}

≥ C‖v‖_{1,h} ∀v ∈ V_h (2.22)

is valid for the finite element spaces (2.15) and (2.5).

Proof. We use the macroelement technique and use macroelements consisting of two elements. To this end, let M = K_1 ∪K_2 be an arbitrary macroelement consisting of the elements K_1 and K_2 with one common edge/face. Define

S_{0,M} = { τ ∈ H(div :M) | τ |_{Ki} ∈ [P_k(K_i)]^n, i = 1, 2, τ · n|_{∂M} = 0, τ vanish at each vertex in M} (2.23)

P_M = { v ∈ L^2(M) | v|_{Ki} ∈ P_{k−1}(K_i), i = 1, 2 } (2.24) and N_M = { v ∈ P_M | (div σ, v)_M = 0 ∀σ ∈ S_{0,M} }. (2.25) The stability now follows if N_M is one-dimensional consisting of the functions constant on M, cf. [10, 12, 13, 14].

Hence, let v ∈ P_M . For i = 1, 2, choose σ_i ∈ S_{0,M} such that its support is in K_i and all other degrees of freedom except the ones given by (2.7). The condition v ∈ N_M leads to 0 = (div σ, v)_M = (div σ, v)_{Ki} = −(σ, ∇v)_{Ki} . (2.26) From (2.7) it now follows that v is constant on K_i, v|_{Ki} = c_i, i = 1, 2. (2.27) For v ∈ N_M it thus holds 0 = (div σ, v)_M = (c_1 − c_2) ∫ K_1∩K_2

σ · n_1. (2.28) For the two dimensional case the degrees of freedom (2.11) immediately implies that c_1 = c_2. For n = 3, we use (2.13) to choose σ such that its restriction of its normal component (i.e. n_1) to K_1 ∩ K_2 is the quadratic polynomial that is equal to one at the midpoints of each edge common to K_1 andK_2 and vanish at the vertices. Then it holds ∫ K_1∩K_2

σ · n_1 = area(K_1 ∩ K_2) (2.29) which implies c_1 = c_2. The macroelement condition is hence fulfilled.

The stability and equilibrium property give the following quasi-optimal error estimate.

Theorem 2.2. Suppose that the solution to (2.1) satisfies u ∈ H^{k+2}(Ω). Then we have the error estimate ‖σ − σ_h‖_0 + ‖P_hu − u_h‖_{1,h} ≤ Ch^{k+1}|u|_{k+2}. (2.30) Proof. Let I_hσ ∈ S_h ∩ [C(Ω)]^n be the Lagrange interpolant to σ. From the inf-sup condition (2.22) and the consistency it follows that there exists (τ , v) ∈ S_h × V_h, with ‖τ ‖_{0,h} + ‖v‖_{1,h} ≤ C, such that

‖σ_h − I_hσ‖_{0,h} + ‖u_h − P_hu‖_{1,h} (2.31) ≤ (σ − I_hσ, τ ) + (div τ , u − P_hu) + (div (σ − I_hσ), v).

Using (2.17), (2.20), (2.21) and the triangle inequality we get ‖σ − σ_h‖_0 + ‖u_h − P_hu‖_{1,h} ≤ C‖σ − I_hσ‖_{0,h}. (2.32) Standard interpolation estimates then give

‖σ − σ_h‖_0 + ‖u_h − P_hu‖_{1,h} ≤ Ch^{k+1}‖σ‖_{k+1} ≤ Ch^{k+1}‖u‖_{k+2}. (2.33)

We end this section with some remarks on the method.

Remark 2.2. Note that all degrees of freedom of the type (2.7) and (2.8) can be locally condensed.

Remark 2.3. For the lowest order method with k = 2 the decrease of degrees of freedom, after condensing, is near one half. This is roughly estimated as follows.

For n = 2 let T be the number of triangles. Since each edge is shared by two triangles, the degrees of freedom (2.6) for BDM are of the order O(9T/2). A vertex, however, is shared by an average of six triangles. This leads the order O(5T/2) for the present method.

In three dimensions the number of degrees of freedom for the BDDF family is O(12T ). For our method the estimate is obtained by using Eulers formula: V + F = E + T + 1, for the number of vertices, faces, edges and triangles, respectively. Again, each face is shared by two tetrahedrons, i.e. F = O(2T ). This gives O(6T ) degrees of freedom of the type (2.13). Now, E = O(7V ). Substituting into Eulers formula and solving gives V = O(T/6). The number of vertex degrees of freedom is hence O(T/2), which gives a total of O(13T/2).

Remark 2.4. Due to the imposing of the continuity at the vertices the Fraijs de Veubeke hybridization cannot be used for solving the discretized equations. There exist, however, other techniques for solving saddle point problems, such as the preconditioning by the interior penalty method [11] (see also the survey [3]), and then the lower number of degrees of freedom can be an advantage.

3 Postprocessing and a posteriori estimates

The estimate (2.30) for the deflection is a supercovergence result. This, together with the fact that σ_h is a good approximation of ∇u, implies that an improved approximation for the displacement can be constructed by local postprocessing [1, 5, 15, 14].

In the method of [15, 14] the postprocessed displacement is sought in the FE space V^∗_h = { v ∈ L^2(Ω) | v|_K ∈ P_{k+1}(K) ∀K ∈ C_h }. (3.1)

Postprocessing method. Find u^∗_h ∈ V^∗_h such that

P_hu^∗_h = u_h (3.2) and (∇u^∗_h, ∇v)_K = (σ_h, ∇v)_K ∀v ∈ (I − P_h)V^∗_h |_K . (3.3)

The error analysis of [15, 14] directly applies to the present method and it gives the following error estimate.

Theorem 3.1. Suppose that the solution to (2.1) satisfies u ∈ H^{k+2}(Ω). Then it holds ‖u − u^∗_h‖_{1,h} ≤ Ch^{k+1}|u|_{k+2}. (3.4)

In [9] it was shown that the postprocessed solution can be used for constructing a posteriori estmators. Also, this analysis covers our method and we will summarize the results.

We define the following local error indicators on the elements

η_{1,K} = ‖∇u^∗_h − σ_h‖_{0,K} , η_{2,K} = h_K ‖f − P_hf‖_{0,K} , (3.5)

and on the edges η_S = h^{−1/2}_S ‖[[u^∗_h]]‖_{0,S} . (3.6)

Using these quantities, the global estimator is η = ( ∑ K∈C_h ( η^2_{1,K} + η^2_{,K} ) + ∑ S∈Γ_h

η^2_S

)_{1/2} . (3.7)

The efficiency of the estimator is given by the following lower bounds, which directly follow from (2.1) using the triangle inequality, and from (3.6) noting that [[u]] = 0 on each edge S.

Theorem 3.2. It holds

η_{1,K} ≤ ‖∇(u − u^∗_h)‖_{0,K} + ‖σ − σ_h‖_{0,K} ,

η_S = h^{−1/2}_S ‖[[u − u^∗_h]]‖_{0,S} .

(3.8)

The upper bound is given by the following theorem.

Theorem 3.3. There exists a positive constant C such that

‖σ − σ_h‖_0 + ‖u − u^∗_h‖_{1,h} ≤ Cη. (3.9)

Acknowlegements I am grateful to Professor Joachim Schöberl and Docent Mikko Lyly for help in the arguments of Remark 2.3. This work has been done within the KOMASI project funded by TEKES, the National Technology Agency of Finland (decision number 40322/07).

References

[1] D. N. Arnold and F. Brezzi. Mixed and nonconforming finite element methods:

implementation, postprocessing and error estimates. RAIRO Modél. Math. Anal. Numér., 19(1):7–32, 1985.

[2] Douglas N. Arnold, Richard S. Falk, and Ragnar Winther. Finite element exterior calculus, homological techniques, and applications. Acta Numer., 15:1– 155, 2006.

[3] M. Benzi, G. H. Golub, and J. Liesen. Numerical solution of saddle point problems. Acta Numer., 14:1–137, 2005.

[4] D. Boffi, F. Brezzi, L. Demkowicz, R.G. Durán, R.S. Falk, and M. Fortin.

Mixed Finite Elements, Compatibility Conditions, and Applications. Lectures given at the C.I.M.E. Summer School held in Cetraro, Italy, June 26 - July 1, 2006. Lecture Notes in Mathematics. Springer-Verlag, 2006.

[5] J. H. Bramble and J. Xu. A local post-processing technique for improving the accuracy in mixed finite-element approximations. SIAM J. Numer. Anal., 26(6):1267–1275, 1989.

[6] F. Brezzi, J. Douglas, Jr., R. Durán, and Michel Fortin. Mixed finite elements for second order elliptic problems in three variables. Numer. Math., 51(2):237– 250, 1987.

[7] F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Methods. Springer- Verlag, 1991.

[8] F. Brezzi, J. Douglas Jr., and L.D. Marini. Two families of mixed finite elements for second order elliptic problems. Numer. Math., 47:217–235, 1985.

[9] C. Lovadina and R. Stenberg. Energy norm a posteriori error estimates for mixed finite element methods. Math. Comp., 75(256):1659–1674, 2006.

[10] J. Pitkäranta and R. Stenberg. Analysis of some mixed finite element methods for plane elasticity equations. Math. Comp., 41(164):399–423, 1983.

[11] T. Rusten, P. S. Vassilevski, and R. Winther. Interior penalty preconditioners for mixed finite element approximations of elliptic problems. Math. Comp., 65(214):447–466, 1996.

[12] R. Stenberg. Analysis of mixed finite element methods for the Stokes problem:

A unified approach. Math. Comput., 42:9–23, 1984.

[13] R. Stenberg. On the construction of optimal mixed finite element methods for the linear elasticity problem. Numer. Math., 48(4):447–462, 1986.

[14] R. Stenberg. Some new families of finite elements for the Stokes equations.

Numer. Math., 56(8):827–838, 1990.

[15] R. Stenberg. Postprocessing schemes for some mixed finite elements. RAIRO Modél. Math. Anal. Numér., 25(1):151–167, 1991.

(continued from the back cover)

A547 Wolfgang Desch, Stig-Olof Londen

A generalization of an inequality by N. V. Krylov June 2008

A546 Olavi Nevanlinna

Resolvent and polynomial numerical hull May 2008

A545 Ruth Kaila

The integrated volatility implied by option prices, a Bayesian approach April 2008

A544 Stig-Olof Londen, Hana Petzeltová

Convergence of solutions of a non-local phase-field system March 2008

A543 Outi Elina Maasalo

Self-improving phenomena in the calculus of variations on metric spaces February 2008

A542 Vladimir M. Miklyukov, Antti Rasila, Matti Vuorinen Stagnation zones for A-harmonic functions on canonical domains February 2008

A541 Teemu Lukkari

Nonlinear potential theory of elliptic equations with nonstandard growth February 2008

A540 Riikka Korte

Geometric properties of metric measure spaces and Sobolev-type inequalities January 2008

A539 Aly A. El-Sabbagh, F.A. Abd El Salam, K. El Nagaar On the Spectrum of the Symmetric Relations for The Canonical Systems of Differential Equations in Hilbert Space December 2007

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The reports are available at http://math.tkk.fi/reports/ . The list of reports is continued inside the back cover.

A552 Janos Karatson, Sergey Korotov

A discrete maximum principle in Hilbert space with applications to nonlinear cooperative elliptic systems August 2008

A551 István Faragó, Janos Karatson, Sergey Korotov

Discrete maximum principles for the FEM solution of some nonlinear parabolic problems August 2008

A550 István Faragó, Róbert Horváth, Sergey Korotov

Discrete maximum principles for FE solutions of nonstationary diffusion-reaction problems with mixed boundary conditions August 2008

A549 Antti Hannukainen, Sergey Korotov, Tomás Vejchodský

On weakening conditions for discrete maximum principles for linear finite element schemes August 2008

A548 Kalle Mikkola

Weakly coprime factorization, continuous-time systems, and strong-H^p and Nevanlinna fractions August 2008

ISBN 978-951-22-9542-5 (print) ISBN 978-951-22-9543-2 (PDF) ISSN 0784-3143 (print) ISSN 1797-5867 (PDF)