Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2009 A566

A RESIDUAL BASED A POSTERIORI ESTIMATOR FOR THE REACTION–DIFFUSION PROBLEM

Mika Juntunen Rolf Stenberg

Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2009 A566

A RESIDUAL BASED A POSTERIORI ESTIMATOR FOR THE REACTION–DIFFUSION PROBLEM

Mika Juntunen Rolf Stenberg

Helsinki University of Technology Faculty of Information and Natural Sciences Department of Mathematics and Systems Analysis

Mika Juntunen, Rolf Stenberg: A residual based a posteriori estimator for the reaction–diffusion problem; Helsinki University of Technology Institute of Mathematics Research Reports A566 (2009).

Abstract: A residual based a posteriori estimator for the reaction-diffusion problem is introduced. We show that the estimator gives both an upper and a lower bound to error. Numerical results are presented.

AMS subject classifications: 65N30

Keywords: reaction–diffusion, a posteriori, singularly perturbed

Correspondence

Helsinki University of Technology Department of Mathematics and Systems Analysis P.O. Box 1100 FI-02015 TKK Finland

mika.juntunen@tkk.fi, rolf.stenberg@tkk.fi

ISBN 978-951-22-9795-5 (print) ISBN 978-951-22-9796-2 (PDF) ISSN 0784-3143 (print) ISSN 1797-5867 (PDF)

Helsinki University of Technology Faculty of Information and Natural Sciences Department of Mathematics and Systems Analysis P.O. Box 1100, FI-02015 TKK, Finland email: math@tkk.fi http://math.tkk.fi/

1 Introduction

We consider the finite element approximation of the reaction-diffusion prob- lem −ε^2Δu + u = f in Ω and u = 0 on ∂Ω, (1)

with the parameter ε > 0. For ε ≳ 1 the problem is a standard elliptic equation. We are, however, interested in the case of a ”small” ε << 1. In this case, the problem is a singularly perturbed problem, and the question is how to incorporate the effect of ε into the finite element a posteriori analysis. The problem has been studied for example in [4, 1]. Here we introduce and analyze an alternative a posteriori estimator. In [2], this is extended to the Brinkman equations modeling flow in porous media.

2 The a posteriori error estimate

Let Ω ⊂ R^n be a domain with a polygonal or a polyhedral boundary ∂Ω. We assume a shape regular triangular/tetrahedral partitioning C_h of the domain Ω. With h_K we denote the diameter of K ∈ C_h and we let h = max h_K . With E_h we denote the internal edges (faces in 3D) of C_h. The constant C is a generic constant independent of the mesh size and problem parameter ε.

Defining the bilinear form

A(u, v) = ε^2 (∇u, ∇v) + (u, v) , (2)

the weak form of the problem is: find u ∈ V such that

A(u, v) = (f, v) ∀v ∈ H^1_0 (Ω). (3)

Defining V_h = {v ∈ H^1_0 (Ω) | v_{|K} ∈ P_k(K) ∀K ∈ C_h}, the finite element method is: find u_h ∈ V_h such that

A(u_h, v) = (f, v) ∀v ∈ V_h. (4)

The natural energy norm is

‖v‖^2_ε = ε^2‖∇v‖^2_0 + ‖v‖^2_0, (5)

and the finite element solution is the best approximation with respect to this norm ‖u − u_h‖_ε = inf_{v∈Vh} ‖u − v‖_ε. (6)

In general, the problem has a boundary layer of the form e^{−d/ε}, where d is the distance from the boundary. Hence, even for a smooth load f, a uniform mesh will only lead to the following estimate

‖u − u_h‖_ε ≤ C √ h (7) uniformly valid with respect to ε. For a smooth solution the estimate obtained is ‖u − u_h‖_ε ≤ C(εh^k + h^{k+1}). (8) To improve the convergence, adaptive mesh refinement is natural. Here, we we introduce a novel residual based a posteriori estimator. The elementwise estimator is defined as

E_K (u_h)^2 = h^2_K ε^2 + h^2_K

‖ε^2Δu_h − u_h + f‖^2_{0,K} + h_K ε^2 + h^2_K

‖[[ε^2∂_nu_h]]‖^2_{0,∂K∩Eh} (9)

and the global estimator is η = ( ∑ K∈C_h

E_K (u_h)^2

)_{1/2}

. (10)

Above [[·]] denotes the jump and ∂_n denotes the normal derivative.

If ε ≳ 1, the elementwise estimator recovers the usual estimator for second order elliptic equations

E_K (u_h)^2 ≈ h^2_K ‖ε^2Δu_h − u_h + f‖^2_{0,K} + h_K ‖[[ε^2∂_nu_h]]‖^2_{0,∂K∩Eh} . On the other hand, in the limit ε → 0 (or ε ≪ h), when the FE solution is the L^2-projection of the loading, we have E_K (u_h)^2 ≈ ‖ − u_h + f‖^2_{0,K} .

For our analysis we will need a saturation assumption. The partitioning C_h is refined into C_{h/2} by dividing each triangle/tetrahedron K into four/eight elements with mesh size h_K /2. By u_{h/2} ∈ V_{h/2} we denote the finite element solution on the refined mesh.

Assumption 1. There exists a positive constant β < 1 such that ‖u − u_{h/2}‖_ε ≤ β‖u − u_h‖_ε. (11) The main result is the following theorem.

Theorem 2. Let Assumption 1 hold. Then there exists C > 0 such that ‖u − u_h‖_ε ≤ Cη. (12) Proof. By the triangle inequality the saturation assumption gives

‖u − u_h‖_ε ≤ C 1 − β ( ‖u_{h/2} − u_h‖_ε ) . (13)

Next, with v = (u_{h/2} − u_h)/‖u_{h/2} − u_h‖_ε, we have ‖u_{h/2} − u_h‖_ε = A(u_{h/2} − u_h, v) (14) and ‖v‖_ε = 1. Let ṽ ∈ V_h be the Lagrange interpolant of v. Since both v and ṽ are in the finite element spaces, scaling arguments give ( ∑ K∈C_{h/2}

(ε + h_K h_K

)_2

‖v − ṽ‖^2_{0,K}

)_{1/2}

≤ C ( ∑ K∈C_{h/2} ( ε^2‖∇v‖^2_{0,K} + ‖v‖^2_{0,K}

))_{1/2} = C‖v‖_ε = C (15) and ( ∑ K∈C_{h/2}

ε^2 + h^2_K h_K

‖v − ṽ‖^2_{0,∂K}

)_{1/2} ≤ C ( ∑ K∈C_{h/2}

ε^2 + h^2_K h_K h^{−1}_K ‖v − ṽ‖^2_{0,K}

)_{1/2}

= C ( ∑ K∈C_{h/2}

( ε^2 h^2_K + 1 ) ‖v − ṽ‖^2_{0,K}

)_{1/2} ≤ C ( ∑ K∈C_{h/2} ( ε^2‖∇v‖^2_{0,K} + ‖v‖^2_{0,K}

))_{1/2}

= C‖v‖_ε = C. (16)

Since it holds A(u_{h/2} − u_h, ṽ) = 0, we have

A(u_{h/2} − u_h, v) = A(u_{h/2} − u_h, v − ṽ). (17)

Using the fact that u_{h/2} satisfies

A(u_{h/2}, v − ṽ) = (f, v − ṽ) (18)

and integrating by parts, we get

A(u_{h/2} − u_h, v − ṽ) = (f, v − ṽ) − ε^2 (∇u_h, ∇(v − ṽ)) − (u_h, v − ṽ) (19) = ∑ K∈C_{h/2} { ( ε^2Δu_h − u_h + f, v − ṽ ) K + ε^2 ⟨∂_nu_h, v − ṽ⟩_{∂K∩Eh/2} } . Using Schwartz inequality and the estimates (15)–(16) we then obtain

A(u_{h/2} − u_h, v − ṽ) ≤ Cη. (20)

The a posteriori upper bound η is also a lower bound to the error. In this sense the estimator is sharp. The proof of the following theorem uses classical techniques, see [3].

Theorem 3. Let f_h ∈ V_h an approximation of the load f. Then there exist C > 0 such that

η^2 ≤ C { ‖u − u_h‖^2_ε + ∑ K∈C_h

( h^2_K ε^2 + h^2_K

‖f − f_h‖^2_{0,K} )} . (21)

3 Numerical results

For the computations we choose the unit square Ω = (0, 1) × (0, 1) and a unit load f = 1. For the number of degrees of freedom N, the uniform estimate (7) and the asymptotic estimate (8) become

‖u − u_h‖_ε ≤ CN^{−0.25} and ‖u − u_h‖_ε ≤ CN^{−k/2}, (22)

respectively. In Figure 1 this behavior is seen for linear and quadratic elements (k = 1, 2).

Figure 1: Convergence for uniform and adaptive meshes for parameter values ε = 0.05 and ε = 0.01.

Figure 2: First three meshes of the adaptive scheme using linear elements and parameter value ϵ = 0.05.

References

[1] M. Ainsworth and I. Babuška. Reliable and robust a posteriori error estimating for singularly perturbed reaction-diffusion problems. SIAM J. Numer. Anal., 36(2):331–353, 1999.

[2] M. Juntunen and R. Stenberg. Analysis of finite element methods for the Brinkman problem. Helsinki University of Technology Institute of Mathematics Research Report A 557 (2008), Submitted for publication.

[3] R. Verfürth. A Review of a Posteriori Error Estimation and Adaptive Mesh-Refinement Techniques. Teubner Verlag and J. Wiley, Stuttgart, 1996.

[4] R. Verfürth. Robust a posteriori error estimators for a singularly perturbed reaction-diffusion equation. Numer. Math., 78(3):479–493, 1998.

(continued from the back cover)

A560 Sampsa Pursiainen

Computational methods in electromagnetic biomedical inverse problems November 2008

A559 Sergey Korotov, Michal Krizek, Jakub Solc

On a discrete maximum principle for linear FE solutions of elliptic problems with a nondiagonal coefficient matrix November 2008

A558 José Igor Morlanes, Antti Rasila, Tommi Sottinen Empirical evidence on arbitrage by changing the stock exchange December 2008

A556 Lourenço Beirão da Veiga, Jarkko Niiranen, Rolf Stenberg A posteriori error analysis for the Morley plate element with general boundary conditions December 2008

A555 Juho Könnö, Rolf Stenberg

Finite element analysis of composite plates with an application to the paper cockling problem December 2008

A554 Lasse Leskelä

Stochastic relations of random variables and processes October 2008

A553 Rolf Stenberg

A nonstandard mixed finite element family September 2008

A552 Janos Karatson, Sergey Korotov

A discrete maximum principle in Hilbert space with applications to nonlinear cooperative elliptic systems August 2008

A551 István Faragó, Janos Karatson, Sergey Korotov Discrete maximum principles for the FEM solution of some nonlinear parabolic problems August 2008

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The reports are available at http://math.tkk.fi/reports/ . The list of reports is continued inside the back cover.

A565 Ehsan Azmoodeh, Yulia Mishura, Esko Valkeila

On hedging European options in geometric fractional Brownian motion market model February 2009

A564 Antti H. Niemi

Best bilinear shell element: flat, twisted or curved? February 2009

A563 Dmitri Kuzmin, Sergey Korotov

Goal-oriented a posteriori error estimates for transport problems February 2009

A562 Antti H. Niemi

A bilinear shell element based on a refined shallow shell model December 2008

A561 Antti Hannukainen, Sergey Korotov, Michal Krizek

On nodal superconvergence in 3D by averaging piecewise linear, bilinear, and trilinear FE approximations December 2008

ISBN 978-951-22-9795-5 (print) ISBN 978-951-22-9796-2 (PDF) ISSN 0784-3143 (print) ISSN 1797-5867 (PDF)