Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2009 A581

AN L_p-THEORY FOR STOCHASTIC INTEGRAL EQUATIONS

Wolfgang Desch Stig-Olof Londen

ABTEKNILLINEN KORKEAKOULU

TEKNISKA HÖGSKOLAN HELSINKI UNIVERSITY OF TECHNOLOGY TECHNISCHE UNIVERSITÄT HELSINKI UNIVERSITE DE TECHNOLOGIE D’HELSINKI

Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2009 A581

AN L_p-THEORY FOR STOCHASTIC INTEGRAL EQUATIONS

Wolfgang Desch Stig-Olof Londen

Helsinki University of Technology Faculty of Information and Natural Sciences Department of Mathematics and Systems Analysis

Wolfgang Desch, Stig-Olof Londen : An L_p -theory for stochastic integral equations ; Helsinki University of Technology Institute of Mathematics Research Reports A581 (2009).

Abstract: We investigate the stochastic parabolic integral equation of convolution type u = k_1 ∗ A_p u + ∞∑ k=1 k_2 ⋆ g^k + u_0 , t ≥ 0,

and develop an L_p -theory, 2 ≤ p < ∞ , for this equation. The solution u is a function of t, ω, x with ω in a probability space and x ∈ B , a σ -finite measure space with positive measure Λ . The kernels k_1 (t), k_2 (t) are powers of t, i.e., multiples of t^{α − 1} , t^{β − 1} , with α ∈ (0, 2), β ∈ (^1_2 , 2), respectively. The mapping A_p is such that − A_p is a nonnegative linear operator of D(A_p ) ⊂ L_p (B ) into L_p (B ). The convolution integrals k_2 ⋆ g^k are stochastic Ito-integrals. By combining an approach due to Krylov with transformation techniques and estimates involving fractional powers of (− A_p ) we obtain existence and uniqueness results.

In the case where A_p is the Laplacian, with B = R^n , sharp regularity results are obtained.

AMS subject classifications: 60H15, 60H20, 45N05

Keywords: stochastic integral equations, stochastic fractional differential equation, regularity, nonnegative operator, Volterra equation, singular kernel

Correspondence Stig-Olof Londen Department of Mathematics and Systems Analysis Helsinki University of Technology P.O.Box 1100 02015 TKK Finland stig-olof.londen@tkk.fi

Wolfgang Desch Institut f ür Mathematik und Wissenschaftliches Rechnen Karl-Franzens-Universit ät Graz Heinrichstrasse 36 8010 Graz Austria georg.desch@uni-graz.at

Received 2009-11-11 ISBN 978-952-248-196-2 (print) ISSN 0784-3143 (print) ISBN 978-952-248-197-9 (PDF) ISSN 1797-5867 (PDF)

Helsinki University of Technology Faculty of Information and Natural Sciences Department of Mathematics and Systems Analysis P.O. Box 1100, FI-02015 TKK, Finland email: math@tkk.fi http://math.tkk.fi/

AN L_p -THEORY FOR STOCHASTIC INTEGRAL EQUATIONS

WOLFGANG DESCH AND STIG-OLOF LONDEN

Abstract. We investigate the stochastic parabolic integral equation of convolution type

u = k_1 ∗ A_p u + ∞∑ k =1

k_2 ⋆ g^k + u_0 , t ≥ 0,

and develop an L_p -theory, 2 ≤ p < ∞ , for this equation. The solution u is a function of t, ω, x with ω in a probability space and x ∈ B , a σ -finite measure space with positive measure Λ. The kernels k_1 (t ), k_2 (t ) are powers of t , i.e., multiples of t^{α − 1} , t^{β − 1} , with α ∈ (0 , 2), β ∈ (^1_2 , 2), respectively. The mapping A_p is such that − A_p is a nonnegative linear operator of D (A_p ) ⊂ L_p (B ) into L_p (B ). The convolution integrals k_2 ⋆ g^k are stochastic Ito-integrals. By combining an approach due to Krylov with transformation techniques and estimates involving fractional powers of ( − A_p ) we obtain existence and uniqueness results.

In the case where A_p is the Laplacian, with B = R^n , sharp regularity results are obtained.

1. Introduction

In this paper we analyze the following stochastic parabolic integral equation:

(1.1) u = k_1 ∗ A_p u + ∞∑ k =1

k_2 ⋆ g^k + u_0 .

The solution u = u(t, ω, x ) is scalar-valued, t ≥ 0, ω ∈ Ω (the probability space), x ∈ B , (a σ -finite measure space with positive measure Λ), and

(1.2) k_1 ∗ A_p u =

∫_t 0 k_1 (t − s)( A_p u)( s, ω, x ) ds with k_1 (t) = 1 Γ( α ) t^{α − 1} ,

k_2 ⋆ g^k =

∫_t 0 k_2 (t − s)g^k (s, ω, x ) dw^k_s with k_2 (t) = 1 Γ( β ) t^{β − 1} ,

u_0 = u_0 (ω, x ).

Here, ( w^k_s )^∞_{k =1} is a family of independent, scalar-valued Wiener processes, and the integrals k_2 ⋆ g^k are stochastic Ito-integrals. The constants α, β always satisfy (at least) α ∈ (0, 2) and β ∈ (^1_2 , 2). The parameter β is used to quantify the regularity (or irregularity) of the noise.

As a model for A_p we have in mind the case where B is an open subset of R^n with smooth boundary, and A_p is a second order elliptic differential operator

(1.3) A_p u = n∑ i,j =1

a_{ij} (x)D_{ij} u + n∑ i =1

b_i (x)D_i u + c(x)u,

with boundary condition u(∂B) = 0, and with coefficients a_{ij} , b_i , c that are sufficiently smooth. An explicit expression for A_p will, however, be assumed only in

1991 Mathematics Subject Classification. 60H15, 60H20, 45N05. Key words and phrases. Stochastic integral equations, stochastic fractional differential equation, regularity, nonnegative operator, Volterra equation, singular kernel. 1

the examples and when we strive for maximal regularity. In general, A_p will be assumed to be a nonnegative densely defined linear operator of D(A_p ) ⊂ L_p (B ; R ) into L_p (B ; R ).

Our goal is to establish existence and uniqueness of solutions for (1.1) in an L_p - framework with p ∈ [2, ∞ ). Regularity results will be stated in terms of fractional powers of A_p (for spatial regularity) and fractional time derivatives as well as Hölder continuity (for time regularity).

Technically we rely on an approach due to Krylov [17], [18], developed for the stochastic partial differential equation ∂ ∂t u(t) = A_p u(t) + ∞∑ k =1

g^k (s)dw^k_s ,

where A_p is an operator of type (1.3). This approach makes use of the Burkholder- Davis-Gundy inequality and sharp estimates for the solution and its spatial gradient. To handle the integral equation (1.1) we combine Krylov’s approach with transformation techniques and estimates involving fractional powers of ( − A_p ). Krylov’s approach is very efficient in obtaining maximal regularity, however, it relies on a highly nontrivial Paley-Littlewood inequality [17]. A counterpart of this estimate can be given for general sectorial A_p by straightforward estimates on the Dunford integral, when we allow for an infinitesimal loss of regularity. To obtain maximal regularity — which we do only for the case of the Laplacian in R^n — a more sophisticated generalization of Krylov’s Lemma is required [11].

There is an extensive literature on existence and regularity of solutions of (1.1) in the deterministic case ( k_2 ⋆ g^k dw^k_s replaced by a deterministic forcing term f (t), and u_0 independent of ω ). We refer in particular to [23], for more regularity results see, e.g., also [7], [8].

Stochastic equations of type (1.1) (with β = 1) have been considered in a Hilbert space H in [5] (with β = 1) and [6] (with β ≠ 1), assuming that A_p is self-adjoint, and that the covariance operator Q of the forcing Wiener process commutes with A. This allows the use of spectral resolution. Results on Hölder continuity of the trajectories are obtained. In particular, [6, Theorem 4.2] states sufficient conditions for Hölder regularity in terms of a tradeoff between spatial and time regularity of the stochastic forcing.

An L_2 state-space theory for a Volterra equation perturbed by noise has been developed in [3], extending an approach by [14]. This approach transforms the integral equation (1.1) in an abstract stochastic differential equation in a large state space. Results on existence and regularity of solutions can then be derived from general theorems for analytic semigroups [9].

To our knowledge, [10] is the first attempt to treat the stochastic integral equation (1.1) in an L_p -setting with p ≠ 2. The present work improves and generalizes the results obtained there. On the other hand, much is known about the stochastically forced heat equation in L_p and even more general Banach spaces, in terms of Krylov’s classical setting as well as in terms of the recent advances of stochastic integration theory for Banach space valued functions (e.g., [12], [29]). We will give a short comparison of our regularity results to known results about the stochastic heat equation at the end of this paper. We notice also that in [2] the stochastic heat equation has been generalized by modification of the stochastic forcing. The equation in this work is a parabolic differential equation, but the stochastic forcing is now fractional Brownian motion. This could be remotely compared to our use of the kernel k_2 in (1.1). Like the present paper, [2] is based on Krylov’s approach and relies on a suitable adaptation of the Krylov’s Paley-Littlewood inequality [17].

2. Outline of paper

In Section 3 we briefly recall the functional analytic tools, in particular some properties of fractional powers of ( − A_p ) and of D_t . In Section 4 we state our results. Since (1.1) is linear, the contributions of the stochastic forcing and the initial function can be studied separately. Theorem 4.3 and the following remarks are our central result on (1.1) with u_0 = 0. Here regularity is stated in terms of fractional powers of ( − A_p ) and fractional time derivatives. This result requires only that A_p is sectorial, so no maximum regularity can be expected. In Corollary 4.8 we deduce some results on additional regularity in time — in particular on Höldercontinuity — using L_q - and Hölder properties of functions with bounded fractional time derivatives. These results are based on embedding theorems with an epsilon loss of regularity. This epsilon loss of regularity implies, for instance, that the case β = 1, p = 2 is just outside the conditions when we get continuous trajectories. However, in the special case when B ⊂ R^n and when ( λI − A_p )^{− 1} admits a kernel representation, continuity of the trajectories with values in L_2 can be proved in the limiting case β = 1 (Theorem 4.10).

The contribution of the initial condition, i.e.,

(2.1) u = k_1 ∗ A_p u + u_0 ,

with u_0 a random variable, is considered in Theorem 4.11. Parts of Theorems 4.3 and 4.11 are combined in Corollary 4.12 to a statement on (1.1). (Obviously, other combinations of the results are possible).

In the case when B = R^n and when A_p is exactly the Laplacian, Krylov’s use of a Paley-Littlewood inequality can be adapted to obtain a maximum regularity result (Theorem 4.14).

Sections 5, 6, 7 and 8 contain the proofs of Theorems 4.3, 4.10, 4.11 and 4.14, respectively. In Section 9 we formulate some examples. In Section 10 we briefly compare the results and the approach given here with known results on the stochastic heat equation, in particular those of [12], [29].

3. Nonnegative Operators, Fractional Powers, and Fractional Integration

In this paper A_p : D(A_p ) ⊂ L_p (B ; R ) → L_p (B ; R ) will be a linear operator such that ( − A_p ) is nonnegative. Regularity in space will be expressed in terms of the fractional powers ( − A_p )^θ of (− A_p ), but we give also some relations to interpolation spaces between L_p (B, R ) and D(A_p ):

(X, Y )_{θ,p} real interpolation space of order θ ∈ (0, 1), p ∈ [1, ∞ ], (X, Y )_θ real continuous interpolation space of order θ, [X, Y ]_θ complex interpolation space of order θ.

Regularity in time will be expressed in terms of fractional time derivatives D^η_t f . In corollaries we will also give regularity results in terms of the following function spaces (containing functions on an interval [0 , T ] with values in a Banach space X ):

C^γ ([0, T ]; X ) space of Hölder continuous functions with values in X , with Hölder exponent γ ∈ (0, 1), h^γ_{0→ 0} ([0, T ]; X ) little Hölder-continuous functions with f (0) = 0, H^γ_p ([0, T ]; X ) Bessel potential space of order γ.

In this section we summarize briefly the definitions and some known results (with adaptations, if necessary) about nonnegative operators, their fractional powers, fractional integration and differentiation, and the interpolation and function spaces mentioned above.

Let X be a complex Banach space and let L(X ) be the space of bounded linear operators on X . Let A be a closed, linear map of D(A) ⊂ X into X . The operator − A is said to be nonnegative if ρ(A), the resolvent set of A, contains (0 , ∞ ), and

sup_{λ> 0}‖λ(λI − A)^{− 1} ‖_{L ( X )} < ∞ .

An operator is positive if it is nonnegative and, in addition, 0 ∈ ρ(A). For ω ∈ [0, π ), we define Σ_ω^{def}= { λ ∈ C \ { 0 } | |arg λ| < ω }.

Recall that if ( − A) is nonnegative, then there exists a number η ∈ (0, π ) such that ρ(A) ⊃ Σ_η , and

(3.1) sup_{λ ∈ Σ η} ‖λ(λI − A)^{− 1} ‖_{L ( X )} < ∞ .

The spectral angle of ( − A) is defined by

ϕ_{( − A )}^{def}= inf { ω ∈ (0, π ] | ρ(A) ⊃ Σ_{π − ω} , sup

λ ∈ Σ_{π − ω}

‖λ(λI − A)^{− 1} ‖_{L ( X )} < ∞ } .

We will rely heavily on the concept of fractional powers of ( − A): Let ( − A) be a densely defined nonnegative linear operator on X . If (− A) is positive, ( − A)^{− 1} is a bounded operator, and ( − A)^{− θ} can be defined by integral formulas [4, Ch. 3] or [19, Section 2.2.2]. As usual,

(3.2) ( − A)^{θ def}= (( − A)^{− θ} )^{− 1} , θ > 0.

If (− A) is nonnegative with 0 ∈ σ (− A), we proceed as in [4, Ch. 5]: Since ( − A + ϵI ) is a positive operator if ϵ > 0, its fractional power ( − A + ϵI )^θ is well defined according to (3.2). We define

D(( − A)^θ )^{def}= { y ∈ ⋂ 0<ϵ ≤ ϵ_0

D(( − A + ϵI )^θ ) | lim_{ϵ↓ 0} (− A + ϵI )^θ y exists },

(3.3)

(− A)^θ y^{def}= lim_{ϵ↓ 0} (− A + ϵI )^θ y for y ∈ D (( − A)^θ ).

(3.4)

Lemma 3.1. Let − A be a nonnegative linear operator on a Banach space X with spectral angle ϕ_{( − A )} .

1) ( − A)^θ is closed and D(( − A)^θ ) = D(− A). 2) Assume that θϕ_{( − A )} < π . Then (− A)^θ is nonnegative and has spectral angle θϕ_{( − A )} .

Proof. For (1) see [4, p. 109, 142], also [7, Theorem 10]. For (2) see [4, p. 123]. □

Lemma 3.2. Let − A be a nonnegative linear operator on a Banach space X .

1) For θ ∈ (0, 1), ( X, D(A) ) θ, 1 ⊂ D ( (− A)^θ ) ⊂ ( X, D(A) ) θ, ∞ ,

where ( X, D(A) ) θ,p are the real interpolation spaces between X and D(A).

2) If (− A)^{iy} is uniformly bounded for y ∈ R , |y| ≤ 1, then, for θ ∈ (0, 1),

(3.5) D ( (− A)^θ ) = [ X, D(A) ] θ , the complex interpolation space between D(A) (with graph norm) and X .

In particular, it follows from (2) that for a large class of elliptic operators D ( (− A)^θ ) is a Sobolev space.

Proof. For (1) and more information on the real interpolation spaces see, e.g., [19, Proposition 2.2.15]. For (2) see [28, p.103]. □

Lemma 3.3. Let − A be a nonnegative linear operator on a Banach space X with spectral angle ϕ_{( − A )} . Then for η ∈ [0, π − ϕ_{( − A )} ) (3.6) sup

|arg μ |≤ η, μ ≠0

‖(− A)^θ μ^{1− θ} (μI − A)^{− 1} ‖_{L ( X )} < ∞ .

Proof. In case η = 0, see [4, Th. 6.1.1, p. 141]. The general case can be reduced to the case μ > 0 as follows, [13, p. 314]. Write μ = βe^{iα} , β > 0. Then sup_{β> 0}‖(− A)^θ (βe^{iα} )^{1− θ} (βe^{iα} − A)^{− 1} ‖_{L ( X )} = sup_{β> 0}‖(− A)^{θ− 1} (βe^{iα} )^{1− θ} (− A)( βe^{iα} − A)^{− 1} ‖_{L ( X )} = sup_{β> 0}‖(− A)^{θ− 1} (βe^{iα} )^{1− θ} [(− A)( βe^{iα} − A)^{− 1}

+ β (βe^{iα} − A)^{− 1} ](− A)( β − A)^{− 1} ‖_{L ( X )} = sup_{β> 0}‖(− A)^{θ− 1} [(− A)( βe^{iα} − A)^{− 1} + β (βe^{iα} − A)^{− 1} ]β^{1− θ} (− A)( β − A)^{− 1} ‖_{L ( X )} = sup_{β> 0}‖[(− A)( βe^{iα} − A)^{− 1} + β (βe^{iα} − A)^{− 1} ]β^{1− θ} (− A)^θ (β − A)^{− 1} ‖_{L ( X )} ≤ c(α ) sup_{β> 0}‖β^{1− θ} (− A)^θ (β − A)^{− 1} ‖_{L ( X )} , where we used the fact that sup_{β> 0}‖(− A)( βe^{iα} − A)^{− 1} + β (βe^{iα} − A)^{− 1} ‖_{L ( X )} < ∞ , with uniform bound for |α | ≤ η ∈ [0, π − ϕ_{( − A )} ). □

We turn now to fractional differentiation and integration in time: Definition 3.4. Let X be a Banach space and α ∈ (0, 1), let u ∈ L_1 ((0 , T ); X ) for some T > 0.

1) Fractional integration in time is defined by D^{− α}_t u^{def}=^1_{Γ( α )} t^{α − 1} ∗ u. 2) We say that u has a fractional derivative of order α > 0 provided u = D^{− α}_t f , for some f ∈ L_1 ((0 , T ); X ). If this is the case, we write D^α_t u = f .

Remark 3.5. Suppose that u has a fractional derivative of order α ∈ (0, 1). Then^1_{Γ(1 − α )} t^{− α} ∗ u is differentiable a.e. and absolutely continuous with D^α_t u = d dt (_1

Γ(1 − α ) t

− α ∗ u ) . For the equivalence of fractional derivatives in L_p and fractional powers of the realization of the derivative in L_p , we have the following Lemma. Lemma 3.6. [8, Prop.2] Let p ∈ [1, ∞ ), X a Banach space and define D(L)^{def}= { u ∈ W^{1,p} ((0 , T ); X ) | u(0) = 0 }, Lu = u^′ for u ∈ D (L).

Then, with β ∈ (0, 1), (3.7) L^β u = D^β_t u, u ∈ D (L^β ), where D(L^β ) coincides with the set of functions u having a fractional derivative in L_p , i.e.,

D(L^β ) = { u ∈ L_p ((0 , T ); X ) | 1 Γ(1 − β ) t^{− β} ∗ u ∈ W^{1,p}_0 ((0 , T ); X ) }.

In particular, D^β_t is closed.

We refer to [8] for further properties of the operator D^β_t . It is convenient to define homogeneous potential spaces over [0 , T ] as follows (for η ≥ 0, see, e.g., [23, p. 226], [30, p. 28]): Definition 3.7. Let X be a U M D -space, let η ∈ R , p ∈ (1, ∞ ). For η ≥ 0 we define H^η_p (R ; X )^{def}= { f ∈ L_p (R ; X ) | there exists g ∈ L_p (R ; X ) such that g̃ = |ω |^η f̃ } ‖f ‖_H^η_{p ( R ;X )}^{def}= ‖g‖_{L p ( R :X )} , where g̃ denotes the Fourier transform of g. For η < 0 we define

H̃^η_p (R ; X )^{def}= { f ∈ L_{1,loc} (R ; X ) | there exists g ∈ L_p (R ; X ) such that g̃ = |ω |^η f̃ } ‖f ‖_H^η_{p ( R :X )}^{def}= ‖g‖_{L p ( R :X )} , and let H^η_p (R ; X ) be the completion of H̃^η_p (R ; X ) with respect to this norm. For a bounded interval [0, T ], one defines H^η_p ([0, T ]; X )^{def}= { h | [0,T ] | h ∈ H η p (R ; X ) } with ‖f ‖_H^η_{p ([0 ,T ];X )}^{def}= inf_{h ∈ S 0 ,f} ‖h‖_H^η_{p ( R :X )} .

Here S_{0,f}^{def}= { h ∈ H^η_p (R ; X ) | h | |_{[0,T ]} = f }.

Note that by this definition any f ∈ H^η_p ([0, T ]; X ) is a locally integrable function, even if η < 0. Lemma 3.8. Let X be a UMD-space, and p ∈ (1, ∞ ). Let f ∈ L_1 ((0 , T ); X ) and η ∈ (0, 1). Suppose that D^{− η}_t f ∈ L_p ( (0, T ); X ) . Then f ∈ H^{− η}_p ( (0, T ); X ) . Proof. Define w(t) = D^{− η}_t f (t), 0 ≤ t ≤ T ; w(t) = 0, t ∈ R , t ∉ [0, T ]. Then w ∈ L_p (R ; X ). Consider h(t)^{def}=^d_{dt} (( tI_R + )^{− η} ∗ w), t ∈ R (where I_M denotes the indicator function of a set M ). In particular, up to a constant c we have h(t) = d dt (t^{− η} ∗ D^{− η}_t f ) = cf (t) for t ∈ (0, T ).

Taking Fourier transforms we obtain

h(t) = F^{− 1} { (is )( is )^{− 1+ η} w̃ } = F^{− 1} { (is )^η w̃ } = F^{− 1} { | s|^η

(is )^η |s|^η w̃ }.

By the Marcinkiewicz Multiplier Theorem (e.g., [23, p.215], vector space valued [15, Theorem 1.3]), m (s)^{def}=^{( is ) η}_{|s | η} is a multiplier on L_p (R ; X ). So

g(t)^{def}= F^{− 1}

{ (is )^η

|s|^η w̃ } ∈ L_p (R ; X ),

and ‖g‖_{L p ( R ;X )} ≤ c‖D^{− η}_t f ‖_{L p ((0 ,T ); X )} . Hence h(t) = F^{− 1} { | s|^ηg̃ } satisfies h ∈ H^{− η}_p (R ; X ). Thus h restricted to (0 , T ) is in H^{− η}_p ((0 , T ); X ) with ‖h‖_H − η_{p ((0 ,T ); X )} ≤ c‖D^{− η}_t f ‖_{L p ((0 ,T ); X )} . □

4. Results

Throughout this paper, we will make the following assumptions:

Hypothesis 4.1. Let (Ω , F , P ) be a probability space, with { F_t }_{t ≥ 0} an increasing right-continuous filtration of σ -algebras satisfying F_t ⊂ F . Let P denote the predictable σ -algebra on R_+ × Ω generated by { F_t }_{t ≥ 0} and assume that { w^k_t | k = 1 , 2, ....; t ≥ 0 } is a family of independent one-dimensional F_t -adapted Wiener processes defined on (Ω , F , P ).

Hypothesis 4.2. Let B be a σ -finite measure space with positive measure Λ . Fix p ∈ [2, ∞ ), and let − A_p be a nonnegative, linear operator of D(A_p ) ⊂ L_p (B ; R ) into L_p (B ; R ). Moreover, D(A_p ) ∩ L_1 (B ; R ) ∩ L_∞ (B ; R ) is dense in L_p (B ; R ). Let α ∈ (0, 2) and suppose that

(4.1) ϕ_{− A p} < π ( 1 − α 2 ) . We will need the extension of A_p to L_p (B ; l_2 ): Denote by l_2 the set of real-valued sequences g = { g^k }^∞_{k =1} with |g|^2_{l 2}^{def}= Σ^∞_{k =1} |g^k |^2 < ∞ . For a function g : B → l_2 , let ‖g‖_p^{def}= ‖|g|_{l 2} ‖_{L p ( B )} . We extend A_p to an l_2 -valued map by defining

D( Ã_p ) = { f = { f^k }^∞_{k =1} ∈ L_p (B ; l_2 ) |

f^k ∈ D (A_p ), k = 1 , 2, ...; { A_p f^k }^∞_{k =1} ∈ L_p (B ; l_2 ) } and Ã_p f = { A_p f^k }^∞_{k =1} , f ∈ D ( Ã_p ).

By a use of the Khintchine-Kahane inequality (see [20], or [27, p. 115]) it follows that the extension − Ã_p is a nonnegative map of D( Ã_p ) into L_p (B ; l_2 ) and that (4.1) holds with ϕ_{− A p} replaced by ϕ_{− Ã p} . In the sequel we write A_p both for the scalar-valued mapping A_p and for the l_2 -valued extension.

Since (1.1) is linear, the contribution of the initial function u_0 and of the stochastic forcing term may be studied separately. The following is our main result concerning the stochastic forcing, with u_0 = 0:

Theorem 4.3. Assume the probability space (Ω; F ; P ) and the Wiener processes { w^k_t }^∞_{k =1} satisfy Hypothesis 4.1. Let p ∈ [2, ∞ ), A_p : D(A_p ) ⊂ L_p (B ; R ) → L_p (B ; R ) satisfy Hypothesis 4.2. Let k_1 , k_2 be as in (1.2) , with α ∈ (0, 2), β ∈ (^1_2 , 2). Suppose that for some T > 0,

(4.2) g ∈ L_p ( (0, T ) × Ω; P ; L_p (B ; l_2 ) ) . a) Then there exists a unique u ∈ L_p ( (0, T )× Ω; P ; L_p (B ; R ) ) such that k_1 ∗u ∈ D(A_p ) a.e. on (0, T ) × Ω , and which satisfies

(4.3) u = A_p (k_1 ∗ u) + ∞∑ k =1

k_2 ⋆ g^k .

Here (4.3) is to be understood as an equation in L_p ( (0, T ) × Ω; P ; L_p (B ; R ) ) . (Notice also Remark 4.4 below.)

b) Suppose θ ∈ [0, 1] is such that

(4.4) β − αθ > 1 2 . Then u ∈ D (( − A_p )^θ ) a.e. on (0, T ) × Ω , and

(4.5) u = − (− A_p )^{1− θ} (k_1 ∗ (− A_p )^θ u) + ∞∑ k =1

k_2 ⋆ g^k .

Equality in (4.5) holds in L_p ( (0, T ) × Ω; P ; L_p (B ; R ) ) . Moreover, the following estimate holds:

(4.6) ‖(− A_p )^θ u‖_{L p ((0 ,T ) × Ω; P ;L p ( B ;R ))} ≤ c‖g‖_{L p ((0 ,T ) × Ω; P ;L p ( B ;l 2 ))} , for some constant c, independent of g but depending on A, α ,β , θ, and p.

c) If θ ∈ [0, 1] and η ∈ (− 1, 1) are such that

(4.7) β − αθ − η > 1 2 , then u has a fractional derivative of order η (if η < 0, a fractional integral of order − η), where fractional differentiation (integration) is to be understood in the space L_p (Ω × B ; R ). Moreover, D^η_t u ∈ L_p ((0 , T ) × Ω; P ; L_p (B ; D(− A)^θ )) and satisfies an estimate

(4.8) ‖(− A_p )^θ D^η_t u‖_{L p ((0 ,T ) × Ω; P ;L p ( B ;R ))} ≤ c‖g‖_{L p ((0 ,T ) × Ω; P ;L p ( B ;l 2 ))} , for some constant c, independent of g but depending on A, α ,β , θ, η, and p. d) If (4.7) holds, and η ∉ {^1_p , 1 +^1_p }, then

(4.9) ( − A_p )^θ u ∈ H^η_p ( [0, T ]; L_p (Ω × B ; R ) ) . e) With η ∈ (− 1, 1) such that β − η >^1_2 , one has

(4.10) D^η_t u = A_p (k_1 ∗ D^η_t u) + D^η_t

(^∞∑

k =1

k_2 ⋆ g^k ) . Before proceeding, we make a few remarks on Theorem 4.3.

Remark 4.4. The infinite series in (4.3) is to be understood by an approximation procedure (c.f., [18]): Suppose g = { g^k }^∞_{k =1} ∈ L_p ((0 , T ) × Ω; P ; L_p (B ; l_2 )) is given. Obviously, an arbitrary g^k is not necessarily bounded. However, by the density statement Lemma 5.1, one may approximate g^k and g by g^k_j , g_j , respectively, where g_j = { g^k_j }^j_{k =1} , g^k_j = 0 for k > j , are adapted and such that

‖g_j − g‖_{L p ((0 ,T ) × Ω: P ;L p ( B ;l 2 ))} → 0, j → ∞ ,

and such that each g^k_j is bounded in t, ω , and in x. The sums on the right sides of (4.3), (4.5) should be read as

(4.11) ∞∑ k =1

k_2 ⋆ g^{k def}= lim_{j →∞} j∑ k =1

∫_t 0 k_2 (t − s)g^k_j (s, ω, x ) dw^k_s .

We show in Lemma 5.3 that this limit exists in L_p ( (0, T ) × Ω; P ; L_p (B ; R ) ) . In fact, in the proof of Theorem 4.3 one approximates g by g_j , then obtains the corresponding solution u_j , and finally proves appropriate convergence results. Working with the bounded functions g^k_j avoids technical problems about existence of stochastic integrals.

Remark 4.5. If − A_p admits bounded imaginary powers, (4.5) and Lemma 3.2(2) imply that u takes values in the complex interpolation space [ X, D(A_p )]_θ .

Remark 4.6. In case (c) of Theorem 4.3, if η > 0, one may first apply case (b) and see that ( − A)^θ u ∈ L_p ((0 , T ) × Ω; L_p (B ; R )). Then the closedness of ( − A_p )^θ implies that (− A_p )^θ [D^η_t u] = D^η_t [(− A_p )^θ u].

Thus, in this case, ( − A_p )^θ u has a fractional derivative of order η.

Remark 4.7. With α = β = 1 one has by (4.8) for all η > 0

D^{− η}_t (( − A_p )^{12} u) ∈ L_p ( (0, T ); L_p (Ω × B ; R ) ) . Thus, by Lemma 3.8, if ( − A_p )^{12} u ∈ L_1 ([0, T ], L_p (Ω × B ; R )),

(4.12) ( − A_p )^{12} u ∈ H^{− η}_p ( (0, T ); L_p (Ω × B ; R ) ) , η > 0.

By bringing the parameter p into play one may in fact obtain somewhat more than (4.6) or (4.8), in particular statements on Hölder continuity. This we formulate in the following corollary.

Corollary 4.8. Let the assumptions of Theorem 4.3 hold.

a) If β − αθ −^1_2 < p^{− 1} , then one has, in addition to (4.6) ,

(4.13) ( − A_p )^θ u ∈ L_q ( (0, T ); L_p (Ω × B ; R ) ) , f or p ≤ q < q_0 ,

and, for almost all ω ∈ Ω ,

(4.14) [( − A_p )^θ u](·, ω, ·) ∈ L_q ( (0, T ); L_p (B ; R ) ) , for p ≤ q < q_0 ,

where q_0 = p 1 − p(β − αθ −^1_2 ) . b) If p^{− 1} ≤ β − αθ −^1_2 , then

(4.15) ( − A_p )^θ u ∈ L_q ( (0, T ); L_p (Ω × B ; R ) ) f or q ∈ [p, ∞ ),

and, for almost all ω ∈ Ω ,

(4.16) [( − A_p )^θ u](·, ω, ·) ∈ L_q ( (0, T ); L_p (B ; R ) ) , for q ∈ [p, ∞ ).

c) If p^{− 1} < η < β − αθ −^1_2 , then

(4.17) ( − A_p )^θ u ∈ h^{η − 1p}_{0→ 0} ( [0, T ]; L_p (Ω × B ; R ) ) , and, for almost all ω ∈ Ω ,

(4.18) [( − A_p )^θ u](·, ω, ·) ∈ h^{η − 1p}_{0→ 0} ( [0, T ]; L_p (B ; R ) ) . Here h^γ_{0→ 0} are the little-Hölder continuous functions having modulus of continuity γ and vanishing at the origin.

Proof. To prove a), let p ≤ q < q_0 and choose η ∈ (0,^1_p ) such that (4.7) holds and q < p 1 − ηp . Recall the fact (see [8, p. 420–421]) that if D^η_t v ∈ L_p ( (0, T ); X ) for some function v ∈ L_1 ((0 , T ); X ), and ηp < 1, then

(4.19) v ∈ L_q ( (0, T ); X ) , 1 ≤ q < p 1 − ηp . Use this, together with (4.8) and with X = L_p (Ω × B ; R ), to get the first part of a). For the second part observe that (4.8) implies

‖D^η_t ( (− A_p )^θ u ) ‖_{L p ((0 ,T ); L p ( B ))} < ∞ ,

for a.a. ω ∈ Ω. Combine this with (4.19), taking X = L_p (B ; R ), to get the second part of a).

To get b), assume that β − αθ − p^{− 1} ≥^1_2 and take any q ≥ 1. Choose η ∈ (0, p^{− 1} ) sufficiently close to p^{− 1} , such that q < p (1 − ηp)^{− 1} . Since η < p^{− 1} we have (4.7). Then apply (4.8) and recall (4.19) to obtain (4.16).

To prove c), observe that ([8, p. 421]) if the fractional derivative f of order η of v satisfies

(4.20) f ∈ L_p ( (0, T ); X ) , with p^{− 1} < η,

then v ∈ h^{η − p − 1}

0→ 0 ([0, T ]; X ). □

Remark 4.9. In Corollary 4.8(c) with θ = 0, β = 1, p > 2, one has

(4.21) u ∈ h^{η − p − 1}

0→ 0 ( [0, T ]; L_p (B ; R ) ) , η ∈ ( 1 p , 1 2 ). Thus, in this case, for a.a. ω ∈ Ω, the solution u (and ( − A_p )^θ u for appropriate θ) is Hölder continuous in time, with values in L_p (B ; R ), (independently of α if θ = 0).

In Remark 4.9, the case p = 2 is obviously excluded by (4.21). However, by taking B ⊂ R^n , and imposing an additional condition on A_p , we have the following result for this case. We give the proof of this result in Section 6.

Theorem 4.10. Let the assumptions of Theorem 4.3 hold with p = 2 , β = 1 and θ = 0 . Assume B ⊂ R^n with the Lebesgue measure Λ , and suppose that (λI − A_p )^{− 1} admits a kernel representation: ( (λI − A_p )^{− 1} f )( x ) = ∫ B γ_λ (x, y )f (y) dy, x ∈ B,

for f ∈ L_p (B ; R ), with the kernel γ_λ satisfying a Poisson estimate

(4.22) |γ_λ (x, y )| ≤ c|λ|^{nm − 1} Ψ ( |x − y| |λ|^{1m} )

for λ in a sector Σ_{π − ϕ} such that ϕ + απ < π , and some m > 0. Here Ψ : (0 , ∞ ) → (0, ∞ ) is a continuous nonincreasing function with ∫_∞ 0 Ψ( r )r^{n − 1} dr < ∞ .

Then the solution u(t, ω, x ) of (4.3) satisfies u ∈ C ( [0, T ]; L_2 (B ; R ) ) for a.a. ω with sup 0≤ t ≤ T

‖u(t, ·, ·)‖_{L 2 (Ω × B )} ≤ c‖g‖_{L 2 ((0 ,T ) × Ω; L 2 ( B ;l 2 ))} ,

for some constant c, depending on α .

We refer the reader to [1] and [25], and to the references therein, for treatments of kernel estimates.

We complement Theorem 4.3 with a statement on solutions of (2.1), i.e., the homogeneous integral equation with nonzero initial condition u_0 .

Theorem 4.11. Let α , p, B , A_p and the probability space (Ω; P ; P ) be as in Theorem 4.3.

a) Suppose

(4.23) u_0 ∈ L_p (Ω; F_0 ; L_p (B ; R )) .

Then there exists a unique function u_1 such that u_1 (t, ω, ·) ∈ D (A_p ) for t > 0, and a.a. ω ∈ Ω , and

(4.24) u_1 (t) = A_p

∫_t 0 k_1 (t − s)u_1 (s) ds + u_0 .

b) For θ ∈ (0, 1], t > 0, and an apriori constant c, independent of θ,

(4.25) ‖(− A_p )^θ u_1 (t, ·, ·)‖_{L p (Ω; L p ( B ))} ≤ ct^{− αθ} ‖u_0 ‖_{L p (Ω; L p ( B ))} .

Thus, u_1 solves (2.1) in the sense that for t > 0, and θ such that αθ < 1,

(4.26) u_1 (t, ω, x ) = u_0 (ω, x ) − (− A_p )^{1− θ}

∫_t 0 k_1 (t − s)( − A_p )^θ u_1 (s, ω, x ) ds.

Equality in (4.26) holds for t > 0 both in L_p (Ω; L_p (B ; R )) , and for a.a. ω ∈ Ω in L_p (B ; R ). In addition, lim t → 0+

u_1 (t) = u_0

in L_p (B ; R ) for a.a. ω ∈ Ω and in L_p (Ω; L_p (B ; R )) . c) Let η > 0 be such that ηp < 1. Then (4.27) ‖D^η_t (u_1 − u_0 )‖_{L p ((0 ,T ) × Ω; L p ( B ;R ))} ≤ c(η)‖u_0 ‖_{L p (Ω; L p ( B ;R ))} .

d) Let αp > 1, and let, for some μ̂ satisfying 1 −^1_{αp} < μ̂ < 1,

(4.28) u_0 ∈ L_p ( Ω; ( L_p (B ; R ), D(A_p ) ) μ̂ ) . Then the solution u_1 of (4.24) satisfies

(4.29) D^α_t (u_1 − u_0 ) ∈ L_p ( (0, T ) × Ω; L_p (B ; R ) ) , with the L_p -norm of D^α_t (u_1 − u_0 ) bounded by an apriori constant multiplying the norm of u_0 in the space of (4.28) .

In particular, if

(4.30) u_0 ∈ L_p ( Ω; D ( (− A_p )^θ )) f or some θ > 1 − 1 αp , then (4.29) holds.

A combination of (4.5), (4.6) of Theorem 4.3 and Theorem 4.11 (a,b) gives the following corollary.

Corollary 4.12. Let α ∈ (0, 2), β ∈ (^1_2 , 2), θ ∈ (0, 1], β − αθ >^1_2 . Let p ∈ [2, ∞ ) and assume that Hypotheses 4.1 and 4.2 are satisfied. Suppose g, u_0 satisfy, respectively, (4.2) and (4.23) . Assume αθp < 1. Then there exists a unique solution u of (1.1) such that

u ∈ D ( (− A_p )^θ ) , a.e. on (0, T ) × Ω ,

(− A_p )^θ u ∈ L_p ( (0, T ) × Ω; P ; L_p (B ; R ) )

u = − (− A_p )^{1− θ} ( k_1 ∗ (− A_p )^θ u ) + ∞∑ k =1

k_2 ⋆ g^k + u_0 , t ≥ 0,

‖(− A_p )^θ u‖_{L p ((0 ,T ) × Ω; P ;L p ( B ;R ))} ≤ c [ ‖g‖_{L p ((0 ,T ) × Ω; P ;L p ( B ;l 2 ))} + ‖u_0 ‖_{L p (Ω; L p ( B ;R ))} ].

Remark 4.13. Suppose that, in Corollary 4.12, α , β are large enough, e.g., in case θ = 0, β >^3_2 , α > 1. Obviously, one may then add a term tv_0 to (1.1), where v_0 ∈ L_p (Ω; F_0 ; L_p (B ; R )) and interpret v_0 as an initial condition^d_{dt} u(0) = v_0 . We have, for simplicity, taken v_0 = 0.

In the special case that A_p is the Laplacian on L_p (R^n ; R ), Hypothesis 4.2 is satisfied, and with suitable convolution kernels, Theorem 4.3 can be applied. In addition, we obtain a maximal regularity result in the sense that the strict inequality in (4.4) can be replaced by “ ≥ ”:

Theorem 4.14. Let Δ_p denote the Laplacian on L_p (R^n ; R ) for n ≥ 1, p ∈ [2, ∞ ). Let α ∈ (0, 2), β ∈ (^1_2 , 2), k_1 and k_2 as in (1.2) , and let the probability space (Ω , F , P ) and the Wiener processes w^k_t be as in Hypothesis 4.1. Suppose that θ ∈ [0, 1) is such that

(4.31) β − αθ ≥ 1 2 . Then there exists a constant c depending on n , p, α , β , θ such that for any g ∈ L_p ((0 , T ) × Ω; P ; L_p (R^n ; l_2 )) , the solution u of

(4.32) u(t) = Δ_p (k_1 ∗ u) + ∞∑ k =1

k_2 ⋆ g^k

(according to Theorem 4.3) satisfies the following estimate: (4.33) ‖(− Δ_p )^θ u‖_{L p ((0 ,T ) × Ω; P ;L p ( R} n_{;R ))} ≤ c‖g‖_{L p ((0 ,T ) × Ω; P ;L p ( R} n_{;R ))} .

Remark 4.15. Of course, (4.33) is an analogon to (4.8) in the case of η = 0 and β − αθ =^1_2 . One is tempted to conjecture that for the Laplacian also (4.10) can be extended to the case that β − αθ − η =^1_2 . However, if we take θ = 0 and β − η =^1_2 , then D^η_t k_2 ⋆ g^k is not well defined in L_p ((0 , T ) × Ω × B ; R ). This can be seen most easily in the case p = 2 and g = g_1 = 1, where we use that β − η =^1_2 to obtain formally

D^η_t k_2 ⋆ g = c d dt ∫_t 0 (t − s)^{12} dw_s .

However, for ϵ ↓ 0, it is easily estimated by Ito’s isometry that ∫ Ω 1 ϵ^2 | | | ∫_{t + ϵ} 0 (t + ϵ − s)^{12} dw_s −

∫_t 0 (t − s)^{12} dw_s | | | 2 dP (ω ) → ∞ .

5. Proof of Theorem 4.3

We begin by proving the density statement referred to earlier.

Lemma 5.1. [18] Let p ∈ [2, ∞ ), g ∈ L_p (R_+ × Ω; P ; L_p (B ; l_2 )) . Let G be any countable dense subset of D(A_p ) ∩ L_∞ (B ; R ) ∩ L_1 (B ; R ). Then there exist adapted { g_j }^∞_{j =1} , g_j ∈ L_p (R_+ × Ω; P ; L_p (B ; l_2 )) , g_j = { g^k_j }^∞_{k =1} , such that ‖g − g_j ‖_{L p ( R + × Ω; P ;L p ( B ;l 2 ))} → 0, as j → ∞ , and such that

(5.1) g^k_j = j∑ i =1

I_τ j_{i − 1 <t ≤ τ} j_i (t)g^{ik}_j (x), k ≤ j,

g^k_j = 0 , k > j,

with g^{ik}_j ∈ G and bounded stopping times τ^j_0 ≤ τ^j_1 ≤ .... ≤ τ^j_j .

Proof. The set of g ∈ L_p (R_+ × Ω; P ; L_p (B ; l_2 )) for which the statement holds, is a closed subspace M ⊂ L_p (R_+ × Ω; P ; L_p (B ; l_2 )). Then, if L_p \ M ≠ ∅ , there exists h ∈ L_q (R_+ × Ω; P ; L_q (B ; l_2 )); q^{− 1} + p^{− 1} = 1, such that h ≢0, h(M ) = 0, that is, ∫ R_+ × Ω ∫ B (h, g) dΛ dP (ω ) dt = 0 , for all g ∈ M.

Here ( h, g) = Σ^∞_{k =1} h^k g^k .

Take an arbitrary bounded stopping time τ(ω ) and fix some k_0 . Let g = { g^k }^∞_{k =1} be defined by g^{k 0} = I_{0<t ≤ τ} g̃; g^k = 0 , k ≠ k_0 , where g̃ ∈ G. Thus g ∈ M . Therefore, ∫ R_+ × Ω I 0<t ≤ τ F (t, ω ) dP (ω ) dt = 0 , where

F (t, ω )^{def}= ∫ B h^{k 0} (t, ω, x )g̃(x) dΛ is a predictable process. Since G is dense and τ, g̃ are arbitrary, it is not difficult to show that then ∫ B h^{k 0} (t, ω, x )g(x) dΛ = 0, a.e.

on R_+ × Ω, for all g ∈ L_p (B ; R ). One concludes that h^{k 0} = 0 a.e. on R_+ × Ω × B .

But k_0 was arbitrary and so h^k = 0 a.e. for all k. This contradicts the assumption h ≢0, and so Lemma 5.1 follows. □

An essential ingredient to the proof is the following L_p -estimate for stochastic convolutions, obtained by the Burkholder-Davis-Gundy inequality:

Lemma 5.2. Let p ∈ [2, ∞ ), let { V(t) | t ≥ 0} be a family of bounded linear operators V(t) : D(A_p ) → L_p (B ; R ), such that for fixed u ∈ D (A_p ) the map t → V(t)u is in L_2 ([0, T ]; L_p (B ; R )) . There exists a constant c, dependent only on p and T , such that for all g_j as in Lemma 5.1 and all t ∈ [0, T ] ∫ B ∫ Ω | | | | j∑ k =1

∫_t 0 [V(t − s)g^k_j (s, ω )](x) dw^k_s | | | | p dP (ω ) dΛ( x)

≤ c ∫ B ∫ Ω ( ∫_t 0 |[V(t − s)g_j (s, ω )](x)|^2_{l 2} ds

)^p_2

dP (ω ) dΛ( x).

Proof. First fix some t ∈ (0, T ]. For x ∈ B , r > 0 we define

Y_j (r, ω, x ) = j∑ k =1

∫_r 0 [V(t − s)g^k_j (s, ω )](x) dw^k_s .

By the elementary structure of g_j , ∫_r 0 | |[V(t − s)g^k_j (s, ω )](x) | |^2 ds < ∞

for allmost all x ∈ B , so that Y_j (r, ω, x ) is well-defined as an Ito integral for such x, and it is a martingale. Since the Wiener processes w^k_s are independent, the quadratic variation of Y_j (·, ·, x) is j∑ k =1

∫_r 0 | [V(t − s)g^k_j (s, ω )](x) |_2 ds. Now the Burkholder-Davis-Gundy inequality (see [16, p. 163]) yields for r ∈ [0, t],

(5.2)

E | | j∑ k =1

∫_r 0 [V(t − s)g^k_j (s, ω )](x) dw^k_s | |^p ≤

cE ( ∫_r 0 j∑ k =1

|[V(t − s)g^k_j (s, ω )](x)|^2 ds

)^p_2 =

cE ( ∫_r 0 |V(t − s)g_j (s, ω )](x)|^2_{l 2} ds

) p_2 . In (5.2), take r = t and integrate over B : ∫ B E | | | j∑ k =1

∫_t 0 [V(t − s)g^k_j (s, ω )](x) dw^k_s | | |^p dΛ( x) ≤

c ∫ B E ( ∫_t 0 |V(t − s)g_j (s, ω )](x)|^2_{l 2} ds

)^p_2

dΛ( x). □

As a first application of the Lemma above we obtain that the series in (4.11) converges in L_p ((0 , T ) × Ω; P ; L_p (B ; R )).

Lemma 5.3. Assume that Hypotheses 4.1 and 4.2 hold. Let p, g, k_2 , B be as in Theorem 4.3, with β ∈ (^1_2 , 2). Take { g_j }^∞_{j =1} approximating g as in Lemma 5.1. Let η > 0 and asume that β − η >^1_2 . Then

D^η_t

∫_t 0 k_2 (t − s)Σ^j_{k =1} g^k_j (s, ω, x ) dw^k_s

converges in L_p ( (0, T ) × Ω; P ; L_p (B ; l_2 ) ) , when j → ∞ .

Proof. First note that under the assumption β − η >^1_2 one has that D^η_t (k_2 ∗ f ) = k ∗ f , where k ∈ L_2 (0, T ). We work with this latter representation. In Lemma 5.2, take V(t) = k(t) and integrate with respect to t to obtain

∫_T 0 ∫ B ∫ Ω | | | j∑ k =1

∫_t 0 k(t − s)g^k_j (s, ω, x ) dw^k_s | | | p dP (ω ) dΛ( x) dt ≤

c ∫_T 0 ∫ B ∫ Ω ( ∫_t 0 |k(t − s)g_j (s, ω, x )|^2_{l 2} ds

)^p_2

dP (ω ) dΛ( x) dt = c ∫_T 0 ∫ B ∫ Ω ( ∫_t 0 |k(t − s)|^2 |g_j (s, ω, x )|^2_{l 2} ds

)^p_2

dP (ω ) dΛ( x) dt ≤ c ∫_T 0 ∫ B ∫ Ω |g_j (t, ω, x )|^p_{l 2} dP (ω ) dΛ( x) dt.

where we used k^2 ∈ L_1 (0, T ) and the fact that | k^2 ∗ |g_j |^2_{l 2} | L p_2 ((0 ,T ) × Ω × B ) ≤ | k

2 |_{L 1 (0 ,T )} | |g_j |^2_{l 2} | L p_2 ((0 ,T ) × Ω × B ) .

Now recall that g_j → g in L_p (R_+ × Ω; P ; L_p (B ; l_2 )). □

Our solutions will be constructed by a stochastic variation-of-parameters formula using the (deterministic) resolvent associated with the triple ( k_1 , k_2 , A_p ). The resolvent theory for integral equations of evolutionary type is well understood. For the theory in case β = 1, see [23]. (See also [7]). For β not necessarily equal to 1, we define

Definition 5.4.

(5.3) S_{αβ} (t)v^{def}= (2 πi )^{− 1} ∫ Γ_{1 ,ψ}

e^{λt} (λ^α I − A_p )^{− 1} λ^{α − β} v dλ, t > 0,

for v ∈ X ; where X is either L_p (B ; R ) or L_p (B ; l_2 ), ψ ∈

(_π 2 , min { π,^{π − ϕ ( − A p )}_α } ) , and (5.4) Γ_{r,ψ}^{def}= { re^{it} | |t| ≤ ψ } ∪ { ρe^{iψ} | r < ρ < ∞ } ∪ { ρe^{− iψ} | r < ρ < ∞ } .

Lemma 5.5. Let α ∈ (0, 2), β ∈ (^1_2 , 2), θ ∈ [0, 1], η ∈ (− 1, 1). Let S_{αβ} (t) be the resolvent defined in Definition 5.4. Then one has

S_{αβ} (t) ∈ L (X ), t > 0; sup_{t> 0} ‖t^{1− β} S_{αβ} (t)‖_{L ( X )} < ∞ ,

(5.5)

S_{αβ} (t)v ∈ D (A_p ), t > 0, v ∈ X ; sup_{t> 0} ‖t^{1+ α − β} A_p S_{αβ} (t)‖_{L ( X )} < ∞ ,

(5.6)

sup_{t> 0} ‖t^{1+ αθ − β + η} D^η_t (− A_p )^θ S_{αβ} (t)‖_{L ( X )} < ∞ ,

(5.7)

S_{αβ} (t) − A_p

∫_t 0 k_1 (t − s)S_{αβ} (s) ds = k_2 (t)I, t > 0,

(5.8)

S_{αβ} (t) is analytic for t ∈ C , t ≠ 0 , |arg t| < ψ − π 2 . (5.9)

Proof. To obtain (5.7), use (5.3), the analyticity of the integral and a change of variables to get

(5.10)

D^η_t (− A_p )^θ S_{αβ} (t)

= (2 πi )^{− 1} ∫ Γ_{1 ,ψ}

e^{λt} (− A_p )^θ (λ^α I − A_p )^{− 1} λ^{α − β + η} dλ

= (2 πi )^{− 1} ∫ Γ_{1 ,ψ}

e^s (s t )_{θα − β + η}

t^{− 1} (− A_p )^θ (s t )_{α (1 − θ)} [ ( s t )^α − A_p

]_{− 1} ds = ct^{− θα + β − η − 1} ∫ Γ_{1 ,ψ}

e^s s^{θα − β + η} (− A_p )^θ (s t )_{α (1 − θ)} [ ( s t )^α − A_p

]_{− 1} ds.

Now apply (3.6) with μ = (^s_t )^α to obtain that the last integral in (5.10) is bounded in L(X ), uniformly in t. Estimates (5.5) and (5.6) are obtained similarly. Identity (5.8) follows by a straightforward Laplace transform argument, and the analyticity of S_{αβ} is a consequence of its integral representation and Hypothesis 4.2. □

The central estimate in the proof is the following inequality:

Lemma 5.6. Let α ∈ (0, 2), β ∈ (^1_2 , 2), θ ∈ [0, 1], and η ∈ (− 1, 1) such that (4.7) holds, i.e., β − αθ − η >^1_2 . Then there exists a constant c, depending on T , p, A, α , β , θ, η, such that for all h ∈ L_p ([0, T ] × B, l_2 )

(5.11)

∫_T 0 ∫ B ( ∫^t 0 |D^η_t ( (− A_p )^θ S_{αβ} (t − s) ) h(s, x )|^2_{l 2} ds

) p_2

dΛ dt ≤ c ∫_T 0 ∫ B |h(s, x )|^p_{l 2} dΛ ds.

Proof. Write G(t)^{def}= D^η_t ( (− A_p )^θ S_{αβ} ) (t). First assume that p > 2. Then note that^p_2 ,^p_{p − 2} are conjugate exponents and let f : [0, T ] × B → R_+ be such that

∫_T 0 ∫ B f^{pp − 2} dΛ dt = 1. We estimate:

∫_T 0 ∫ B f (t, x )

∫_t 0 |G(t − s)h(s, x )|^2_{l 2} ds d Λ dt = ∫_T 0 ∫_t 0 ∫ B f (t, x )|G(t − s)h(s, x )|^2_{l 2} dΛ ds dt ≤ ∫_T 0 ∫_t 0 [∫ B |f (t, x )|^{pp − 2} dΛ

]p − 2_p [∫ B |G(t − s)h(s, x )|^p_{l 2} dΛ

]2_p

ds dt ≤ ∫_T 0 ∫_t 0 ‖f (t, ·)‖_{L pp − 2 ( B )} ‖G(t − s)‖^2_{L p ( B ;l 2 ) → L p ( B ;l 2 )} ‖h(s, ·)‖^2_{L p ( B ;l 2 )} ds dt ≤ [∫^T 0 ‖f (t, ·)‖ p p − 2

L p_{p − 2} ( B ) dt

]p − 2_p [∫^T 0 | | ∫_t 0 ‖G(t − s)‖^2_{L p ( B ;l 2 ) → L p ( B ;l 2 )} ‖h(s, ·)‖^2_{L p ( B ;l 2 )} ds | |^p2 dt ]^2p ,

so that

(5.12) [∫^T 0 ∫ B ( ∫^t 0 |G(t − s)h(s, x )|^2_{l 2} ds

) p_2 dΛ dt

]2_p

≤ [∫^T 0 |∫^t 0 ‖G(t − s)‖^2_{L p ( B ;l 2 ) → L p ( B ;l 2 )} ‖h(s, ·)‖^2_{L p ( B ;l 2 )} ds |p_2 dt ]2_p . In the case p = 2, equation (5.12) is obvious. Now (by convolution with respect to s) we obtain in either case [∫^T 0 ∫ B ( ∫^t 0 |G(t − s)h(s, x )|^2_{l 2} ds

) p_2 dΛ dt

]2_p

≤ [∫^T 0 ‖G(t)‖^2_{L p ( B ;l 2 ) → L p ( B ;l 2 )} dt ] [∫^T 0 ‖h(t, x )‖^p_{L p ( B ;l 2 )} dt

]2_p

≤ c ‖h(t, x )‖^2_{L p ((0 ,T ); L p ( B ;l 2 ))} ,

where the last inequality follows by (5.7) and (4.7). Thus (5.11) holds. □

Remark 5.7. The constant c in the Lemma above can be made arbitrarily small by choosing a sufficiently short time interval [0 , T ].

Proof. In fact, the last lines of the proof above show that c is proportional to ∫_T 0 ‖G(t)‖^2_{L p ( B ;l 2 ) → L p ( B ;l 2 )} dt , which converges to 0 as T → 0. □

We have now collected all tools for the proof of Theorem 4.3. To proceed, we use Lemma 5.1 and therefore consider

(5.13) u_j (t, ω, x ) =

∫_t 0 k_1 (t − s)A_p u_j (s, ω, x ) ds + j∑ k =1

∫_t 0 k_2 (t − s)g^k_j (s, ω, x ) dw^k_s ,

where the functions g_j = { g^k_j }^j_{k =1} are such that

(5.14) ‖g_j − g‖_{L p ((0 ,T ) × Ω; P ;L p ( B ;l 2 ))} → 0

for j → ∞ , and where each g^k_j is of the simple structure given by Lemma 5.1. We construct first solutions to (5.13), and then show that these converge.

For fixed j , let u_j be defined by

(5.15) u_j (t, ω, x ) = j∑ k =1

∫_t 0 S_{αβ} (t − s)g^k_j (s, ω, x ) dw^k_s .

To see that the stochastic integrals in (5.15) are well-defined, notice that for each fixed v ∈ L_p (B ; l_2 ), S_{αβ} (s)v is smooth in time for s > 0 by (5.9). Since g_j is of the simple form (5.1), it is easy to see that S_{αβ} (t − s)g_j (s, ω, x ) is adapted. From β >^1_2 and (5.5) we have that S_{αβ} (s)v is in L_2 ([0, T ]; L_p (B ; l_2 )).

Note that by (5.6), u_j ∈ D (A_p ) for t > 0, a.s. In fact we have more: Since g^k_j takes values in G ⊂ D (A_p ), and since A_p and S_{αβ} (t) commute on D(A_p ),

(5.16) A_p u_j (t, ω, x ) = j∑ k =1

∫_t 0 S_{αβ} (t − s)A_p g^k_j (s, ω, x ) dw^k_s .

We next claim that u_j defined by (5.15) satisfies (5.13) for t > 0, a.e. on B , and a.s. (For simplicity, without loss of generality, take j = 1, and g^1 = I_{τ1 <s ≤ τ2} (s)g(x)). We have

(5.17) k_1 ∗ A_p u_j =

∫_t 0 k_1 (t − s)[

∫_s 0 S_{αβ} (s − τ)I_{τ1 <τ ≤ τ2} (τ)A_p g(x) dw_τ ]ds = ∫_t 0 [ ∫ t τ k_1 (t − s)S_{αβ} (s − τ)A_p g(x) ds ] I_{τ1 <τ ≤ τ2} dw_τ = ∫_t 0 [ ∫ t − τ 0 k_1 (t − τ − v)S_{αβ} (v)A_p g(x) dv ] I_{τ1 <τ ≤ τ2} dw_τ = ∫_t 0 [ A_p

∫_{t − τ} 0 k_1 (t − τ − v)S_{αβ} (v)g(x) dv ] I_{τ1 <τ ≤ τ2} dw_τ = ∫_t 0 [ S_{αβ} (t − τ) − 1 Γ( β )

(t − τ)^{β − 1} ] g(x)I_{τ1 <τ ≤ τ2} dw_τ

= u_j (t, ω, x ) −

∫_t 0 k_2 (t − τ)g^1 (τ, ω, x ) dw_τ .

The first equality in (5.17) follows by (5.16). The second is a consequence of the stochastic Fubini theorem. For this, see, e.g. [26, Th.4.6, p.160] where we take dμ (s) = k_1 (t − s)ds and observe that

∫_t 0 ∫_s 0 ‖S_{αβ} (s − τ)‖^2_{X → X} k_1 (t − s) dτ ds < ∞ , by the fact that α > 0, β >^1_2 and (5.5). The third equality is a simple change of variables. The fourth follows by the commutativity of S_{αβ} , A_p on D(A_p ). The next to last is (5.8). The last equality uses (5.15).

To obtain apriori bounds for the approximating solutions, let θ ∈ [0, 1] and η < 1 be such that (4.7) holds, i.e. β − αθ − η >^1_2 . For shorthand put V(t) = D^η_t (− A)^θ S_{αβ} (t). For t > 0, V(t) is a bounded linear operator. By definition of D^η_t we have that for all h ∈ L_p (B ; R )

(− A)^θ S_{αβ} (t)h =

∫_t 0 τ^{η − 1} Γ( η)

V(t − τ)h dτ.

Consequently, using the stochastic Fubini theorem, we have

(− A)^θ u_j (t, ω, x ) = j∑ k =1

∫_t 0 [(− A)^θ S_{αβ} (t − s)g^k_j (s, ω )](x) dw^k_s

= j∑ k =1

∫_t 0 ∫_{t − s} 0 τ^{η − 1} Γ( η)

[V(t − s − τ)g^k_j (s, ω )](x) dτ dw^k_s

= ∫_t 0 τ^{η − 1} Γ( η)

(^j∑

k =1

∫_{t − τ} 0 [V(t − τ − s)g^k_j (s, ω )](x) dw^k_s ) dτ. This shows that

D^η_t (− A)^θ u_j (t, ω, x ) = j∑ k =1

∫_t 0 [V(t − s)g^k_j (s, ω )](x) dw^k_s .

We apply Lemma 5.2 and Lemma 5.6

(5.18)

∫_T 0 ∫ B ∫ Ω | D^η_t (− A)^θ u_j (t, ω, x ) |_p dP (ω ) dΛ( x) dt

= ∫_T 0 ∫ B ∫ Ω | | | | j∑ k =1

∫_t 0 [V(t − s)g^k_j (s, ω )](x) dw^k_s | | | | p dP (ω ) dΛ( x) dt

≤ c ∫_T 0 ∫ B ∫ Ω ( ∫_t 0 |[V(t − s)g_j (s, ω )](x)|^2_{l 2} ds

)^p_2 dP (ω ) dΛ( x) dt ≤ c ∫_T 0 ∫ B ∫ Ω |g_j (s, ω, x )|^p_{l 2} dP (ω ) dΛ( x) ds.

Here the constant c depends on T , α , β , θ, η, A_p , and p, but not on g_j and j .

We next let j → ∞ . By linearity, by (5.14), and by (5.18),

‖u_j − u_i ‖_{L p ((0 ,T ) × Ω; P ;L p ( B ))} ≤ c‖g_j − g_i ‖_{L p ((0 ,T ) × Ω; P ;L p ( B,l 2 ))} → 0

for i, j → ∞ . By completeness, there exists u such that u_j → u in L_p ((0 , T ) × Ω; P ; L_p (B ; R )). Moreover, ( k_1 ∗ u_j ) ∈ D (A_p ) and k_1 ∗ u_j → k_1 ∗ u in L_p ((0 , T ) × Ω; P ; L_p (B ; R )). By Lemma 5.3, (take η = 0), the series k_2 ⋆ Σ^j_{k =1} g^k_j converges. Since u_j = A_p (k_1 ∗ u_j ) + k_2 ⋆ Σ^j_{k =1} g^k_j , we have that A_p (k_1 ∗ u_j ) converges. By the closedness of A_p , k_1 ∗ u ∈ D (A_p ) and (4.3) holds.

In case β − αθ >^1_2 , then by (5.18) with η = 0, ( − A_p )^θ u_j converges. The closedness of the fractional powers gives (4.5), (4.6). Analogously, by the closedness of D^η_t , and by (5.18), we have (4.8).

The relation (4.9) is a consequence of (4.7), (4.8), [30, p. 29]. For the application of the results in [30], note that here u(t = 0) = 0, and that if β − αθ −^1_2 > 1 +^1_p , then u^′(t = 0) is welldefined and = 0.

Recalling Lemma 5.3, we conclude that (4.10) is satisfied. Finally, to prove uniqueness, assume that u and ũ are two solutions of (4.3).

Then v = u − ũ solves the deterministic integral equation

v = k_1 ∗ A_p v.

From the theory of deterministic integral equations [23] we know that v = 0. Now Theorem 4.3 is proved.

Remark 5.8. Estimate (4.8) can be refined: Let a ∈ L_1 ([0, T ]; R ) for all T < ∞ , and of subexponential growth. Define its Laplace transform ^ a(s) =

∫_∞ 0 e^{− st} a(t) dt .

Suppose that there are functions f : (0, ∞ ) → [0, ∞ ) and g : Γ_{1,ψ} → [0, ∞ ) (c.f. (5.4)) such that |â( s t )| ≤ f (t)g(s) for all s ∈ Γ_{1,ψ} , t ∈ (0, T ], t^{β − αθ − 2} f (t) ∈ L_2 ((0 , T ); R ), ∫ Γ_{1 ,ψ}

|e^s | |s|^{αθ − β +1} g(s) |ds | < ∞ .

Then the solution u of (4.3) satisfies d dt (− A)^θ a ∗ u ∈ L_p ((0 , T ) × Ω; L_p (B ; R )) .

In particular, this holds if

(5.19) |â(λ)| ≤ c |λ|^{η − 1} with β − αθ − η > 1 2 . Proof. For shorthand we write

V(t) = d dt (− A)^θ [a ∗ S_{αβ} ](t).

Copying the proof of (5.7) we obtain

‖V(t)‖_{L ( X )} ≤ 1 2π t^{β − αθ − 2} f (t) ∫ Γ_{1 ,ψ}

e^s |s|^{αθ − β +1} g(s) |ds | ≤ ct^{β − αθ − 2} f (t).

Thus ‖V(t)‖_{L ( X )} is in L_2 ((0 , T ); R ) and we can redo the proof of Lemma 5.6 to obtain that ∫_T 0 ∫ B ( ∫_t 0 |V(t − s)h(s, x )|^2_{l 2} ds

)^p_2 dΛ dt ≤ c ∫_T 0 ∫ B |h(s, x )|^p_{l 2} dΛ ds.

Now we can again use Lemma 5.2 to achieve the desired result. In particular, if (5.19) holds, take f (t) = ct^{1− η} and g(s) = |s|^{η − 1} . □

6. Proof of Theorem 4.10 Let u_j be approximate solutions as in the proof of Theorem 4.3, c.f., (5.15). By [25, Thm.1, p. 295] and the assumption on A_p , one has that the resolvent S_{α, 1} (t) admits the kernel representation

(S_{α, 1} (t)f )( x) = ∫ B σ_t (x, y )f (y) dy, x ∈ B, t > 0,

for f ∈ L_p (B ; R ). Thus

u_j (t, ω, x ) = j∑ k =1

∫_t 0 [∫ B σ_{t − s} (x, y )g^k_j (s, ω, y ) dy ] dw^k_s .

The kernel σ_t satisfies the estimate |σ_t (x, y )| ≤ t^{− αnm} q ( t^{− αm} |x − y| ) , for t > 0, with a continuous, nonincreasing function q : (0, ∞ ) → (0, ∞ ) such that ∫ B t^{− αnm} q ( t^{− αm} |x| ) dx =

∫_∞ 0 q(r )r^{n − 1} dr < ∞ .

In particular (by convolution of an L_1 -function with an L_2 -function) we infer that there exists a constant c independent of t

(6.1) ∫ B | | | ∫ B σ_t (x, y )g_j (s, ω, y ) dy | | |^2 l_2

dx ≤ c ∫ B |g_j (s, ω, x )|^2_{l 2} dx.

Using Lemma 5.2 and (6.1), we obtain ∫ Ω ∫ B |u_j (t, ω, x )|^2 dx dP (ω )

= ∫ Ω ∫ B | | | j∑ k =1

∫_t 0 ∫ B σ_{t − s} (x, y )g^k_j (s, ω, y ) dy dw^k_s | | | 2 dx dP (ω )

≤ c ∫ Ω ∫ B ∫_t 0 | | | ∫ B σ_{t − s} (x, y )g^k_j (s, ω, y ) dy | | | 2 l_2

ds dx dP (ω ) ≤ c ∫ Ω ∫ B ∫_t 0 |g_j (s, ω, x )|^2_{l 2} ds dx dP (ω )

≤ c ‖g_j ‖^2_{L 2 ([0 ,T ]× Ω × B ;l 2 )} .

Hence, for almost all ω , u_j converges in L_∞ ( (0, T ); L_2 (B ; R ) ) . Since each u_j ∈ C ( [0, T ]; L_2 (B ; R ) ) , the claim follows.

7. Proof of Theorem 4.11

To prove (i), observe that by [23, Ch. I] and by (4.1), the resolvent S (t)^{def}= S_{α 1} (t) for (2.1) (exists and) is bounded, analytic. Thus u_1^{def}= S (t)u_0 satisfies

u_1 = u_0 + A_p (k_1 ∗ u_1 ), t > 0,

and a.a. ω . In addition we have that u_1 → u_0 as t ↓ 0 [23, p. 32], Moreover, u_1 ∈ D (A_p ) for t > 0. By transformation techniques, one has, for a.a. ω ,

‖(− A_p )^θ u_1 (t, ω, ·)‖_{L p ( B )} ≤ ct^{− αθ} ; θ ∈ [0, 1].

Therefore, if αθ < 1,

∫_t 0 ‖k_1 (t − s)( − A_p )^θ u_1 (s)‖_{L p ( B )} ds < ∞ and (4.25), (4.26) follow.

To obtain (4.27), note that by estimating the inverse Laplace transform, one has

‖D^η_t (u_1 − u_0 )‖_{L p (Ω × B )} ≤ c(η)t^{− η} ‖u_0 ‖_{L p (Ω × B )} .

For the proof of (4.29), one applies results of [8] as follows. Take E_0 , E_1 of [8, p. 427], respectively, equal to L_p (Ω; L_p (B )), L_p (Ω; D(A_p )) and observe that ( X a Banach space)

BU C_{1− μ} ([0, T ], X )

def= { u ∈ C ((0 , T ]; X ) | t^{1− μ} u(t) ∈ BU C ((0 , T ]; X ), lim_{t ↓ 0} t^{1− μ} ‖u(t)‖_X = 0 }.

First use (21) of [8] which gives (by (4.28)) that

u_1 ∈ BU C_{1− μ} ( [0, T ]; L_p ( Ω; D(A_p ) )) ∩ BU C^α_{1− μ} ( [0, T ]; L_p ( Ω; L_p (B ) )) , where (see [8, p. 428]) μ = 1 − α + αμ̂ . Here, [8, p. 423],

BU C^α_{1− μ} ( [0, T ]; L_p ( Ω; L_p (B ; R ) )) is the set of u ∈ BU C_{1− μ} ( [0, T ]; L_p ( Ω; L_p (B ; R ) )) for which there exist

u_0 ∈ L_p (B ) and f ∈ BU C_{1− μ} ( [0, T ]; L_p ( Ω; L_p (B ; R ) )) such that u = u_0 + 1 Γ( α ) t^{− 1+ α} ∗ f.

Observe that by the condition on ^ μ one has μ > 1 − p^{− 1} which implies (see [8, p. 422]) BU C_{1− μ} ( [0, T ]; L_p (B ; R ) ) ⊂ L_p ( (0, T ); L_p (B ; R ) ) . Thus u_1 = u_0 + 1 Γ( α ) t^{− 1+ α} ∗ f,

with f ∈ L_p ( [0, T ]; L_p (Ω; L_p (B ; R )) ) and (4.29) follows.

To obtain (4.29) under the assumption (4.30), observe that (see, e.g., [19, p. 47 and p. 56]) D ( (− A_p )^θ ) ⊂ ( L_p (B ), D(− A_p ) ) μ̂ ,

for θ > μ̂ . For θ as in (4.30) we can find ^μ < θ such that ^μ > 1 −^1_{αp} .

8. Proof of Theorem 4.14

In fact, we can almost literally copy the proof of (4.8) (for the special case η = 0) from Theorem 4.3. There (4.8) is proved for the approximate solutions u_j (c.f. (5.15)) by the estimate (5.18), based on Lemma 5.6 and Lemma 5.2. By a straightforward limiting procedure the estimate is carried over to the solution u. It only is Lemma 5.6, where the full strength of condition (4.7) is required. In the case of Theorem 4.14, we can complete Lemma 5.6 by the following result, which works in the case that β − αθ =^1_2 . The rest of the proof can be copied from the proof of Theorem 4.3.

Lemma 8.1 ([11, Theorem 1.2]) . Let n ≥ 1 be an integer, α ∈ (0, 2), β >^1_2 , θ ∈ (0, 1) such that β − αθ =^1_2 . Let H be a separable Hilbert space (e.g., H = l_2 ), p ∈ [2, ∞ ) and T ∈ R . Let S_{αβ} be the resolvent operator corresponding to (4.32) . Then there exists some constant c (depending on p, α , β , θ, n ) such that for all h ∈ L_p (( −∞ , T ) × R^n ; H ) the following estimate holds:

(8.1) ∫ R^n

∫_T −∞ [∫_t −∞ ‖ ‖[(− Δ)^θ S_{αβ} (t − s)h(s, ·)](x) ‖ ‖^2_H ds

]^p_2 dt dx ≤ c ∫ R^n

∫_T −∞ ‖h(s, y )‖^p_H ds dy.

This lemma is a generalization of [17, Theorem 2.1]. Its proof (and thus closing the gap to obtain maximal regularity) is significantly more intricate than proving Lemma 5.6.

9. Examples

Our first example is well-known. See, e.g., [22]. Let B ⊂ R^n be a bounded domain with C^2 -boundary. Assume s > n , s ≥ p, p ∈ [2, ∞ ). Let b ∈ W^{1,s} (B, R^{n × n} ) and assume b is symmetric and uniformly positive definite. Assume A_p is a second order operator in divergence form, i.e.,

(A_p u)( x)^{def}= div( b(x) · ∇ u(x)) , x ∈ B,

for u ∈ D (A_p ) = W^{2,p} (B ) ∩ W^{1,p}_0 (B ).

Then A_p is closed, densely defined, positive in L_p (B ) with compact resolvent and ‖(λI − A_p )^{− 1} ‖ ≤ c(ψ ) 1 + |λ|

; |arg λ| ≤ π − ψ,

where ψ > 0 arbitrary. Hence ϕ_{− A p} < π (1 −^α_2 ) for any α ∈ (0, 2), and so Theorem 4.3 may be applied. In particular, with α ∈ (0, 2), β ∈ (^1_2 , 2), and g satisfying (4.2), we have that there exists a unique solution u ∈ L_p ((0 , T ) × Ω; P ; L_p (B ; R )) such that k_1 ∗ u ∈ D (A_p ) for t > 0 and a.a. ω ∈ Ω, and such that (4.3) holds.

If, in addition, β − α >^1_2 , then u ∈ D (A_p ), for t > 0 and a.a. ω ∈ Ω, and

(9.1) u = k_1 ∗ A_p u + ∞∑ k =1

k_2 ⋆ g^k .

Our second example concerns the case where A_p is not of divergence form. We make use of [24].

Assume B ⊂ R^n and, e.g., either B = R^n or B a bounded domain with C^2 - boundary. Let p ∈ [2, ∞ ), and

Ã_p u =^n ∑ j,k =1

a_{jk} (x)∂_j ∂_k u(x) + n∑ j =1

b_j (x)∂_j u(x) + c(x)u(x)

for u ∈ D (A_p ) = W^{2,p} (B ) ∩ W^{1,p}_0 (B ). Here a(x) = ( a_{jk} (x)) is a real symmetric matrix for x ∈ B such that

0 < a_0 ≤ a(x)ξ ·ξ ≤ 1 a_0

, f or x ∈ B, |ξ| = 1 .

Assume a_{ij} ∈ C^ρ (B ), for some ρ ∈ (0, 1); and if B is unbounded, assume a^∞_{ij} = lim_{|x |→∞} a_{ij} (x) exists, with |a_{ij} (x) − a^∞_{ij} | ≤ c|x|^{− ρ} , for |x| large and all i, j . Then, under certain conditions on b_j , c (see [24, (A3), (A4), p. 165]), the spectrum of − Ã_p away from [0 , ∞ ) consists only of eigenvalues.

In particular, assume that ψ is such that Ã_p has no eigenvalues λ such that 0 ≠ λ ∈ Σ_{π − ψ} . Then, [24, Th. D(c)], for each η > 0 there exists c_p (η) > 0 such that ‖(λI − Ã_p )^{− 1} ‖ ≤ c_p (η)|λ|^{− 1} , λ ∈ Σ_{π − ψ} , |λ| > η.

Thus, Theorem 4.3 may be applied with A_p = Ã_p − δI , for any δ > 0, provided

0 < α < 2 [ 1 − ψ π ] , β > 1 2 , to give a solution u satisfying (4.3). If

0 < α < min ( β − 1 2 , 2[1 − ψ π ] ) , we have a solution u satisfying (9.1).

Note moreover that (under the above assumptions) we have for any δ > 0, that δ − Ã_p admits bounded imaginary powers [24, Th.D(c)]. In addition, if B is a bounded domain and N ( Ã_p ) = 0, then, [24, Th. D(c) and Th. A],

‖(− Ã_p )^{iy} ‖ ≤ ce^{θ|y |} , y ∈ R .

Hence we have, in this case, D ( (− Ã_p )^θ ) = [ L_p (B ), D( Ã_p ) ] θ . As a final remark we point out the following. Suppose ( − A_p ) has spectral angle ω^{def}= ϕ_{− A p} ,. Take θω < π . Recall that then (− A_p )^θ has spectral angle θω . Thus the above examples may be extended, e.g., to fourth order operators A obtained as A = ( − A_p )^2 , under appropriate conditions on the spectral angle of − A_p .

10. Krylov’s Approach Versus B-space Valued Stochastic Integration

At the center of the study of stochastic integral equations in Banach spaces is the problem of defining and estimating stochastic integrals, in particular stochastic convolutions, in Banach spaces. Krylov’s approach, which is used in this paper, is elementary in the sense that stochastic integrals are taken pointwise, so they are classical Ito-integrals of scalar valued processes. Kahane-Khintchine arguments, in particular the Burkholder-Davis-Gundy inequality, provide the step from L_2 -estimates to L_p . Of course, this can only be done for sufficiently “nice” integrands. The final step is to extend the results obtained for smooth initial data and elementary forcing terms to more general L_p -data by a completion argument.

On the other hand, the recent progress on stochastic integration in Banach spaces (see, e.g.[21]) provides a convenient tool to handle stochastic convolutions directly in the Banach space. While we do not know about applications of this method to integral equations, it has been used successfully to treat parabolic stochastic differential equations, e.g., [12], [29]. We expect that such results can be extended to integral equations. Clearly, this approach works in more general Banach spaces, while the more classical technique is confined to the special structure of L_p .

It seems interesting to conclude our paper with a short comparison of these two approaches.

We mention first, that the results obtained for parabolic differential equations go far beyond the scope of our paper, in the sense that both approaches have been used to treat nonlinear equations, with possibly time dependent coefficients, and state dependent diffusion. On the other hand, the aim of the present paper is to treat a fractional differential equation. With α = β = 1, our equation (1.1) reduces to the stochastic differential equation

(10.1) du (t) = A_p u(t) dt + G(t) dW_t .

It is this case, where we can compare our results to the results obtained by the abstract integration theory. Notice that in abstract notation, W_t is a cylindrical Wiener process in a separable Hilbert space H and G ∈ L_p ([0, T ] × Ω; γ(H, L_p (B )) where γ(H, L_p (B )) denotes the space of γ-radonifying operators H → L_p (B ). This is equivalent to writing the stochastic forcing in Krylov’s notation

g(t) = ∞∑ k =1

g^k w^k_s .

with { g^k }^∞_{k =1} ∈ L_p ([0, T ] × Ω; L_p (B, l_2 )) (use, e.g., [29, Proposition 3.2.3]).

With the assumption that A is sectorial, [29, Theorem 8.2.1] states (translated to our notation, and in the special case θ = 0 and time-independent generators A(t) = A)

‖u‖^p_{L p ([0 ,T ]× Ω;( E, D ( A )) δ, 1 )} ≤ c‖G‖^p_{L p ([0 ,T ]× Ω; γ ( H,E ))} if δ < 1 2 , u ∈ C^λ ([0, T ], (E, D(A))_{δ, 1} ) a.e. if δ + λ < 1 2 − 1 p . These results are exactly the results of our Theorem 4.3(c) and Corollary 4.8(c) with E = L_p (B ), α = β = 1, η = 0, θ = δ. (Notice that the condition on δ is a strict inequality, so that it makes no difference whether the result is stated in terms of ( E, D(A))_{δ, 1} or of D(( − A)^δ ). In [12, Theorem 4.1(ii)] we find that u ∈ C^λ ([0, T ], D(− A)^θ ) if θ + λ <^1_2 . Notice that in this result the forcing operator G(t) is independent of time, so it is in L_p ([0, T ] × Ω , E ) for all p ≥ 1, and the result is again commensurate to Corollary 4.8 in the present paper.

In the abstract approach, maximal regularity is achieved in the case that A has a γ-bounded H^∞ -calculus. In this case, and Hilbert space, the maximal regularity result [29, Theorem 8.2.2] (again for the case of time-independent generators) reads ‖u‖^2_{L 2 ([0 ,T ]× Ω;[ E,D ]1 / 2 )} ≤ c‖G‖^2_{L 2 ([0 ,T ]× Ω; γ ( H,E ))}

which is exactly what we get in Theorem 4.14, if A is the Laplacian on R^n , p = 2 and θ =^1_2 . Theorem 4.14 is not confined to the Hilbert space case. A comparable maximal regularity result for a space which needs only be of finite cotype, and again with γ-bounded H^∞ -calculus is given in [12, Theorem 6.2]. Unlike our Theorem 4.14, it is pointwise for t ∈ [0, T ], but again it is based on the assumption that G is independent of time. Again, both approaches are equivalent for the Laplacian. Notice, however, that the proof of Theorem 4.14 is based on the maximal inequality Lemma 8.1, which is derived only for the Laplacian operator on the full space, and that the proof of this lemma is quite sophisticated and takes a paper of its own [11].

References

[1] W. Arendt, Semigroups and Evolution Equations: Functional Calculus, Regularity and Kernel Estimates . In Handbook of Differential Equations, Evolutionary Equations, vol.1 , C. Dafermos and E. Feireisl, eds., Elsevier, 2004.

[2] R. Balan, L_p -theory for the stochastic heat equation with infinite-dimensional fractional noise, arXiv/0905.2150 (2009), http://eprintweb.org/S/archive/math .

[3] S. Bonaccorsi and W. Desch, Volterra equations perturbed by noise. Technical Report UTM 698, June 2006, Matematica, University of Trento, http://eprints.biblio.unitn.it/archive/0000/021 .

[4] C. Martinez Carracedo and M. Sanz Alix, The Theory of Fractional Powers of Operators , North Holland Mathematics Studies 187, North-Holland, Amsterdam, 2001.

[5] Ph. Clément and G. Da Prato, Some results on stochastic convolutions arising in Volterra equations perturbed by noise, Rend. Mat. Acc. Lincei, ser 9, vol. 7 (1996), 147–153.

[6] Ph. Clément, G. Da Prato and J. Prüss, White noise perturbation of the equations of linear parabolic viscoelasticity, Rend. Istit. Mat. Univ. Trieste, XXIX (1997), 207–220.

[7] Ph. Clément, G. Gripenberg and S-O. Londen, Schauder estimates for equations with fractional derivatives, Trans. A.M.S., 352 (2000), 2239–2260.

[8] Ph. Clément, S-O. Londen and G. Simonett, Quasilinear evolutionary equations and continuous interpolation spaces, J. Differential Eqs., 196 (2004), 418–447.

[9] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions , Cambridge University Press Encyclopedia of Mathematics and its Applications, 44. Cambridge University Press, Cambridge, 1992.

[10] W. Desch and S-O. Londen, On a stochastic parabolic integral equation. In Functional Analysis and Evolution Equations. The Günter Lumer Volume , H. Amann, W. Arendt, M. Hieber, F. Neubrander, S. Nicaise, J. von Below, eds., Birkhäuser, Basel 2007, 157–169.

[11] W. Desch and S-O. Londen, A generalization of an inequality by N. V. Krylov. J. Evolution Eqs., 9 (2009), 525–560.

[12] J. Dettweiler, J. van Neerven and L. Weis, Space-time regularity of solutions of the parabolic stochastic Cauchy problem, Stoch. Anal. Appl., 24 (2006), 843–869.

[13] P. Grisvard, Équations différentielles abstraites, Ann. Sci. E.N.S., 2 (1969), 311–395. [14] K. Homan, An Analytic Semigroup Approach to Convolution Volterra Equations , PhD. thesis, TU Delft, 2003.

[15] T. Hytönen, Translation-Invariant Operators on Spaces of Vector Valued Functions , PhD. thesis, Helsinki University of Technology, 2003.

[16] I. Karatzas and S.E. Shreve, Brownian Motion and Stochastic Calculus , Springer, New York, 1998.

[17] N. V. Krylov, A parabolic Littlewood-Paley inequality with applications to parabolic equations, Topological Methods in Nonlinear Analysis, Journal of the Juliusz Schauder Center 4 (1994), 355–364.

[18] N. V. Krylov, An analytic approach to SPDEs. In Stochastic Partial Differential Equations:

Six Perspectives , R.A. Carmona and B. Rozovskii, eds., A.M.S. Mathematical Surveys and Monographs, 64 (1999), 185–242.

[19] A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems , Birkhäuser, Basel, 1995.

[20] J. Marcinkiewicz and A. Zygmund, Quelques inégalités pour les opérations linéaires, Fund.

Math., 32 (1939), 115–121. [21] J. van Neerven and L. Weis, Stochastic integration of functions with values in a Banach space, Studia Math., 166 (2005), 131–170.

[22] J. Prüss, Quasilinear parabolic Volterra equations in spaces of integrable functions. In Semigroup Theory and Evolution Equations , B. de Pagter, Ph. Clément, E. Mitidieri, eds., Lect. Notes Pure Appl. Math., 135 (1991), 401–420, Marcel Dekker.

[23] J. Prüss, Evolutionary Integral Equations and Applications , Birkhäuser, Basel, 1993. [24] J. Prüss and H. Sohr, Imaginary powers of elliptic second order differential operators in L^p -spaces, Hiroshima Mathematical J., 23 (1993), 161–192.

[25] J. Prüss, Poisson estimates and maximal regularity for evolutionary integral equations in L_p -spaces, Rend. Istit. Mat. Univ. Trieste, XXVIII (1997), 287–321.

[26] Ph. Protter, Stochastic Integration and Differential Equations , Springer-Verlag, Berlin, 1990. [27] E.M. Stein, Singular Integrals and Differentiability Properties of Functions , Princeton University Press, Princeton, 1970.

[28] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators , North-Holland, Amsterdam, 1978.

[29] M. C. Veraar, Stochastic Integration in Banach Spaces and Applications to Parabolic Evolution Equations , Ph.D. thesis, TU Delft, 2006.

[30] R. Zacher, Quasilinear Parabolic Problems with Nonlinear Boundary Conditions , Dissertation, Martin-Luther-Universität Halle-Wittenberg, 2003.

W. D.: Institut f ür Mathematik und Wissenschaftliches Rechnen, Karl-Franzens- Universit ät Graz, Heinrichstrasse 36, 8010 Graz, Austria

E-mail address : georg.desch@uni-graz.at

S.-O. L.: Department of Mathematics and Systems Analysis, Helsinki University of Technology, FI–02015 TKK, Finland

E-mail address : stig-olof.londen@tkk.fi

(continued from the back cover)

A575 Harri Hakula, Antti Rasila, Matti Vuorinen On moduli of rings and quadrilaterals: algorithms and experiments August 2009

A574 Lasse Leskel ä, Philippe Robert, Florian Simatos Stability properties of linear file-sharing networks July 2009

A573 Mika Juntunen

Finite element methods for parameter dependent problems June 2009

A572 Bogdan Bojarski

Differentiation of measurable functions and Whitney–Luzin type structure theorems June 2009

A571 Lasse Leskel ä

Computational methods for stochastic relations and Markovian couplings June 2009

A570 Janos Karatson, Sergey Korotov

Discrete maximum principles for FEM solutions of nonlinear elliptic systems May 2009

A569 Antti Hannukainen, Mika Juntunen, Rolf Stenberg Computations with finite element methods for the Brinkman problem April 2009

A568 Olavi Nevanlinna

Computing the spectrum and representing the resolvent April 2009

A567 Antti Hannukainen, Sergey Korotov, Michal Krizek On a bisection algorithm that produces conforming locally refined simplicial meshes April 2009

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The reports are available at http://math.tkk.fi/reports/ . The list of reports is continued inside the back cover.

A580 Juho K önnö, Dominik Schötzau, Rolf Stenberg

Mixed finite element methods for problems with Robin boundary conditions November 2009

A579 Lasse Leskel ä, Falk Unger

Stability of a spatial polling system with greedy myopic service September 2009

A578 Jarno Talponen

Special symmetries of Banach spaces isomorphic to Hilbert spaces September 2009

A577 Fernando Rambla-Barreno, Jarno Talponen

Uniformly convex-transitive function spaces September 2009

A576 S. Ponnusamy, Antti Rasila

On zeros and boundary behavior of bounded harmonic functions August 2009

ISBN 978-952-248-196-2 (print) ISBN 978-952-248-197-9 (PDF) ISSN 0784-3143 (print) ISSN 1797-5867 (PDF)