Helsinki University of Technology Institute of Mathematic s Research Reports

Espoo 2010 A585

BOUNDEDNESS OF MAXIMAL OPERATORS AND OSCILLATION OF FUNCTIONS IN METRIC MEASURE SPACES

Daniel Aalto

ABTEKNILLINEN KORKEAKOULU

TEKNISKA HÖGSKOLAN HELSINKI UNIVERSITY OF TECHNOLOGY TECHNISCHE UNIVERSITÄT HELSINKI UNIVERSITE DE TECHNOLOGIE D’HELSINKI

Helsinki University of Technology Institute of Mathematic s Research Reports

Espoo 2010 A585

BOUNDEDNESS OF MAXIMAL OPERATORS AND OSCILLATION OF FUNCTIONS IN METRIC MEASURE SPACES

Daniel Aalto

Dissertation for the degree of Doctor of Science in Technolo gy to be presented, with due permission of the Faculty of Information and Natural Sciences, for public examination and debate in auditorium E at Aalto University School of Science and Technology (Espoo, F inland) on the 16th of April 2010, at 12 noon.

Aalto University School of Science and Technology Department of Mathematics and Systems Analysis

Daniel Aalto Department of Mathematics and Systems Analysis Aalto University P.O. Box 11100, FI-00076 Aalto, Finland E-mail: daniel.aalto@tkk.fi

ISBN 978-952-60-3061-6 (print) ISBN 978-952-60-3062-3 (electronic) ISSN 0784-3143 TKK Mathematics, 2010

Aalto University School of Science and Technology Department of Mathematics and Systems Analysis P.O. Box 11100, FI-00076 Aalto, Finland email: math@tkk.fi http://math.tkk.fi/

Daniel Aalto : Boundedness of maximal operators and oscillation of functi ons in metric measure spaces ; Helsinki University of Technology Institute of Mathemati cs Research Reports A585 (2010).

Abstract: In this dissertation the action of maximal operators and the properties of oscillating functions are studied in the context of doubling measure spaces. The work consists of four articles, in which bounded ness of maximal operators is studied in several function spaces and di ff erent aspects of the oscillation of functions are considered. In particular, ne w characterizations for the BMO and the weak L^∞ are obtained.

AMS subject classifications: 42B25, 43A85, 46E35

Keywords: doubling measure, maximal functions, discrete convolutio n, BMO , John-Nirenberg inequality, rearrangements

Daniel Aalto : Maksimaalioperaattorien rajoittuneisuudesta ja funktio iden heilahtelusta metrisess ä avaruudessa

Tiivistelm ä: Väitöskirjassa tutkitaan maksimaalioperaattoreita ja heilah - televien funktioiden ominaisuuksia tuplaavassa metrises sä avaruudessa. Ty ö koostuu nelj ästä julkaisusta, joissa tarkastellaan maksimaalioperaatto reiden rajoittuneisuutta eri funktioavaruuksissa sek ä funktioiden heilahtelua useista eri n äkökulmista. Erityisesti saadaan uusia luonnehdintoja avar uuksille BMO ja heikko L^∞ .

Avainsanat: tuplaava mitta, maksimaalifunktiot, diskreetti konvoluu tio, BMO, John-Nirenbergin lemma, uudelleenj ärjestelyt

Acknowledgements

First of all, I thank my advisor Juha Kinnunen, who made a bril liant job giving full support and guidance during my graduate studies . I greatly appreciate his wisdom and the time and energy he commited to sup ervising me. I thank also Steve Buckley, Ritva Hurri-Syrj änen and Martti Vainio for carefully reading the thesis and for their valuable comment s.

I would like to present my gratitude to the co-authors Lauri B erkovits, Outi Elina Maasalo and Hong Yue for making together the strug gle through the John-Nirenberg spaces on metric spaces. Together with t he other members of the nonlinear PDE group they contributed to an especi ally warm and active working atmosphere. I wish to express my gratitude al so to Anna Zatorska-Goldstein, Pawe ł Goldstein and Petteri Harjule hto for their encouragement. Thanks are due to Hannes Luiro and Heli Tuominen for discussions related to the discrete maximal operators. I acknowledge al so the support of the Institute of Mathematics in Helsinki University of Tech nology from 2005 on. I am thankful to Matti Vuorinen and Riku Klén for the most enj oyable discussions in the seminar we held in Turku during the year 20 09. My thanks are due to the Department of Mathematics in University of Tur ku for providing me with the working space in 2009. I also thank Zoltán Balogh and Joan Orobitg for their hospitality during my visits in Bern a nd Barcelona.

For financial support I am indebted to the Finnish Academy of S cience and Letters, Vilho, Yrj ö and Kalle Väisälä fund.

I express my sincere gratitude to my friends Katri and Dima, L asse-Matti and Tuija, Linda and Andreas, Pertti, Stina, Susanna; to Lin us for keeping me fit; to Famu and Taata for taking care of the children so many times; to my dear Eija for her love; and for Sointu and Kauri for keeping their father down-to-earth.

Bern, March 2010,

Daniel Aalto

List of included articles

This dissertation consists of an overview and of the followi ng publications:

[A] D. Aalto, J. Kinnunen, Maximal functions in Sobolev spac es, Sobolev Spaces in Mathematics I, International Mathematical Serie s, Vol. 8 Maz’ya, Vladimir (Ed.), 25-68, Springer, 2008

[B] D. Aalto, J. Kinnunen, The discrete maximal operator in m etric spaces, to appear in J. Anal. Math.

[C] D. Aalto, Weak L^∞ and BMO in metric spaces, arXiv:0910.1207 [math.MG].

[D] D. Aalto, L. Berkovits, O. E. Maasalo, H. Yue, John-Niren berg lemmas for doubling measures, arXiv0910.1228 [math.FA].

Author’s contribution

The author is responsible for a substantial part of preparin g all of the articles [A-D]. The results have been presented in talks given at the C entre de Recerca Matemàtica in Barcelona, at the Institute of Mathema tics of the Polish Academy of Sciences in Warsaw and at the Universities of Jyv äskylä, Bern, Turku and Helsinki.

The articles [A] and [B] have been prepared in Helsinki Unive rsity of Technology during 2005-2008 in collaboration with Juha Kin nunen; the article [C] was done in the University of Turku in 2009; the arti cle [D] was contributed by the author while visiting at Universit ät Bern and when at Helsinki University of Technology and University of Turku d uring 2008-2009.

Contents

1 Analysis on metric spaces 1 1.1 The doubling condition . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Coverings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.3 Sobolev spaces on metric spaces . . . . . . . . . . . . . . . . . 2 1.4 Poincaré inequality . . . . . . . . . . . . . . . . . . . . . . . . 3 1.5 Sobolev embeddings . . . . . . . . . . . . . . . . . . . . . . . 3 1.6 Hardy-Littlewood maximal function . . . . . . . . . . . . . . . 4

2 The discrete maximal operator 5

3 Oscillation of functions 8 3.1 Rearrangements and weak L^∞ . . . . . . . . . . . . . . . . . . 8 3.2 John-Nirenberg lemma and BMO . . . . . . . . . . . . . . . . 11 3.3 Another John-Nirenberg lemma . . . . . . . . . . . . . . . . . 11

1 Analysis on metric spaces

Analysis on metric spaces refers to a research field where man y classical results of harmonic analysis in Euclidean spaces and the the ory of partial diff erential equations are extended to a more general geomet ry. The framework was set in the seminal work of Coifman and Weiss in 1971 [1 3]. For an introduction to analysis on metric spaces we refer to [22]. I n this overview, we first introduce the general setting and then describe the k ey results of the thesis.

1.1 The doubling condition

A metric space consists of a set X and a distance d. A ball with center x ∈ X and of radius r > 0 is the set

B(x, r ) = {y ∈ X : d(x, y) < r }.

It is tacitly assumed that whenever B is a ball it has some fixed center and radius. For λ > 0, we write λ B for the ball with the same center as B but of λ times the radius of B.

A metric space is doubling if there exists a constant N so that every ball B(x, 2r) can be covered by at most N balls of radius r. In contrast, a doubling measure is a Borel measure in a metric space ( X, d) for which

0 < μ (B(x, 2r)) ≤ cμ(B(x, r )) < ∞

for all x ∈ X and all r > 0. The smallest c > 0 satisfying the above inequality is called c_μ, the doubling constant of the measure μ. A metric space with a doubling measure is called a doubling metric measure space.

The two di ff erent doubling conditions are closely related. I ndeed, any doubling metric measure space is a doubling metric space. Mo reover, in every complete doubling metric space there exists a doublin g measure [33], see also [42]. In this thesis, however, we assume that the dou bling measure is given a priori.

1.2 Coverings

In every doubling metric space there holds a Vitali covering theorem according to which of any uniformly bounded family of balls it is pos sible to extract a countable subfamily of pairwise disjoint balls whose 5-di lates cover the original family. An important consequence of the Vitali theorem is Lebesgue’s diff erentiation theorem. Indeed, every locally integrable function f can be written in terms of mean value integrals,

lim_{r→ 0} � B(x,r )

f dμ = f (x) at almost every point x. Here we use notation � S f dμ = 1 μ(S) � S f dμ

for the mean value integral over a set S.

We shall also use a Whitney covering theorem. Indeed, for an o pen subset Ω ⊂ X with non-empty complement, it is possible to find a covering b y balls so that their overlap is uniformly bounded and that the radii of the balls are proportional to the distance to the complement. In the Eucli dean space the theorem is usually stated in terms of dyadic cubes.

In addition to the Vitali and Whitney covering theorems we wi ll use several variants of the Calderón-Zygmund lemmas. The most geometric of them states that almost every point of a bounded measurable s et E can be covered by a countable family of balls B_i, i = 1 ,2, . . . , such that the total mass of the balls is comparable to the measure of E and so that for each ball B_i the part intersecting E is comparable in measure to the part intersecting the complement of E. Other versions of the lemma also involve a function and the role of the set E is played by distribution sets of a suitable maximal function.

1.3 Sobolev spaces on metric spaces

The Sobolev spaces on metric spaces can be defined in several w ays. Here we adopt the definition by Shanmugalingam, which is based on t he notion of upper gradients; see [39]. Indeed, a Borel measurable funct ion g is the upper gradient of a measurable function u defined on X if

|u(x) − u(y)| ≤ � γ g ds,

for all x, y ∈ X and for all rectifiable paths γ joining points x and y. If u is not finite at some point, then we require that � γ g ds is infinite for all rectifiable paths γ that start at the point; see [23]. To obtain the completeness of the Sobolev space, we extend the concept of the upper gradient. I ndeed, we define a p-weak upper gradient of u by requiring the above inequality for p-almost every path (i.e. for every rectifiable path of the spa ce X except for a path family of zero p-modulus), p ≥ 1; see [32]. The modulus of a path family Γ is defined by

Mod_p(Γ ) = inf � X ρ^p dμ,

where the infimum is taken over all Borel functions ρ : X → [0,∞ ], for which � γ ρ ds ≥ 1

for every locally rectifiable γ ∈ Γ . If u has a p-weak upper gradient that is p-integrable, then it has a minimal p-weak upper gradient g_u; see [19]. Also, u is absolutely continuous along p-almost every path. We define a norm by setting ‖u‖^p_{N 1,p (X )} = ‖u‖^p_{Lp (X )} + ‖g_u‖^p_{Lp (X )},

where g_u is the minimal upper gradient. The Newtonian space is the col lection of the p-integrable functions on X that has finite norm. We identify two elements in N^{1,p}(X) with each other if the norm of their di ff erence is zero. The Newtonian space is a Banach space. For more details and pr oofs, see [39] and [7]. The definition of the Newtonian space for an open subdomain Ω of X is similar to that of the whole space. Moreover, we are intere sted in the boundary behaviour of the functions and would like to define t he functions with zero boundary values. We say that a function u defined on an open set belongs to the Sobolev space with zero boundary values, i f there exists a function v defined on the whole space such that u and v coincide on the domain of u, and v equals zero on the complement of the domain except for a set of capacity zero; see [26].

1.4 Poincaré inequality

Although the definition of the Newtonian space makes sense fo rmally in every metric space X, the Newtonian space coincides with the Lebesgue space of p-integrable functions if there are no rectifiable paths in X. We assume that the space X supports a Poincaré inequality, which guarantees the exis tence of a multitude of rectifiable paths. Indeed, a metric space su pports a weak (1, p)-Poincaré inequality if there exist constants c > 0 and τ ≥ 1 such that for all balls B(x, r ), for all locally integrable functions u on X, and for all p-weak upper gradients g of u, � B(x,r )

|u − u_{B(x,r )}| dμ ≤ cr � B(x,τ r)

g^p dμ

�_{1/p} . (1)

By Hölder’s inequality a (1, p)-Poincaré inequality implies a (1 , p+ δ)-Poincaré inequality for all δ > 0. Moreover, (1, p)-Poincaré inequality implies a (1 , p − ϵ)-Poincaré inequality for some ϵ> 0; see [25].

The Poincaré inequality has several noteworthy geometric and analytic consequences. Indeed, a complete doubling metric measure s pace supporting a weak (1, p)-Poincaré inequality is quasiconvex, i.e. every pair of p oints can be joined by a curve with length comparable to the distance of the points, the Lipschitz functions are dense in the Newtonian space N^{1,p}(Ω ) for any open set Ω of X, and finally, the Sobolev embedding theorems hold; see [39]. Next we state the embedding results more precisely.

1.5 Sobolev embeddings

The Sobolev embedding theorems refer to a series of inequali ties valid for a specific range of p with respect to the dimension of the measure. By iterating the doubling condition we have

μ(B(y, r)) μ(B(x, R)) ≥ c � r R �_Q , for any given B(x, R), y ∈ B(x, R) and r < R with the constant c depending only on the doubling constant of the measure. We call the numb er Q = log_2(c_μ) the dimension of the measure. The first Sobolev inequality i s for small values of p. Indeed, if 1 < p < Q and 1 ≤ κ ≤ Q/ (Q − p), then there is c = c(p,κ , c_μ) > 0 such that � B(z,r )

|u − u_{B(z,r )}|^{κ p} dμ

�_{1/ κ p} ≤ cr � B(z,5τr)

g^p dμ

�_{1/p}

for every p-weak upper gradient of u. Here τ is the constant in the inequality 1. If p = Q, then there are constants c_1, c_2 > 0 depending only on the doubling constant such that � B(z,r ) exp � c_1μ(B(z, r))|u − u_{B(z,r )}| r‖g‖_Lp_{(B(z,5τr))} � dμ ≤ c_2

for every p-weak upper gradient g of u. This borderline case is often referred to as the Trudinger inequality. If p > Q , then there is a constant c = c(p, c_μ ) > 0 such that

|u(x) − u(y)| ≤ cr^{Q/p} d(x, y)^{1− Q/p} � B(z,5τr)

g^p dμ

�_{1/p}

for μ almost every x, y ∈ B(z, r) and every p-weak upper gradient g of u. In other words, every Sobolev function can be redefined in a se t of measure zero to become locally Hölder continuous; for proofs see [20] and [37]. In addition, when 1 < p ≤ Q, the Sobolev functions can be approximated by Hölder continuous functions in Lusin’s sense; see [A] for the precise statement.

1.6 Hardy-Littlewood maximal function

The Hardy-Littlewood maximal function of a locally integra ble function f is defined by

Mf (x) = sup � B(y,r )

|f | dμ

where the supremum is taken over all balls that contain x. The maximal function is lower semicontinuous and the maximal operator i s sublinear. The maximal operator maps integrable functions to the weak L^1. Indeed, for all λ > 0 we have

μ({x ∈ X : Mf (x) > λ}) ≤ c λ � X |f | dμ, with c depending only on the doubling constant of the measure μ. The maximal operator is bounded between L^p for p > 1. These mapping properties of the maximal operator are often referred to as the maximal f unction theorem. Observe that the maximal operator is not bounded in L^1 in general. In fact, in the Euclidean case, if Mf is integrable with respect to the Lebesgue measure, then f = 0. On the other hand, if a maximal function is finite at some point, then it is finite almost everywhere; see [43], [15 ] and [A].

In the Euclidean space, the Hardy-Littlewood maximal opera tor acts boundedly on Lipschitz and H ölder classes, provided the maximal function is not identically infinite; see [14], and [A]. In addition, the Hardy-Littlewood maximal operator is bounded on Sobolev spaces W^{1,p}(R^n ) for p > 1; see [27]. The boundedness of the Hardy-Littlewood maximal oper ator remains true also if the Sobolev space is defined over a subdomain of R^n by [29]. For an alternative proof see [21]. Moreover, the boundary value s of a Sobolev function carry over to the maximal function in the Sobolev se nse; see [30]. However, the maximal function of a di ff erentiable function m ay have points of non-diff erentiability, although the weak derivatives ar e preserved.

In a doubling metric space the situation changes remarkably . Indeed, an example by Buckley in [10] shows that the maximal operator may map a Lipschitz function to a discontinuous one. Consequently, the maximal operator cannot be bounded in Lipschitz, H ölder, or Sobolev classes in all doubling measure spaces. However, if the metric measure spa ce satisfies some extra conditions, the maximal operator is bounded in Li pschitz and Hölder classes [10] and similar conditions also guarantee th e boundedness in Sobolev spaces [35], [36]. Kinnunen and Latvala took a di ff erent approach by constructing a discrete maximal operator similar to the H ardy-Littlewood maximal operator and showed that under the standard assumpt ions, i.e. X is a complete doubling measure space supporting the weak (1 , p)-Poincaré inequality, the discrete maximal operator is bounded betwe en Sobolev spaces; see [28]. They applied the result in showing that Sobolev fun ctions have Lebesgue points outside a set of capacity zero; see also [8].

2 The discrete maximal operator

In this section we consider the discrete maximal operator an d introduce a local version of the operator. The definition is based on disc rete convolutions [34] and the global maximal operator was introduced in [28].

In the article [B], we define the local discrete maximal opera tor by four ingredients: coverings of the subdomain by a Whitney coveri ng, partitions of unity, discrete convolutions and a supremum over the discre te convolutions. More precisely, let Ω ⊂ X be an open set of a doubling metric space X. If Ω = X, we take a covering of Ω by balls {B(x_i, r_i)} of equal radii, r_i = r > 0 for all i = 1 ,2, . . . , so that the overlap of the dilated balls, {B(x_i,6r_i)}, is uniformly bounded. This is the global case. The local case is when X \ Ω is not empty. Then we introduce a Whitney type covering of Ω at scale

0 < t < 1. It consists of balls {B(x_i, r_i)} that cover Ω so that

κ_1r_i ≤ t dist(x, X \ Ω ) ≤ κ_2r_i

and_∞ � i=1 χ_{B(xi ,6ri )}(x) ≤ N

for every x ∈ Ω . Here distance of a point to any set A ⊂ X is defined by

dist(x, A) = inf {d(x, a) : a ∈ A}

and χ_A is the characteristic function of the set A. In the preceeding inequalities the constants κ_1,κ_2, and N are independent of the scale t. Now it is straightforward to proceed. Indeed, given a covering {B(x_i, r_i)} as in the previous step, we attach to each B(x_i, r_i) a Lipschitz continuous function ψ_i : X → [0,∞), with a Lipschitz constant comparable to r_i. Moreover, we require that cχ_{B(xi ,3ri )}(x) ≤ ψ_i(x) ≤ χ_{B(xi ,6ri )}(x)

where c is independent of the scale t and the index i, and ∞� i=1 ψ_i(x) = 1

for every x ∈ Ω . Now we are ready to define the discrete convolution. Given a locally integrable function f defined in Ω we write

f_t(x) = ∞� i=1 f_{B(xi ,3ri )}ψ_i(x)

for the discrete convolution at scale 0 < t < 1, where {B(x_i, r_i)} is a Whitney covering and {ψ_i} forms a partition of unity as above. The discrete maximal function is now the supremum of discrete convolutions at all rational scales. We write M^∗_Ω f (x) = sup_{0<t< 1} |f |_t(x)

for the discrete maximal function. Observe, that the maxima l function depends on the chosen coverings and partitions of unity, but th e estimates for the maximal operator are independent of these choices.

The discrete maximal function is lower semicontinuous and t he maximal operator is sublinear. In addition, the discrete maximal fu nction is comparable to the Hardy-Littlewood maximal function. To be more p recise, we define the local Hardy-Littlewood maximal function, with σ ≥ 1, by

M_{σ ,Ω} f (x) = sup � B(x,r )

|f | dμ, where the supremum is taken over all radii r for which σ r ≤ dist(x, X \ Ω ). If Ω = X, then there is no restriction for the radii. Now there exist c onstants c > 1 and σ > 1 so that

c^{− 1}M_{σ ,Ω} f (x) ≤ M^∗_Ω f (x) ≤ cM_Ω f (x)

at every point x of Ω , where f is any locally integrable function. Here the constant c depends only on the doubling constant of the measure and the parameters in the construction of the maximal operator. The pointwise equivalence implies at once the standard maximal function t heorem, i.e. the boundedness in L^p for 1 < p ≤ ∞ and the weak type inequality for p = 1.

The discrete maximal operator is also bounded between Newto nian spaces. Indeed, an essential ingredient in the arguments is the Poin caré inequality. Since it is combined with the maximal function theorem, the t heorem of Keith and Zhong [25] is also employed. The first boundedness r esult of the discrete maximal operator was obtained by Kinnunen and Latv ala [28] in the context of Haj łasz spaces defined globally in X. In an open subdomain the results are proven in [B], where the results are considered i n the Newtonian setting. The essential di fference in the arguments in [B] and [28] is not the choice of the definition of the Sobolev space. Also, the proof of the boundedness of the discrete maximal operator is rather similar in local and global cases. In contrast, there is a new question arising from the l ocal problem: What happens to the boundary values of a given function? In th e Euclidean case we know that the boundary values are preserved [30] and w e show in [B] that the corresponding result generalizes; i.e. the di fference of a Newtonian function and its discrete maximal function belongs to the Ne wtonian space with zero boundary values, N^{1,p}_0 (Ω ). In the proof we use Hardy’s inequality which guarantees that the Newtonian function belongs to the Sobolev space of zero boundary values.

The preceding results span the whole range of 1 < p < ∞ . However, taking account of the Sobolev embedding theorems, it is natural to ask whether the larger spaces have similar behaviour with respect to the maximal operators. Indeed, in [B] it is shown that the H ölder continuity is preserved. The argument only uses the structure of the discrete maximal ope rator and the fact that the metric space is doubling.

In the borderline case there are several natural spaces to be considered. The Hardy-Littlewood maximal operator is bounded in the Zyg mund class of exponentially integrable functions (see [16], [18]) and it acts boundedly in BMO, as well. The Euclidean argument in [11] is based on Coifman- Rochberg theorem (see [13], [44]), true also in the doubling measure spaces, and the John-Nirenberg inequality, and hence generalizes t o metric spaces. The arguments can be adapted to the discrete maximal operato r as well by using the pointwise equivalence of the maximal operators. I n the Euclidean case there are a number of related results in spaces similar t o BMO; see [5], [6], [31], and [40]. Next we focus in the intrinsic propertie s of function spaces defined by oscillations.

3 Oscillation of functions

Bennett, DeVore and Sharpley introduced in [5] the function space weak L^∞ . The space is defined in terms of rearrangements and oscillat ions and they showed that the rearrangement invariant hull of BMO coincides with the weak L^∞ , when the underlying space is a Euclidean cube with Lebesgue measure. This result clearly indicates that there is an inti mate connection between the two spaces. There are also sharper forms of the Tr udinger inequality, which show that the Sobolev space W^{1,n} (Ω ) is embedded in the weak L^∞ (Ω ); see [3] and [1] for even sharper results. Instead of stud ying the Sobolev embedding theorems, we focus on the function spaces as such.

3.1 Rearrangements and weak L^∞

The decreasing rearrangement of a measurable function f defined on X is the unique decreasing function f^∗ : (0,∞ ) → [0, μ (X)] equimeasurable to f , i.e. μ({x ∈ X : |f (x)| > λ }) = |{t > 0 : f^∗(t) > λ }|

for all λ > 0, and right continuous. Here we use the notation |A| for the Lebesgue measure of the subset A of R^n . Note that the equimeasurability condition alone does not determine the function uniquely. B y definition f belongs to the weak L^∞ , if f^∗ is finite everywhere and there exists M ≥ 0 such that 1 t �_t 0 (f^∗(s) −f^∗(t)) ds ≤ M

for all t > 0. Observe that essentially bounded functions are always co ntained in the weak L^∞ and the constant functions satisfy the defining inequality w ith constant M = 0.

We are interested in finding what is the relationship between weak L^∞ and BMO. Towards this end we look for a more geometric characterizat ion of the former. Indeed, it is possible to completely avoid the rearrengements in the definition. In fact, the first result of [C] states that a function belongs to the weak L^∞ if and only if there exists M ≥ 0 so that � {x∈ X :|f (x)|> λ }

|f | dμ ≤ (λ + M)μ({x ∈ X : |f (x)| > λ })

for every λ > 0 and μ({x ∈ X : |f (x)| > λ }) is not infinite for all λ > 0.

The proof of the characterization only uses the basic proper ties of decreasing rearrengements and a version of the Cavalieri prin ciple according to which every measurable function f satisfies � {x∈ X :|f (x)|> λ }

|f | dμ = �_∞ λ μ({x ∈ X : |f (x)| > s }) d s + λ μ({x ∈ X : |f (x)| > λ }) for every λ > 0. Since the Cavalieri principle holds for any measure space , the characterization applies in the same generality. A more detailed analysis of the definitions of weak L^∞ leads to yet another characterization. Indeed, by a variant of the Gr önwall-Bellman inequality (see [4]), if a function f belongs to the weak L^∞ , then there exist constants c_1, c_2 > 0 so that μ({x ∈ X : |f (x)| > λ_2}) ≤ c_1μ({x ∈ X : |f (x)| > λ_1})e^{c2(λ 2 − λ 1)} for all λ_2 > λ_1 ≥ 0. And conversely, by Cavalieri principle, we see that the above global John-Nirenberg type inequality characterize s the space.

By virtue of the characterization, we see that functions in t he weak L^∞ have singularities of exponential type at worst. To state th is consequence more precisely, we say that a measurable function f belongs to the Zygmund class L_{exp} (X) if � X (exp(λ |f |) − 1) dμ < ∞ for some λ ≥ 0, which may depend on the function f . The following theorem is implicit already in [5]. Theorem 1. Let (X, μ ) be a measure space. Then L^∞ (X) ⊂ L^∞_w (X) ⊂ L^∞ (X) + L_{exp} (X) and the inclusions are strict if and only if there are measura ble sets of arbitrarily small positive measure in X. Proof. Let f ∈ L^∞_w (X) and let α > 0 so that μ({x ∈ X : |f (x)| > α }) < ∞.

By Theorem 2.1 in [C] we have μ({x ∈ X : |f (x)| > s }) ≤ Ae^{− Bs} for all s > α , where A, B > 0 and depend only on the function f and α . Let g(x) = f χ_{{y∈ X :|f (y)|≤ α }}(x) and h = f − g. Since f = g + h and g ∈ L^∞ (X) it suffi ces to show that h ∈ L_{exp} (X). Let 0 < λ < B . By the Cavalieri principle and a change of variables we have � X (exp(λ |h|) − 1) dμ ≤ � {x∈ X :|f (x)|> α }

exp(λ |f |) d μ = �_∞ α μ({x ∈ X : |f (x)| > s })λ e^{λ s} ds + e^{λ s}μ({x ∈ X : |f (x)| > α }), ≤ Aλ

�_∞ α e^{(λ − B)s} ds + e^{λ s}μ({x ∈ X : |f (x)| > α }), which is finite and hence the latter inclusion is shown.

Suppose now that there are measurable sets of arbitrarily sm all positive measure in X and let us construct suitable functions to show the properne ss of the inclusions. By the assumption, we may choose a sequence o f measurable sets such that μ(E_1) < 1 and

μ(E_{i+1} ) < 1 4 μ(E_i)

for i = 1 ,2, . . . . Setting now

A_i = E_i \ ∞� j = i+1

E_j

we get a pairwise disjoint sequence of measurable sets so tha t

μ(A_{i+1} ) < 1 2 μ(A_i). Let f (x) = ∞� k=1 2^kχ_{A2k} (x) and g(x) = ∞� k=1 kχ_{Ak} (x).

We claim that g ∈ L^∞_w (X) and f ∈ L_{exp} (X). First observe that for given λ_2 > λ_1 > 0 we have

μ({x ∈ X : |g(x)| > λ_2}) = � k> λ_2

μ(A_k) ≤ 2^{λ 1− λ 2 +1} μ({x ∈ X : |g(x)| > λ_1})

by the construction and hence g belongs to the weak L^∞ (X) but obviously it is not bounded. Since g is contained in L_{exp} (X) and f ≤ g in X, we see that f is exponentially integrable. But � {x∈ X :|f (x)|> 2^k +1 }

|f | dμ ≥ 2^{k+1} = (2^k + 1) + (2^k − 1),

and hence f cannot belong to the weak L^∞ (X).

Assume now that the measure of each measurable set in X is either zero or uniformly bounded from below. Then

L_{exp} (X) ⊂ L^1(X) ⊂ L^∞ (X),

which proves the theorem.

The functions constructed during the proof of the previous t heorem serve also as examples to show that weak L^∞ is usually not a vector space. Indeed, the functions g and f − g are clearly contained in the weak L^∞ but their sum is not. Hence, the weak L^∞ is a vector space only when it coincides with L^∞ .

3.2 John-Nirenberg lemma and BMO

Since the definition of BMO in 1961, the John-Nirenberg inequality has been one of the most important properties of BMO functions. Because functions in the weak L^∞ satisfy a global John-Nirenberg type inequality, it seems very natural to ask what is the relationship of BMO and weak L^∞ . Bennett, DeVore, and Sharpley showed that, in the Euclidean space equ ipped with the Lebesgue measure, the rearrangement invariant hull of BMO coincides with the weak L^∞ . This cannot happen in general, since there exists a nondoubling Radon measure μ (see [38]) in the real line so that the corresponding BMO space does not satisfy the John-Nirenberg inequality and co nsequently the weak L^∞ cannot contain all of the BMO. There is no general inclusion in the other direction either. Indeed, there exists a Radon m easure in the real line so that not all the functions in the corresponding w eak L^∞ can be rearranged to become a BMO function (see [C]).

In a doubling metric measure space, the relationship is clea r. Indeed, the main result of [C] shows that BMO(X) is contained in the weak L^∞ (X). The argument is similar to the Euclidean case in [5]. The main diffi culty is in finding a good substitute for the Euclidean Calderón-Z ygmund covering lemma, which is based on dyadic cubes. With the metric ver sion the argument generalizes and the same reasoning can be adapted t o give a new characterization of BMO. Indeed, when ρ > 1, a locally integrable function f belongs to BMO(X) if and only if there exists M ≥ 0 such that � {x∈ B:|f (x)− f_B |> λ }

|f − f_B | dμ ≤ (λ + M)μ({x ∈ ρB : |f (x) − f_B | > λ})

for every λ > 0 and every ball B contained in X.

If the metric measure space has some additional geometric st ructure, say (X, d) is geodesic, then the parameter ρ is superfluous. The reason is that if the doubling metric measure space is restricted to a ball of t he space, then the resulting space is also a doubling metric measure space. This additional feature can be used now to ameliorate the Calderón-Zygmund type covering lemma so that the 5-balls are intersected with the original b all B_0 and these sets are comparable in size to the dilated balls.

Since the Euclidean space is geodesic, the above argument sh ows that for a doubling measure μ, the corresponding BMO space is contained in the weak L^∞ and we have a characterization for a BMO. The arguments can be generalized to some non-doubling measures as well in the spi rit of [38].

3.3 Another John-Nirenberg lemma

We shall consider now a third approach to the oscillation of f unctions based on a joint work with Lauri Berkovits, Outi Elina Maasalo, and Hong Yue, as reported in [D]. John and Nirenberg defined in [24] a continuu m of function spaces that lie between L^1(R^n ) and BMO(R^n ). Indeed, a locally integrable function f belongs to John-Nirenberg space with exponent 1 ≤ p < ∞, we write f ∈ JN_p(Q_0), where Q_0 is a cube, if there exists A_f ≥ 0 so that ∞� i=1 μ(Q_i) � Q_i

|f − f_{Qi} | dμ

�_p ≤ A^p_f

for all partitions {Q_i} of Q_0. The definition coincides with the definition of BMO when p tends to infinity and with L^1, if p = 1. Observe that, as a consequence of Hölder’s inequality, L^p(Q_0) is contained in JN_p(Q_0). Hence the natural counterpart of the exponential integrability o f BMO functions is Marcinkiewicz estimate. Indeed, if f ∈ JN_p(Q_0) with 1 < p < ∞, then

|{x ∈ Q_0 : |f (x) − f_{Q0} | > λ }| ≤ C � A_f λ �_p

for every λ > 0 and for some constant C > 0 independent of f . There are several proofs in the Euclidean case; see [24], [17] and [41]. We give yet another proof in [D].

To generalize the result in doubling metric measure spaces i t is not even clear how to generalize the definition. One possibility is to use the dyadic construction by Christ [12]; see also [2]. The theorem, with the obvious changes in the definitions and statements, can be proved by th e Euclidean proof in [D]. However, in a metric space the metric ball is mor e natural an object to study. Hence, we will also consider another definit ion in terms of balls. Indeed, we say that f ∈ JN_p(B_0) for some metric ball B_0 and 1 < p < ∞ if there exists a constant A_f ≥ 0 such that ∞� i=1 μ(B_i) � B_i

|f − f_{Bi} | dμ

�_p ≤ A^p_f

for every collection of balls {B_i} such that the balls {^1_5B_i} form a pairwise disjoint family contained in 11 B_0 with centers in B_0. As before L^p(11B_0) is a subset of JN_p(B_0). The proof is slightly longer and uses a maximal function argument. The underlying principle is the observation that if a pairwise disjoint family of balls in a doubling metric space is dilate d, then the sum of the characteristic functions of the dilated balls is inte grable to any power 1 < q < ∞. In the Euclidean space, we can compare the definition by ball s and by cubes. Indeed, if Q_0 is a cube contained in a ball B_0, then whenever f ∈ JN_p(B_0) we also have f ∈ JN_p(Q_0).

To show that the John-Nirenberg space is contained in the Mar cinkiewicz space, we use Calderón-Zygmund decomposition that can be e ff ectively iterated. A version that suits particularily well to our context is presented in [D]. Indeed, given a locally integrable function f and levels

λ_N > λ_{N − 1} > · · ·> λ_1 ≥ 1 μ(B_0) � 11B_0

|f | dμ,

we can choose N families of balls {B_i(λ_j )}, j = 1 ,2, . . . , N , so that each family is admissible in the definition of JN_p and f is at most λ_j almost everywhere in the complement of the union of the balls in the j^{th} family, the mean value integral of f over any of the balls B_i(λ_j ) is comparable to λ_j , and so that each B_i(λ_j ) is contained in some 5 B_k(λ_{j − 1}) with j = 2 , . . . , N .

The lemma can be used to simplify the existing proofs (see [38 ], [9], [37]) of John-Nirenberg inequality in doubling measure spaces, a s well.

References

[1] Adams, D. R., and Hurri-Syrj änen, R. Vanishing exponential integrability for functions whose gradients belong to L^n (log(e+ L))^α . J. Funct. Anal. 197 , 1 (2003), 162–178.

[2] Aimar, H., Bernardis, A., and Iaffei, B. Comparison of Hardy- Littlewood and dyadic maximal functions on spaces of homoge neous type. J. Math. Anal. Appl. 312 , 1 (2005), 105–120.

[3] Bastero, J., Milman, M., and Ruiz, B. F. J. A note on L(∞ , q) spaces and Sobolev embeddings. Indiana Univ. Math. J. 52 , 5 (2003), 1215–1230.

[4] Bellman, R. The stability of solutions of linear di ff erential equations .

Ann. of Math. 10 (1943), 643–647.

[5] Bennett, C., DeVore, R. A., and Sharpley, R. Weak-L^∞ and BMO. Ann. of Math. (2) 113 , 3 (1981), 601–611.

[6] Bennett, C., and Sharpley, R. Interpolation of operators , vol. 129 of Pure and Applied Mathematics . Academic Press Inc., Boston, MA, 1988.

[7] Bj örn, A., and Bj örn, J. Nonlinear Potential Theory in Metric Spaces. In preparation.

[8] Bj örn, Anders and Bj örn, Jana and Parviainen, Mikko .

Lebesgue points and the fundamental convergence theorem fo r superharmonic functions. to appear in Rev. Mat. Iberoam. .

[9] Buckley, S. M. Inequalities of John-Nirenberg type in doubling spaces. J. Anal. Math. 79 (1999), 215–240.

[10] Buckley, S. M. Is the maximal function of a Lipschitz function continuous? Ann. Acad. Sci. Fenn. Math. 24 , 2 (1999), 519–528.

[11] Chiarenza, F., and Frasca, M. Morrey spaces and Hardy- Littlewood maximal function. Rend. Mat. Appl. (7) 7 , 3-4 (1987), 273– 279 (1988).

[12] Christ, M. A T(b) theorem with remarks on analytic capacity and the Cauchy integral. Colloq. Math. 60/61 , 2 (1990), 601–628.

[13] Coifman, R. R., and Weiss, G. Analyse harmonique noncommutative sur certains espaces homogènes . Lecture Notes in Mathematics, Vol. 242. Springer-Verlag, Berlin, 1971. Étude de certaines intégrales singulières.

[14] DeVore, R. A., and Sharpley, R. C. Maximal functions measuring smoothness. Mem. Amer. Math. Soc. 47 , 293 (1984), viii+115.

[15] Fiorenza, A., and Krbec, M. On the domain and range of the maximal operator. Nagoya Math. J. 158 (2000), 43–61.

[16] Gallardo, D. Orlicz spaces for which the Hardy-Littlewood maximal operator is bounded. Publ. Mat. 32 , 2 (1988), 261–266.

[17] Giusti, E. Direct methods in the calculus of variations . World Scientific Publishing Co. Inc., River Edge, NJ, 2003.

[18] Gogatishvili, A., and Kokilashvili, V. Criteria of weighted inequalities in Orlicz classes for maximal functions defined o n homogeneous type spaces. Georgian Math. J. 1 , 6 (1994), 641–673.

[19] Haj łasz, P. Sobolev spaces on metric-measure spaces. In Heat kernels and analysis on manifolds, graphs, and metric spaces (Paris , 2002), vol. 338 of Contemp. Math. Amer. Math. Soc., Providence, RI, 2003, pp. 173–218.

[20] Haj łasz, P., and Koskela, P. Sobolev met Poincaré. Mem. Amer.

Math. Soc. 145, 688 (2000), x+101.

[21] Haj łasz, P., and Onninen, J. On boundedness of maximal functions in Sobolev spaces. Ann. Acad. Sci. Fenn. Math. 29 , 1 (2004), 167–176.

[22] Heinonen, J. Lectures on analysis on metric spaces . Universitext.

Springer-Verlag, New York, 2001.

[23] Heinonen, J., and Koskela, P. From local to global in quasiconformal structures. Proc. Nat. Acad. Sci. U.S.A. 93 , 2 (1996), 554–556.

[24] John, F., and Nirenberg, L. On functions of bounded mean oscillation. Comm. Pure Appl. Math. 14 (1961), 415–426.

[25] Keith, S., and Zhong, X. The Poincaré inequality is an open ended condition. Ann. of Math. (2) 167 , 2 (2008), 575–599.

[26] Kilpel äinen, T., Kinnunen, J., and Martio, O. Sobolev spaces with zero boundary values on metric spaces. Potential Anal. 12 , 3 (2000), 233–247.

[27] Kinnunen, J. The Hardy-Littlewood maximal function of a Sobolev function. Israel J. Math. 100 (1997), 117–124.

[28] Kinnunen, J., and Latvala, V. Lebesgue points for Sobolev functions on metric spaces. Rev. Mat. Iberoamericana 18 , 3 (2002), 685–700.

[29] Kinnunen, J., and Lindqvist, P. The derivative of the maximal function. J. Reine Angew. Math. 503 (1998), 161–167.

[30] Kinnunen, J., and Martio, O. Maximal operator and superharmonicity. In Function spaces, di ff erential operators and nonlinear anal ysis (Pudasj ärvi, 1999) . Acad. Sci. Czech Repub., Prague, 2000, pp. 157– 169.

[31] Korenovskii, A. Mean oscillations and equimeasurable rearrangements of functions , vol. 4 of Lecture Notes of the Unione Matematica Italiana . Springer, Berlin, 2007.

[32] Koskela, P., and MacManus, P. Quasiconformal mappings and Sobolev spaces. Studia Math. 131 , 1 (1998), 1–17.

[33] Luukkainen, J., and Saksman, E. Every complete doubling metric space carries a doubling measure. Proc. Amer. Math. Soc. 126 , 2 (1998), 531–534.

[34] Mac ías, R. A., and Segovia, C. Lipschitz functions on spaces of homogeneous type. Adv. in Math. 33 , 3 (1979), 257–270.

[35] MacManus, P. The maximal function and Sobolev spaces. Preprint .

[36] MacManus, P. Poincaré inequalities and Sobolev spaces. In Proceedings of the 6th International Conference on Harmonic An alysis and Partial Di ff erential Equations (El Escorial, 2000) (2002), no. Vol. Extra, pp. 181–197.

[37] MacManus, P., and P érez, C. Trudinger inequalities without derivatives. Trans. Amer. Math. Soc. 354 , 5 (2002), 1997–2012 (electronic).

[38] Mateu, J., Mattila, P., Nicolau, A., and Orobitg, J. BMO for nondoubling measures. Duke Math. J. 102 , 3 (2000), 533–565.

[39] Shanmugalingam, N. Newtonian spaces: an extension of Sobolev spaces to metric measure spaces. Rev. Mat. Iberoamericana 16 , 2 (2000), 243–279.

[40] Sweezy, C. The maximal function on spaces that lie between L^∞ and BMO. In Proceedings of the 10th WSEAS International Conference on Applied mathematics (2006), World Scientific and Engineering Academy and Society (WSEAS) Stevens Point, Wisconsin, USA, pp. 433– 438.

[41] Torchinsky, A. Real-variable methods in harmonic analysis , vol. 123 of Pure and Applied Mathematics . Academic Press Inc., Orlando, FL, 1986.

[42] Vol^′berg, A. L., and Konyagin, S. V. On measures with the doubling condition. Izv. Akad. Nauk SSSR Ser. Mat. 51 , 3 (1987), 666– 675.

[43] Wik, I. A comparison of the integrability of f and Mf with that of f^♯.

University of Umeå, Preprint , 2 (1989).

[44] Xia, J. Bounded functions of vanishing mean oscillation on compact metric spaces. J. Funct. Anal. 209 , 2 (2004), 444–467.

(continued from the back cover)

A579 Lasse Leskelä, Falk Unger

Stability of a spatial polling system with greedy myopic ser vice September 2009

A578 Jarno Talponen

Special symmetries of Banach spaces isomorphic to Hilbert s paces September 2009

A577 Fernando Rambla-Barreno, Jarno Talponen Uniformly convex-transitive function spaces September 2009

A576 S. Ponnusamy, Antti Rasila

On zeros and boundary behavior of bounded harmonic function s August 2009

A575 Harri Hakula, Antti Rasila, Matti Vuorinen On moduli of rings and quadrilaterals: algorithms and exper iments August 2009

A574 Lasse Leskelä, Philippe Robert, Florian Simatos Stability properties of linear file-sharing networks July 2009

A573 Mika Juntunen

Finite element methods for parameter dependent problems June 2009

A572 Bogdan Bojarski

Differentiation of measurable functions and Whitney–Luzi n type structure theorems June 2009

A571 Lasse Leskelä

Computational methods for stochastic relations and Markov ian couplings June 2009

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The reports are available at http://math.tkk.fi/reports/ . The list of reports is continued inside the back cover.

A584 Tapio Helin

Discretization and Bayesian modeling in inverse problems a nd imaging February 2010

A583 Wolfgang Desch, Stig-Olof Londen

Semilinear stochastic integral equations in L_p December 2009

A582 Juho Könnö, Rolf Stenberg

Analysis of H(div)-conforming finite elements for the Brink man problem January 2010

A581 Wolfgang Desch, Stig-Olof Londen

An L_p-theory for stochastic integral equations November 2009

A580 Juho Könnö, Dominik Schötzau, Rolf Stenberg

Mixed finite element methods for problems with Robin boundar y conditions November 2009

ISBN 978-952-60-3061-6 (print) ISBN 978-952-60-3062-3 (electronic) ISSN 0784-3143 TKK Mathematics, 2010