Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2010 A591

REGULARITY FOR DEGENERATE NONLINEAR PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS

Juhana Siljander

ABTEKNILLINEN KORKEAKOULU

TEKNISKA HÖGSKOLAN HELSINKI UNIVERSITY OF TECHNOLOGY TECHNISCHE UNIVERSITÄT HELSINKI UNIVERSITE DE TECHNOLOGIE D’HELSINKI

Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2010 A591

REGULARITY FOR DEGENERATE NONLINEAR PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS

Juhana Siljander

Dissertation for the degree of Doctor of Science in Technology to be presented, with due permission of the Faculty of Information and Natural Sciences, for public examination and debate in auditorium E at Aalto University School of Science and Technology (Espoo, Finland) on the 29th of October 2010, at 12 o’clock noon.

Aalto University School of Science and Technology Department of Mathematics and Systems Analysis

Juhana Siljander Department of Mathematics and Systems Analysis Aalto University P.O. Box 11100, FI-00076 Aalto, Finland E-mail: juhana.siljander@tkk.fi

ISBN 978-952-60-3351-8 (print) ISBN 978-952-60-3352-5 (PDF) ISSN 0784-3143 (print) ISSN 1797-5867 (PDF) Aalto University Mathematics, 2010

Aalto University School of Science and Technology Department of Mathematics and Systems Analysis P.O. Box 11100, FI-00076 Aalto, Finland email: math@tkk.fi http://math.tkk.fi/

Juhana Siljander : Regularity for degenerate nonlinear parabolic partial differential equations ; Helsinki University of Technology Institute of Mathematics Research Reports A591 (2010).

Abstract: This dissertation studies regularity and existence questions related to nonlinear parabolic partial differential equations. The thesis consists of an overview and four research papers. The emphasis is on certain doubly nonlinear equations that are important in several applications. We study the Hölder continuity of weak solutions and the local boundedness of their gradients by modifying and extending known arguments for other similar equations.

We also consider an existence question for a parabolic obstacle problem. In particular, we show that the obstacle problem with a continuous obstacle admits a unique continuous solution up to the boundary, provided the domain is smooth enough.

AMS subject classifications: 35K65, 35K10, 35B65, 35D30

Keywords: Regularity, existence, higher regularity, Moser’s iteration, reverse Hölder inequality, Caccioppoli inequality, Schwarz alternating method, obstacle problem

Juhana Siljander : Säännollisyyskysymyksiä epälineaarisille parabolisille osittaisdifferentiaaliyht älöille

Tiivistelm ä: Tässä väitöskirjassa tutkitaan s äännöllisyys- ja olemassaolokysymyksiä epälineaarisille parabolisille osittaisdifferentiaaliyht älöille. Työ koostuu yhteenvedosta ja nelj ästä tutkimusartikkelista. Ty ön pääpaino on sovellusten kannalta t ärkeiden ep älineaaristen yht älöiden tutkimisessa. Artikkeleissa käsitellään ratkaisujen H ölder jatkuvuutta sek ä korkeampaa s äännöllisyytt ä modifioimalla ja yleist ämällä muille vastaaville yht älöille tunnettuja argumentteja.

Tutkimme my ös olemassaolokysymyst ä paraboliselle esteongelmalle. Esteen oletetaan olevan jatkuva funktio ja todistamme, ett ä kyseisellä esteongelmalla on yksikäsitteinen jatkuva ratkaisu.

Avainsanat: Säännollisyys, olemassaolo, korkeampi s äännöllisyys, Moserin iteraatio, käänteinen H ölderin ep äyht älö, Caccioppoli-ep äyht älö, Schwarzin alternoiva metodi, esteongelma

Acknowledgements

First of all, I would like to thank my advisor Juha Kinnunen for introducing me to the field and for his constant support during the process. His guidance has been essential for my mathematical development and I truly appreciate the work he has done in supervising me.

I would also like to present my gratitude to all my co-authors. They have patiently answered all the questions I have had during my studies. In particular, I would like to thank Tuomo Kuusi for his continuing mentoring which started already in 2006 when I was finishing my Master’s thesis and has been going ever since. In addition, I am very grateful to Mathias Masson for the numerous discussions we have had and through which I have been able to build my understanding of the concepts considered in this thesis.

I am grateful to my parents for their never-ending support and advice. I also want to thank my wife, Helga, for bringing me so much joy outside mathematics.

For the financial support I am indebted to Alfred Kordelin Foundation, Finnish Fulbright Center and to Academy of Finland which supported my studies through the Finnish National Graduate School in Mathematics and Its Applications. I also acknowledge the support of the Institute of Mathematics at Aalto University where I have conducted most of the research.

Helsinki, September 2010,

Juhana Siljander

List of included articels

This dissertation studies regularity and existence questions for nonlinear parabolic and elliptic partial differential equations of divergence form. The work consists of an overview and of the following four papers.

1. R. Korte, T. Kuusi, J. Siljander. Obstacle problem for nonlinear parabolic equations. Journal of Differential Equations 246 (2009), no. 9, 3668- 3680.

2. J. Siljander. Boundedness of the gradient for a doubly nonlinear parabolic equation. Journal of Mathematical Analysis and Applications 371 (2010), 158-167.

3. T. Kuusi, J. Siljander, J.M. Urbano. Local H ölder continuity for doubly nonlinear parabolic equations, arXiv:1006.0781v2.

4. J. Siljander. A note on the proof of H ölder continuity to weak solutions of elliptic equations, arXiv:1005.5080v1.

The work has mostly been done in 2009-2010 at Helsinki University of Technology. Paper (1) was partially written in 2007-2008 at Courant Institute of Mathematical Sciences of New York University.

Author’s contribution

The author’s role in preparing paper (1) was concentrated on the latter part where it is proved that continuous weak supersolutions are A-superharmonic functions. Papers (2) and (4) are independent research by the author while in paper (3) the author has had a key role in both analysis and writing of the manuscript. In particular, deriving the required Caccioppoli estimates, analyzing the role of the measure and, for instance, introducing the Case I - Case II -division has been work of the author.

Contents

1 History and motivation 1

2 Parabolic equations 2 2.1 Evolution p-Laplace equation . . . . . . . . . . . . . . . . . . 2 2.2 Doubly nonlinear equation . . . . . . . . . . . . . . . . . . . . 3 2.3 Intrinsic scaling . . . . . . . . . . . . . . . . . . . . . . . . . . 4

3 Doubling measures and Poincaré inequality 5 3.1 Doubling condition . . . . . . . . . . . . . . . . . . . . . . . . 5 3.2 Poincaré inequality . . . . . . . . . . . . . . . . . . . . . . . . 6 3.3 Sobolev embeddings . . . . . . . . . . . . . . . . . . . . . . . 6

4 Regularity for parabolic equations 7 4.1 Local Hölder continuity for doubly nonlinear equations . . . . 7 4.1.1 Two cases . . . . . . . . . . . . . . . . . . . . . . . . . 8 4.1.2 Modified Caccioppoli inequality . . . . . . . . . . . . . 8 4.1.3 Measure estimate . . . . . . . . . . . . . . . . . . . . . 9 4.1.4 Forwarding in time . . . . . . . . . . . . . . . . . . . . 9 4.2 DiBenedetto regularity argument and elliptic equations . . . . 11 4.3 Higher reqularity for doubly nonlinear equations . . . . . . . . 12

5 Questions on existence 14 5.1 Obstacle problem . . . . . . . . . . . . . . . . . . . . . . . . . 14 5.2 Schwarz method . . . . . . . . . . . . . . . . . . . . . . . . . . 14 5.3 Limit function . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

References 16

1 History and motivation

Regularity and existence questions for nonlinear partial differential equations have been under active research during the last decades. The questions date back to David Hilbert’s famous list of 23 mathematical problems that turned out to shape the mathematics of the 20th century. In 19th of his questions, he asked whether minimizers to functionals of type

I (u) = ∫ F (x, u, ∇ u) dx (1.1)

are necessarily analytic if the function F : R^d × R × R^d → R is assumed to satisfy certain regularity conditions.

Naturally, the problem was directly associated with the corresponding Euler-Lagrange equation. This resulted in the study of regularity for the solutions of the partial differential equation

− div A(x, u, ∇ u) = 0 . (1.2)

Related to the assumptions on the kernel F in (1.1), the operator A was assumed to satisfy certain structure conditions.

It was soon found out that if a solution to this problem is at least twice continuously differentiable it is, indeed, analytic as well. However, for proving existence for nonlinear equations assuming this kind of a priori regularity is too restrictive. Moreover, the statement of the minimization problem (1.1) does not require such a regularity assumption. This lead to the study of so called weak solutions which were defined in Sobolev spaces. Then the aim was to prove that the solutions would still have nice behavior, a posteriori. The key point turned out to be proving the local H ölder continuity of the weak solutions which would then yield the higher regularity through a bootstrap argument.

The problem was finally settled in 1950’s when Ennio De Giorgi [7] and John Nash [42] proved the continuity of weak solutions independently. Their work then inspired a lot of other research in the field. In 1960’s J ürgen Moser used an iteration method for showing that subsolutions are locally bounded and, moreover, he proved the Harnack inequality for the weak solutions [38]. This in turn, provided a new way to obtain the continuity result of De Giorgi and Nash.

Nash proved his results also for parabolic equations and further generalizations in this direction were also on the way. As the elliptic question was solved, the natural direction was to proceed to parabolic equations of type ∂u ∂t − div A(x, t, u, ∇ u) = 0 . (1.3)

We call this equation the A-parabolic equation.

Moser’s and De Giorgi’s methods, were both based on a successive use of Sobolev’s inequality and Caccioppoli estimates. De Giorgi established a measure estimate for certain distribution sets and by combining this estimate with another measure theoretical result, which nowadays is often called the ”De Giorgi lemma”, the proof was almost complete.

Moser in turn used similar ideas than De Giorgi to prove a reverse H ölder inequality. This inequality could then be iterated to obtain an upper bound for the supremum of the solution. This was used to conclude Harnack’s inequality which implies the H ölder regularity in a straightforward manner.

De Giorgi’s argument turned out to be problematic for parabolic generalizations. But Moser’s method, on the other hand, seemed to be more flexible. By introducing the parabolic BMO he was able to obtain the Harnack estimate in the quadratic case for parabolic equations [39], [40], [41], [49]. See also [30]. Nevertheless, the problem remained open for equations with more general growth conditions.

2 Parabolic equations

2.1 Evolution p-Laplace equation

A standard example of an equation of type (1.3) is the evolution p-Laplace, or p-parabolic, equation ∂u ∂t − div( |∇ u|^{p− 2} ∇ u) = 0 , 1 < p < ∞ . (2.1)

When p = 2 this is just the usual heat equation, but for other values of p it is highly nonlinear. In particular, it does not have quadratic growth with respect to the gradient.

It is noteworthy that the equation behaves differently in the cases when 1 < p < 2 and p ≥ 2. In the first case the exponent p − 2 in the power of |∇ u| will be negative and thus the set where |∇ u| = 0 might be problematic. In this work we only consider the latter case when p ≥ 2. These two different type of equations are referred to as singular and degenerate, respectively.

The kind of nonlinear equations we are studying can be tried to understand through their Barenblatt solutions which play the role of the fundamental solutions [2]. For equation (2.1), the Barenblatt solution is

B_{2,p} (x, t ) = t^{− d/λ} ( p − 2 p λ^{− 1/(p− 1)} ( C − ( |x| t^{1/λ}

)_{p/(p− 1)} )) (p− 1) /(p− 2) + where C > 0 is a constant and λ = d(p − 2) + p with p > 2.

From this one can easily notice the important property of finite propagation speed of disturbancies, i.e. the set in which B_{2,p} > 0 is bounded for every time level. This differs from the heat equation which has infinite propagation speed. Therefore the evolution p-Laplace equation provides in some sense a more realistic way to model the heat propagation. This is one of the greatest advantages, and challenges, of this equation. One can also observe that the function is spatially C^{1,α}_{loc} , but not C^2 . The irregularity occurs at the moving boundary, i.e. the boundary of the set {B_{2,p} (·, t) > 0}.

The finite propagation speed property produces also some problems. It corresponds to the fact that we cannot scale solutions like in the case of the heat equation. This kind of homogenuity was a crucial requirement for pushing through the original arguments of De Giorgi and Moser. The starting point in their reasoning is the Caccioppoli inequality, but for nonnegative solutions of equation (2.1) this energy estimate takes the form

ess sup_t ∫ u^2 φ^p dμ + ∫ ∫ |∇ u|^p φ^p dμ dt ≤ C ∫ ∫ u^p |∇ φ |^p dμ dt + C ∫ ∫ u^2 | | | ∂φ ∂t | | |φ^{p− 1} dμ dt

(2.2)

which is not homogeneous. Indeed, the exponents of u are not the same in different terms and this produced difficulties with the known arguments.

2.2 Doubly nonlinear equation

As the parabolic theory encountered problems with these methods Trudinger presented a nonlinear parabolic equation satisfying nonquadratic growth conditions for which the Moser iteration scheme could be applied [49]. This equation ∂(|u|^{p− 2} u) ∂t − div( |∇ u|^{p− 2} ∇ u) = 0 (2.3)

had the desirable property that solutions could be scaled by constants, i.e. if u is a solution also λu is a solution where λ ∈ R. Also the Caccioppoli inequality will take a homogeneous form for this equation. In the sequel, we will call this equation ”the doubly nonlinear equation” since the term in the time derivative is nonlinear as well.

We can again try to understand the behavior of this equation by considering its Barenblatt solution

B_p (x, t ) = Ct^{− dp ( p − 1)} exp ( − p − 1 p ( |x|^p pt ) 1_{p − 1} ) , 1 < p < ∞ .

Observe that this fundamental solution does not have a moving boundary. The function is everywhere positive, which indicates infinite propagation speed. The Barenblatt solution is even a smooth function, but this porperty does not hold for general solutions as can be seen already by the stationary theory for p-Laplace equation, see [32]. Nevertheless, it has been a common belief that the solutions for this equation should be C^{1,α}_{loc} , but still even continuity results for weak solutions of equation (2.3) have been difficult to find in the litterature [51], [43], [23].

The problem with this equation is that we cannot add constants to solutions like in the linear case. De Giorgi’s argument is based on estimating level sets by using energy estimates where instead of u we have ( u − k)_± . However, this kind of Caccioppoli estimates are not clear for the doubly nonlinear equation. On the other hand, Moser’s ideas won’t work either, because even though Harnack’s inequality can be proved by using Moser’s method, see [49] and [26], it does not seem to directly imply the H ölder continuity. One of the main objectives of this thesis has been to reconsider these problems. The Hölder regularity and the spatial local Lipschitz continuity for the solutions of this equation have been studied in papers (3) and (2), respectively. We consider the weighted case where the Lebesgue measure is replaced by a more general Borel measure.

The doubly nonlinear equation (2.3) has some intrinsic properties which make it interesting. Namely, the solutions of the equation can be scaled and, moreover, it admits a scale and location invariant Harnack’s inequality [26]. See also [14], [29], [4], [6], [5] and [19].

Grigor’yan and Saloff-Coste observed that the doubling condition and the Poincaré inequality, see chapter 3, are not only sufficient but also necessary conditions for a scale and location invariant parabolic Harnack principle for the heat equation on Riemannian manifolds, see [18], [46] and [45]. It would be interesting to know whether this result could be generalized for more general nonlinear parabolic equations as well. Due to its nice scaling properties the doubly nonlinear equation seems to be a good candidate for this purpose.

Moreover, recently Lewis and Nystr öm proved a boundary Harnack principle for the time-independent p-Laplace equation, [33]. See also [34]. They make heavy use of weighted regularity results in their argument. Generalizing this result for nonlinear parabolic equations would be an interesting problem. The equation under study might be a good candidate for studying this question, as well.

2.3 Intrinsic scaling

The breakthrough in the parabolic theory took place in 1980’s when Emmanuele DiBenedetto represented the “intrinsic scaling” argument, [9], [10]. This method provided a way to handle the inhomogenuity in the evolution p-Laplace equation (2.1) by modifying the geometry to make the equation seem more like the doubly nonlinear equation (2.3).

The great insight of DiBenedetto was to use a scaling factor which depends on the solution itself [9]. As parabolic equations, like the p-parabolic equation, did not admit homogeneous energy estimates the aim was to modify the geometry so that the equations started to look homogeneous in this sense. The idea was to use a scaling argument to make the equation look like

|u|^{p− 2} ∂u ∂t − div( |∇ u|^{p− 2} ∇ u) = 0

which looks very similar to the doubly nonlinear equation.

In constructing the H ölder continuity argument the idea was to use a De Giorgi type argument. De Giorgi’s method was based on energy estimates on differences ( u − k)_± where k is suitably chosen so that by estimating u by its infimum or supremum we can bound the term by the oscillation of u in a given space-time cylinder. So the natural scaling factor turns out to be ω^{2− p} where ω denotes the oscillation in the given cylinder. This factor balances the powers of ω and the estimates become homogeneous.

In any case, the parabolic regularity problem was solved. Moreover, the C^{1,α}_{loc} -regularity for the p-parabolic equation was proved at the same token, [11], [12], [13]. Naturally, these issues were also studied for nonlinear equations of more general type ∂u ∂t − div( u^{m − 1} |∇ u|^{p− 2} ∇ u) = 0 , m ∈ R, 1 < p < ∞ . (2.4)

Observe that for nonnegative solutions of the doubly nonlinear equation substitution v = u^{p− 1} in the equation (2.3) yields ∂v ∂t − div( u^{2− p} |∇ u|^{p− 2} ∇ u) = 0 .

So equation (2.4) formally includes both of the examples we have considered as well as the porous medium equation [50]. For further aspects in the parabolic theory, see also [35] and [52].

3 Doubling measures and Poincaré inequality

Traditionally partial differential equations have been studied in subdomains of R^d . However, this is not the whole story. The Euclidean space R^d can be replaced, for instance, by a Riemannian manifold [45]. Also the standard Lebesgue measure can be replaced by a more general Borel measure. Studying this generalization in the parabolic setting has been one of the main themes in our work. All of the arguments in (2), (3) and (4) are build in this kind of more general context. However, we still cannot take just any measure, but we need to assume some additional properties.

Now it turns out that a so called doubling condition and a weak Poincaré inequality are sufficient assumptions in our arguments. These together imply a Sobolev embedding which is an important tool for us.

Many of the arguments can, in fact, be done even in a general metric space. In a metric space it is not clear how to define directions and, consequently, a gradient. However, this problem can be overcome by introducing so called upper gradients, see [21], [3]. Nevertheless, we will not take this route and we only consider R^d in this work.

3.1 Doubling condition

Let us denote the standard open ball in R^d by

B (x, r ) := { y ∈ R^d : d(x, y) < r }.

A measure μ is said to be doubling if there is a constant D_0 > 0 such that for every point x ∈ R^d and for every r > 0 it is true that

μ(B (x, 2r )) ≤ D_0 μ(B (x, r )) .

Let 0 < r < R < ∞ . A simple iteration of this doubling condition implies

μ(B (x, R )) μ(B (x, r )) ≤ C ( R r )_{dμ} , where d_μ = log_2 D_0 is the dimension related to the measure. For the Lebesgue measure d_L = d.

This tells us that the measure of balls with the same center scale somehow boundedly when the radius is increased. Moreover, the scaling exponent is uniform in the whole space.

3.2 Poincaré inequality

Another rather standard assumption, in addition to the doubling condition, is that the measure μ supports a weak Poincaré inequality.

We say that a measure μ supports a weak (1 , p)-Poincaré inequality if there are constants P_0 > 0 and τ ≥ 1 such that for every x ∈ R^d and every r > 0 the Poincaré inequality − ∫ B (x,r )

|u − u_{B (x,r )} | dμ ≤ P_0 r ( − ∫ B (x,τ r )

|∇ u|^p dμ

)_{1/p} (3.1)

holds for all Sobolev functions. Here we denoted

u_{B (x,r )} := − ∫ B (x,r )

u dμ := 1 μ(B (x, r )) ∫ B (x,r )

u dμ.

The word “weak” is related to the factor τ ≥ 1. If the inequality holds when τ = 1 we say the measure supports a (1 , p)-Poincaré inequality. In R^d with a doubling measure, the weak (1 , p)-Poincaré inequality with some τ ≥ 1 implies the (1 , p)-Poincaré inequality with τ = 1, see Theorem 3.4 in [20].

In standard real analysis we have the fundamental theorem of calculus which relates the oscillation of the function to its derivative. Poincaré inequality is a similar tool. From (3.1) it is easy to see that if the measure of the set where the gradient is large, i.e. the set where the function’s values change a lot, is small then also the set where the function’s values differ a lot from its average has to be small in measure.

3.3 Sobolev embeddings

The key idea behind the two main assumptions is the fact that they imply a Sobolev embedding [20]. Indeed, the Sobolev inequality is one of the most important tools in the theory of partial differential equations.

It says that for every x ∈ R^d and r > 0 there is a constant C > 0 such that ( − ∫ B (x,r )

|u − u_{B (x,r )} |^κ dμ

)_{1/κ}

≤ Cr ( − ∫ B (x,r )

|∇ u|^p dμ

)_{1/p} (3.2)

where κ = d_μ p d_μ − p

, 1 < p < d_μ ,

2p, p ≥ d_μ .

The crucial fact here is that κ > p . This gives extra room to be used in the regularity arguments of (2), (3) and (4). Naturally, by H ölder’s inequality, κ can be replaced by any smaller positive number, as well.

If u has zero boundary values in the Sobolev sense in B (x, r ), the above inequality can be written without the mean values as ( − ∫ B (x,r )

|u|^κ dμ

)_{1/κ} ≤ Cr ( − ∫ B (x,r )

|∇ u|^p dμ

)_{1/p} . This is the form that is most often used in our arguments. In general, we do not assume that the functions we consider have zero boundary values, but we introduce a cut-off function for enabling the use of this inequality.

In the next two chapters we will present some key ideas from the papers (1), (2), (3) and (4).

4 Regularity for parabolic equations

4.1 Local H ölder continuity for doubly nonlinear equations

In paper (3) we extend DiBenedetto’s H ölder continuity proof to cover nonnegative solutions of the doubly nonlinear equation. However, we face several difficulties not present in the case of evolution p-Laplace equation with Lebesgue measure.

The original proof, see [10], studies the continuity in a neighborhood of a given point ( x_0 , t_0 ) by considering a space time cylinder B (x_0 , r ) × (t_0 − ηr^p , t_0 ). Naturally, the intrinsic geometry plays an important role here. Indeed, the scaling factor η > 0 depends intrinsically on the solution itself.

The idea in the proof is to show that the oscillation in this intrinsic cylinder is reduced by a controlled factor when the cylinder is shrinked by another factor. The proof starts by taking any suitable subcylinder inside the initial cylinder with the same spatial center point and with the same spatial radius. In this setting, one gets a measure estimate, for different level sets, which after a suitable iteration implies that if the set where the solution u is small (large), is small enough portion of the subcylinder, then u is actually big (small) almost everywhere in a smaller cylinder. Now it only remains to show that this information can be forwarded in time. This is necessary since the subcylinder under study does not necessarily contain the point ( x_0 , t_0 ), but it can be positioned at an earlier time.

The proof is divided in two alternatives. In the first one it is assumed that the set where the solution is small is small and it only remains to show the forwarding argument.

In the second alternative, the set where u is small is assumed to be big. This is then used to show that also at later times the set where the solution is above some threshold level is not too big. Then by using a De Giorgi type lemma it can be shown that by increasing the threshold level the measure of the set where u is above that threshold can be chosen arbitrarily small. Finally, an iteration of the measure estimate proved in the beginning concludes the argument by deducing that, in fact, in a smaller cylinder the supremum of the solution has, indeed, strictly decreased.

4.1.1 Two cases

The doubly nonlinear equation behaves somewhat differently than the evolution p-Laplace equation and hence it requires a slightly different kind of consideration that is needed in the p-parabolic setting. This leads us to study two different cases which correspond to two different kinds of behavior.

In large scales, when the oscillation of the solution is big, the solution behaves like the solutions of the heat equation do. In this case, the scaling property and the consequent Harnack’s inequality dominate and the reduction of oscillation follows easily, even in a non-intrinsic geometry, for all 1 < p < ∞ .

On the other hand, in small scales the oscillation is small and the supremum and infimum are close to each other. Correspondingly, in the time derivative term of (2.3), which formally looks like u^{p− 2} u_t , the factor u^{p− 2} behaves like a constant coefficient. Indeed, if the oscillation is very small, this factor is between two constants whose difference is negligible. This implies a p-parabolic type behavior and hence this case demands an argument of its own which respects this nature. Basically one needs to go through the DiBenedetto scheme.

So both of the cases require a full treatment, although the first one is significantly simpler. Neither of the arguments is, however, completely redundant to the known theory, but in any case we need to modify some key parts of DiBenedetto’s proof.

4.1.2 Modified Caccioppoli inequality

The first problem in applying the DiBenedetto argument for the doubly nonlinear equation comes with the energy estimates which are used in proving a measure estimate for distribution sets. The argument is based on a successive use of Hölder’s inequality, Sobolev embedding and an energy estimate, but now, as we cannot add constants to solutions, we do not have Caccioppoli inequalities for ( u − k)_± which are needed in DiBenedetto’s proof. Usually, proving these energy estimates is done by substituting a suitable test function in the definition of the weak solution. For nonnegative solutions of the doubly nonlinear equation this weak formulation is ∫ ∫ ( A(x, t, u, ∇ u) · ∇ ϕ − u^{p− 1} ∂ϕ ∂t ) dμ dt = 0 (4.1)

which has to hold true for every test function. Naturally, the solution is assumed to belong to a parabolic Sobolev space to guarantee the summability of this integral.

In the case of the evolution p-Laplace equation the exponent p − 1 of u in the second term in this definition is replaced by the exponent one. In our case, the nonlinearity in this term causes problems in proving energy estimates.

We overcome this setback by modifying the Caccioppoli inequality similarly as done with the porous medium equation, see [12], [13], [8], [50]. More precisely, we introduce an integral term which absorbs the nonlinearity and for which we have suitable estimates. See also [23], [53], [51], [43].

The estimates we acquire are slightly different than in the original argument of DiBenedetto. Namely, the parabolic terms will have extra weights related to the homogenous nature of the equation. However, this does not cause any problems since in the first case of the argument we do not really need the full DiBenedetto theory, and in the second case these weights can be trivially estimated by infimum and supremum.

4.1.3 Measure estimate

DiBenedetto’s proof for the measure estimate is based on De Giorgi type ideas with the intrinsic scaling argument included. The intrinsic scaling he uses is realized by a change of variable in the energy estimate. He also has to carefully study the measures which occur after the trivial estimates of u by its supremum which are done for constructing the oscillation terms. In particular, the knowledge, that Lebesgue measure of the ball is comparable to the radius in power of the dimension, is used. We are able to work with a more general measure satisfying the doubling condition and supporting a weak Poincaré inequality.

Our argument combines the De Giorgi type ideas used by DiBenedetto with Moser’s iteration. We plug ( u− k)_± in the Moser iteration scheme and by doing so we deduce the same estimate as DiBenedetto concluded by a change of variable argument. Using Moser’s method enables us to construct the whole argument on integral averages. The advantage is that we only need to use the doubling property of the measure, instead of the exact scaling behavior.

4.1.4 Forwarding in time

The forwarding in time argument has traditionally been done by logarithmic estimates and in the second case we use this method as well. Note, however, that the logarithmic estimates for this kind of doubly nonlinear equations have often been proved by a substitution of type v = u^{p− 1} which changes the form of the equation. It is not clear for us whether the definitions of weak solutions to these different equations are equivalent and hence we wanted to avoid this passage. Instead, our proof of the estimates is based on a similar type of integral term as we used to prove the energy estimate. This enables us to bypass the substitution still taking care of the nonlinearity in the time derivative term.

In the first case, when the infimum is small, we on the other hand use a completely different kind of idea which trivializes the whole question. Namely, we use the Harnack inequality

ess sup

U^−

u ≤ H_0 ess inf

U^+ u. Observe the “time lag”, i.e. the sets U^− and U^+ are disjoint cylinders with the same spatial center and radius such that U^− lies below, or before, U^+ . This is familiar already from the standard theory of the heat equation and it holds for the doubly nonlinear equation, [26], [4], [6], [5] and [19].

The fact that the infimum is taken at a later time than the supremum provides us a natural way to forward information in time. If we know that the solution is positive in a set of positive measure at an earlier time, then by this estimate we also have a lower bound for the solution at a later time level. This is all we need in the first case. We just need to consider two alternatives. In the first one, we assume that the measure of the set

{ (x, t ) ∈ B (x_0 , r ) × (t_0 − r^p , t_0 − r^p λ_2

) : u(x, t ) > ess sup u − ess osc u 2 } is not zero for a suitable λ_2 > 1. Then by the Harnack inequality we deduce that the infimum of u near ( x_0 , t_0 ) is rather big as well. To conclude the argument we just need to guarantee that the lower bound we get is not trivial in the sense that the infimum will, indeed, be increased also near the reference point ( x_0 , t_0 ). This can be done by demanding that the infimum in the original set is small enough. This requirement contributes to the assumption of the first case.

The second alternative consists of the case in which the measure of the above set is zero. But then we can choose the scaling factor η large enough to force the portion of the original set where u is big arbitrarily small. Indeed, this portion is at most 1 /η. The alternative, and the first case, is concluded by an iteration of the measure estimate which finally concludes the reduction of the oscillation.

After the energy estimate and the logarithmic lemmata have been proved the second case follows DiBenedetto’s reasoning. There remains some details which have to be carefully analyzed, but morally the rest of the argument is identical to the case of the evolution p-Laplace equation. The key observation is to use an intrinsic geometry where the intrinsic scaling factor also includes the infimum of u in such a way that the weights appearing from the integral terms of the energy estimate and of the logarithmic lemmata will be handled by the geometrical context.

The final H ölder estimate follows from an iteration of the reduction of oscillation process. Consequently, we might end up jumping between the first and second cases in the interation. A priori, this might cause a problem since the cases are build on different kind of time geometries. However, quite remarkably the assumptions of the cases guarantee that everything works fine. Indeed, we only need to shrink the cylinders by a controllable amount also when we move from the first case to the second one. Observe that we can construct the argument so that this happens only once and we can also always start from the case one.

The DiBenedetto scheme was introduced in [9]. Recently, there have also been found other approaches for the regularity argument [15], [17]. These new ideas are based on the methods which were developed for Harnack estimates. In particular, the expansion of positivity type of ideas are used. It would be interesting to know whether these new ideas would provide less involved ways to prove these continuity results also for this kind of doubly nonlinear equations where the nonlinearity lies in the time derivative term.

4.2 DiBenedetto regularity argument and elliptic equations

In order to show the H ölder regularity for the doubly nonlinear equation, especially in the weighted case, we needed to modify DiBenedetto’s original argument. His proof is based on the measure estimate which tells that if the set where u is, say, near the supremum is small enough then the oscillation can, in fact, be reduced by going to a smaller cylinder. Now by an easy application of Chebyshev’s inequality we can get the upper bound

μ({ u > ess sup u − ess osc u

2^λ }) = μ({ ess osc u 2^λ

> ess sup u − u}) ≤ ( ess osc u

2^λ

)_δ ∫ ( 1

ess sup u − u

)_δ dμ (4.2)

for this set. Here δ > 0 can be chosen as we please.

So basically, if we can show that the integral on the right hand side of the above inequality is bounded, choosing λ large enough gives the result directly. Of course, one should assume that the solution is not constant.

In paper (4) we use this kind of ideas to give some remarks on the H ölder continuity proof of elliptic equations. Indeed, DiBenedetto’s continuity argument applies also in the elliptic setting. Consequently, it is enough to study the above integral which can be shown to be bounded for solutions of certain elliptic equations.

The modifications of DiBenedetto’s argument we did for the proof for the doubly nonlinear equation turn out to be quite useful also in this case. Pluging (u − k)_+ in the Moser iteration scheme works also for elliptic equations and, consequently, we get a simple proof for the measure estimate. We also make the argument, as before, for general measures. See also [16].

Originally, Moser used the iteration scheme to prove the supremum estimate. Instead of that we get the measure estimate of DiBenedetto. Now Moser continued to prove weak Harnack’s inequality to conclude the continuity from Harnack’s principle. Our approach, however does not require the full Harnack theory. By using the above Chebyshev argument we are able to simplify this method and, consequently, we only need to prove the integrability of a solution to some negative power. This can be done by a cross-over lemma which is proved by BMO techniques. More precisely, one uses logarithmic Caccioppoli estimates together with the John-Nirenberg lemma. It is noteworthy that Moser’s proof for the weak Harnack inequality follows the same outline, however, we are able to get the regularity result directly from the cross-over lemma, instead of using Harnack’s inequality for the final conclusion.

Another way to conclude the H ölder regularity is De Giorgi’s lemma which De Giorgi used in his regularity argument. Our approach of using the Chebyshev inequality seems to provide an alternative approach to these methods for deducing the result. Whether this kind of ideas could be used for proving the regularity result for parabolic equations, would be an interesting question for further study. For further aspects of the elliptic theory, see e.g. [31], [22] and [37].

4.3 Higher reqularity for doubly nonlinear equations

As the Barenblatt solution for the doubly nonlinear equation is smooth this raises the expectation that such regularity is true also for general solutions of the equation. However, as we already noted in the beginning already the standard stationary theory shows that C^∞ -smoothness is too much to ask, [32]. Nevertheless, one would like to prove the C^{1,α}_{loc} -regularity for the solutions of the equation. In paper (2) we give a first step towards this goal. More precisely, we prove that the gradient of a positive solution is locally bounded and thus the solution itself is spatially locally Lipschitz continuous. Once again we construct the proof in the weighted case where the Lebesgue measure is replaced by a more general Borel measure.

Our proof is based on the argument by DiBenedetto and Friedman [11] which handles the evolution p-Laplace equation. See also [12], [13]. Their result was stated directly to systems of partial differential equations, but we only consider one equation.

DiBenedetto and Friedman start by differentiating the equation and then use standard techniques to prove Caccioppoli inequalities for this differentiated equation. Next they employ Moser’s iteration to show that the gradient of the solution is locally integrable to any power. Finally, they conclude the boundedness of the gradient by a De Giorgi type argument.

The first difficulty with the doubly nonlinear equation comes again from the nonlinearity in the time derivative term. After differentiating the equation, we will have an extra factor of u^{p− 2} in front of the time derivative. Recall that we only study positive solutions so that this factor makes sense even without absolute values. This assumption also allows us to freeze this nonlinear factor. Suppose we study the regularity in a neighborhood of (x_0 , t_0 ) ∈ Ω_T ⊂ R^{d+1}_+ and assume further that our solution u is positive at this point. By continuity, as studied in the previous section, there is an open neighborhood of this point such that the solution is bounded away from zero in this set as well. Now we restrict our study to this set. By a standard covering argument any compact set can be handled this way.

For getting rid of the nonlinearity we use a freezing argument. We treat the nonlinear factor as a constant coefficient by freezing it at the point ( x_0 , t_0 ). Next we scale it to the time geometry and continue to prove the Caccioppoli inequalities as in [11]. Here we need to use an intrinsic scaling argument. After this trick proving the energy estimates turns out to be quite straightforward and we just need to follow DiBenedetto and Friedman.

Next DiBenedetto and Friedman proceed to prove that the gradient is locally integrable to any positive power. They use this result in their final De Giorgi argument which gives the theorem. We simplify this method by dropping off the De Giorgi argument. It was long thought that Moser’s iteration cannot be used for non-homogeneous equations, like the equation for the gradient, to yield the local boundedness. This is, however, not the case. By a delicate analysis of Moser’s method it can be pushed through to non-homogeneous equations, too. The reverse H ölder inequality which the Moser argument gives will not be homogeneous, but it still can be iterated. The common belief used to be that iterating this estimate would lead to the blow-up of the constants and other methods, like the De Giorgi type argument used in [11], were developed. However, this is not necessary as shown in (2).

The drawback in the theory is that, even though the argument can be generalized to equations like the doubly nonlinear example we are studying, it is rather intrinsic to the original p-parabolic equation. As a consequence, the final estimate we get is non-homogeneous although our original equation is homogeneous with respect to scaling. More precisely, we are only able to prove

ess sup |∇ u|^2 ≤ C ( − ∫ |∇ u|^p dν + 1 ) . We would like this estimate to resemble the homogenuity so that the exponents in both sides would be the same. Instead, we get the estimate related to the geometry of the evolution p-Laplace equation.

On the other hand, we do not use the scaling property at all. Consequently, our reasoning works also for other more general doubly nonlinear equations of type

∂(u^m ) ∂t − div( |∇ u|^{p− 2} ∇ u) = 0 , m ≥ 1, 2 ≤ p < ∞ .

However, for these equations the assumption that solutions are positive is not as natural as in the case of the doubly nonlinear equation. This is due to the fact that this kind of general doubly nonlinear equations do have the moving boundary outside of which the solution is not positive but merely nonnegative.

The crucial part where we need the positiveness assumption is the freezing argument. Observe that if we choose m = 1 in the above doubly nonlinear equation we get the evolution p-Laplace equation. In that case we do not need the freezing argument since we do not have the difficult nonlinearity anymore. Indeed, our proof also gives a simplified argument for the boundedness of the gradient of solutions to p-parabolic equation. We also study the weighted case where the Lebesgue measure is replaced by a more general Borel measure.

5 Questions on existence

5.1 Obstacle problem

In paper (1) we study the existence of solutions to an obstacle problem. Suppose we are given a continuous function ψ called the obstacle and we want to find a continuous function which in some sense solves a differential equation with the restriction that the solution has to lie above the obstacle ψ . In our paper the equation under study is the A-parabolic equation ∂u ∂t − div A(x, t, u, ∇ u) = 0 .

introduced in the first chapter.

We define the solution to the obstacle problem as the smallest weak supersolution of the equation which lies above the obstacle and which is Aparabolic, i.e. solves the equation, in the set { u > ψ }. We prove that there is a unique continuous solution to this problem. We also show that if the boundary satisfies certain thickness condition, the solution attains the boundary values continuously. Furthermore, we prove that if the obstacle is Hölder continuous also the solution will have H ölder regularity.

The existence questions for parabolic obstacle problems has been studied via variational methods by Lions [36] and [25]. See also [1], [44], [47] and [48].

5.2 Schwarz method

Our argument is based on a modification of the Schwarz alternating method. See e.g. [24]. It starts with two overlapping domains in both of which one has a solution for a Dirichlet problem. In the overlapping domain one takes the boundary values from one of the solutions and solves the Dirichlet problem in the other domain with these boundary values. Consequently, one gets a new solution for the Dirichlet problem. Next this new solution is used to give boundary values for the other domain. By continuing this kind of iterative process one ends up with a bounded decreasing sequence of solutions.

Harnack’s convergence theorem implies that this sequence converges to a solution in the union of the domains.

In our problem, just like in the Schwarz alternating method, we start from the obstacle and construct a sequence of functions using the previous function as boundary data. However, we do not consider union of two domains but instead we take all the cylinders with rational endpoints in the domain. Naturally, these cylinders can be enumerated as Q^0 , Q^1 , . . . . We start the construction by defining φ_0 = ψ , i.e. the first function in the sequence is just the obstacle. Next we solve the boundary problem with boundary values φ_0 in Q^0 and thus we get a solution in Q^0 which we further extend as φ_0 to the whole domain. Now the next member φ_1 in the sequence is defined as the maximum of the function achieved by extending the solution and φ_0 . We continue inductively through all the cylinders.

5.3 Limit function

By the construction the sequence will be increasing and bounded. All the functions in the sequence will also be continuous and the limit function will thus be lower semicontinuous. Moreover, in the set { φ_k > ψ } the function φ_k is achieved as a maximum of subsolutions and thus in this set it will be a subsolution to the equation. So many of the desired properties we require from a solution of the obstacle problem are immediate consequences of our construction.

One of the key ideas in this method is that the limit function will, in fact, turn out to be A-superparabolic, i.e. it will be finite in a dense subset of the original domain, lower semicontinuous and most importantly it will satisfy a comparison principle in any subset of the domain [27]. We are left to show that this function will be continuous and that continuous A-superparabolic functions are weak supersolutions.

Clearly, by the continuity of the obstacle the limit function u will be continuous in the contact set { u = ψ }. On the other hand, in the set { u > ψ } the function u turns out to be a solution to the equation and hence it is continuous there as well. So the problem is the boundary of the set { u > ψ }. This we handle by a modification of the obstacle function.

By the maximum principle we deduce that varying the obstacle by a small amount cannot change the solution too much. Next we dig a hole in the obstacle, i.e. we slightly lower it in a small neighborhood of the reference point we are studying. Now we are able to show that a small hole in the obstacle changes the solution by a small amount. The solution for the modified obstacle will also be continuous. Consequenty, the original function will be continuous at the point, too. We can apply the same argument for boundary points of the original domain, as well, provided solutions to the equation admit boundary values continuously. This is guaranteed by a thickness condition to the domain.

For proving that A-superparabolic functions are weak supersolution we construct an increasing sequence of weak supersolutions which converges to the A-superparabolic function u. The aim is to use a compactness result which tells us that the limit of increasing sequence of weak supersolutions is a weak supersolution, too [28].

The construction is again generated by the original A-superparabolic function. We take a dyadic decomposition of the domain and solve the equation with the boundary values u in each cube of level k. Next we use a pasting lemma to conclude that the function u_k achieved by gluing these solutions of different cubes of the dyadic decomposition will, in fact, be a supersolution. Finally, we show that this sequence will be increasing and converges to u which proves the claim.

References

[1] Hans W. Alt and Stephan Luckhaus. Quasilinear elliptic-parabolic differential equations. Math. Z. , 183(3):311–341, 1983.

[2] Grigory I. Barenblatt. On self-similar motions of a compressible fluid in a porous medium. Akad. Nauk SSSR. Prikl. Mat. Meh. , 16:679–698, 1952.

[3] Anders Björn and Jana Bj örn. Nonlinear potential theory on metric spaces. in preparation, 2010.

[4] Filippo Chiarenza and Raul Serapioni. Degenerate parabolic equations and Harnack inequality. Ann. Mat. Pura Appl. (4) , 137:139–162, 1984.

[5] Filippo Chiarenza and Raul Serapioni. A remark on a Harnack inequality for degenerate parabolic equations. Rend. Sem. Mat. Univ. Padova , 73:179–190, 1985.

[6] Filippo M. Chiarenza and Raul P. Serapioni. A Harnack inequality for degenerate parabolic equations. Comm. Partial Differential Equations , 9(8):719–749, 1984.

[7] Ennio De Giorgi. Sulla differenziabilità e l’analiticità delle estremali degli integrali multipli regolari. Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. (3) , 3:25–43, 1957.

[8] Emmanuele DiBenedetto. Continuity of weak solutions to a general porous medium equation. Indiana Univ. Math. J. , 32(1):83–118, 1983.

[9] Emmanuele DiBenedetto. On the local behaviour of solutions of degenerate parabolic equations with measurable coefficients. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) , 13(3):487–535, 1986.

[10] Emmanuele DiBenedetto. Degenerate parabolic equations . Universitext.

Springer-Verlag, New York, 1993.

[11] Emmanuele DiBenedetto and Avner Friedman. Regularity of solutions of nonlinear degenerate parabolic systems. J. Reine Angew. Math. , 349:83– 128, 1984.

[12] Emmanuele DiBenedetto and Avner Friedman. H ölder estimates for nonlinear degenerate parabolic systems. J. Reine Angew. Math. , 357:1– 22, 1985.

[13] Emmanuele DiBenedetto and Avner Friedman. H ölder estimates for nonlinear degenerate parabolic systems. J. Reine Angew. Math. , 363:217–220, 1985.

[14] Emmanuele DiBenedetto, Ugo Gianazza, and Vincenzo Vespri. Harnack estimates for quasi-linear degenerate parabolic differential equations. Acta Math. , 200(2):181–209, 2008.

[15] Emmanuele DiBenedetto, Ugo Gianazza, and Vincenzo Vespri. A geometric approach to the h ölder continuity of solutions to certain singular parabolic partial differential equations. Preprint, 2010.

[16] Eugene B. Fabes, Carlos E. Kenig, and Raul P. Serapioni. The local regularity of solutions of degenerate elliptic equations. Comm. Partial Differential Equations , 7(1):77–116, 1982.

[17] Ugo Gianazza, Mikhail Surnachev, and Vincenzo Vespri. A new proof of the hölder continuity of solutions to p-laplace type parabolic equations. Preprint, 2010.

[18] Alexander A. Grigor^′yan. The heat equation on noncompact Riemannian manifolds. Mat. Sb. , 182(1):55–87, 1991. Translation in Math. USSR-Sb. 72(1), 47–77, 1992.

[19] Cristian E. Gutiérrez and Richard L. Wheeden. Harnack’s inequality for degenerate parabolic equations. Comm. Partial Differential Equations , 16(4-5):745–770, 1991.

[20] Piotr Hajlasz and Pekka Koskela. Sobolev met Poincaré. Mem. Amer.

Math. Soc. , 145(688):x+101, 2000.

[21] Juha Heinonen. Lectures on analysis on metric spaces . Universitext.

Springer-Verlag, New York, 2001.

[22] Juha Heinonen, Tero Kilpel äinen, and Olli Martio. Nonlinear potential theory of degenerate elliptic equations . Oxford Mathematical Monographs. The Clarendon Press Oxford University Press, New York, 1993. Oxford Science Publications.

[23] Alexander V. Ivanov. H ölder estimates for equations of fast diffusion type. Algebra i Analiz , 6(4):101–142, 1994.

[24] Jürgen Jost. Partial differential equations , volume 214 of Graduate Texts in Mathematics . Springer-Verlag, New York, 2002. Translated and revised from the 1998 German original by the author.

[25] David Kinderlehrer and Guido Stampacchia. An introduction to variational inequalities and their applications , volume 88 of Pure and Applied Mathematics . Academic Press Inc. [Harcourt Brace Jovanovich Publishers], New York, 1980.

[26] Juha Kinnunen and Tuomo Kuusi. Local behaviour of solutions to doubly nonlinear parabolic equations. Math. Ann. , 337(3):705–728, 2007.

[27] Juha Kinnunen and Peter Lindqvist. Pointwise behaviour of semicontinuous supersolutions to a quasilinear parabolic equation. Ann. Mat. Pura Appl. (4) , 185(3):411–435, 2006.

[28] Riikka Korte, Tuomo Kuusi, and Mikko Parviainen. A connection between a general class of superparabolic functions and supersolutions. J. Evol. Equ. , 10(1):1–20, 2010.

[29] Tuomo Kuusi. Harnack estimates for weak supersolutions to nonlinear degenerate parabolic equations. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) , 7(4):673–716, 2008.

[30] Olga A. Ladyženskaja, Vsevolod A. Solonnikov, and Nina N. Ural^′ceva.

Lineinye i kvazilineinye uravneniya parabolicheskogo tipa . Izdat. “Nauka”, Moscow, 1968.

[31] Olga A. Ladyzhenskaya and Nina N. Ural^′tseva. Linear and quasilinear elliptic equations . Translated from the Russian by Scripta Technica, Inc. Translation editor: Leon Ehrenpreis. Academic Press, New York, 1968.

[32] John L. Lewis. Smoothness of certain degenerate elliptic equations. Proc.

Amer. Math. Soc. , 80(2):259–265, 1980.

[33] John L. Lewis and Kaj Nystr öm. Boundary behaviour for p harmonic functions in Lipschitz and starlike Lipschitz ring domains. Ann. Sci. École Norm. Sup. (4) , 40(5):765–813, 2007.

[34] John L. Lewis and Kaj Nystr öm. Boundary behaviour and the martin boundary problem for p-harmonic functions in lipschitz domains. To appear in Ann. of Math. , 2009.

[35] Gary M. Lieberman. Second order parabolic differential equations . World Scientific Publishing Co. Inc., River Edge, NJ, 1996.

[36] Jacques-Louis Lions. Quelques méthodes de résolution des problèmes aux limites non linéaires . Dunod, 1969.

[37] J. Malý and W. P. Ziemer. Fine Regularity of Solutions of Elliptic Partial Differential Equations , volume 51 of Mathematical Surveys and Monographs . American Mathematical Society, 1997.

[38] Jürgen Moser. On Harnack’s theorem for elliptic differential equations.

Comm. Pure Appl. Math. , 14:577–591, 1961.

[39] Jürgen Moser. A Harnack inequality for parabolic differential equations.

Comm. Pure Appl. Math. , 17:101–134, 1964.

[40] Jürgen Moser. Correction to: “A Harnack inequality for parabolic differential equations”. Comm. Pure Appl. Math. , 20:231–236, 1967.

[41] Jürgen Moser. On a pointwise estimate for parabolic differential equations. Comm. Pure Appl. Math. , 24:727–740, 1971.

[42] John F. Nash. Continuity of solutions of parabolic and elliptic equations.

Amer. J. Math. , 80:931–954, 1958.

[43] Maria M. Porzio and Vincenzo Vespri. H ölder estimates for local solutions of some doubly nonlinear degenerate parabolic equations. J. Differential Equations , 103(1):146–178, 1993.

[44] Matthew Rudd and Klaus Schmitt. Variational inequalities of elliptic and parabolic type. Taiwanese J. Math. , 6(3):287–322, 2002.

[45] Laurent Saloff-Coste. A note on Poincaré, Sobolev, and Harnack inequalities. Internat. Math. Res. Notices , (2):27–38, 1992.

[46] Laurent Saloff-Coste. Aspects of Sobolev-type inequalities , volume 289 of London Mathematical Society Lecture Note Series . Cambridge University Press, Cambridge, 2002.

[47] Henrik Shahgholian. Analysis of the free boundary for the p-parabolic variational problem ( p ≥ 2). Rev. Mat. Iberoamericana , 19(3):797–812, 2003.

[48] Ralph E. Showalter. Monotone operators in Banach space and nonlinear partial differential equations , volume 49 of Mathematical Surveys and Monographs . American Mathematical Society, Providence, RI, 1997.

[49] Neil S. Trudinger. Pointwise estimates and quasilinear parabolic equations. Comm. Pure Appl. Math. , 21:205–226, 1968.

[50] Juan Luis Vazquez. The Porous Medium Equation Mathematical Theory .

Oxford Mathematical Monographs. Clarendon Press, 2006.

[51] Vincenzo Vespri. On the local behaviour of solutions of a certain class of doubly nonlinear parabolic equations. Manuscripta Math. , 75(1):65–80, 1992.

[52] Zhuoqun Wu, Junning Zhao, Jingxue Yin, and Huilai Li. Nonlinear diffusion equations . World Scientific Publishing Co. Inc., River Edge, NJ, 2001. Translated from the 1996 Chinese original and revised by the authors.

[53] Shulin Zhou. Parabolic Q-minima and their application. J. Partial Differential Equations , 7(4):289–322, 1994.

(continued from the back cover)

A585 Daniel Aalto

Boundedness of maximal operators and oscillation of functions in metric measure spaces March 2010

A584 Tapio Helin

Discretization and Bayesian modeling in inverse problems and imaging February 2010

A583 Wolfgang Desch, Stig-Olof Londen

Semilinear stochastic integral equations in L_p December 2009

A582 Juho K önnö, Rolf Stenberg

Analysis of H(div)-conforming finite elements for the Brinkman problem January 2010

A581 Wolfgang Desch, Stig-Olof Londen

An L_p -theory for stochastic integral equations November 2009

A580 Juho K önnö, Dominik Schötzau, Rolf Stenberg Mixed finite element methods for problems with Robin boundary conditions November 2009

A579 Lasse Leskel ä, Falk Unger

Stability of a spatial polling system with greedy myopic service September 2009

A578 Jarno Talponen

Special symmetries of Banach spaces isomorphic to Hilbert spaces September 2009

A577 Fernando Rambla-Barreno, Jarno Talponen Uniformly convex-transitive function spaces September 2009

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The reports are available at http://math.tkk.fi/reports/ . The list of reports is continued inside the back cover.

A590 Ehsan Azmoodeh

Riemann-Stieltjes integrals with respect to fractional Brownian motion and applications September 2010

A589 Antti Rasila, Jarno Talponen

Convexity properties of quasihyperbolic balls on Banach spaces August 2010

A588 Kalle Mikkola

Real solutions to control, approximation, factorization, representation, Hankel and Toeplitz problems June 2010

A587 Antti Hannukainen, Rolf Stenberg, Martin Vohral ík

A unified framework for a posteriori error estimation for the Stokes problem May 2010

A586 Kui Du, Olavi Nevanlinna

Minimal residual methods for solving a class of R-linear systems of equations May 2010

ISBN 978-952-60-3351-8 (print) ISBN 978-952-60-3352-5 (PDF) ISSN 0784-3143 (print) ISSN 1797-5867 (PDF) Aalto University Mathematics, 2010