Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2010 A593

MODEL REDUCTION AND LEVEL SET METHODS FOR SHAPE OPTIMIZATION PROBLEMS

Toni Lassila

ABTEKNILLINEN KORKEAKOULU

TEKNISKA HÖGSKOLAN HELSINKI UNIVERSITY OF TECHNOLOGY TECHNISCHE UNIVERSITÄT HELSINKI UNIVERSITE DE TECHNOLOGIE D’HELSINKI

Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2010 A593

MODEL REDUCTION AND LEVEL SET METHODS FOR SHAPE OPTIMIZATION PROBLEMS

Toni Lassila

Dissertation for the degree of Doctor of Science in Technology to be presented with due permission of the Faculty of Information and Natural Sciences for public examination and debate in Auditorium E at Aalto University School of Science and Technology (Espoo, Finland) on the 12th of November, 2010, at 12 o’clock noon.

Aalto University School of Science and Technology Department of Mathematics and Systems Analysis

Toni Lassila Department of Mathematics and Systems Analysis Aalto University P.O. Box 11100, FI-00076 Aalto, Finland E-mail: toni.lassila@tkk.fi

ISBN 978-952-60-3401-0 (print) ISBN 978-952-60-3402-7 (electronic) ISSN 1797-5867 TKK Mathematics, 2010

Aalto University School of Science and Technology Department of Mathematics and Systems Analysis P.O. Box 11100, FI-00076 Aalto, Finland email: math@tkk.fi http://math.tkk.fi/

Toni Lassila : Model reduction and level set methods for shape optimization problems ; Helsinki University of Technology Institute of Mathematics Research Reports A593 (2010).

Abstract:

In this work two topics related to mathematical shape optimization are considered. Topological optimization methods need not know the correct topology (number of connected components and possible holes) of the optimal shape beforehand. Shape optimization can be performed by a topological gradient descent algorithm. Computational applications of topological optimization and level set based shape optimization involve the optimal damping of vibrating structures and an inverse problem of reconstructing a shape based on noisy interferogram measurements.

For parametric shape optimization with partial differential constraints the model reduction approach of reduced basis methods is considered. In the reduced basis method a basis of snapshot solutions is used to construct a problem-dependent approximation space that has much smaller dimension than the underlying finite element approximations. The state constraints for optimization are then replaced with their reduced basis approximation, leading to efficient shape optimization methods. Computational examples involve the optimal engineering design of airfoils in potential and thermal flow.

AMS subject classifications: 35R35, 49Q10, 65K10

Keywords: shape optimization, topological optimization, level set method, model reduction, reduced basis method, partial differential equations

Toni Lassila : Mallien redusointi ja tasa-arvojoukkojen menetelm ät muodon optimoinnin teht äville

Tiivistelm ä:

Tässä työssä tarkastellaan kahta matemaattiseen muodon optimointiin liittyv ää aihetta. Topologiset optimointimenetelm ät eivät tarvitse etuk äteistietoa optimaalisen muodon oikeasta topologiasta (yhten äisten komponenttien tai mahdollisten reikien lukum äärä). Muodon optimointia voidaan suorittaa topologisen gradienttimenetelm än avulla. Topologisen optimoinnin ja tasa-arvojoukkojen menetelm ään perustavan muodon optimoinnin laskennallisia sovelluksia ty össä ovat v ärähtelevän rakenteen optimaalinen vaimennus sekä inversio-ongelma, jossa muoto p äätellään kohinaisista interferometrimittauksista.

Parametrista riippuviin muodon optimointiteht äviin sovelletaan redusoidun kannan menetelm ää teht ävän laskennallisen kustannuksen pienent ämiseksi, kun teht ävään liittyy osittaisdifferentiaaliyht älörajoitteita. Redusoidun kannan menetelm ässä rakennetaan teht ävästä riippuva approksimaatioavaruus, jonka dimensio on paljon pienempi kuin vastaavan elementtimenetelmän tuottaman approksimaation. Tilanyht älörajoitteet korvataan redusoidun kannan antamilla approksimaatioilla, mik ä johtaa tehokkaaseen muodon optimoinnin menetelm ään. Laskennallisia esimerkkej ä esitellään optimaalisesta suunnittelusta potentiaalivirtauksessa sek ä lämpövirtauksissa.

Avainsanat: muodon optimointi, topologinen optimointi, tasa-arvojoukkojen menetelm ä, mallin redusointi, redusoidun kannan menetelm ä, osittaisdifferentiaaliyht älöt

Acknowledgements

It was my advisor Timo Eirola who originally introduced me to level set methods when I was searching for a Master’s topic in 2007 and got me interested in their application to shape optimization. This was the starting point for the broader focus of this thesis. On a personal level, I would like to thank him also for the encouragement and support for spending nine months at the École Polytechnique Fédérale de Lausanne as well as his open-minded and optimistic attitude towards scientific computing and mathematics in general. Rolf Stenberg at the Department of Mathematics and Systems Analysis also supported me in seeking collaborations abroad.

During my nine month stay at the EPFL in 2008-09 I was cordially welcomed by Alfio Quarteroni and all the members of the research group CMCS, who always treated me as one of their own. I would especially like to thank my colleagues, frequent coauthors, and dear friends Gianluigi Rozza and Andrea Manzoni for our fruitful professional and personal interactions. Much of the numerical simulations of this thesis are based on our joint codes for reduced basis simulations, as well as the rbMIT toolkit provided by the group of Anthony Patera at MIT.

The preliminary examiners for this thesis were Raino A. E. M äkinen and Karen Veroy-Grepl. Their work was much appreciated. Finally, I would like thank all the other people I had the pleasure of working with and sharing offices in Otaniemi and Lausanne: Matti, Mikko, Igor, Cristiano, Laura, Pierfrancesco, Paolo, Samuel, Gonçalo, and ZhaoCheng; as well as my parents and all my friends in Finland, Lausanne, and all the other places my travels have taken me during these past three years.

Otaniemi, September 2010,

Toni Lassila

List of included publications

References

[A] Toni Lassila. Optimal damping of a membrane and topological shape optimization. Structural and Multidisciplinary Optimization , 38(1) (2009), 43–52.

[B] Timo Eirola, Toni Lassila. Optimization of convex shapes: an approach to crystal shape identification. In: Xue-Cheng Tai, Knut Mørken, Marius Lysaker, Knut-Andreas Lie (Eds.) Proceedings of the 2nd International Conference on Scale Space and Variational Methods in Computer Vision , Voss, Norway. Lecture Notes in Computer Science, Springer (2009), 660–671.

[C] Toni Lassila, Gianluigi Rozza. Parametric free-form shape design with PDE models and reduced basis method. Computer Methods in Applied Mathematics and Engineering , 199(23–24) (2010), 1583–1592.

[D] Gianluigi Rozza, Toni Lassila, Andrea Manzoni. Reduced basis method for shape optimization in thermal flows parameterized with a polynomial geometric map. In: Einar Rønquist, Jan S. Hesthaven (Eds.) Proceedings of International Conference on Spectral and High-Order Methods , Trondheim, Norway. Lecture Notes in Computational Science and Engineering, Springer (2010). 8 pages.

[E] Toni Lassila, Gianluigi Rozza. Reduced formulation of a steady fluid-structure interaction problem with parametric coupling, arXiv:1005.3384 [math.NA]. Previously published in: R.A.E. Mäkinen, P. Neittaanm äki, T. Tuovinen, K. Valpe (Eds.) Proceedings of the 10th Finnish Mechanics Days, December 3–4, Jyväskylä, Finland (2010). 10 pages.

Author’s contribution

The author of the thesis is the primary author of all the articles and is responsible for the computational examples presented in them. In article [D] Gianluigi Rozza and Andrea Manzoni contributed some additional computational examples of the error bounds. Articles [A] and [B] were prepared under the supervision and collaboration of Prof. Timo Eirola at the Institute of Mathematics, Helsinki University of Technology. Articles [C] and [D] were prepared under the supervision of Prof. Alfio Quarteroni and in collaboration with Dr. Gianluigi Rozza at the Institute of Analysis and Scientific Computing, École Polytechnique Fédérale de Lausanne during the author’s nine month visit there in 2008–09. Article [E] is a continuation of the work done in [C] and [D].

Contents

I Summary 9 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2 Review of numerical methods for shape optimization . . . . . 11 3 Prototype shape optimization problem . . . . . . . . . . . . . 12 4 Level set methods in shape optimization . . . . . . . . . . . . 13 4.1 Shape functionals for implicit functions . . . . . . . . . 13 4.2 Shape gradients and the descent algorithm . . . . . . . 14 4.3 Topological level set methods . . . . . . . . . . . . . . 15 4.4 Extension to geometric inverse problems . . . . . . . . 16 5 Model reduction in parametric shape optimization . . . . . . . 16 5.1 Parameterization of the computational domain . . . . . 17 5.2 Reduced basis methods . . . . . . . . . . . . . . . . . . 18 5.3 Empirical interpolation method . . . . . . . . . . . . . 21 5.4 Extension to free boundary problems . . . . . . . . . . 23 6 Contribution to the state of the art . . . . . . . . . . . . . . . 24 6.1 Level set methods and shape optimization . . . . . . . 24 6.2 Reduced basis for parametric shape optimization . . . 25 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

8

I Summary

1 Introduction

This thesis develops and analyzes new numerical methods for shape optimization as well as free boundary problems that can be treated with similar methods. Shape optimization is a part of the field of mathematical optimization theory that is concerned with finding a geometric shape (open subset of Euclidean space with piecewise smooth boundary) that is optimal with respect to some cost functional that depends explicitly or implicitly on the shape. The implicit dependence on the shape is often through the solution of a partial differential equation (PDE), in which case it is called a PDE constrained shape optimization problems. Applications of PDE constrained shape optimization arise for example in industrial design of structures. Shape optimization is usually divided into two schools: parametric shape optimization and shape sensitivity analysis. Another recent trend are the so-called topological optimization methods.

Parametric shape optimization works by introducing first a way to describe the admissible shapes using a finite-dimensional parameter vector. The shape optimization problem is then written as a finite-dimensional nonlinear programming problem [9] with the parameters as the design variables. This approach is common is engineering applications such as aero- and hydrodynamic design [52] and structural design [41], because it can be readily coupled with existing optimization software. The parameterizations can be obtained using techniques such as boundary splines [25], basis shapes [68], or free-form deformations [70], to mention a few options from literature.

Shape sensitivity analysis extends the concept of derivatives as a measure of sensitivity of the cost functional to small changes in the shapes. By computing analytical expression for the shape derivative [74] it is possible to talk about descent directions for shape functionals and thus extend existing finite-dimensional optimization algorithms to the infinite-dimensional manifold of admissible shapes [75]. The shape sensitivity analysis can be performed either in continuous or discrete setting [77]. It should be noted that the resulting optimal design can be different depending on which step is performed first ( discretize first then optimize vs. optimize first then discretize ) [24].

Topological optimization methods remove the requirement that the shape be described explicitly by its boundary curve/surface. Instead they use implicit descriptions of the shapes using methods such as level sets [16, 18] or phase-fields [12]. The first concepts of topological sensitivity can be found in the works of Jean Céa in the 1970s [23]. Topological methods do not a priori assume that the shape in question has a fixed topology. That is to say, its number of connected components and their genus do not need to be fixed, but can vary during the course of the optimization iteration. The shape and topological optimization methods have also been successfully combined [73, 78]. For a comprehensive review of topological optimization, see [30].

A common feature in many shape optimization problems is the existence of an underlying physical system that is modelled using partial differential equations [31]. The shape defines the computational domain for the state equations in PDE form, which can be solved to obtain the state of the system. The value of the shape functional can then depend on both the state as well as the shape. When deriving shape sensitivities the sensitivity of the state solution must also be taken into account. This is often accomplished through defining an adjoint state [45], which turns out (in the linear case) to be the solution of a related PDE on the same domain. Together the state and adjoint state can be used to compute the shape gradient in PDE-constrained shape optimization problems. The adjoint approach has the benefit of minimizing the number of PDE solutions needed to evaluate the shape gradient. This is especially important in the nonparametric setting, or in parametric shape optimization when the number of shape parameters is large.

The solution of the state and adjoint state equations is the computationally most involving part of PDE-constrained shape optimization problems. As analytical solutions of PDEs are available only in very simple domains the applied shape optimization methods found in literature almost always rely on numerical approximations to the PDE solutions. The most popular choice for discretization is the finite element method (FEM) [13], where a discrete mesh is constructed on the given domain and the solution to the variational formulation of the PDE is sought in a finite-dimensional subspace of piecewise polynomial functions that have support only on a limited number of elements of the discrete mesh. The FEM results in a large system of linear equations to be solved with methods of computational linear algebra [33]. In realistic applied shape optimization problems these systems can have millions of degrees of freedom. In shape optimization problems there is the additional cost of reassembling the matrix corresponding to the linear system, because the mesh and by extension the matrix depend heavily on the domain (and thus the shape). Because the cost of the PDE solutions dominates the computational workload of applied shape optimization, there is much interest in more efficient methods for approximating the solutions of the state and adjoint state equations. This leads to the model reduction techniques for parametric PDEs discussed in this thesis.

The structure of this thesis is the following: in Sect. 2 the most important aspects of numerical methods for shape optimization are briefly reviewed. In Sect. 3 a prototype shape optimization problem with elliptic PDE constraints is defined. In Sect. 4 the approach of describing the shapes with implicit functions is introduced, and level set methods for shape optimization are discussed. A special case of these are the topological level set methods. In Sect. 5 the attention turns to the question of surrogate optimization via a model reduction of the state equations. The reduced basis method is introduced, as well as the related empirical interpolation method. In Sect. 6 the contributions of the thesis to the state of the art are outlined. The rest of the thesis contains the actual research contributions in the form of five independent research articles.

2 Review of numerical methods for shape optimization

Numerical methods for shape optimization require first choosing how to represent the shapes. A geometric shape can be represented in a multitude of ways, and the choice of its representation dictates the type of numerical scheme. Three different approaches can be identified. These are boundary tracking methods, immersed boundary methods, and fixed domain methods.

In boundary tracking methods there exists an explicit description of the boundary of the shape at all times, and it is possible to construct a discrete mesh on geometry that matches the boundary. Then the FEM can be applied on the discrete mesh to compute numerical approximations for the shape gradients, a descent step can be performed in the discrete sense by moving the boundary mesh points in such a way that the value of the cost functional is expected to decrease, and then the mesh is updated to reflect the new geometry and this step is iterated until a sufficiently improved design has been found. The gradients are usually computed by the adjoint approach for computational efficiency, and can either be derived analytically or obtained through a process known as algorithmic differentiation [36]. The latter refers to the application of the chain rule of derivation directly to algorithmic program codes, and enables the applied shape optimization of very complicated systems where the analytical derivatives are not easily forthcoming.

In immersed boundary methods an explicit description of the boundary is not used. While an approximation of the boundary can usually be constructed, it is preferred to work without it. When the shape optimization problem includes partial differential equation constraints, the computational domain is extended from just the (a priori unknown) shape to a fixed exterior domain and then the PDE coefficients become the optimization variables that codify the geometric shape to be optimized. This is the fictitious domain approach [38]. The classical idea of discrete 0-1 optimization, where each discretization cell either contains material or doesn’t, has been largely abandoned [11] as refining the discretization mesh tends to result in unwanted “swiss cheese” type optimal solutions. The homogenization approach [2], where the design variables vary continuously in the range (0 , 1), is preferred. The drawback is that sometimes the resulting optimal shapes have fuzzy boundaries and a post-processing step may be required to recover the final shape.

In this thesis the fixed domain approach is also applied. This means that the admissible shapes are taken to be images of a fixed reference shape under a smooth, invertible mapping. The shape mapping can be defined as a function of a finite-number of parameters, which makes it a parametric shape optimization problem. The state equations are then mapped back to the reference domain and become parameter-dependent PDEs on a fixed domain. This approach is suitable for small deformations of shapes, without any topological changes. The difficulties relating to geometric variability are removed, but the parameter-dependence of the PDE coefficients makes the analysis and numerical solution of these equations more challenging.

3 Prototype shape optimization problem

To fix terms and the notation a prototype PDE constrained shape optimization problem is introduced next. Let S_{ad} be the set of admissible shapes Ω ⊂ R^d . Define for each Ω the Hilbert space X (Ω) of functions on Ω with norm || · ||_X . Let J : X (Ω) → R be lower-semicontinuous functional in a suitable topology, i.e.:

For every convergent sequence { v_n }^∞_{n =1} s.t. v_n → v_0 it holds that lim inf

v→ v_0 J (v) ≥ J (v 0 ) The prototype for a PDE constrained shape optimization problem is to find the optimal shape Ω^∗ that solves min Ω ∈S_{ad}

J (u(Ω))

s.t. A(u(Ω) , v) = F (v) for all v ∈ V(Ω) ,

(3.1)

where V(Ω) ⊂ X (Ω) is a subspace of all functions v satisfying the Dirichlet boundary condition v ≡ 0 on Γ_d ⊂ ∂Ω . (3.2) The PDE is given in the variational form with A : X (Ω) × X (Ω) → R an elliptic bilinear form, i.e. there exist constants α > 0 and γ > 0 s.t.

A(v, v) ≥ α ||v||^2_X , for all v ∈ X (Ω) (coercivity) |A(u, v)| ≤ γ||u||_X ||v||_X , for all u, v ∈ X (Ω) (continuity)

(3.3)

and F : X (Ω) → R a continuous linear form. The function u(Ω) is called the state solution on a given domain Ω. By suitable regularity assumptions for the admissible shapes S_{ad} , for example the ε-cone property or the uniform Lipschitz property [62], one can prove the existence of an optimal shape Ω^∗ via an argument of a minimizing sequence and the lower-semicontinuity of J . For further analysis on the requirements for S_{ad} and the topologies used to guarantee the existence of solutions to shape optimization problems, see [39].

The discrete version of the prototype problem (3.1) involves for each Ω a domain-dependent quasi-uniform ([13], p.108) triangular mesh T_{h, Ω} with elements K ∈ T_{h, Ω} having diameter h_K s.t. h := max_{K ∈T h, Ω} h_K , and the finite element subspace of continuous piecewise-polynomial functions

V_h (Ω) := { v ∈ V(Ω) ∩ C (Ω) : v|_K ∈ P_k (K )} (3.4)

where P_k (K ) denotes the space of polynomials of degree no greater than k on K . Denote the set of all polygonal domains as S_{poly} . The discretized shape optimization problem is to find the optimal polygonal shape Ω^∗_h that solves min Ω_h ∈S_{ad} ∩S_{poly}

J (u_h (Ω_h ))

s.t. A(u_h (Ω_h ), v_h ) = F (v_h ) for all v_h ∈ V_h (Ω_h ).

(3.5)

The discrete problem satisfies the mesh-independence principle [46] if its solution for h small enough is independent of the choice of the discretization mesh T_{h, Ω} . The convergence of Ω^∗_h → Ω^∗ as h → 0 is discussed e.g. in [29].

4 Level set methods in shape optimization

In the level set formulation the shapes Ω are represented as the level sets of Lipschitz-continuous functions ϕ : R^d → R, called implicit functions. Define

Ω = { x | ϕ(x ) < 0}, Ω^c = { x | ϕ(x ) ≥ 0}. (4.6)

In addition the requirement that ∇ ϕ(x ) ≠ 0 almost everywhere on ∂Ω is imposed. This enforces a sharp interface between Ω and its open complement. The benefit of the implicit function approach is that there is no need for an explicit description for the boundary of the shape, which simplifies the implementation of numerical schemes because the mesh does not necessarily have to conform to the boundary of the shape.

4.1 Shape functionals for implicit functions

In the shape optimization problem (3.1) the shape Ω can now be replaced with its implicit function representant ϕ. For the two elementary types of shape functionals, the area and perimeter functionals, the transformation rules are obtained as in [18]

J (Ω) = � Ω f (x ) dx ⇐⇒ J (ϕ) = � R^d

H (− ϕ(x )) f (x ) dx (4.7)

J (Ω) = � ∂Ω g(x ) ds ⇐⇒ J (ϕ) = � R^d

δ_0 (ϕ(x )) |∇ ϕ(x )|g(x ) dx(4.8)

where H (ϕ) is the Heaviside step function and δ_0 (ϕ) the delta distribution at ϕ = 0. The classical shape sensitivity analysis can now be performed in terms of the implicit function ϕ. Let w ∈ W^{1,∞} (R^d , R^d ) be a smooth velocity field. If the level sets of ϕ are transported according to the velocity field w in time t, their evolution is described by the level set partial-differential equation

∂ϕ(x , t) ∂t + w (x ) · ∇ ϕ(x , t) = 0 , (x , t) ∈ R^d × (0, T)

ϕ(x , 0) = ϕ_0 (x ), x ∈ R^d .

(4.9)

The left-hand side is simply the Eulerian (material) derivative of ϕ. Note that the choice and scaling of the function ϕ_0 (x ) do not matter away from the boundary ∂Ω. The classical shape derivative of J at Ω in the direction w can then be computed using the speed method [79] and the implicit function as the Gâteaux-derivative

d_S J (Ω; w) = lim_{τ → 0+}

J (ϕ(·, τ)) − J (ϕ(·, 0)) τ , (4.10)

where ϕ(x , τ) satisfies (4.9). There are also alternative implicit function approaches that can be used to treat PDE constrained shape optimization problems, see [54].

4.2 Shape gradients and the descent algorithm

In addition to facilitating the computation of the shape derivatives, the level set formulation also allows one to write a descent algorithm for shape optimization. The Hadamard-Zolésio structure theorem [26] states that with some mild regularity assumptions the shape derivative takes the form

d_S J (Ω; w ) = � ∂Ω (w ·n )∇ J (x ) ds, (4.11)

where n is the exterior unit normal field at the boundary ∂Ω, and ∇ J ∈ L^2 (∂Ω) is called the shape gradient (in the L^2 sense) that has support only on the boundary of the shape. Once the gradient has been computed, evaluations of the derivatives for different directions w is inexpensive. It is also possible to define different gradients by changing the inner product. Given any subspace V ⊂ L^2 (∂Ω) endowed with an inner product ⟨v_1 , v_2 ⟩_V that makes the space complete the gradient with respect to the inner product in V can be defined as the unique element ∇_V J that satisfies

⟨∇_V J, v ⟩_V = � ∂Ω (∇_V J )v dΩ , for all v ∈ V. (4.12)

Note that for the implicit function ϕ the exterior unit normal n at the boundary ∂Ω can be computed by n = ∇ ϕ/|∇ ϕ|.

A gradient descent algorithm for shapes proceeds as follows: Let Ω_0 be an initial guess for the shape and ϕ_0 a corresponding implicit function. For each iteration k = 0 , 1, 2, . . . the shape gradient ∇_V J at Ω_k is computed and in (4.9) the normal velocity field set equal to the negative gradient, w = − (∇_V J )( ∇ ϕ/|∇ ϕ|). This results in the evolution equation for the kth descent step

∂ϕ(x , t) ∂t − ∇_V J (x )|∇ ϕ(x , t)| = 0 , (x , t) ∈ R^d × (0, Δ t)

ϕ(x , 0) = ϕ_k (x ), x ∈ R^d .

(4.13)

to be solved for a short pseudo-time step Δ t > 0. The shape for the next iteration, Ω_{k+1} , is given as the 0-level set of ϕ(·, Δ t). If the pseudo-time step is small enough this iteration will result in a sequence of shapes { Ω_k }^∞_{k=1} that gives monotonically decreasing values in J (Ω_k ). To choose the length of the pseudo-time step Δ t without an expensive line search procedure, one can use e.g. the Armijo rule [6].

Equation (4.9) is nonlinear evolution equation of the Hamilton-Jacobi class of PDEs:

∂ϕ(x , t) ∂t + H (∇ ϕ(x , t)) = G(x , t), (x , t) ∈ R^d × (0, T). (4.14)

Typically, existence and uniqueness of solutions can be shown in the weak sense of viscosity solutions [49]. This means the equation is converted to a hyperbolic-parabolic type

∂ϕ(x , t) ∂t − ∇_V J (x )|∇ ϕ(x , t)| = ε△ ϕ(x , t), (x , t) ∈ R^d × (0, T), (4.15) by adding an artificial viscosity term, where △ =

�_d

i =1 ∂x i x i denotes the

Laplace operator, and studying the convergence of solutions as ε → 0. Numerical solution schemes for level set equations are based on shock-capturing schemes [37, 47] originally designed for the numerical resolution of hyperbolic conservation laws, which retain the sharp boundary of the evolving interface without excessively smoothing out the details as is usually the case with artificial viscosity schemes. For more details on the numerical solution of level set equations, see [60, 71].

4.3 Topological level set methods

While the level set approach does permit certain types of topological changes due to the implicit description of the boundary of the shape, the speed method is still limited to diffeomorphic images of the initial shape and thus in practice can be slow or even unable to discover the correct topology in the case that the optimal shape consists of disjoint components. The topological derivative was defined in [72] as

d_T J (Ω; x^0 ) = � � � lim_{ρ→ 0+}

J (Ω ∪ B (x^0 , ρ)) − J (Ω) |B (x^0 , ρ)|

, x^0 /∈ Ω

lim_{ρ→ 0+}

J (Ω ∩ B (x^0 , ρ)) − J (Ω) |B (x^0 , ρ)|

, x^0 ∈ Ω

(4.16)

where B (x^0 , ρ) denotes a ball of radius ρ centered at x^0 , and |B | its ddimensional measure. Intuitively, the topological derivative measures the change of J when a small ball is added to Ω at x^0 (when x^0 ∉Ω) or when a small hole is created in Ω at x^0 (when x^0 ∈ Ω). The challenge in implementing topological methods is related to deriving the exact asymptotic expression of the derivative from (4.16), which typically requires sophisticated mathematical analysis tools. With certain assumptions on the state equations (mainly a Dirichlet boundary condition) a simpler computation can provide the desired topological sensitivity [40].

It turns out that topological derivatives have a strong connection with the classical shape derivative (4.10) [58]. For many problems, such as the minimum compliance problem of linear elasticity, the topological derivative turns out to be equivalent to the shape gradient up to a constant [22]. When the topological derivative exists and can be computed, similarly to the shape gradient, a gradient descent algorithm for the implicit function can be formulated and implemented by solving the evolution equation

∂ϕ(x , t) ∂t = ∇_T J (ϕ, x , t), (x , t) ∈ R^d × (0, T), (4.17)

where the topological gradient is defined as in [17]

∇_T J (ϕ, x , t) = − sgn [ϕ(x , t)] d_T (Ω( t); x ). (4.18)

4.4 Extension to geometric inverse problems

Many geometric inverse problems can be cast as shape optimization problems and solved by the level set approach by following the formulation in [16, 69]. Examples include various inverse scattering problems [27] and the inverse elasticity problem [10]. The general setup of the forward problem is: given the system state u an observation y is made

y = G(u) (4.19)

where the imaging operator G : X (Ω) → Y maps the state to some topological space Y of observations. In the inverse problem context the observation y is given, but the state u is unknown and to be reconstructed. It is assumed that the state depends as before on a variable domain Ω, so that u = u(Ω), and also an approximation to Ω is to be reconstructed. The difficulty lies in the fact that the inverse operator G^{− 1} is typically not continuous with respect to the observations, i.e. the inverse problem is ill-posed. Furthermore, the measurement y is often polluted with noise, y = ^y + ε, where ^y is the true observation and ε is a realization of a noise process. Thus it is usual to minimize the least-squares functional min Ω ∈S_{reg}

||G(u(Ω)) − y||^2 , (4.20)

where the subset of admissible shapes S_{reg} ⊂ S_{ad} consists of suitably regularized shapes that recover the continuous dependence of the state u on the observation y. The inverse problem is now written as a shape optimization problem of the type (3.1), and the level set based approach detailed above can be used. Another way to regularize the inverse problem is to use alternative gradients of the type (4.12) and the evolution equation (4.13) in the descent algorithm, see e.g. [16, 64].

5 Model reduction in parametric shape optimization

A large part of the complexity of solving PDE constrained shape optimization problems is the cost of the PDE solution. Numerical optimization algorithms tend to involve a large number of constraint and cost functional evaluations, and since every one of these involves the solution of a potentially highly complex and computationally expensive PDE, there is a need for more efficient solution methods. Model reduction and surrogate optimization ideas have been very popular for shape optimization problems with PDE constraints. The theory of model order reduction for linear systems of ordinary differential equations [5] and PDEs is well-known; unfortunately in shape optimization the problems are inherently nonlinear (the solution of the PDE depends on the domain Ω in a strongly nonlinear way) and therefore new approaches in model reduction that also work with nonlinear problems need to be developed.

In surrogate optimization [65] the full PDE-constrained optimization problem is replaced with an inexpensive approximate optimization problem. This can involve replacing the cost function with a simpler one, replacing the constraints with near-equivalent ones, or a combination of both techniques. The space mapping approach [7] considers a two-level approach, where a coarse level model is used for the majority of the optimization steps, while a more accurate fine level model is used periodically to guarantee that the resulting designs do not become too unrealistic. The reduced basis surrogate optimization method was first presented in [59], where the state equations, their linear outputs, as well as their first- and second-order sensitivities were all treated with the reduced basis method to obtain a comprehensive surrogate optimization framework. In that work the error bounds for solutions of the reduced state equations were taken into account in the modified cost function to obtain a type of optimization method “in the presence of (modelling) uncertainty”. For optimization in time-dependent systems there are also approaches using the proper orthogonal decomposition (POD) [48] that looks for a set of principal eigenmodes of an ensemble of trajectories of a dynamical system. The subspace spanned by these eigenmodes can be used as a type of surrogate model [15] of the state equations in time.

The main interest in this thesis lies in the model reduction of the parametric shape optimization when the shape parameters have been incorporated into the PDE constraints by a geometric transformation back to a fixed reference domain.

5.1 Parameterization of the computational domain

The first step in casting (3.1) as a parametric shape optimization problem is to introduce a reference domain Ω_0 , a finite-dimensional parameter vector μ ∈ D , a low-dimensional parameter range D ⊂ R^P (e.g. P < 20), and a parametric map F ( ·; μ ) : Ω_0 → Ω( μ ) that is at least C^1 smooth and invertible. The admissible shapes Ω are then assumed to belong in the range of the parametric domain map when applied to the reference shape, that is for all Ω ∈ S_{ad} there exists a μ ∈ D s.t.

Ω( μ ) = F (Ω_0 ; μ ). (5.21)

Using this map as a transformation it is possible map the PDE constraints in (3.1) on to a fixed domain. For example, the standard elliptic bilinear form

A(u, v) = � Ω [A(x )∇ u · ∇ v + b(x )uv] dx , (5.22)

where A(x ) ∈ L^∞ (R^d , R^{d× d} ) is symmetric and uniformly positive definite over all of Ω, i.e.

⟨A(x )v, v⟩ ||v||^2

≥ a_0 > 0 for all v ≠ 0 , x ∈ Ω , (5.23)

and b(x ) ≥ 0, transforms into

~A(~u, ~v; μ ) = � Ω_0 � ~A( ~x , μ ) ~∇ ~u · ~∇ ~v + ~b( ~x , μ )~u~v � dx (5.24) according to

~A( ~x , μ ) := J^{− T}_F ( ~x ; μ )A(F ( ~x ; μ )) J^{− 1}_F ( ~x ; μ ) |J_F ( ~x ; μ )| (5.25) ~b( ~x , μ ) := b(F ( ~x ; μ )) |J_F ( ~x ; μ )|, (5.26)

where J_F denotes the Jacobian matrix of F , i.e. [J_F ]_{ij} :=^{∂Fi}_{∂ex j} , and |J_F | its determinant. The transformed problem coefficients now depend explicitly on the parameters, and it can be easily verified that also the transformed problem is elliptic. All quantities denoted with tildes live on the fixed reference domain Ω_0 and can be mapped to their counterparts on the original domain Ω. The parametric shape optimization problem in the fixed domain is min μ ∈D

J (~u(μ ))

s.t. ~A(~u(μ ), ~v; μ ) = ~F (~v; μ ) for all ~v ∈ V(Ω_0 ).

(5.27)

The bilinear form ~A and the linear form ~F are now parametric, that is to say the coefficient functions depend explicitly on the parameter vector μ . Once the parametric shape optimization problem has been obtained, model reduction methods for the efficient evaluation of the parametric PDE constraint can be studied. The focus from here on is on the discrete model problem (3.5). To this end the discrete version of the aforementioned problem can be defined in a similar way: min μ ∈D

J (~u_h (μ ))

s.t. ~A(~u_h (μ ), ~v_h ; μ ) = ~F (~v_h ; μ ) for all ~v_h ∈ V_h (Ω_0 ).

(5.28)

Assume that existence of solutions can be shown for the infinite-dimensional problems (3.1) and (5.27), that the mesh-independence principle is in effect, and that the discretization parameter h is chosen small enough in the FEM. After these assumptions it suffices to work with a fixed mesh ~T_h on the reference domain Ω_0 . The parametric formulation with the fixed domain/fixed mesh -assumptions enable the use of the reduced basis methods for model reduction of the state PDEs, which shall be discussed next.

5.2 Reduced basis methods

A generic model reduction framework for parametric PDEs are the reduced basis methods [61, 67]. The idea was developed in the 1980s in the nonlinear structural mechanics community [3, 32, 57, 63]. The aim is to construct a low-dimensional approximation for the discretized state equations in the PDE constraint of (5.28). To accomplish this, a parametric manifold of PDE solutions is sampled at a few well-chosen parametric points and snapshot solutions of the PDE are computed using the finite element method for solving PDEs numerically. The snapshots are used to construct a low-dimensional space, where Galerkin projection is used for the approximation. To guarantee approximation stability, a posteriori estimators for the error between the reduced basis approximation and the finite element solution are constructed.

Because the bilinear form depends on the parameter, a parameter independent norm should be first defined. Choose a reference parameter μ̄ ∈ D and define the parameter-independent inner product

⟨~u, ~v⟩_X := ~A(~u, ~v;μ̄ ) (5.29)

and the norm ||~v||_X := � ⟨~v, ~v⟩_X . (5.30)

In the reduced basis framework a small collection of parameter values { μ_n }^N_{n =1} are used to construct a basis for Galerkin projection for the parametric PDE. Let { ~u_h (μ_n )}^N_{n =1} be the finite element solutions for the chosen parameter values, and define

V^N_h := span( ~u_h (μ_1 ), ~u_h (μ_2 ), . . . , ~u_h (μ_N )) (5.31)

the reduced basis approximation space. First construct an X -orthogonal basis for V^N_h with the Gram-Schmidt procedure � � � � � ζ^1 = ~u_h (μ_1 )/||~u_h (μ_1 )||_X

z^n = ~u_h (μ_n ) −

n − 1�

k=1 ζ_k

⟨ζ^k , ~u_h (μ_n )⟩_X

||ζ^k ||^2_X for n = 2 , 3, . . . , N

ζ^n = z^n /||z^n ||_X for n = 2 , 3, . . . , N

. (5.32)

This step in necessary because otherwise the conditioning of the linear system deteriorates for even small N . The reduced basis Galerkin method then looks for a solution ~u^N_h (μ ) ∈ V^N_h s.t.

~A(~u^N_h (μ ), ζ^n ; μ ) = ~F (ζ^n ; μ ), for all n = 1 , 2, . . . , N. (5.33)

Now ~u^N_h (μ ) gives an approximation to the finite element solution ~u_h (μ ). When the dimension of the reduced basis space N is much smaller than the dimension of the finite element space N it is to be expected that the problem (5.33) is efficiently solvable for any μ . The surrogate optimization algorithm that is obtained by replacing the full state equations with their reduced basis counterparts reads:

min_{μ ∈D} J (~u(μ ))

s.t. ~A(~u^N_h (μ ), ~v; μ ) = ~F (~v; μ ) for all ~v ∈ V^N_h .

(5.34)

A priori the complexity of solving the reduced basis system (5.33) depends only on N , but it turns out that to obtain an efficient method for assembling the system without an explicit workload dependence on N , the following assumption of affine parametric dependence is needed:

~A(~u, ~v; μ ) =

Q_a�

q=1 Θ^q_a (μ ) ~A^q(~u, ~v) (5.35) and ~F (~v; μ ) =

Q_f�

q=1 Θ^q_f (μ ) ~F^q(~v), (5.36)

where the parametric coefficient functions Θ^q_a and Θ^q_f should be efficiently evaluable. Then the problem (5.33) splits into parameter-dependent and -independent parts

Q_a�

q=1 Θ^q_a (μ ) ~A^q(~u^N_h (μ ), ζ^n ) =

Q_f�

q=1 Θ^q_f (μ ) ~F^q(ζ^n ), for all n = 1 , 2, . . . , N

(5.37) or in matrix form �_{Q a} � q=1 Θ^q_a (μ )A^q � U = Q_f�

q=1 Θ^q_f (μ )F^q, (5.38)

where [A^q]_{n,n} ′ := ~A^q(ζ^{n ′}, ζ^n ), [F^q]_n := ~F^q(ζ^n ). (5.39) Thus the system matrices A^q and right-hand sides F^q can be assembled once in the beginning (offline stage), stored, and then for every μ the parametric coefficients can be evaluated to assemble and solve the system (5.39) (online stage).

The accuracy and convergence of the reduced basis approximation u^N_h affect the optimization results obtained from the surrogate problem (5.34). It is to be expected that a poor approximation to the state equations results in either suboptimal or infeasible designs because the constraints are not properly enforced. There is little a priori convergence theory for reduced basis approximations. In the best case the convergence is exponential [14, 51], so that the relative error of the reduced basis approximation behaves like

||~u_h − ~u^N_h ||_X ||~u_h ||_X

≤ Ce^{− kN} (5.40)

for some constants C, k > 0 after a critical cutoff point N > N_{crit} has been reached. Therefore much interest lies in the construction of reliable and efficient a posteriori error estimates for ||~u_h − ~u^N_h ||_X . One option (see [61], Chapter 4 for the full details) is to use the residual-based estimator

Δ_n (μ ) :=

||R_n (·; μ )||_X ′ α_{LB} (μ )

, (5.41)

where the residual is defined as the dual element

R_n (~v; μ ) := F (~v; μ ) − a(~u^n_h (μ ), ~v; μ ) ∈ X^′(Ω_0 ) (5.42)

and α_{LB} (μ ) > 0 is a computable lower bound for the coercivity constant α_0 (μ ), i.e.

α_{LB} (μ ) ≤ α_0 (μ ) ≤

~A(~u, ~u; μ ) ||~u||^2_X for all ~u ∈ X_h . (5.43)

A parametric lower bound α_{LB} for the coercivity constant can be constructed by sampling the parameter space to find a proper set of linear constraints that bounds the smallest eigenvalue from below, the so-called successive constraint method [42, 43]. Estimator (5.41) satisfies

||~u_h − ~u^n_h ||_X ≤ Δ_n (μ ) for all μ ∈ D . (5.44)

Until now the strategy for choosing the parameter values used to construct the snapshots has not been addressed. With the a posteriori estimate Δ_n in hand it is possible to use a greedy algorithm for the selection of a good reduced approximation basis. The greedy approach was first proposed in [35], and has since become the standard basis selection algorithm. Let Ξ_{train} ⊂ D be a large training sample of parameter points. From Ξ_{train} choose the first parameter value μ_1 according to some rule, and then proceed to find a hierarchical set of parameter points

μ_n = arg max μ ∈ Ξ train

Δ_{n − 1} (μ ), for n = 2 , 3, . . . , N. (5.45)

Intuitively: at each iteration add the parameter point that produces the snapshot solution that is worst approximated by the previous reduced basis approximation space. It is known that such a greedy algorithm does not produce the optimal approximation subspace V^N_∗ of dimension N , but there are some recent indications [14] that the approximation spaces given by the reduced basis greedy algorithm are not too far from the optimal ones.

5.3 Empirical interpolation method

One of the topics of this thesis relates to the fact that for parametric shape optimization problems, assumption (5.35) is almost never valid unless special care is taken to construct a suitable geometric decomposition (see [67], Sect. 5). The recently developed empirical interpolation method [8, 34, 50] has been successfully applied to reduced basis reduction of nonaffinely parameterized problems, such as shape optimization. The empirical interpolation method is a model reduction scheme that replaces the nonaffinely parameterized bilinear form ~A(~u, ~v; μ ) with an affinely parameterized approximation of the form

~A(u, v; μ ) =

Q_{EIM}�

q=1 ϑ^q_a (μ ) ~A^q_{EIM} (~u, ~v) + ε_{EIM} ( ~x , μ ), (5.46)

where the error term ε_{EIM} needs to be controlled to an acceptable tolerance.

Assume there exists a scalar function g(x , μ ) ∈ C^0 (D; L^∞ (Ω)) depending on both the spatial coordinates and the parameters in a nonaffine way. The extension to matrix-valued functions via an elementwise procedure is obvious. The objective is to find an approximate expansion of the form

g_M (x , μ ) = M� j =1

Θ_j (μ )ζ_j (x ). (5.47)

In the empirical interpolation one seeks a set of interpolation points x^j ∈ Ω and a set of shape functions ζ_j (x ) s.t. the expansion (5.47) is obtained through solving the Lagrange interpolation problem M� j =1

[B ]^M_{i,j} Θ_j (μ ) = g(x^i , μ ), ∀ i = 1 , . . . , M (5.48)

where the M × M interpolation matrix is defined elementwise as [ B ]^M_{i,j} := ζ_j (x^i ) for i, j = 1 , . . . , M . The method is detailed in Algorithm 1.

Algorithm 1 Empirical interpolation procedure as defined in [8] Require: initial parameter value μ_1 and large training set Ξ_{train} ⊂ D 1: Let m = 1. 2: Set the first shape function ζ_1 (x ) := g(x , μ_1 ), the approximation space G_1 := span( ζ_1 ), and the interpolation point x^1 := argmax x ∈ Ω

|ζ_1 (x )|.

3: repeat 4: Solve the linear programming problem

μ_{m +1} := argmax

μ ∈ Ξ train inf_{v∈ G m} ||g(·, μ ) − v||_L ∞_{(Ω)} . (5.49)

5: Set the next shape function ζ_{m +1} (x ) := g(x , μ_{m +1} ) and the approximation space G_{m +1} := span( ζ_1 , . . . , ζ_{m +1} ).

6: Solve the interpolation problem m� j =1

[B ]^m_{i,j} Θ^m_j = ζ_{m +1} (x^i ), ∀ i = 1 , . . . , m (5.50)

with interpolation matrices [ B ]^m_{i,j} := ζ_j (x^i ) for i, j = 1 , . . . , m. 7: Compute the residual

r_{m +1} (x ) := ζ_{m +1} (x ) − m� j =1

Θ^m_j ζ_j (x ). (5.51)

8: Set the next interpolation point x^{m +1} := argmax x ∈ Ω

|r_{m +1} (x )|.

9: Let m → m + 1. 10: until the error max μ ∈ Ξ train inf v∈ G_{m − 1}

||g(·, μ ) − v||_L ∞_{(Ω)} < TOL

Without additional assumptions on the function g, the error of the empirical interpolation approximation is bounded above by the best approximation in the space G_M [8]

||g(·, μ ) − g_M (·, μ )||_L ∞_{(Ω)} ≤ (1 + Λ_M ) inf_{v∈ G M} ||g(·, μ ) − v||_L ∞_{(Ω)} , (5.52) but the Lebesgue constant only satisfies Λ_M ≤ 2^M − 1, which would indicate a possibly poor quality approximation. With added parametric regularity it is possible to give better bounds for the interpolation error [28]. In practice the EIM has been quite useful for solving nonaffinely parameterized PDEs with the reduced basis method [34, 56, 66].

Introducing the EIM approximation to the reduced basis equation (5.33) requires modifications to the a posteriori error estimator (5.44). This was first done in [55, 56]. The augmented estimator is of the form

||~u_h − ~u^N_h ||_X ≤ Δ_N (μ ) + Δ^{EIM}_{N,M} (μ ). (5.53)

The term Δ^{EIM}_{N,M} (μ ) is a consistency error term that does not converge to 0 even as N → ∞ if the number of terms M in the affine expansion is kept fixed. This is called the plateau effect [34].

5.4 Extension to free boundary problems

A more general class called free boundary problems can be solved using similar techniques as presented previously for shape optimization. Assume that the boundaries of the admissible shapes consist of a suitably parameterized free boundary part Σ( μ ), and a fixed boundary part Γ, s.t. for all Ω( μ ) ∈ S_{ad} it holds that ∂Ω( μ ) = Σ( μ ) ∪ Γ . (5.54)

The fixed domain approach is again taken to map from Ω_0 to Ω( μ ). An abstract free boundary problem is to solve for ~u(μ ) ∈ V(Ω_0 ) that satisfies the state equation

~A(~u(μ ), ~v; μ ) = ~F (~v; μ ) for all ~v ∈ V(Ω_0 ) (5.55)

plus an auxiliary equation for determining the configuration of the free boundary Σ( μ ) Ψ( ~u(μ ), Σ( μ )) = 0 (5.56)

that closes the equation system.

The prototype shape optimization problem (3.1) can be formulated as an abstract free boundary problem by taking the necessary optimality condition that the shape derivative (4.11) must vanish at the optimal shape Ω^∗ , i.e. � Σ^∗ (μ ) ∪ Γ

(w ·n )∇ J (x ) ds = 0 for all w ∈ W^{1,∞} (R^d , R^d ) (5.57)

as the weak form of an auxiliary equation (5.56). Conversely, the free boundary problem can be formulated as a parametric shape optimization problem for example as a least-squares problem min μ ∈D

|Ψ( u(μ ), Σ( μ )) |^2

s.t. A(~u(μ ), ~v; μ ) = ~F (~v) for all ~v ∈ V(Ω_0 ).

(5.58)

6 Contribution to the state of the art

This thesis addresses two main topics in applied shape optimization. The first is shape optimization using level set methods, the other reduced basis methods for model reduction in parametric shape optimization. In addition to pure optimal shape design problems, this thesis also applies the techniques developed for the aforementioned problems to a free boundary problem of fluid-structure interaction.

6.1 Level set methods and shape optimization

In [A] a topological shape optimization method for the optimal damping of the two-dimensional wave equation is studied. The objective is to find the optimal design of a damper that has a fixed area and that minimizes the energy at a fixed final time. While the topological derivative defined according to (4.16) was not available for this problem at the time, in [53] it is shown that the topological and shape derivatives for this particular problem differ only by a factor of o(a) for small damping coefficients a > 0. Therefore, a topological level set method originally proposed in [4] could be applied to the problem to obtain a topological optimization algorithm that discovers the correct number of disjoint components in about one fifth the number of level set iterations needed. While all level set methods allow certain topological changes of the shapes they can also get stuck in a shape bifurcation point and generally do not permit new components to form away from the current shapes. The topological method of [A] suffers from neither problem and therefore it is a true topological level set method, unlike e.g. the method proposed in [53].

The level set approach to shape optimization is applied in [B] to an inverse problem of reconstructing a shape from its interferogram that is recast into the form (4.20). Convexity of the admissible shapes is proved to be a sufficient condition for the inverse problem to have a unique solution. Here the interest is not to find the correct topology, but rather to modify the level set method in such a way that the feasible shapes are restricted to be convex. The convexity constraint can be difficult to handle in numerical computations, and previous works on this topic [1, 19, 20, 21, 44] have involved a variety of approaches. In contrast these previous works, [B] instead uses a curvature penalization method that allows convexity to be temporarily broken. An important aspect in the inverse problem context is the presence of noise in the data that necessitates regularization before the shape optimization formulation can be used. It turns out that replacing the standard L^2 shape gradient in the descent method with an H^1 -version defined by (4.12) is a form of regularization.

6.2 Reduced basis for parametric shape optimization

Article [C] studies a surrogate shape optimization method. The domain parameterization is done with free-form deformations [70], which are a technique for flexible, mesh-independent shape parameterizations. The problem is then mapped to a fixed reference domain according to (5.24), (5.25), and (5.26), and the parameters enter the coefficients of the PDE. Reduced basis methods are used to evaluate the state constraints efficiently. The proposed approach is a generic parametric shape optimization framework. The benefits of the optimization method are demonstrated on a classical problem of inverse design of an airfoil in potential flow.

In [D] the same airfoil geometry is considered, but this time the PDE model is the advection-diffusion equation and the optimization problem resembles a turbine blade configuration problem in an exterior thermal flow. The work concentrates on the a posteriori estimation of the reduced basis approximation error, which had been missing in previous works such as [76]. The nonaffine parameterization arising from the free-form deformations necessitates the use of the empirical interpolation approximation (5.46) for the diffusive coefficients, which in turn creates an additional error term in the reduced basis approximation. The error estimate of [55, 56] is extended to the advection-diffusion case, and a reduced basis surrogate optimization method with certified error bounds for such problems is obtained.

Article [E] utilizes the combination of free-form deformations and reduced basis methods introduced in [C] for the efficient solution of a free boundary problem of fluid-structure interaction. Steady incompressible flow in a channel with a flexible wall is modelled as a coupled problem involving the Stokes equations for the fluid, and a 1-d elliptic equation for the displacement of the flexible wall. The coupling condition (auxiliary equation (5.56) in this case) states that the traction applied to the wall by the fluid should match the displacement of the wall caused by the applied stress. These conditions are treated in terms of the geometric parameters, by least squares minimization (5.58) of the parametric structural displacement and the assumed displacement caused by the traction applied by the fluid.

References

[1] N.E. Aguilera and P. Morin. Approximating optimization problems over convex functions. Numer. Math. , 111(1):1–34, 2008.

[2] G. Allaire. Shape Optimization By the Homogenization Method .

Springer-Verlag, New York, 2002.

[3] B.O. Almroth, P. Stern, and F.A. Brogan. Automatic choice of global shape functions in structural analysis. AIAA J. , 16:525–528, 1978.

[4] S. Amstutz and H. Andr ä. A new algorithm for topology optimization using a level-set method. J. Comp. Phys. , 216:573–588, 2006.

[5] A.C. Antoulas. Approximation of Large-Scale Dynamical Systems .

SIAM, 2005.

[6] L. Armijo. Minimization of functions having Lipschitz continuous first partial derivatives. Pacific J. Math. , 16(1), 1966.

[7] M.H. Bakr, J.W. Bandler, K. Madsen, and J. Søndergaard. Review of the space mapping approach to engineering optimization and modeling. Optim. Eng. , 1:241–276, 2000.

[8] M. Barrault, Y. Maday, N.C. Nguyen, and A.T. Patera. An ‘empirical interpolation’ method: application to efficient reduced-basis discretization of partial differential equations. C. R. Math. Acad. Sci. Paris , 339(9):667 – 672, 2004.

[9] M.S. Bazaraa, H.D. Sherali, and C.M. Shetty. Nonlinear programming - theory and algorithms (2nd Ed.) . Wiley-Interscience, 1993.

[10] H. Ben Ameur, M. Burger, and B. Hackl. Level set methods for geometric inverse problems in linear elasticity. Inverse Problems , 20:673–696, 2004.

[11] M.P. Bendsoe and O. Sigmund. Topology optimization theory, methods and applications . Springer, Berlin, 2003.

[12] B. Bourdin and A. Chambolle. The phase-field method in optimal design. In: M.P. Bendsoe, N. Olhoff, O. Sigmund (Eds.). Proc. IUTAM Sympos. Topological Design Optim. Struct. Machines Materials , pages 207–215, 2006.

[13] S.C. Brenner and L.R. Scott. The mathematical theory of finite element methods (2nd Ed) . Springer, 2002.

[14] A. Buffa, Y. Maday, A.T. Patera, C. Prud’homme, and G. Turinici.

A priori convergence of the greedy algorithm for the parameterized reduced basis. ESAIM Math. Modelling Numer. Anal., submitted , 2010. Preprint at http://augustine.mit.edu/methodology/papers/ atp_M2AN_preprint_Nov09.pdf .

[15] T. Bui-Thanh, K. Willcox, and O. Ghattas. Parametric reduced-order models for probabilistic analysis of unsteady aerodynamics applications. AIAA J. , 46(10), 2008.

[16] M. Burger. A framework for the construction of level set methods for shape optimization and reconstruction. Interfaces Free Bound. , 5:301– 329, 2003.

[17] M. Burger, B. Hackl, and W. Ring. Incorporating topological derivatives into level set methods. J. Comp. Phys. , 194:344–362, 2004.

[18] M. Burger and S.J. Osher. A survey on level set methods for inverse problems and optimal design. European J. Appl. Math. , 16(2):263–301, 2005.

[19] G. Carlier and T. Lachand-Robert. Convex bodies of optimal shape. J.

Convex Anal. , 10:265–273, 2003.

[20] G. Carlier, T. Lachand-Robert, and B. Maury. A numerical approach to variational problems subject to convexity constraint. Numer. Math. , 88:299–318, 2001.

[21] G. Carlier, T. Lachand-Robert, and B. Maury. H^1 -projection into set of convex functions: A saddle point formulation. In ESAIM: Proc. Vol.10 , pages 277–290, 2001.

[22] J. Céa, S. Garreau, P. Guillaume, and M. Masmoudi. The shape and topological optimizations connection. Comput. Methods Appl. Mech. Engrg. , 188:713–726, 2000.

[23] J. Céa, A. Gioan, and J. Michel. Adaptation de la methode du gradient a un probleme d’identification de domaine. In: Lecture Notes in Computer Science, vol. 11, Springer, Berlin , pages 371–402, 1974.

[24] D. Chenais. Discrete gradient and discretized continuum gradient method for shape optimization of shells. Mech. Structures Mach. , 22:73– 115, 1994.

[25] C. de Boor. A practical guide to splines . Springer-Verlag, New York, 2001.

[26] M.C. Delfour and J.-P. Zolésio. Shapes and geometries - analysis, differential calculus, and optimization . SIAM, 2001.

[27] O. Dorn and D. Lesselier. Level set methods for inverse scattering.

Inverse Problems , 22:76–131, 2006.

[28] J.L. Eftang, M.A. Grepl, and A.T. Patera. A posteriori error bounds for the empirical interpolation method. C. R. Math. Acad. Sci. Paris, submitted , 2010. Preprint at http://augustine.mit.edu/methodology/ papers/atp_CRAS_preprint_Feb2010.pdf .

[29] K. Eppler, H. Harbrecht, and R. Schneider. On convergence in elliptic shape optimization. SIAM J. Control Optim. , 46(1):61–83, 2007.

[30] H.A. Eschenauer and N. Olhoff. Topology optimization of continuum structures: A review. Appl. Mech. Rev. , 54(4), 2001.

[31] L.C. Evans. Partial Differential Equations . Graduate Studies in Mathematics, V. 19. American Mathematical Society, 1998.

[32] J.P. Fink and W.C. Rheinboldt. On the error behavior of the reduced basis technique for nonlinear finite element approximations. Z. Angew. Math. Mech. , 63(1):21–28, 1983.

[33] G.H. Golub and C.F. Van Loan. Matrix computations (3rd ed.) . Johns Hopkins University Press, 1996.

[34] M.A. Grepl, Y. Maday, N.C. Nguyen, and A.T. Patera. Efficient reduced-basis treatment of nonaffine and nonlinear partial differential equations. ESAIM Math. Modelling Numer. Anal. , 41(3):575–605, 2007.

[35] M.A. Grepl and A.T. Patera. A posteriori error bounds for reduced-basis approximations of parametrized parabolic partial differential equations. ESAIM Math. Modelling Numer. Anal. , 39(1):157–181, 2005.

[36] A. Griewank. Evaluating Derivatives: Principles and Techniques of Algorithmic Differentiation , volume 19 of Frontiers in applied mathematics. SIAM, 2000.

[37] A. Harten. High resolution schemes for hyperbolic conservation laws. J.

Comp. Phys. , 49:357–393, 1983.

[38] J. Haslinger and R.A.E. M äkinen. Introduction to shape optimization:

theory, approximation, and computation . SIAM, 2003.

[39] J. Haslinger and P. Neittaanm äki. Finite element approximation for optimal shape, material and topology design (2nd Ed) . Wiley & Sons, 1996.

[40] M. Hassine, S. Jan, and M. Masmoudi. From differential calculus to 0- 1 topological optimization. SIAM J. Control Optim. , 45(6):1965–1987, 2007.

[41] Y.-L. Hsu. A review of structural shape optimization. Comput. Ind. , 25(1):3–13, 1994.

[42] D.B.P. Huynh, D. Knezevic, Y. Chen, J. Hestaven, and A.T. Patera.

A natural-norm successive constraint method for inf-sup lower bounds. Comput. Methods Appl. Mech. Engrg. , 199(29–32):1963–1975, 2010.

[43] D.B.P Huynh, G. Rozza, S. Sen, and A.T. Patera. A successive constraint linear optimization method for lower bounds of parametric coercivity and inf-sup stability costants. C. R. Acad. Sci. Paris. Sér. I Math. , 345:473–478, 2007.

[44] T. Lachand-Robert and É. Oudet. Minimizing within convex bodies using a convex hull method. SIAM Journal on Optimization , 16(2):368– 379, 2005.

[45] E. Laporte and P. Le Tallec. Numerical Methods in Sensitivity Analysis and Shape Optimization . Birkhäuser, Boston, 2003.

[46] M. Laumen. Newton’s mesh independence principle for a class of optimal shape design problems. SIAM J. Control Optim. , 37(4):1070–1088, 1999.

[47] R.J. LeVeque. Numerical methods for conservation laws . Birkhäuser, 1990.

[48] Y.C. Liang, H.P. Lee, S.P. Lim, W.Z. Lin, K.H. Lee, and C.G. Wu.

Proper orthogonal decomposition and its applications – part 1: Theory. J. Sound Vibration , 252(3):527–544, 2002.

[49] P.-L. Lions. Generalized Solutions of Hamilton-Jacobi Equations . Pitman, Boston, 1982.

[50] Y. Maday, N.C. Nguyen, A.T. Patera, and G.S.H. Pau. A general multipurpose interpolation procedure: the magic points. Commun. Pure Appl. Anal. , 8(1):383–404, 2009.

[51] Y. Maday, A.T. Patera, and G. Turinici. Global a priori convergence theory for reduced-basis approximation of single-parameter symmetric coercive elliptic partial differential equations. C. R. Acad. Sci. Paris. Sér. I Math. , 335:1–6, 2002.

[52] B. Mohammadi and O. Pironneau. Shape optimization in fluid mechanics. Annu. Rev. Fluid Mech. , 36:255–279, 2004.

[53] A. Münch. Optimal internal dissipation of a damped wave equation using a topological approach. Int. J. Appl. Math. Comput. Sci. , 19(1):15–38, 2009.

[54] P. Neittaanm äki, A. Pennanen, and D. Tiba. Fixed domain approaches in shape optimization problems with Dirichlet boundary conditions. Inverse Problems , 25, 2009.

[55] N.C. Nguyen. Reduced-basis approximation and a posteriori error bounds for nonaffine and nonlinear partial differential equations: Application to inverse analysis . PhD thesis, Singapore-MIT Alliance, National University of Singapore, 2005.

[56] N.C. Nguyen. A posteriori error estimation and basis adaptivity for reduced-basis approximation of nonaffine-parametrized linear elliptic partial differential equations. J. Comp. Phys. , 227:983–1006, 2007.

[57] A.K. Noor and J.M. Peters. Reduced basis technique for nonlinear analysis of structures. AIAA J. , 18(4):455–462, 1980.

[58] A.A. Novotny, R.A. Feijóo, E. Taroco, and C. Padra. Topological sensitivity analysis. Comput. Methods Appl. Mech. Engrg. , 192, 2003.

[59] I.B. Oliveira and A.T. Patera. Reduced-basis techniques for rapid reliable optimization of systems described by affinely parametrized coercive elliptic partial differential equations. Optim. Engrg. , 8:43–65, 2008.

[60] S.J. Osher and R. Fedkiw. Level set methods and dynamic implicit surfaces, volume 153 of Applied Mathematics Sciences . Springer-Verlag, New York, 2002.

[61] A.T. Patera and G. Rozza. Reduced Basis Approximation and A Posteriori Error Estimation for Parametrized Partial Differential Equation . Version 1.0, Copyright MIT 2006, to appear in (tentative rubric) MIT Pappalardo Graduate Monographs in Mechanical Engineering, 2009.

[62] O. Pironneau. Optimal shape design for elliptic systems . Springer- Verlag, 1984.

[63] T.A. Porsching. Estimation of the error in the reduced basis method solution of nonlinear equations. Math. Comput. , 45(172):487–496, 1985.

[64] B. Protas. Adjoint-based optimization of PDE systems with alternative gradients. J. Comp. Phys. , 227(13):6490–6510, 2008.

[65] N.V. Queipo, R.T. Haftka, W. Shyy, T. Goel, R. Vaidyanathan, and P.K.

Tucker. Surrogate-based analysis and optimization. Prog. Aerospace Sci., 41:1–28, 2005.

[66] G. Rozza. Reduced basis methods for Stokes equations in domains with non-affine parameter dependence. Comput. Vis. Sci. , 12(1):23–35, 2009.

[67] G. Rozza, D.B.P. Huynh, and A.T. Patera. Reduced basis approximation and a posteriori error estimation for affinely parametrized elliptic coercive partial differential equations. Arch. Comput. Methods Engrg. , 15:229–275, 2008.

[68] J.A. Samareh. A survey of shape parametrization techniques. Technical Report NASA/CP-1999-209136, NASA, 1999.

[69] F. Santosa. A level-set approach for inverse problems involving obstacles.

ESAIM Control Optim. Calc. Var. , 1:17–33, 1996.

[70] T.W. Sederberg and S.R. Parry. Free-form deformation of solid geometric models. Comput. Graph. , 20(4), 1986.

[71] J.A. Sethian. Level set methods and fast marching methods: evolving interfaces in computational geometry, fluid mechanics, computer vision, and materials science . Cambridge University Press, Cambridge, UK, 1999.

[72] J. Sokolowski and A. Zochowski. On the topological derivative in shape optimization. SIAM J. Control Optim. , 37(4):1251–1272, 1999.

[73] J. Sokolowski and A. Zochowski. Optimality conditions for simultaneous topology and shape optimization. SIAM J. Control Optim. , 42(4):1198– 1221, 2003.

[74] J. Sokolowski and J.-P. Zolésio. Introduction to shape optimization:

shape sensitivity analysis . Springer, 2003.

[75] J.E. Solem and N.C. Overgaard. A geometric formulation of gradient descent for variational problems with moving surfaces. In: R. Kimmel, N. Sochen, J. Weickert (Eds.). Proc. Scale Space PDE Methods Comput. Vision. Lecture Notes in Computer Science, Springer, Berlin/Heidelberg , pages 419–430, 2005.

[76] T. Tonn and K. Urban. A reduced-basis method for solving parameterdependent convection-diffusion problems around rigid bodies. In Proc. ECCOMAS CFD , 2006.

[77] F. van Keulen, R.T. Haftka, and N.H. Kim. Review of options for structural design sensitivity analysis. part 1: Linear systems. Comput. Methods Appl. Mech. Engrg. , 194:3213–3243, 2005.

[78] S.Y. Wang, K.M. Lim, B.C. Khoo, and M.Y. Wang. An extended level set method for shape and topology optimization. J. Comp. Phys. , 221:395–421, 2007.

[79] J.-P. Zolésio. The material derivative (or speed) method for shape optimization. In: E.J. Haug and J. Céa (Eds.). Optimization of Distributed Parameter Structures. NATO Science Series E: Applied Sciences, Kluwer Academic Publishers , pages 1152–1194, 1981.

(continued from the back cover)

A587 Antti Hannukainen, Rolf Stenberg, Martin Vohral ík A unified framework for a posteriori error estimation for the Stokes problem May 2010

A586 Kui Du, Olavi Nevanlinna

Minimal residual methods for solving a class of R-linear systems of equations May 2010

A585 Daniel Aalto

Boundedness of maximal operators and oscillation of functions in metric measure spaces March 2010

A584 Tapio Helin

Discretization and Bayesian modeling in inverse problems and imaging February 2010

A583 Wolfgang Desch, Stig-Olof Londen

Semilinear stochastic integral equations in L_p December 2009

A582 Juho K önnö, Rolf Stenberg

Analysis of H(div)-conforming finite elements for the Brinkman problem January 2010

A581 Wolfgang Desch, Stig-Olof Londen

An L_p -theory for stochastic integral equations November 2009

A580 Juho K önnö, Dominik Schötzau, Rolf Stenberg Mixed finite element methods for problems with Robin boundary conditions November 2009

A579 Lasse Leskel ä, Falk Unger

Stability of a spatial polling system with greedy myopic service September 2009

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The reports are available at http://math.tkk.fi/reports/ . The list of reports is continued inside the back cover.

A592 Olavi Nevanlinna

Upper bounds for R-linear resolvents September 2010

A591 Juhana Siljander

Regularity for degenerate nonlinear parabolic partial differential equations September 2010

A590 Ehsan Azmoodeh

Riemann-Stieltjes integrals with respect to fractional Brownian motion and applications September 2010

A589 Antti Rasila, Jarno Talponen

Convexity properties of quasihyperbolic balls on Banach spaces August 2010

A588 Kalle Mikkola

Real solutions to control, approximation, factorization, representation, Hankel and Toeplitz problems June 2010

ISBN 978-952-60-3401-0 (print) ISBN 978-952-60-3402-7 (electronic) ISSN 1797-5867 TKK Mathematics, 2010