Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2010 A596

MULTICENTRIC HOLOMORPHIC CALCULUS

Olavi Nevanlinna

Helsinki University of Technology Institute of Mathematics Research Reports

Espoo 2010 A596

MULTICENTRIC HOLOMORPHIC CALCULUS

Olavi Nevanlinna

Aalto University School of Science and Technology Department of Mathematics and Systems Analysis

Olavi Nevanlinna : Multicentric Holomorphic Calculus ; Helsinki University of Technology Institute of Mathematics Research Reports A596 (2010).

Abstract: We show how for any bounded operator or an element of a Banach algebra one can construct a practical power series calculus.

AMS subject classifications: 30B99, 32E30, 34L16, 47A10, 47A60 Keywords: Jacobi series, spectrum, holomorphic functional calculus, polynomial numerical hull

Correspondence Aalto University Department of Mathematics and Systems Analysis P.O. Box 11100 FI-00076 Aalto Finland firstname.lastname@tkk.fi

Received 2010-11-25

ISBN 978-952-60-3516-1 (print) ISSN 0784-3143 (print) ISBN 978-952-60-3517-8 (PDF) ISSN 1797-5867 (PDF)

Aalto University School of Science and Technology Department of Mathematics and Systems Analysis P.O. Box 11100, FI-00076 Aalto, Finland email: math@tkk.fi �

Multicentric Holomorphic Calculus

Olavi Nevanlinna

Helsinki University of Technology email: Olavi.Nevanlinna@tkk.fi

Abstract

We show how for any bounded operator or an element of a Banach algebra one can construct a prcatical power series calculus

keywords: Jacobi series, spectrum, holomorphic functional calculus, polynomial numerical hull,

AMS 30B99, 32E30, 34L16, 47A10, 47A60

1 Introduction

1.1 Motivation

To start with, consider the following question. Is it possible to have an algorithm, formulated in Banach algebras, such that if an arbitrary element a is given in some algebra A, then the algorithm computes f (a) for a given analytic function f . In this motivation part, let this function be logarithm. We assume that we can create polynomials of a and compute their norms. It turns out that the answer is positive in the following way. We first run an algorithm searching for a polynomial p such that the function f is analytic in a neighborhood of an associated set V_p :

V_p = { λ ∈ C | |p(λ)| ≤ ‖ p(a)‖}.

In case of logarithm the requirement reduces to testing

0 /∈ V_p .

Then based on such a polynomial p we proceed to compute a power series representation for the logarithm, which is guaranteed to converge at a. In this paper we collect and discuss properties and computational aspects of these series expansions, while the search algorithm for suitable p has appeared in [11]. We shall now outline the approach in more detail. We should add that in this discussion all computations are assumed to be performed exactly.

1.2 Outline of the approach

Let a ∈ A be a given element in a complex unital Banach algebra A and denote by ^σ(a) the polynomially convex hull of the spectrum of a (that is, fill in the possible holes in σ(a)). We look at ^σ(a) because if we are given only the element a and assume that our algorithm generates polynomials p(a) (or p(A)x for x ∈ X when A is an operator in a Banach space X ), then all our computations stay in the subalgebra generated by a in A and we can only try to compute ^σ(a) as it is exactly the spectrum of a in this subalgebra. Let Ω ⊂ C be open and such that ^σ(a) ⊂ Ω . If f is analytic in Ω , in short, f ∈ H (Ω) , then the holomorphic functional calculus allows one to define f (a) ∈ A using the Cauchy integral formula in a way consistent with rational approximation of f . In the following we omit writing the unit in the algebra, so that for example in the Cauchy formula we write the resolvent as a function from C \ ^σ(a) to A

λ → (λ − a)^{− 1} .

Let Γ ⊂ Ω be a countour surrounding ^σ(a). Then the Cauchy formula defines f (a): f (a) = 1 2πi ∫ Γ f (λ)(λ − a)^{− 1} dλ. (1.1)

However, in order to compute f (a) using (1.1) we need to know the resolvent along Γ . For this we usually have only piecewise smooth approximations which in particular imply that we loose the property of Cauchy integral being path independent. In [11] we outlined a different approach which approximates the resolvent with rational functions. This leads to a simple power series calculus which we approach by first having a look at Taylor series.

Suppose there exists λ_0 ∈ C such that

V := { λ ∈ C | |λ − λ_0 | ≤ ‖ a − λ_0 ‖} ⊂ Ω .

Then we can write for λ /∈ V

(λ − a)^{− 1} = 1 λ − λ_0

(1 − 1 λ − λ_0

(a − λ_0 ))^{− 1} = ∞∑ j =0

(a − λ_0 )^j (λ − λ_0 )^{j +1}

(1.2)

and substitute this into (1.1) to get

f (a) = ∞∑ j =0

α_j (a − λ_0 )^j (1.3)

where the Taylor coefficients of f satisfy

α_j = 1 2πi ∫ |λ − λ_0 |= r

f (λ) (λ − λ_0 )^{j +1} dλ. Thus, here the holomorphic functional calculus reduces to substituting a into the variable in the Taylor series expansion of f around the center λ_0 .

Our aim in this paper is to discuss the formulas for series expansions in a more general situation where the first degree polynomial λ − λ_0 is replaced by a monic polynomial p(λ) = ( λ − λ_1 ) · · ·(λ − λ_d )

of degree d with distinct zeros λ_j . As before, let

V_p = { λ ∈ C | |p(λ)| ≤ ‖ p(a)‖}

and compute q such that

p(λ) − p(z) = ( λ − z)q(λ, z ).

Then clearly the series expansion

(λ − a)^{− 1} = q(λ, a ) ∞∑ j =0

p(a)^j p(λ)^{j +1}

(1.4)

converges for λ /∈ V_p .

In practical large scale computations with A ∈ B (H ) one can try to run the usual Arnoldi algorithm and draw the corresponding sets V_p and choose a p when V_p is small enough. However, this may not always work. We have recently shown [11] that convergent algorithms do exist. More precisely, there exists a procedure which assumes at each step a finite number of minimization problems involving ‖P (a)‖ (in case of operators this strictly speaking requires one to work with operator norms and not on ‖P (A)x‖) over a set of polynomials P of fixed degree to be carried out. It produces a sequence of polynomials p_n and compact sets K_n such that

^σ(a) ⊂ V_{p n} ⊂ K_n ⊂ K_{n − 1} and ^σ(a) = ⋂ n ≥ 1

K_n .

In particular, the representation (1.4) holds for λ /∈ V_{p n} with p = p_n . So, if f ∈ H (Ω) and ^σ(a) ⊂ Ω one obtains after a finite number of steps using this procedure a p such that ^σ(a) ⊂ V_p ⊂ Ω .

Substituting now (1.4) into (1.1) yields

f (a) = ∞∑ j =0

c_j (a)p(a)^j (1.5)

where c_j ’s are polynomials with deg(c_j ) < deg (p). This is very efficient if p(a) is small. In the extreme case for matrices with minimal polynomial we have p(A) = 0 and f (A) = c_0 (A), but our emphasis is in the case where deg(p) is relatively small and ‖p(a)‖ of moderate size.

The expansion (1.5) corresponds to expanding f into a multicentric power series or Jacobi series

f (z) = ∞∑ j =0

c_j (z)p(z)^j (1.6) where λ_1 , . . . , λ_d , the roots of p, all have equal importance as local centers. Denote by δ_k ∈ P_{d− 1} the Lagrange interpolation basis polynomials at λ_j ’s

δ_k (λ) = 1 p^′(λ_k ) ∏ j ≠ k

(λ − λ_j ) (1.7)

so that any P ∈ P_{d− 1} can uniquely be written as

P (z) = d∑ k =1

P (λ_k )δ_k (z).

Let now c_j ∈ P_{d− 1} be given and put α_{kj} = c_j (λ_k ). If we now set for k = 1 , . . . , d

f_k (w) = ∞∑ j =0

α_{kj} w^j , (1.8)

then we obtain from (1.6) a multicentric representation of f w.r.t. centers λ_1 , . . . , λ_d :

f (z) = d∑ k =1

δ_k (z)f_k (p(z)). (1.9)

We shall first discuss the existence and uniqueness of multicentric representations without smoothness assumptions on f . If, however, f is holomorphic, then each f_k is holomorphic as well and can be expanded into convergent power series (1.8) which can be combined back into a multicentric power series (1.6). It turns out that the Taylor coefficients α_{kj} of f_k can be computed recursively by explicit substitution if the derivatives of f are available at all centers λ_k .

We should point out that we do not assume Ω to be connected. In fact, this allows one to obtain Riesz projectors by defining f to be locally constant. Yet, in multicentric repsentation the functions f_k are in such a case not locally constant.

We shall derive all, as such rather elementary, formulas in detail and provide simple bounds to control the convergence and the error when truncating the representations. We do believe that many of the formulas have been used in the past but we have not found them. Much of the tradition assumes any change of variable to be univalent, here we force it to be d-valent.

We close this introductory section by formulating a result for f ∈ H (Ω) . Recall that if Ω ⊂ C is open, then we can have compact sets K_n ⊂ K_{n +1} ⊂ Ω so that Ω = ⋃ n ≥ 1

K_n .

Suppose we are given a compact K ⊂ Ω . Then by Hilbert Lemniscate Theorem, see e.g. [12], p 158, there exists a polynomial p and a contour Γ surrounding K inside Ω so that max z ∈ K

|p(z)| < min_{λ ∈ Γ} |p(λ)|.

This then implies that the corresponding multicentric power series of f converges absolutely inside K .

Remark 1.1. When we work with operators A their powers are often considered either impossible or expensive to be carried out. Observe, however, that if one is able to form p(A) with a relatively low degree polynomial p then the holomorphic functional calculus can be performed on operator-vector level by creating the power series in an obvious manner. Further, even if forming p(A) would be impossible in practise, the calculus can be carried out on vector level, provided that one can compute a reliable estimate of ‖p(A)‖.

1.3 Remarks on the history

Series expansions of the form (1.6) were introduced and discussed by C.G.J. Jacobi without use of the Cauchy integral. Jacobi died 1851 and the notes, dated 1847, appeared posthumously 1856 [5].

After Jacobi the topic was discussed e.g. by Laguerre and Hilbert before Alfred Kienast discussed it in his inaugural dissertation 1906 [6]. The main properties of Jacobi series are shortly discussed in [14] and [7].

Many results in unit disc for power series have their counterparts for sets bounded by lemniscates if one uses the Jacobi series expansions as basic tool to represent the functions. For example, Fekete [3] has versions on Landau-Schotky theorems and Curtiss [2] studied questions related to boundary behavior.

There exists additionally a notationally appealing formulation of the series as follows. Schweizer [13] defines Jacobi derivative by setting

D_p = d∑ k =1 1 p^′(λ_k ) ∂ ∂λ_k . A basically straightforward calculation gives c_j (z) =^1_{j !} D^j_p [c_0 (z)] and thus

f (z) = ∞∑ j =0 1 j ! D^j_p [c_0 (z)]p(z)^j .

We shall not discuss this in the following as it seems not to offer advantages towards implementation.

To this end it is natural to wonder why Jacobi series is not part of every day practise. A possible answer could go as follows. A mathematical concept or approach becomes widely known if it is either easy to use as a tool in applications, or it is helpful when one introduces known structures for beginners, or there are still hard unsolved questions nearby. Clearly, without modern computers the computations with Jacobi series based on arbitrary polynomials p would have been really laborious and hence not practical. Second, several naturally emerging generalizations of properties of analytic functions in discs were discussed long ago and that research tradition essentially died out before the modern computers were around. Thus, it dropped off from the "toolbox" of basic complex analysis.

My own interest in this grew up as follows. In [8] and in [9] I introduced and studied the polynomial numerical hulls

V^k (a) = ⋂ deg (p)≤ k

V_p and pointed out that intersecting V_p over all polynomials gives the polynomial convex hull of the spectrum. In [10] I studied operator valued meromorphic functions and in particular low rank perturbation theory of operators: what is the inherent invariant property of resolvents which stay invariant in low rank perturbations - while the spectrum may move essentially uncontrolled. It then became natural to ask [11] whether we can compute the spectrum and in particular whether the resolvent could be represented with just one expression allowing the holomorphic functional calculus to be performed with path independent integrations, without need to discretize the integrals. Some authors use Jacobi series to name series expansions by Jacobi polynomials. It took me long time to notice that the series discussed in this paper were also called Jacobi series. Meanwhile I had given lectures on multicentric series - this paper was essentially written before finding the early related papers.

2 Multicentric representation of functions

2.1 Existence and uniqueness

Let p ∈ P_d be monic with distinct zeros λ_j and denote by δ_k ∈ P_{d− 1} the polynomials satisfying δ_k (λ_j ) = δ_{jk}

so that δ_k (λ) = 1 p^′(λ_k ) ∏ j ≠ k

(λ − λ_j ). (2.1)

To discuss the existence and uniqueness of the decomposition

f (z) = d∑ k =1

δ_k (z) f_k (p(z)) (2.2)

we write it as a linear system of equations. Let w ∈ C be given and denote by z_1 , . . . , z_d the solutions of p(z) = w. (2.3)

As we assume p to have distinct zeros, for small w we have d distinct analytic branches z_j = z_j (w) with z_j (0) = λ_j . For this discussion we do not need to introduce the full structure of the Riemann surface of p(z) − w. It suffices to recall that all branches can be treated as separate analytic functions of a complex variable with the following exception. At critical points λ_c we have p^′(λ_c ) = 0 and those branches z_j which at the critical value w_c = p(λ_c ) satisfy z_j (w_c ) = λ_c cannot be treated as analytic functions separately around w_c .

Let now w be a noncritical value, so the roots z_j are all distinct. Denote f (z_j ) = b_j (w) and let b(w) ∈ C^d be the corresponding vector. Set

D (w) = ( δ_k (z_j ))_{jk}

and denote by x(w) ∈ C^d the vector with the unknown function values f_k (w) as components. Then (2.2) can be written as

D (w)x(w) = b(w). (2.4)

To see that D is nonsingular, put

Q(z) = d∑ k =1

x_k δ_k (z)

so that Q ∈ P_{d− 1} . Thus (2.4) corresponds to asking solution for the following interpolation problem: Q(z_j ) = f (z_j ), for j = 1 , . . . , d which has a unique solution as the points z_j are assumed to be distinct. Lemma 2.1. The function w → D (w)^{− 1} (2.5) is analytic away from the critical values. Proof. The matrix valued function w → D (w) is analytic except at critical values and as it is also nonsingular, its inverse is also analytic.

Above we needed the values of f at all points z_j in order to pin down the representation. For that purpose we introduce the following concept. Definition 2.2. A set V ⊂ C is p-balanced if p^{− 1} (p(V)) = V.

Thus, V is p-balanced if for every λ ∈ V all roots z_j of p(z) = p(λ) also belong to V. Example 2.3. Sets of the form V = { λ ∈ C | |p(λ)| ≤ R} and V_0 = { λ ∈ C | |p(λ)| ≤ R and p(λ) is a noncritical value of p} are p-balanced.

We can summarize the situation as follows. Theorem 2.4. Let V_0 ⊂ C be p-balanced containing no critical points of p. Then for every function f : V_0 → C there exists unique functions f_k : p(V_0 ) → C (2.6) such that for z ∈ V_0 f (z) = d∑ k =1

δ_k (z)f_k (p(z)). (2.7)

2.2 Continuity of the representation

The multicentric representation inherits all the smoothness of f , as long as we stay away from critical values of p.

Proposition 2.5. Let V_0 ⊂ C be p-balanced containing no critical points of p and suppose f , f_k satisfy (2.7). If f ∈ C^m (V_0 ) for some m ≥ 0, then f_k ∈ C^m (p(V_0 )) for all k. If f is analytic, so are f_k .

Proof. This is clear combining (2.4) and Lemma 2.1.

It is natural to ask whether one can extend the decomposition smoothly to critical points as well. We shall see later that this is automatic if f is analytic but the following example shows that f ∈ C^∞ is not enough.

Example 2.6. Let p(λ) = λ^2 − 1 so that we have a critical point at origin. Denoting δ_1 (z) = (1 + z)/2 and δ_2 (z) = (1 − z)/2 we obtain

f_1 (z^2 − 1) = 1 2 [f (z) + f (− z)] + f (z) − f (− z) 2z (2.8)

f_2 (z^2 − 1) = 1 2 [f (z) + f (− z)] − f (z) − f (− z) 2z . (2.9)

As z → 0 we see that f_k (z^2 − 1) tends to a limit if f is analytic at origin. On the other hand let f (z) = Re z = x which is in C^∞ , then radial limits exist at origin, however, depending on the angle. In this example we have

δ_1 (z) =

1 + z 2 and δ_2 (z) =

1 − z 2 and so we have_2 ∑ k =1

δ_k (z)f_k (z^2 − 1) = f (z).

Critical values come up also when f is defined and analytic near each λ_j but their analytic continuations don’t match. Here is an example.

Example 2.7. Consider the Riesz spectral projection which is obtained by assuming f to be identically 1 near one component of the spectrum and vanish in a neighborhood of the rest of the spectrum. We may demonstrate this using Example 2.6.

Let f ≡ 1 near 1 and vanish identically near − 1. We have, for |w| < 1

(1 + w)^{1/2} = 1 + 1 2 w − 1 8 w^2 + 1 16 w^3 − · · · and (1 + w)^{− 1/2} = 1 − 1 2 w + 3 8 w^2 − 5 16 w^3 + · · ·.

Let us compute the two-centric representation first around 1. There with z = (1+ w)^{1/2}

δ_1 (z) = 1 + 1 4 w − 1 16 w^2 + 1 32 w^3 − · · · and δ_2 (z) = − 1 4 w + 1 16 w^2 − 1 32 w^3 − · · ·

From (2.8) and (2.9) we obtain

f_1 (w) = 1 − 1 4 w + 3 16 w^2 − 5 32 w^3 + · · ·

f_2 (w) = 1 4 w − 3 16 w^2 + 5 32 w^3 − · · ·

This gives δ_1 (z)f_1 (w) = 1 + 1 16 w^2 − 1 16 w^3 + · · · and δ_2 (z)f_2 (w) = − 1 16 w^2 + 1 16 w^3 − · · ·

so their sum is identically 1. Near -1 we have

δ_1 (z) = − 1 4 w + 1 16 w^2 − 1 32 w^3 − · · · and δ_2 (z) = 1 + 1 4 w − 1 16 w^2 + 1 32 w^3 − · · ·

which gives δ_1 (z)f_1 (w) = − 1 4 w + 1 8 w^2 − 3 32 w^3 + · · · and δ_2 (z)f_2 (w) = 1 4 w − 1 8 w^2 + 3 32 w^3 − · · ·

So, near -1 their sum vanishes identically. Suppose now that A ∈ B (X ) is such that with B = A^2 − 1 we have ‖B ‖ < 1 or more sharply, the spectral radius ρ(B ) < 1. Since δ_1 (A) =

1 + A 2 , δ_2 (A) =

1 − A 2 we get using the power series expansions for f_k

f (A) = 2∑ k =1

δ_k (A)f_k (B ) = 1 2 + A( 1 2 − 1 4 B + 3 16 B^2 − 5 32 B^3 + · · ·).

This satisfies f (A)^2 = f (A) and gives the spectral projection onto the invariant subspace related to the part of spectrum which satisfies |λ^2 − 1| < 1 and Reλ > 0.

3 Decomposing the Cauchy integral

3.1 Decomposing the Cauchy kernel

Consider the Cauchy kernel 1/(λ − z) which gives the Cauchy integral formula

f (z) = 1 2πi ∫ γ f (λ) dλ λ − z

(3.1)

for analytic functions f . We decompose the kernel and then substituting the decomposition into (3.1) yields the decomposition of all analytic functions f .

The idea is easily seen from factoring

p(λ) − p(z) = ( λ − z)q(λ, z )

and then writing 1 λ − z = q(λ, z ) p(λ) − p(z) . Lemma 3.1. Let p(λ) = d∏ j =1

(λ − λ_j )

where all roots λ_k are distinct and let δ_k be as in (2.1). Then

p(λ) − p(z) = ( λ − z) d∑ k =1

p^′(λ_k )δ_k (λ)δ_k (z). (3.2)

Proof. Since δ_k (λ) = 1 p^′(λ_k ) ∏ j ≠ k

(λ − λ_j )

we have p(λ) = ( λ − λ_k )p^′(λ_k )δ_k (λ). (3.3) Interpolating the constant function gives d∑ k =1

δ_k (z) = 1

which together with (3.3) yields

p(λ) = d∑ k =1

(λ − λ_k )p^′(λ_k )δ_k (λ)δ_k (z).

Interchanging here λ and z and taking the difference concludes the proof. Definition 3.2. Given a monic p ∈ P_d with simple zeros λ_k we set

K_k (λ, w) = p^′(λ_k ) δ_k (λ) p(λ) − w = 1 λ − λ_k p(λ) p(λ) − w

. (3.4)

Combining this definition with the previous lemma gives

Proposition 3.3. For p(λ) ≠ p(z) we have d∑ k =1

δ_k (z)K_k (λ, p(z)) = 1 λ − z

. (3.5)

Remark 3.4. Denote by z_j = z_j (w) the roots of p(z) = w, so that

p^′(λ) p(λ) − w = d∑ j =1 1 λ − z_j (w) . Since

p^′(λ) = d∑ k =1

p^′(λ_k )δ_k (λ)

we obtain_d ∑ k =1

K_k (λ, w) = d∑ j =1 1 λ − z_j (w)

. (3.6)

Example 3.5. Let p(λ) = λ^2 − 1 as in Example 2.6. Then

K_1 (λ, w) = λ + 1 λ^2 − 1 − w and K_2 (λ, w) = λ − 1 λ^2 − 1 − w , while 1 λ − z_1 (w) = λ + √ 1 + w λ^2 − 1 − w and 1 λ − z_2 (w) = λ − √ 1 + w λ^2 − 1 − w

3.2 Decomposing analytic functions

Given a monic polynomial p ∈ P_d with simple zeros λ_k and ρ > 0, let γ_ρ consist of points λ ∈ C such that |p(λ)| = ρ^d . (3.7) Thus, for small ρ γ_ρ consists of d circular curves around the zeros λ_k , while for large ρ the curve reduces to just one circular contour. The curve γ_ρ divides the plane into one unbounded component, ext (γ_ρ ) and bounded components, which we denote by int (γ_ρ ). By maximum principle

z ∈ int (γ_ρ ) if and only if |p(z)| < ρ^d . (3.8)

Thus we can use (3.5) to decompose our analytic function.

Theorem 3.6. Let Ω ⊂ C be open containing the zeros λ_k of p. Suppose ρ > 0 is such that int (γ_ρ ) ∪ γ_ρ ⊂ Ω .

Given f ∈ H (Ω) set for |w| < ρ^d

f_k (w) = 1 2πi ∫ γ_ρ

K_k (λ, w)f (λ)dλ. (3.9)

Then f_k are analytic in |w| < ρ^d and for z ∈ int (γ_ρ ) we have

f (z) = d∑ k =1

δ_k (z)f_k (p(z)).

Proof. Since |w| < ρ^d = |p(λ)| the kernel K_k is analytic in w and therefore so are the functions f_k . The claim then follows from combining the Cauchy integral representation of f with (3.5).

Remark 3.7. Observe that f_k are defined and analytic also at possible critical values.

We shall consider the convergence of the Taylor series of f_k and the multicentric power series of f below but first we point out that the kernels K_k (λ, w) can be used also in defining the decomposition of C^1 -functions on the plane.

3.3 Pompeiu’s formula

If f is not analytic, but has continuous first derivatives, then ∂f ≢ 0 where ∂f(z) = 1 2 (^∂_{∂x} + i^∂_{∂y})f (x + iy). From Stokes’s theorem one can derive the following Pompeiu’s formula. Lemma 3.8. Let V be open with boundary consisting of a finite number of continuously differentiable Jordan curves. Suppose u has continuous first derivatives in and up to boundary of V. Then for z ∈ V

u(z) = 1 2πi ∫ ∂V u(λ) λ − z dλ + 1 2πi ∫ V ∂u(λ) λ − z dλ ∧ dλ. (3.10)

Proof. See e.g. p.263 in [4].

We may now substitute (3.5) into Pompeiu’s formula to get the following. Theorem 3.9. Let Ω ⊂ C be open containing the zeros λ_k of p. Suppose ρ > 0 is such that int (γ_ρ ) ∪ γ_ρ ⊂ Ω .

Given f ∈ C^1 (Ω) set for noncritical w such that |w| < ρ^d

f_k (w) = 1 2πi ∫ γ_ρ

K_k (λ, w)f (λ)dλ + 1 2πi ∫ int (γ_ρ )

K_k (λ, w) ∂f(λ) dλ ∧ dλ (3.11)

Then f_k ∈ C^1 away from critical values and for corresponding z ∈ int (γ_ρ ) we have

f (z) = d∑ k =1

δ_k (z)f_k (p(z)).

Proof. As long as w is noncritical the roots z_j of p(λ) − w are simple so that all singularities in the area integral are integrable as

K_k (λ, w) = p^′(λ_k ) δ_k (λ) ∏_d

j =1 (λ − zj ) .

4 Computation and estimates for the Jacobi series

4.1 Recursion

We consider next the computation of the multicentric power series assuming that f is analytic and it is possible to compute accurately derivatives of f at roots of p. We show that the coefficients for the power series of f_k

f_k (w) = ∞∑ n =0 1 n! f^{(n )}_k (0)w^n

can be computed using an explicit recursion. The recursion is given in Proposition 4.3, while Proposition 4.5 shows the convergence estimates.

Let us put φ_k (z) = f_k (p(z))

so that our decomposition reads f = d∑ k =1

δ_k φ_k . (4.1)

Lemma 4.1.

f^{(n )} = d∑ k =1 n∑ m =0 ( n m ) δ^{(n − m )} k φ^{(m )}_k . (4.2)

Observe that since δ_k ∈ P_{d− 1} the polynomials δ^{(n − m )} k vanish for n − m ≥ d.

Lemma 4.2. If ψ (z) = g(p(z)) where p ∈ P_d then for n ≥ 1

ψ^{(n )} = n∑ m =1

b_{nm} g^{(m )} (4.3)

where the polynomials b_{nm} are determined by

b_{n +1 ,m} = b_{n,m − 1} p^′ + b^′_{n,m} (4.4)

with b_{n, 0} = 0 , b_{11} = p^′ and b_{n,m} = 0 for m > n .

For simplicity, we state that b_{00} = 1 and observe that b_{nn} = ( p^′)^n . We obtain an infinite lower triangular matrix B = ( b_{n,m} ) with polynomial entries:

B = 1 p^′ p^{(2)} (p^′)^2 p^{(3)} 3p^′p^{(2)} (p^′)^3 p^{(4)} 4p^′p^{(3)} + 3( p^{′′})^2 6(p^′)^2 p^{′′} (p^′)^4 · · · · ·

Proposition 4.3. We can now solvef^{(n )}_j (0) in terms of f^{(n )} (λ_j ) and of f^{(m )}_k (0) with m = 0 , . . . , n − 1 from

(p^′(λ_j ))^n f^{(n )}_j (0) = f^{(n )} (λ_j ) − d∑ k =1 n − 1∑

m =0 ( n m ) δ^{(n − m )} k (λ_j ) m∑ l=0 b_{ml} (λ_j )f^{(l)}_k (0). (4.5)

Proof. The formula follows by substituting and noting that δ_k (λ_j ) = δ_{kj} .

4.2 Convergence estimates

We shall now estimate the convergence of the power series

f_k (w) = ∞∑ j =0

α_{kj} w^j . (4.6)

For |w| < |p(λ)| = ρ^d we have from (3.4)

K_k (λ, w) = 1 λ − λ_k ∞∑ j =0 ( w p(λ)

)^j . (4.7)

Then we obtain the following representation for the Taylor coefficients of f_k .

Proposition 4.4.

α_{kn} = 1 n! f^{(n )}_k (0) = 1 2πi ∫ γ_ρ

f (λ) p(λ)^n dλ λ − λ_k

. (4.8)

This gives us immediately simple bounds. In fact, let

M (ρ) = M (ρ, p, f ) = max

|p(λ )|≤ ρ^d

|f (λ)| (4.9)

and put L_k (ρ) = 1 2π ∫ γ_ρ

|dλ| |λ − λ_k |

. (4.10)

Then clearly

Proposition 4.5. 1 n! |f^{(n )}_k (0)| ≤ L_k (ρ) M (ρ) ρ^{− dn} (4.11) and f_k (w) = ∞∑ n =0 1 n! f^{(n )}_k (0) w^n (4.12)

holds for |w| < ρ^d with

|f_k (w)| ≤ L_k (ρ) M (ρ) ρ^d ρ^d − | w|

. (4.13)

Remark 4.6. This bound (4.13) can be obtained directly without power series representation by estimating from (3.4) along γ_ρ

|K_k (λ, w)| ≤ 1 |λ − λ_k | ρ^d ρ^d − | w| . Then (4.13) follows from |f_k (w)| ≤ 1 2π ∫ γ_ρ

|K_k (λ, w)| |f (λ)||dλ|.

4.3 Further estimates

Consider next the multicentric power series

f (z) = ∞∑ j =0

c_j (z)p(z)^j (4.14)

where c_j ∈ P_{d− 1} . The convergence of this series is directly linked with those of f_k ’s. In fact, from f (z) = d∑ k =1

δ_k (z)f_k (p(z)

we obtain c_j (z) = d∑ k =1

δ_k (z)α_{kj} (4.15)

which gives substituting λ_k = z α_{kj} = c_j (λ_k ). (4.16) Therefore, bounds for the Taylor coefficients α_{kj} of f_k ’s and bounds for the convergence of (4.14) carry essentially the same information.

As before, suppose f ∈ H (Ω) and int (γ_ρ ) ∪ γ_ρ ⊂ Ω . Then (4.14) converges for |p(z)| < ρ^d and for z ∈ int (γ_ρ )

c_j (z) = 1 2πi ∫ γ_ρ

q(λ, z )f (λ)

p(λ)^{j +1} dλ. (4.17)

Here q(λ, z ) = p(λ) − p(z) λ − z . This was the starting point for our study, see introduction above and [ON, 09]. In order to estimate c_j directly from this we put

C(ρ) = 1 2π ∫ γ_ρ

|q(λ, z )| |p(λ)|

|dλ| (4.18)

We formulate for reference the following simple fact.

Lemma 4.7. For p ∈ P_d there exist constants D_1 and D_2 such that for all ρ > 0, z ∈ int (γ_ρ ) and k = 1 , . . . , d |δ_k (z)| ≤ D_1 + D_2 ρ^{d− 1} (4.19) Then in particular |c_j (z)| ≤ (D_1 + D_2 ρ^{d− 1} ) d∑ k =1

|α_{kj} |. (4.20)

Proof. For large ρ the curve γ_ρ is essentially a circle of radius ρ and as δ_k is of degree d − 1 the claim follows.

Next we focus on C(ρ). Proposition 4.8. Let p ∈ P_d be monic with distinct zeros. Then there exists C such that for all ρ > 0 C(ρ) = 1 2π ∫ γ_ρ

|q(λ, z )| |p(λ)|

|dλ| ≤ C. (4.21)

In particular for z ∈ int (γ_ρ ) |c_j (z)| ≤ CM (ρ)ρ^{− dj} . (4.22) Proof. From (4.17) we obtain, as along γ_ρ we have |p(λ)| = ρ^d |c_j (z)| ≤ C(ρ)M (ρ)ρ^{− dj} .

Thus, we need to conclude that C(ρ) is uniformly bounded. It is clear that C(ρ) is continuous. Consider first small values of ρ. Since

q(λ, z ) = d∑ k =1

p^′(λ_k )δ_k (λ)δ_k (z) = p(λ) d∑ k =1

δ_k (z) λ − λ_k

, (4.23)

we obtain by the previous estimate

C(ρ) ≤ (D_1 + D_2 ρ^{d− 1} ) d∑ k =1

L_k (ρ).

This shows that C(ρ) is bounded for small ρ, as we show below that L_k (ρ) is uniformly bounded in ρ.

Consider now large values of ρ. However, it follows from the following Lemma that lim sup ρ→∞ C(ρ) ≤ d,

which completes the proof. Lemma 4.9. max z,λ ∈ γ_ρ

|q(λ, z )| |p(λ)|

≤ d ρ^{− 1} + O(ρ^{− 2} ) (4.24) as ρ → ∞ .

Proof. Let p(λ) = λ^d + a_1 λ^{d− 1} + . . .

and assume ρ is large enough so that γ_ρ is nearly circular. Along γ_ρ we have p(λ(φ )) = ρ^d e^{idφ} , so that with some constant b

λ(φ ) = ρe^{iφ} − a_1 + bρ^{− 1} e^{− iφ} + O(ρ^{− 2} ) (4.25)

and in particular |λ(φ )| = ρ + O(1). (4.26) In order to estimate |q(λ, z )| we write

q(λ, z ) = p(λ) − p(z) λ − z . Since along γ_ρ

|λ^j − z^j | |λ − z|

≤ | λ|^{j − 1} + |λ|^{j − 2} |z| + · · ·+ |z|^{j − 1} ≤ j (ρ + O(1))^{j − 1}

we obtain

|q(λ, z )| ≤ d (ρ + O(1))^{d− 1} + ( d − 1)|a_1 |(ρ + O(1))^{d− 2} + . . . .

Thus |q(λ, z )| |p(λ)| = |q(λ, z )| ρ^d

≤ d ρ^{− 1} + O(ρ^{− 2} )

completing the proof of the lemma.

It remains to consider the constants L_k (ρ).

Proposition 4.10. Let p ∈ P_d be monic with distinct zeros. Then there exists a constant L such that for all k = 1 , . . . , d and ρ > 0

L_k (ρ) = 1 2π ∫ γ_ρ

|dλ| |λ − λ_k |

≤ L. (4.27)

Proof. Again, for ρ small enough γ_ρ consists of d nearly circular contours and it is easily concluded that integral around λ_k approaches 1 as ρ decreases while the other integrals tend to 0. On the other hand for ρ large enough γ_ρ consists just one nearly circular component and the integral around it again approaches 1 as ρ → ∞ . Since L_k (ρ) is continuous in ρ it is uniformly bounded.

Remark 4.11. It would be interesting to know how large the constants C and L can be. For example, if p(λ) = λ^d − 1, then for ρ = 1 γ_ρ surrounds each root of unity and visits in between at origin.

4.4 Polynomial approximations

Given f (z) = ∞∑ j =0

c_j (z)p(z)^j denote F_n (z) = n∑ j =0

c_j (z)p(z)^j (4.28) and put for the error along γ_ρ E_n (ρ) = max_{z ∈ γ ρ} |f (z) − F_n (z)|. (4.29) We have the following bound for the error. Proposition 4.12. Suppose f is analytic on and inside γ_ρ and let r < ρ . Then E_n (r ) ≤ C(ρ)M (ρ) ρ^d ρ^d − r^d ( r ρ )^{(n +1) d} . (4.30) The following can be viewed as an adaptation of Schwarz lemma.

Proposition 4.13. Let Ω ⊂ C be a domain and assume that Z (ρ) ⊂ Ω . Then for r < ρ E_n (r ) ≤ E_n (ρ) ( r ρ )^{(n +1) d} . (4.31) Proof. Along ∂Z(ρ) we have | f (z) − F_n (z)

p(z)^{n +1}

| ≤ E_n (ρ) ρ^{− d(n +1)} (4.32) which by maximum principle holds also for z ∈ Z (ρ).

Next we consider Rouché’s theorem. Proposition 4.14. If for some r < ρ we have along γ_r |F_n (z)| < |f (z)| (4.33) then f has at least d(n + 1) zeros inside γ_r . Proof. By Rouché’s theorem f and f − F_n have equally many zeros, counted with multiplicities, inside γ_r . But f − F_n vanishes there at least d(n + 1) times.

5 Basic operations

5.1 Evaluation

Suppose that the multiplication in A is the costly operation compared to forming sums and scalar multiplications. Given a ∈ A and a holomorphic f consider evaluation of f (a) using approximations F_n (a) as in Section 4.4. We have organized the recursion above to first compute the coefficients α_{kj} after which one can compute either the series f_k (p(a)) and then take the combination using δ_k (a) or one proceeds to compute the coefficient polynomials

c_j (a) = d∑ k =1

α_{kj} δ_k (a)

and then forms F_n (a) directly. If n is large compared with d then clearly the former contains fewer multiplications in the algebra while the latter is to be preferred if d is large compared with n. Further, if n is not chosen in advance, each new power of p(a) requires d+1 multiplications in the former and only two in the latter. Thus the best organization may vary from case to case. One should also notice that the different orders of summations may have different error sensitivities.

If the algebra is just the complex number field, then more can be said. In Lagrange interpolation barycentric interpolation formula is often preferred. A discussion about this can be found in [1]. In our notation Lagrange interpolation corresponds to replacing f by

c_0 (z) = d∑ k =1

δ_k (z)f_k (0)

We arrive at barycentric form as follows. Since 1 = d∑ k =1

δ_k (z) = p(z) d∑ k =1 1 p^′(λ_k ) 1 z − λ_k , and c_0 (z) = d∑ k =1

δ_k (z)f_k (0) = p(z) d∑ k =1 1 p^′(λ_k ) f_k (0) z − λ_k , we obtain by dividing

c_0 (z) =

∑_d

k =1 1 p^′(λ_k ) f_k (0) z − λ_k

∑_d

k =1 1 p^′(λ_k ) 1 z − λ_k . Formally this would suggest a generalization as follows:

Compute w = p(z) from

w^{− 1} = d∑ k =1 1 p^′(λ_k ) 1 z − λ_k

and evaluate

f (z) = d∑ k =1

δ_k (z)f_k (w) from

f (z) = w d∑ k =1 1 p^′(λ_k ) f_k (w) z − λ_k . It is clear that we cannot effectively use this formulation in functional calculus in Banach algebras, as we do not have the necessary inverses at hand.

5.2 Adding and multiplying

Suppose f (z) =

∑_d

1 δ_k (z)f_k (p(z)) and g(z) =

∑_d 1 δ_k (z)g_k (p(z)). Then the sum can be formed in an obvious way:

f (z) + g(z) = d∑ k =1

δ_k (z)(f_k (p(z)) + g_k (p(z))) . (5.1)

To obtain a formula for the product of two functions one has to have the polynomials δ_m δ_n ∈ P_{2d− 2} precomputed in a suitable way. Given any Q ∈ P_{2d− 2} there are unique polynomials R, S ∈ P_{d− 1} such that

Q = R + S p.

Using this one computes for 1 ≤ i, j ≤ d polynomials

R_{ij} (z) = d∑ k =1

r_{ijk} δ_k (z) and S_{ij} (z) = d∑ k =1

s_{ijk} δ_k (z)

such that δ_i (z)δ_j (z) = R_{ij} (z) + p(z)S_{ij} (z). (5.2) Then denoting

h_k (w) = d∑ i,j =1

(r_{ijk} + s_{ijk} w) f_i (w) g_j (w) (5.3)

we obtain

f (z)g(z) = d∑ k =1

δ_k (z)h_k (p(z)). (5.4)

Observe that (5.2) depends only on the polynomial p.

Acknowledgment The author wants to express his gratitude to Samu Alanko and Otto Seiskari for their numerical experiments related to finding effective polynomials p and to computing multicentric series expansions, respectively, and to Emma-Karoliina Kurki in helping to interpret the early work on this topic.

References

[1] J-P. Berrut, L.N. Trefethen: Barycentric Lagrange Interpolation, SIAM Review, 46, No. 3, 501-517, 2004

[2] J.H. Curtiss: On the Jacobi Series, Trans. Amer. Math.Soc. 49, No 3, 1941

[3] M. Fekete: Über die Verallgemeinerung der Picard-Landauschen und Picard- Schottkyschen Sätze auf Reihen , die nach Potenzen eines Polynoms fortschreiten und Polynome niedrigeren Grades zu Koeffizienten haben. Mathematische Annalen 106, 1932

[4] B.R.Gelbaum: Modern Real and Complex Analysis, John Wiley Sons, Inc. 1995

[5] C.G.J. Jacobi: Über Reihenentwicklungen, welce nach den Potenzen eines gegebenen Polynoms forschreiten, und zu Coeffizienten Polynome eines niedereren <grades haben. J. Reine Angew. Math. 53, 1856

[6] A. Kienast: Über die Darstellung der analytischen Funktionen durch Reihen, die nach Potenzen eines Polynomes fortschreiten und Polynome eines niedereren Grades zu Koeffizienten haben. Inaugural Dissertation, Zürich (1906)

[7] A.I. Markushevich: Theory of Functions of a Complex Variable, Chelsea Publ. Co, New York, Second ed. 1977, Vol 2, pp. 75-79

[8] O.Nevanlinna: Convergence of Iterations for Linear Equations, Birkhäuser, Basel (1993)

[9] O.Nevanlinna: Hessenberg matrices in Krylov subspaces and the computation of the spectrum, Numer. Funct. Anal. and Optimiz., 16 (3,4), 443-473 (1995) [10] O.Nevanlinna: Meromorphic Functions and Linear Algebra, AMS Fields Institute Monograph 18 (2003)

[11] O. Nevanlinna: Computing the Spectrum and Representing the Resolvent, Numer. Funct. Anal. Optimiz. Volume 30, Issue 9 and 10, September 2009 , pp. 1025 - 1047

[12] Th. Ransford: Potential Theory in the Complex Plane, London Math. Soc. Student Texts 28, Cambridge Univ. Press 1995

[13] B. Schweizer: On the Jacobi Series, Aequationes Mathematicae 34, 1987 [14] J.L.Walsh: Interpolation and Approximation by Rational Functions in the Complex Domain, AMS Colloquium Publ. Vol XX, Fifth ed. 1969, pp 54-56

(continued from the back cover)

A590 Ehsan Azmoodeh

Riemann-Stieltjes integrals with respect to fractional Brownian motion and applications September 2010

A589 Antti Rasila, Jarno Talponen

Convexity properties of quasihyperbolic balls on Banach spaces August 2010

A588 Kalle Mikkola

Real solutions to control, approximation, factorization, representation, Hankel and Toeplitz problems June 2010

A587 Antti Hannukainen, Rolf Stenberg, Martin Vohral ík A unified framework for a posteriori error estimation for the Stokes problem May 2010

A586 Kui Du, Olavi Nevanlinna

Minimal residual methods for solving a class of R-linear systems of equations May 2010

A585 Daniel Aalto

Boundedness of maximal operators and oscillation of functions in metric measure spaces March 2010

A584 Tapio Helin

Discretization and Bayesian modeling in inverse problems and imaging February 2010

A583 Wolfgang Desch, Stig-Olof Londen

Semilinear stochastic integral equations in L_p December 2009

A582 Juho Könnö, Rolf Stenberg

Analysis of H(div)-conforming finite elements for the Brinkman problem January 2010

HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS RESEARCH REPORTS

The reports are available at http://math.tkk.fi/reports/ . The list of reports is continued inside the back cover.

A595 Juho Könnö, Rolf Stenberg

Numerical computations with H(div)-finite elements for the Brinkman problem November 2010

A594 Atte Aalto, Jarmo Malinen

Cauchy problems from networks of passive boundary control systems October 2010

A593 Toni Lassila

Model reduction and level set methods for shape optimization problems October 2010

A592 Olavi Nevanlinna

Upper bounds for R-linear resolvents September 2010

A591 Juhana Siljander

Regularity for degenerate nonlinear parabolic partial differential equations September 2010

ISBN 978-952-60-3516-1 (print) ISBN 978-952-60-3517-8 (PDF) ISSN 0784-3143 (print) ISSN 1797-5867 (PDF)